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ABSTRACT A novel manipulation control framework is proposed for the dexterous robotic hand, which
integrates the constraints (contact constraints and servo constraints), dynamics modeling and controller
design. In the manipulation task, the contact between the robotic hand and the target object translates
the manipulating force and constraints the relative motion of the target. Hence, the contact forces can be
considered as the bridge for the robotic hand manipulation and the motion control of the target object. By the
Udwadia-Kalaba theory, the dynamics model of the contact forces for the rolling manipulation in the work
space is constructed explicitly without any auxiliary variable and calculated by the states of the robotic hand
(such as, the angular and velocity of the finger joints) and the local variables of the target object (e.g., the
surface parameters). Based on the formulated contact forces, an integrated control strategy is introduced to
tackle with the manipulation task by combining the desired motion of the target object and the manipulation
controller design through the contact constraints. Virtue of the calculated contact forces, the proposed control
could accomplish the manipulation tasks without force sensors. Besides, to ensure the trajectory of the object
is smooth and continuous, a grasping plan for the dexterous robotic hand is proposed. The effectiveness of
the control is verified by both theoretical proof and the numerical simulation of a three fingered robotic hand
in 3D workspace.

INDEX TERMS Dexterous robotic hand, servo constraints, constraint following control, Udwadia-Kalaba
equation.

I. INTRODUCTION
As a kind of flexible end-effector mechanism with a
high degree of freedom, a dexterous robotic hand could
accomplish various complex and precise tasks. It has a wide
range of applications, such as industrial manufacturing [1],
[2], domestic service [3], [4], space exploration [5], medical
rehabilitation [6], [7], and dangerous goods handling [8].
Those tasks can be divided into two groups: ‘‘grasping’’
and ‘‘manipulation’’. The former one requires fingers (might
include palm) to meet the form or force closure with
the target object to ensure stable grasping. The latter one
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manipulates the object by moving the fingers joints, which
is based on the grasp of the object. In comparison to the
conventional grasping tasks, the robotic hand manipulation
covers a broader range of contact types, and each of these
distinct contact types exerts different effects on the object
manipulation task (the variation in contact forces applied by
the hand to the object, intuitively). Furthermore, the differing
contact forces increase the difficulty of the manipulation
control design. Hence, how to realize the highly precise
dynamic manipulation control of the dexterous robotic hand
under differing contact types becomes the focus.

Since the manipulation of the robotic hand relies sig-
nificantly on the contact forces, the manipulation control
design in previous research works can be divided into two
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groups: contact forces estimation-based controls and contact
forces model-based controls. For those controls without the
use of analytical contact forces model, [9], [10] proposes a
series of empirical control approaches. In [9], the contact
forces can be estimated based on the detection model, which
is built by a deep neural network from the tactile data of
the objects collected by the tactile sensor. The controller
utilizes the estimated contact forces to empower the robotic
hand in manipulating the target object, even in the absence
of prior knowledge about the object’s shape or physical
characteristics. Reference [10] employs an recurrent neural
network with a parametric bias to forecast the contact state,
thereby achieving hand robot contact control by aligning
current contact forces with the desired target values. The
above control approaches, which rely entirely on artificial
intelligence-related technologies, are easily applied and can
estimate the contact forces with no need for an analytical
model of the hand robot. Nevertheless, achieving optimal per-
formance with such controllers heavily relies on the quality
of the collected data, necessitating a substantial investment of
time and resources in training with a significant amount
of data. Besides, [11], [12] introduce several controllers
to accomplish the manipulation tasks by using the model
of the hand robot. Reference [11] presents a approach for
in-hand manipulation based on the inverse kinematic model
of the robotic hand, which able to change the location
of the object by the hand robot based on rolling contact
model. Reference [12] employs an in-hand manipulation
controller to attain the intended sliding motion amidst a
cluster of grapes, relying on a model that characterizes
the dynamics of the sliding process. It predicts the sliding
directions by the contact pressure distribution at each finger,
effectivelymitigating errors resulting from trajectory tracking
inaccuracies. The control method proposed in [13] utilizes
the dynamic model of the robotic hand, which can detect
slippage between fingers and the target object using a force
sensor. By this controller, it successes to adjust the contact
forces to a proper value for the object manipulation. Such
control designs introduced above can get the contact forces
directed by the force sensor. It is very simple but has no
knowledge about the relationship between the contact force
and the finger joint variables, which means it will be a little
difficult for contact forces controlling in a high precision.

For those contact forces model-based controls, several
methods developed in [14] and [15]. Reference [14] combines
the dynamic models of the dexterous robotic hand and
the target object, which aims to calculate the fingertip
contact forces. It introduces a controller based on the
contact forces to manipulate the object tracking the desired
trajectory with no slipping contact. Same as [14] and [15]
formulates the contact forces using the combined dynamic
model. It analysis the influence of the object’s gravity on
the contact forces and calculates the relationship between
these forces and the fingers joints driving torques. The
controller designed in [16], which is based on the contact
constrained forces using Lagrange multipliers, can make

sure the object will be continuously moving within the hand
without dropping. Those control methods mentioned above
establish the dynamic model of the hand in contact with
the object by building the dynamic model of the hand and
the object separately at first. Then, by combining those
two models, the contact forces can be conducted. However,
those controllers designed based on the contact forces model
are always not considering the coupling issue between
the fingertip contact forces and the joint driving torques,
which will influence the accuracy of the manipulation.
Reference [17] addresses the coupling issue in the context
of a dexterous robotic hand interacting with a target object.
The approach treats the robotic hand and the target object as
a unified system. This system’s dynamic model is established
using the Udwadia-Kalaba equation, enabling the explicit
derivation of fingertip contact forces within the workspace.
Importantly, this method decouples these contact forces from
the control torques applied to the finger joints. Consequently,
the dynamic control approach proposed in [17] can guide the
target object along a desired trajectory without the need for
force sensors. For the more sophisticated manipulation, it is
natural to take the manipulation system’s uncertainty into
consideration, [18], [19], [20] demonstrate some promising
strategy in complex dynamic system’s uncertainty modeling
and control designing.

The study we did previously in [17] discusses the dynamic
control design when the dexterous robotic hand is in fixed
contact with the target object. However, the non-fixed
contacts also can be found in those manipulation tasks that
aim to adjust the position of the target object [21]. The most
common non-fixed contacts involve pure rolling contact,
twist rolling contact, and slide rolling contact. When the
robotic hand is in slide rolling contact with the object,
there will be the relative velocity at the contact point,
which may impact the accuracy of the object manipulation.
Hence, slide rolling contact is always needing to be avoided
during the manipulation. The kinematic analysis of the twist
rolling contact between a robotic hand and an object can be
simplified by considering it as a form of pure rolling contact.
Therefore, we consider discussing the dynamic control design
method of the dexterous robotic hand manipulation system
with pure rolling contact constraints.

The hand-object manipulation system’s inertia matrix is
singular caused by the pure rolling constraints. Therefore,
to formulate the system dynamic model, the extended
Udwadia-Kalaba equation mentioned in [22] is used in this
paper. Based on the fingertip contact force model derived
from the dynamic model of the system, we attempt to design
the control by the constraint-following control method. This
control method discussed in [23] and [24] treats the control
target as servo constraints and proposes the control using
the servo constrained forces, which can be conducted by the
extended Udwadia-Kalaba equation.

There are four contributions in this paper. First, the
kinematic model of the dexterous robotic hand and contact
constraints in the pure rolling contact are build. Second, the
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necessary condition for a stable grasp planning is analyzed
to guarantee the object’s trajectory smooth and continuous.
Third, based on the derived contact constraints, the analytical
contact forces model in the manipulation workspace is
constructed by the extended Udwadia Kalaba equation
without any auxiliary variable. Fourth, the manipulation
task is transformed into a constraint-following problem.
After decoupling the contact forces with the finger joint
torques, a contact forces model-based dynamic control of the
dexterous robotic hand manipulation system is established.
The theoretical analysis guaranteed the proposed control
strategy’s effectiveness, and the further simulation results
demonstrate that the dexterous robotic hand can perform the
precise manipulation control without any force sensors.

The remainder of this paper is organized as follows.
Section II presents the foundational mathematical concepts
used in the paper. Section III develops the kinematic model
of the dexterous robotic hand operating under the pure
rolling contact constraints. In Section IV, the condition of
the grasp planning for the stable manipulation is discussed.
An analytical model of the contact forces in the manipulation
workspace is constructed in Section V. Section VI focuses
on the establishment of the contact force model-based
dynamic control system for the dexterous robotic hand
manipulation. Section VII provides the detailed simulations
of a three-fingered dexterous robotic hand and verifies the
effectiveness of the proposed control. Finally, the paper
concludes a summary in the last section.

II. RELATED MATHEMATICAL FOUNDATIONS
A. UDWADIA-KALABA THEORY
In a mechanical system consists of particles and rigid
bodies, the system’s configuration can be described by a
set of generalized coordinate θ ∈ Rn. The corresponding
generalized velocity and acceleration are denoted by θ̇ ∈

Rn and θ̈ ∈ Rn. By employing Lagrange equation,
the unconstrained dynamic model of the system can be
represented as

M (θ, t)θ̈ = F(θ, θ̇ , t), (1)

where M (θ, t) = MT (θ, t) ∈ Rn×n is the inertia matrix
and F(θ, θ̇ , t) ∈ Rn encompasses various effects include
contributions from gravitational force, externally applied
forces, as well as Coriolis and centrifugal forces due to the
system’s motion.

Assume that the system is subject to l Pfaffian, where
l < n, these constraints can be either holonomic or
non-holonomic in nature

n∑
s=1

Qrs(θ, t)θ̇s + cr (θ, t) = 0 (r = 1, 2, . . . , l), (2)

where Qrs(·) : Rn × R → R and cr (·) : Rn × R → R are both
C1. The l constraints can be consolidated and depicted in a
concise matrix form as

Q(θ, t)θ̇ + c(θ, t) = 0, (3)

where Q(θ, t) ∈ Rl×n and c(θ, t) ∈ Rl . Differentiating (3)
with respect to t yields

Q(θ, t)θ̈ = −ċ(θ, t) − Q̇(θ, t)θ̇ =: b(θ, θ̇ , t). (4)

According to [22], there will be[(
I − Q+(θ, t)Q(θ, t)

)
M (θ, t)

Q(θ, t)

]
θ̈

=

[(
I − Q+(θ, t)Q(θ, t)

) (
F(θ, θ̇ , t) + C(θ, θ̇ , t)

)
b(θ, θ̇ , t)

]
, (5)

where C(θ̇ , θ, t) represents an n-dimensional vector that
describes the properties of non-ideal constraints, which can
be identified according to [25].

Assumption 1: Formatrix
[(
I − Q+(θ, t)Q(θ, t)

)
M (θ, t)

Q(θ, t)

]
∈

R(n+l)×n, the matrix’s rank will be equal to n.
Assumption 2: The equation (5) is consistent, indicating

that there always exists at least one solution θ̈ to equation
(5).
Theorem 1: Subject to Assumptions 1-2, the dynamic

model of the mechanical system (1) which is subject to
constraints (4) can be expressed as [22]

θ̈ =

[(
I − Q+(θ, t)Q(θ, t)

)
M (θ, t)

Q(θ, t)

]+

[(
I − Q+(θ, t)Q(θ, t)

) (
F(θ, θ̇ , t) + C(θ, θ̇ , t)

)
b(θ, θ̇ , t)

]
. (6)

The extended Udwadia-Kalaba equation remains applica-
ble to the constrained mechanical systems, irrespective of
the inertia matrix’s rank. Therefore, it can handle situations
where the inertia matrices are singular, without imposing
any restrictions. The constrained force Fc(θ, θ̇ , t) can be
represented according to the dynamic model (5) as

Fc(θ, θ̇ , t)

= M (θ, t)
[(
I − Q+(θ, t)Q(θ, t)

)
M (θ, t)

Q(θ, t)

]+

[(
I − Q+(θ, t)Q(θ, t)

) (
F(θ, θ̇ , t) + C(θ, θ̇ , t)

)
b(θ, θ̇ , t)

]
−

(
F(θ, θ̇ , t) + C(θ, θ̇ , t)

)
. (7)

The constrained force, obtained by the extended Udwadia-
Kalaba equation, is expressed in an analytic form, and
notably, it does not involve any auxiliary variables. When
the inertia matrix M (θ, t) in (7) to be non-singular, the
constrained force Fc(θ, θ̇ , t) can be simplified as the one
obtained by the Udwadia-Kalaba equation in [26].( The proof
can be seen in [22]).

B. RELATED LEMMA
To express the contact forces between the dexterous robotic
hand and the target object, those Lemmas needed are
introduced here.
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Lemma 1: For the matrix
[
(I − Q+(θ, t)Q(θ, t))M (θ, t)

Q(θ, t)

]
∈ R(n+l)×n, if the rank of this matrix is n, there will be

Rank
([
M (θ, t)
Q(θ, t)

])
= n and vice versa [22].

The Lemma 1 introduced above is related to the extended
Udwadia-Kalaba equation.M (θ, t) andQ(θ, t) have the same
meaning as those two in Theorem 1.
Lemma 2: For any matrix W ∈ Rn×m (m < n) which

satisfies Rank(W)=m(m ≥ 1), then there will be [27]

W+
= (W TW )−1W T . (8)

Lemma 3: For given matrices S ∈ Rn×m and H ∈ Rm×k ,
if Rank(S)=r and Rank(H)=l (r,l ≥ 1), there will be [28]

(SH )+ = H+(S+SHH+)+S+. (9)

Lemma 4: Consider a matrix G ∈ Rn×m which with rank r
(r ≥ 1), there will be [29]

(G+G)+ = G+G, (10)

G+GG+
= G+. (11)

Lemma 5: Consider a non-singular matrix Ẽ ∈ Rn×n,
a matrix J̃ ∈ Rn×m, a non-singular matrix Õ ∈ Rm×m, and
a matrix K̃ ∈ Rm×n, there will be [30]

(Ẽ + J̃ ÕK̃ )−1
= Ẽ−1

− Ẽ−1J̃ (I + ÕK̃ Ẽ−1J̃ )−1ÕK̃ Ẽ−1

= Ẽ−1
− Ẽ−1J̃ ÕK̃ (I + Ẽ−1J̃ ÕK̃ )−1Ẽ−1

= Ẽ−1
− Ẽ−1J̃ (Õ−1

+ K̃ Ẽ−1J̃ )−1K̃ Ẽ−1,

(12)

since

|I + ÕK̃ Ẽ−1J̃ | = |Õ−1
+ K̃ Ẽ−1J̃ ||Õ|

= |I + Ẽ−1J̃ ÕK̃ |

= |Ẽ−1
||Ẽ + J̃ ÕK̃ | ̸= 0. (13)

Therefore, (Õ−1
+ K̃ Ẽ−1J̃ )−1 will exist.

Lemma 6: Consider a matrix P ∈ Sn×n which makes (I +

S) non-singular, there will be [30]

(I + S)−1
= I − (I + S)−1P, (14)

(I + S)−1
= I − S(I + S)−1. (15)

III. THE KINEMATICS OF THE DEXTEROUS ROBOTIC
HAND WITH PURE ROLLING CONTACTS
Consider the scenario where a dexterous robotic hand
interacts with an object (Fig. 1). The robotic hand consists of
three identical fingers, all sharing the same structure with a
distal phalanx, middle phalanx, and proximal phalanx (shown
in Fig. 2). The robotic hand has three joints on each of its
fingers, all of which are actuated by servo motors. Moreover,
each finger possesses four degrees of freedom: the first joint,
connected to the palm base, has two degrees of freedom,
while the second and third joints each have one degree of
freedom.

FIGURE 1. Three-fingered robotic hand in contact with an object.

FIGURE 2. The i th finger(i = 1, 2, 3).

Let {OB} and {OBi} be the primary coordinate frame of
the robotic hand and the ith finger primary coordinate frame,
without a relative rotation relationship between those two. Set
{Oi(j−1)} to be the coordinate frame fixed in the jth knuckle
and {Oi0} is overlapped with {OBi}. Set {Ofi} to be the fixed
coordinate frame in the mass center of the ith fingertip. Lastly,
let {Oo} denote the coordinate frame located at the object’s
mass center. The parameters of the ith finger are defined as
following:
qfij - the j

th rotation angle (j = 1, 2, 3, 4.);
lik - the length of the k th phalanx (k = 1, 2, 3.);
mik - the mass of the k th phalanx;
Iik - the inertia moment of the k th phalanx.
To depict the contact points’ location on the fingertips

and the surface of the object, we establish the mappings:
fiCfi(·) : R2 → R3 and oCoi(·) : R2 → R3. Suppose αfi,
αoi ∈ R2 are local parameters of the ith fingertip surface and
the object surface. Then, fiCfi(αfi) is a point on the surface of
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the ith fingertip in {Ofi} coordinate frame, and oCoi(αoi) is a
point on the of object surface in {Oo} coordinate frame.
Choose qfi = [qfi1 , qfi2 , qfi3 , qfi4 , αfi]

T and qoi =

[xo, yo, zo, φo, θo, ψo, αoi]T as the generalized coordinates of
the ith finger and the target object, where, {xo, yo, zo} and
{φo, θo, ψo} are the positions and the Euler angles of the
object. Then, the positions of the ith fingertip surface contact-
point Pfci and the object surface contact-point Poci in the
primary coordinate frame {OB} can be presented as [31]

Pfci (qfi) = Pfi(qfi) + Rfi(qfi)fiCfi(αfi), (16)

Poci (qoi) = Po(qoi) + Ro(qoi)oCoi(αoi)), (17)

where Pfi(qfi) ∈ R3 is the position vector of mass center
of the ith fingertip, and Po(qoi) ∈ R3 is the position vector
of the object mass center in the primary coordinate frame
{OB}. Rfi(qfi) ∈ R3×3 is the rotation matrix of the coordinate
frame {Ofi} relative to the primary coordinate frame {OB}, and
Ro(qoi) ∈ R3×3 is the rotation matrix of the coordinate frame
{Oo} relative to the primary coordinate frame {OB}.
In order to interact with the object, the robotic hand must

establish point contact with the object using its multiple
fingers, as discussed in this paper. Suppose ith fingertip and
object in contact at time t and set the contact points are
Pfci (qfi) andPoci (qoi), the positions of those two contact points
will always equal to each other as

Pfi(qfi) + Rfi(qfi)fiCfi(αfi) = Po(qoi) + Ro(qoi)oCoi(αoi).

(18)

When the tip of the finger is in a state of pure rolling contact
with the target object., there will be relative moving between
the contact point and the surface it is located. However,
there is no relative velocity between those two contact points,
which means

Rfi(qfi)fiĊfi(αfi, α̇fi) = Ro(qoi)oĊoi(αoi, α̇oi). (19)

Besides, suppose the fingertips have continuous contact
with the target object, which means the fingertips and the
object will not separate or penetrate at the contact points.
The contact considered in this paper is a rigid contact
between the hemispherical fingertips and the spherical object.
Hence, the relationship between those two outward unit
normal vectors at the contact points should be

Rfi(qfi)fiefi(αfi) = −Ro(qoi)oeoi(αoi), (20)

where fiefi(αfi) denotes the outward unit normal vector of the
contact point Pfci (qfi, αfi) in coordinate frame {Ofi}, oeoi(αoi)
denotes the outward unit normal vector of the contact point
Poci (qoi, αoi) in coordinate frame {Oo}.
Take the derivative of (18) yields

Ṗfi(qfi, q̇fi) + Ṙfi(qfi, q̇fi)fiCfi(αfi)

+ Rfi(qfi)fiĊfi(αfi, α̇fi)

= Ṗo(qoi, q̇oi)+ Ṙo(qoi, q̇oi)oCoi(αoi)+ Ro(qoi)oĊoi(αoi, α̇oi),

(21)

Differentiating (20) to get

(ωfi×)Rfi(qfi)fiefi(αfi) + Rfi(qfi)fiėfi(αfi, α̇fi)

+ (ωoi×)Ro(qoi)oeoi(αoi) + Ro(qoi)oėoi(αoi, α̇oi) = 0.

(22)

Here, ωfi = [ωfi1, ωfi2, ωfi3]T and ωoi = [ωo1, ωo2, ωo3]T are
the angular velocity of the {Ofi} and {Oo}, respectively.

Combining (21), (19), and (22), the pure rolling contact
constraints using the coordinates qfi and qoi can be repre-
sented in a matrix form as[

Afi Aoi
] [
q̇fi
q̇oi

]
= 0, (23)

where Afi =

DfiJfi 03×2
03×4 Rfi(∂fiCfi/∂αfi)
EfiJfi Rfi(∂fiefi/∂αfi)

 and Aoi = Doi 03×2
03×6 −Ro(∂oCoi/∂αoi)
Eoi Ro(∂oeoi/∂αoi)

. Here, Dfi :=

[
I3×3 −(RfifiCfi×)

]
,

Efi :=

[
03×3 −(Rfifiefi×)

]
, Doi :=

[
−I3×3 (RooCoi×)

]
, and

Eoi :=
[
03×3 −(Rooeoi×)

]
. Jfi is the Jacobian matrix mapping

of the ith finger motion from the joint to the fingertip.
When the ith finger in pure rolling contact with the object,

there will be two holonomic constraints in (18) and (20) and
one non-holonomic constraint in (19). Due to the surface
mapping function fiCfi(·) and oCoi(·), the contact positions
in R3 can be expressed by αfi and αoi in R2, which means
(18) will limit two degrees of freedom with three equations.
Similarly, the unit normal vector in R3 can be calculated with
two parameters, and (21) will only reduce two degrees of
freedom of the kinematics. Hence, there will be two degrees
of freedom for the relative motion when the ith finger is in
pure rolling contact with the object.

IV. GRASP PLANNING FOR THE DEXTEROUS ROBOTIC
HAND
During the manipulation process, the target object will be
driven to its desired trajectory by the robotic hand. If the
trajectory of the object is not smooth, it may result in
the discontinuous velocity of the object and the failed
dynamic manipulation. Consequently, it becomes imperative
to develop a stable grasp planning strategy to ensure a
continuous and smooth trajectory for the object. This,
in turn, serves as a prerequisite for the subsequent dynamic
manipulation control.

To ensure the moving trajectory is continuous and smooth,
the force relationship between fingertips and the object needs
to be analyzed first. Let fci ∈ R3 and nci ∈ R3 to be the
force and torque act on the contact point Ci in the primary
coordinate frame. fo ∈ R3 and no ∈ R3 are the force and
torque in the mass center of the target object in the primary
coordinate frame. Then, the force relationship between the
three-fingered robotic hand and the object shown in Fig. 3
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FIGURE 3. The force relationship between the three-fingered robotic
hand and the object.

can be formulated as

Fo :=

[
fo
no

]
=

3∑
i=1

[
I3×3 03×3

RooCoi× I3×3

] [
fci
nci

]
=:

3∑
i=1

WociFci.

(24)

According to the pure rolling contact model at the contact
point Ci showed in Fig. 3, the friction cones is given by

FCi =
[
fi = (fi1, fi2, fi3, fi4)T :

√
f 2i1 + f 2i2 ≤ µfi3,

fi3 ≥ 0, |fi4| ≤ γ̄ fi3
]
, (25)

where µ and γ̄ are the static friction coefficient and the
torsional friction coefficient, which are both always greater
than zero, and fi is the force expressed in the fixed frame {OCi}
at the contact pointCi. The relationship between the fi and Fci
can be given by

Fci =

[
Rci

Rci

] [
I3×3 03×1
03×3 zbi

]
fi =: Hcifi, (26)

where zbi = [0, 0, 1]T and Rci ∈ R3×3 is the rotation
matrix of the frame {OCi} relative to the primary frame {OB}.
Substituting (26) into (24) yields

Fo =

3∑
i=1

WociHcifi =:

3∑
i=1

GCi fi, (27)

where GCi ∈ R6×4 is a mapping of the object motion from
the surface to the mass center of the object.

According to the constraints analyzed in (19), the velocities
of contact points in the object and the fingertip surface will
equal each other. Hence, this relationship can be displayed
under the coordinate frame {OCi} as

HT
ci

([
Ṗfci
ωfci

]
−

[
Ṗoci
ωoci

])
= 0. (28)

Differentiating (16) and (17), there will be[
Ṗfci
ωfci

]
=

[
I3×3 −(RfifiCfi×) Rfi(∂fiCfi/∂αfi)
03×3 I3×3 03×2

] Ṗfiωfi
αfi


=: W T

fci

Ṗfiωfi
αfi

 , (29)

and[
Ṗoci
ωoci

]
=

[
I3×3 −(RooCoi×) Ro(∂oCoi/∂αoi)
03×3 I3×3 03×2

] Ṗoωo
αoi


=: W T

oci

Ṗoωo
αoi

 . (30)

Substituting (29) and (30) into (28) yields

GTC

[
Ṗo
ωo

]
=

Jc1 Jc2
Jc3

 q̇f 1q̇f 2
q̇f 3

 −

hr1 hr2
hr3

 αo1αo2
αo3


=: Jcq̇f − Hrαo, (31)

where hri =

[
RTciRo(∂

oCoi/∂αoi)
01×2

]
∈ R4×2, Jci =

HT
ciW

T
fciĴfi ∈ R4×6, Ĵfi =

[
Jfi 06×2
02×4 02×2

]
∈ R8×6, and GC =

[GC1 ,GC2 ,GC3 ].
Assumption 3: Equation (31) is consistent: for anyGTC and

(Jcq̇f − Hrαo), there exists at least one solution [ṖTo , ω
T
o ]

T

to (31).
Remark 1: According to Assumption 3, there will be

GTC (G
T
C )

+(Jcq̇f − Hrαo) = Jcq̇f − Hrαo. (32)

Suppose the Assumption 3 is satisfied, the velocity of the
object can be given by

[ṖTo , ω
T
o ]

T
= (GTC )

+(Jcq̇f − Hrαo) + (I − (GTC )
+GTC )η.

(33)

where any vector η ∈ R6. This vector will not be influenced
by the joint velocity of the hand robot, which means it is a
parameter that can not be controlled by the input torques.
Assumption 4: For the grasp matrix GC , there will be

Rank(GC )=6.
Remark 2: When the grasp matrix GC has full row rank,

GTC will be a column non-singular matrix. According to
lemma 2, there will be (GTC )

+
= (GCGTC )

−1GC , so that(
I − (GTC )

+GTC
)
η in (33) can be solved.

Theorem 2: If the hand robot manipulates an object under
the pure rolling contact and subjects to Assumptions 3-4, the
trajectory of the target object will be smooth and continuous.
Proof of Theorem 2: When the hand robot manipulation

system subject to Assumption 3-4, the target object’s
velocity can be expressed as (33) and there will be
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(GTC )
+

= (GCGTC )
−1GC leading to (I − (GTC )

+GTC ) = 0.
Hence, the velocity of the object can be rewritten as

[ṖTo , ω
T
o ]

T
= (GTC )

+(Jcq̇f − Hrαo). (34)

According to the definition of a smooth curve: when a curve
with a continuously turning tangent, which means it has
a continuous first derivative on an interval, this curve will
be smooth on this interval. Therefore, as long as (34) is
satisfied, the trajectory of the object will have a continuous
first derivative on an interval, and this trajectory will be
smooth.
Remark 3: The necessary condition for stable grasp plan-

ning, as asserted by Theorem 2, serves as a foundational
prerequisite for the dynamic manipulation. Any grasp plan-
ning associated with the specific grasp matrix GC , meeting
the conditions (existence of a solution for Equation (31)
and full rank of GC ), guarantees the smooth and continuous
trajectory of the grasped object during the manipulation.

V. THE DYNAMIC MODELING OF THE DEXTEROUS
ROBOTIC HAND SUBJECT TO THE CONTACT
CONSTRAINTS
A. THE ANALYTICAL DYNAMIC MODEL OF THE
DEXTEROUS ROBOTIC HAND
Considering the robotic hand and the target object as an
unified system, the dynamic model of the system obtained
by the approach to multi-body system modeling introduced
in [32]. According to this hierarchical and decentralized
approach, the robotic hand manipulation system should be
partitioned into four subsystems, comprising three finger
subsystems and one object subsystem (considered as four
‘‘unconstrained’’ subsystems). Then, build the dynamic
model of those ‘‘unconstrained’’ subsystems and formulate
the constrained forces due to the contact constraints by the
extended Udwadia-Kalaba equation.

Combining three finger subsystems and one object subsys-
tem together yields

M (q, t)q̈ = Bτf (t) + F(q, q̇, t), (35)

where M=blkdiag[Mf 1,Mf 2,Mf 3,Mo] (Mfi
(
qfi, t

)
∈ R6×6

and Mo ∈ R12×12 are the singular inertial matrix of
the the ith finger subsystem and the object subsystem,
respectively), B = [I18×18; 012×18], τf = [τTf 1, τ

T
f 2, τ

T
f 3]

T

(τfi = [τi1, τi2, τi3, τi4, 0, 0]T is the control torques applied
by the joint motors), q̈ = [q̈Tf 1, q̈

T
f 2, q̈

T
f 3, q̈

T
o ]
T (qo =

[xo, yo, zo, φo, θo, ψo, αo1, αo2, αo3]T is the re-selected coor-
dinate of the object), and F = [FTf 1,F

T
f 2,F

T
f 3,F

T
o ]

T

(Ffi
(
qfi, q̇fi, t

)
∈ R6 and Fo ∈ R12 contain the

centrifugal/Coriolis force and the gravity force of the four
subsystems).

The second form of the pure rolling contact constraints (23)
between the ith fingertip and the object can be expressed as
follows:

Afiq̈fi + Aoiq̈oi = −Ȧfiq̇fi + Ȧoiq̇oi =: bfi. (36)

Hence, the pure rolling contact constraints that the dexterous
robotic hand manipulation system subject can be presented as

Ak q̈ = bk , (37)

where Ak =

 Af 1 · · · 09×6 Aob1
... Af 2

... Aob2
09×6 · · · Af 3 Aob3

 and bk =

bf 1bf 2
bf 3

. Here, Aob1 =

Do1 03×2 03×4
03×6 −Ro(∂oCo1/∂αo1) 03×4
Eo1 Ro(∂oeo1/∂αo1) 03×4

,

Aob2 =

Do2 03×2 03×2 03×2
03×6 03×2 −Ro(∂oCo2/∂αo2) 03×2
Eo2 03×2 Ro(∂oeo2/∂αo2) 03×2

, and Aob3 =Do3 03×4 03×2
03×6 03×4 −Ro(∂oCo3/∂αo3)
Eo3 03×4 Ro(∂oeo3/∂αo3)

.

Since the inertia matrix M of the system is singular,
suppose the Assumptions 1-2 are satisfied, the dynamic
model of the robotic hand manipulation system under pure
rolling contact constraints can be established by Theorem 1
as

q̈ =

[
(I − A+

k Ak )M
Ak

] [
(I − A+

k Ak )(F + Bτf )
bk

]
=: M̂

[
(I − A+

k Ak )(F + Bτf )
bk

]
. (38)

According to lemma 2, M̂+ can be rewritten as

M̂+
= [M (I − A+

k Ak )M + ATk Ak ]
−1

[
(I − A+

k Ak )M
Ak

]T
.

(39)

Substituting (39) in (38), the constrained force of the
dexterous robotic hand manipulation system yields

Fc(q, q̇, t) = M [M (I − A+

k Ak )M + ATk Ak ]
−1

[M (I − A+

k Ak )(F + Bτf ) + ATk bk ]

− (F + Bτf ). (40)

This constraint forces introduced in (40) is the pure rolling
contact forces in the joint space, which is used to control
the target object in the work space. To enhance the dynamic
performance of the dexterous robotic hand manipulation
system, it is essential to express the constrained forces,
as stated in (40), within the workspace.

B. THE FINGERTIP CONTACT FORCES MODEL OF THE
DEXTEROUS ROBOTIC HAND IN THE WORK SPACE
To determine the contact forces at the fingertip within
the workspace, the dynamic model of the robotic hand
manipulation system should be transformed into the work
space at first. Set the position vector of the contact point Ci is
[xfci , yfci , zfci ]

T and reselect a set of independent coordinates
qxi = [xfci , yfci , zfci , λ1ci, λ2ci, λ3ci]

T as the coordinates of
the ith finger subsystem. Here, λ1ci, λ2ci, and λ3ci are the
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function of qfi. Then, the relationship between qfi and qxi can
be expressed as

q̇xi =


∂xfci/∂qfi
∂yfci/∂qfi
∂zfci/∂qfi
∂λ1ci/∂qfi
∂λ2ci/∂qfi
∂λ3ci/∂qfi

 q̇fi +


∂xfci/∂t
∂yfci/∂t
∂zfci/∂t
∂λ1ci/∂t
∂λ2ci/∂t
∂λ3ci/∂t


=: Ti(qfi, t)q̇fi + ki(qfi, t), (41)

where Ti ∈ R6×6 and ki ∈ R6.
Assumption 5: For any (qfi, t)∈R6×R,T

−1
i (qfi, t)(i=1,2,3)

exists.
Remark 4: According to (18), the position vector of the

contact point Ci can be calculated by qfi1, qfi2, qfi3, qfi4, and
αfi. Hence, if λ1ci, λ2ci, and λ3ci selected from those variables
mentioned above, qxi will be a set of independent coordinates
as λ1ci, λ2ci, and λ3ci be the function of qfi.

If the hand robot manipulation system subjects to Assump-
tion 5, according to (41), q̇fi can be presented as

q̇fi = T−1
i (q̇xi − ki). (42)

According to the definition of the virtual displacement
introduced in Reference [29], there will be

δqfi = T−1
i δqxi, (43)

where δqfi and δqxi are virtual displacements. Take the
derivative of (42), q̈xi can be given by

q̈xi = Ṫiq̇fi + Tiq̈fi + k̇i. (44)

By (44), q̈fi can be formulated as

q̈fi = T−1
i q̈xi − T−1

i (Ṫiq̇fi + k̇i), (45)

The joint space dynamicmodel for the ith finger subsystem,
employs Lagrange’s formulation of d’Alembert’s principle,
which asserts that the cumulative virtual work performed
by the constraint force equals zero. Hence, the Fundamental
Equation of ith finger subsystem will take the form of

δqTfi
(
Mfiq̈fi − Ffi − τfi

)
= 0. (46)

Substituting (42), (43), and (45) in (46) yields

δqTxiT
−T
i

[
MfiT

−1
i (q̈xi − ṪiT

−1
i (q̇xi − ki) − k̇i) − Ffi − τfi

]
= 0. (47)

Let Mxi := T−T
i MfiT

−1
i , Fxi := T−T

i MfiT
−1
i [ṪiT

−1
i (q̇xi −

ki) + k̇i] + T−T
i Ffi and τxi := T−T

i τfi. According to (47), the
dynamic model of the ith ‘‘unconstrained’’ finger subsystem
can be rewritten as

Mxiq̈xi = Fxi + τxi. (48)

The dynamic model of the ‘‘unconstrained’’ target object
in the workspace is still to be Moq̈o = Fo. Then, the

dynamic model of the ‘‘unconstrained’’ dexterous robotic
hand manipulation system can be established as

Mx q̈x = Fx + τx , (49)

whereMx=blkdiag(Mx1,Mx2,Mx3,Mo), q̈x = [q̈Tx1, q̈
T
x2, q̈

T
x3,

q̈To ]
T , Fx = [FTx1,F

T
x2,F

T
x3,F

T
o ]

T and τx = [τTx1, τ
T
x2, τ

T
x3,

01×12]T .
Comparing (49) with the dynamic model (35) in the joint

space, there will be

M = T TMxT , (50)

where T :=blkdiag(T1,T2,T3, I12×12) ∈ R30×30. Suppose the
Assumption 5 is satisfied, T−1 will exist and there will be

F + Bτf = T TFx − T TMx Ṫ T−1 (q̇x − k)

− T TMx k̇ + T T τx , (51)

where k:=
[
kT1 , k

T
2 , k

T
3 , 01×12

]T .
Set the pure rolling contact constraints between the ith

finger and object in the work space can be rewritten as

Axiq̇xi + Aoiq̇oi + cxi = 0. (52)

Taking the derivative of (52) yields

Axiq̈xi + Aoiq̈oi = −Ȧxiq̇xi − Ȧoiq̇oi − ċxi =: bxi. (53)

Plugging (42) and (44) into (53) will obtain

AxiTiq̈fi + Aoiq̈oi = bxi − Axi[ṪiT
−1
i (q̇xi − ki) + k̇i]. (54)

Compare (54) with the contact constraints (36), there will be
Afi = AxiTi and bfi = bxi−Axi

[
ṪiT

−1
i (q̇xi − ki) + k̇i

]
. Hence,

the contact constraints suffered by the dexterous robotic hand
manipulation system in the work space can be given by

Ax q̈x = bx , (55)

where Ax =

 Ax1 · · · 09×6 Aob1
... Ax2

... Aob2
09×6 · · · Ax3 Aob3

 and bx =

[bTx1, b
T
x2, b

T
x3]

T . Besides, Ak , bk , Ax , and bx will satisfied the
follow relationships:{

Ak = AxT ,

bk = bx − Ax Ṫ T−1 (q̇x − k)− Ax k̇.
(56)

Suppose the dexterous robotic hand manipulation system
subject to Assumptions 1-2 in the work space, according to
Theorem 1, the acceleration coordinates q̈x of the system
under pure rolling contact constraints (55) can be formulated
as

q̈x =

[
(I − A+

x Ax)Mx
Ax

]+ [
(I − A+

x Ax)(Fx + τx)
bx

]
. (57)

According to (57), the fingertip contact forces in the work
space can be presented as

Fcx = Mx

[
(I − A+

x Ax)Mx
Ax

]+ [
(I − A+

x Ax)(Fx + τx)
bx

]
34424 VOLUME 12, 2024



S. Zhao et al.: Integrating Contact, Modeling, and Control for the Robotic Hand Manipulation

− (Fx + τx). (58)

Assumption 6: For any (q,t) ∈ R30×R, (TT T −I )−1 exists.
Theorem 3: if the dexterous robotic hand manipulation

system (49), which is under the contact constraints (55),
is subject to Assumptions 1-2 and 5-6, the contact forces
Fcx ∈ R30 in the work space can be computed based on the
constrained forces Fc ∈ R30 in the joint space as

Fcx = (TT T − I )−1(I + P̃)(TT T − I )T−TFc, (59)

where P̃ := (TT T−I )Mx[Mx(I−A+
x Ax)Mx+ATx Ax]

−1Mx(I−
A+
x Ax).
Proof of Theorem 3: When the Assumption 1 is satisfied,

the constrained forces Fc of the hand robot manipulation
system can be deduced as (40) by lemma 2. Besides, if M̂

has full column rank,
[
M
Ak

]
will also be full column matrix

according to lemma 1. Under Assumption 5, there will be
Ax = AkT−1 and Mx = T−TMT−1 based on (56). Then,[
Mx
Ax

]
can be rewritten as[

Mx
Ax

]
=

[
T−TMT−1

AkT−1

]
=

[
T−T

I9×9

] [
M
Ak

]
T−1. (60)

If
[
M
Ak

]
is column non-singular,

[
Mx
Ax

]
will have full

column rank. Therefore,
[
(I − A+

x Ax)Mx
Ax

]
will be a full

column matrix according to lemma 1. Using lemma 2, (58)
can be simplified as

Fcx = Mx[Mx(I − A+
x Ax)Mx + ATx Ax]

−1

[Mx
(
I − A+

x Ax
)
(Fx + τx)+ ATx bx] − (Fx + τx).

(61)

Plugging (50), (51), and (56) into (40) yields

Fc = T TMx[MxT (I − (AxT )+AxT )T TMx + ATx Ax]
−1

[MxT (I − (AxT )+AxT )T T (Fx + τx) + ATx bx]

− T T (Fx + τx). (62)

Using lemma 3, (AxT )+ in (62) can be rewritten as

(AxT )+ = T+
(
A+
x AxTT

+
)+ A+

x . (63)

Since T−1 exists according to Assumption 5, there will be
T+

= T−1 and (63) can be simplified based on lemma 4 as

(AxT )+ = T−1A+
x . (64)

Substitute (64) in (61), the constrained forces Fc can be
calculated as

Fc =T TMx

[
Mx(I − A+

x Ax)TT
TMx + ATx Ax

]−1[
Mx(I − A+

x Ax)TT
T (Fx + τx)+ ATx bx

]
− T T (Fx + τx) . (65)

In order to simplify (65), [Mx(I − A+
x Ax)TT

TMx + ATx Ax]
−1

should be dealt first. It can be rewritten as[
Mx(I − A+

x Ax)TT
TMx + ATx Ax

]−1

=

[
Mx(I − A+

x Ax)(TT
T

− I )Mx

+Mx(I − A+
x Ax)Mx + ATx Ax]

]−1
. (66)

Let D̃ = Mx
(
I − A+

x Ax
)
Mx + ATx Ax and D̃−1 exists, Ũ =

Mx(I − A+
x Ax), Õ = (TT T − I ), and Ṽ = Mx . If the system

subjects to Assumption 6, Õ−1 will exist. Using lemma 5, the
right part of (66) can be conducted as[
Mx(I − A+

x Ax)(TT
T

− I )Mx+Mx(I − A+
x Ax)Mx+ ATx Ax

]−1

=

[
Mx(I − A+

x Ax)Mx + ATx Ax
]−1

−[
Mx(I − A+

x Ax)Mx + ATx Ax
]−1

Mx(I − A+
x Ax)×[

I+(TT T−I )Mx[Mx(I−A+
x Ax)Mx+ATx Ax]

−1Mx(I−A+
x Ax)

]−1

(TT T −I )Mx

[
Mx(I−A+

x Ax)Mx+ATx Ax
]−1

. (67)

According to (13),
[
I + (TT T − I )Mx[Mx(I −A+

x Ax)Mx +

ATx Ax]
−1Mx(I − A+

x Ax)
]−1

exists, which means (I + P̃)−1

exists. Substitute (67) in (65) and use lemma 6 to get

Fc = T TFcx − T T (TT T − I )−1P̃(I + P̃)−1(TT T − I )Fcx

= T T (TT T − I )−1
[
I − P̃(I + P̃)−1

]
(TT T − I )Fcx

= T T (TT T − I )−1(I + P̃)−1(TT T − I )Fcx . (68)

Since T−1, (TT T − I )−1, and (I + P̃)−1

exist,
[
T T (TT T − I )−1(I + P̃)−1(TT T − I )

]−1
will exist.

Hence, the contact forces in the work space can be presented
as Fcx = (TT T − I )−1(I + P̃)(TT T − I )T−TFc.
Remark 5: Theorem 3 introduces the relationship between

the pure rolling contact forces Fcx in the work space and the
constrained forces Fc in the joint space. According to (59),
it can be seen that the fingertips contact forces Fcx are only
dependent on the generalized variables q and q̇. Compared
with traditional manipulation control methods that measure
the contact forces by the force sensors, Theorem 3 provides
a new approach for the dexterous robotic hand manipulation
system to formulate the fingertip contact forces, which offers
the potential to develop dynamicmanipulation control system
without the necessity of using force information.

VI. THE DYNAMIC MANIPULATION CONTROL DESIGN OF
THE DEXTEROUS ROBOTIC HAND
Tomanipulate the target object tracking the desired trajectory,
the dynamic control designed based on the contact forces
needs to provide the appropriate finger joint driving torques.
Before the control design, the dynamics modeling (38) of the
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dexterous robotic hand manipulation system using lemma 2
can be decoupled as

q̈=

[
M (I−A+

k Ak )M+ATk Ak
]−1 [

M (I−A+

k Ak )F+ATk bk
]
+[

M (I−A+

k Ak )M+ATk Ak
]−1

M (I − A+

k Ak )Bτf . (69)

A. CONTROL DESIGN FOR DYNAMIC MANIPULATION
Suppose the desired trajectory of the object to be qdo =

[xdo , y
d
o , z

d
o ] ∈ R3, the desired velocity and acceleration to be

q̇do and q̈do . Then, the error between the actual position of the
object and the desired trajectory qdo can be presented as

e(qo, q̇o, t) = qo − qdo . (70)

To track the desired trajectory with the intended velocity,
the servo constraints can be formulated as

ė(qo, q̇o, t) + Ke(qo, t) = 0, (71)

where the constant matrix K = diag[ki]3×3, ki > 0, ki =

λmin(K ) (i = 1, · · · , 3). Here, λmin(·) stands for theminimum
eigenvalue of the designated matrix.

Differentiating the servo constraints (71) with respect to t
yields

ë(qo, q̇o, t) + Kė(qo, q̇o, t) = 0. (72)

Equation (72) can be represented in the form of matrix as

Asq̈ = bs(q, q̇, t), (73)

where As = [03×18, I3×3, 03×9] and bs = q̈do − K (q̇o − q̇do ).
Assumption 7: Equation (73) is consistent: for any As(q, t)

and bs(q, q̇, t), there exists at least one solution q̈ to (73).
Remark 6: According to Assumption 7, there will be

AsA+
s bs = bs.

According to the dynamic model of the dexterous robotic
handmanipulation system (69) and the servo constraints (73),
there can be

As8τf = b̄, (74)

where 8 = [M (I − A+

k Ak )M + ATk Ak ]
−1M (I − A+

k Ak )B and
b̄ = bs − As[M (I − A+

k Ak )M + ATk Ak ]
−1[M (I − A+

k Ak )F +

ATk bk ]. Equation (74) can be consider as a constraint for the
control torques τf .
Assumption 8: Equation (74) is consistent: for any

As(q, t), 8(q, t) and b̄(q, q̇, t), there exists at least one
solution τf to (74).
Remark 7: According to Assumption 8, there will be

As8(As8)+b̄ = b̄.
Theorem 4: Subject to Assumptions 7-8, the dynamic

model of the mechanical system (69) is servo constraints
controllable for the constraints (73) if and only if

Rank[As(q, t)8(q, q̇, t)] ≥ 1, (75)

for any (q, q̇, t) ∈ R30 × R30 × R. Furthermore, for all
(q, q̇, t) ∈ R30 × R30 × R, the constraint-following control
τf can be presented as

τf = (As8)+b̄+
[
I − (As8)+As8

]
S, (76)

where S ∈ R30 is an arbitrary vector.

Proof of Theorem 4: (Sufficiency) Suppose Rank[As(q, t)
8(q, q̇, t)] ≥ 1, which means [As(q, t)8(q, q̇, t)]+ exists
according to [29] and the control (76) is meaningful. Using
the constraint-following control τf in system (69) and
multiplying both sides of (69) by As result in

Asq̈ = As
[
M (I − A+

k Ak )M + ATk Ak
]−1[

M (I − A+

k Ak )F + ATk bk
]

+ As8τf

= bs − b̄+ As8
[
(As8)+b̄+ [I − (As8)+As8]S

]
= bs −b̄+ As8(As8)+b̄︸ ︷︷ ︸

=0

+ [As8− As8(As8)+As8]︸ ︷︷ ︸
=0

S

= bs. (77)

(Necessity) Suppose that Rank[As(q, t)8(q, q̇, t)] = 0 for
some (q, q̇, t), which means As(q, t)8(q, q̇, t) = 0 for some
(q, q̇, t). Pre-multiplying both sides of (69) by As, since
As8 = 0 for some (q, q̇, t), there will be

Asq̈ = As
[
M (I − A+

k Ak )M + ATk Ak
]−1[

M (I − A+

k Ak )F + ATk bk
]

= bs − b̄. (78)

It can be seen that (78) is not equal to the servo
constraints (73). Hence, Rank[As(q, t)8(q, q̇, t)] ≥ 1 should
be satisfied for all (q, q̇, t) ∈ R30 × R30 × R.
Remark 8: The dexterous robotic hand manipulation sys-

tem is considered a typical under-drive system because it
has fewer finger joint driving torques than the number of
coordinates chosen to describe its motion. Based on the
constraint-following control method, paper [33] introduced a
control designingmethod for such an under-drive systemwith
a non-singular inertia matrix. However, the inertia matrix
M of the dexterous robotic hand manipulation system under
pure rolling contact constraints is singular, which means the
inverse ofM cannot be solved. Compared with the controller
proposed in paper [33], the constraint-following control (76)
introduced in Theorem 2 can accomplish the manipulation
tasks even when the inertia matrix of the system does not have
a full rank.
Assumption 9: For a given constant matrix P ∈ R3×3, P >

0, there exists a constant λ > 0 such that

λmin(PAs(q, t)8(q, q̇, t)(As(q, t)8(q, q̇, t))TPT ) ≥ λ. (79)

Remark 9: According to Assumption 9, the minimum
eigenvalue of the matrix (PAs(q, t)8(q, q̇, t)(As(q, t)8(q, q̇,
t))TPT ) needs to be large than 0, which implies that the
matrix (PAs(q, t)8(q, q̇, t)(As(q, t)8(q, q̇, t))TPT ) will be
symmetrically positively definite for any (q, q̇, t) ∈ R30 ×

R30 × R.
Set the servo constraints error of the dexterous robotic

hand manipulation system as ν(t) := ė(qo, q̇o, t)+Ke(qo, t).
Based on the Theorem 2, the dynamics manipulation control
of the system which is suffered by the pure rolling contact
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constraints is proposed as

τf (t) = p1(q, q̇, t) + p2(q, q̇, t), (80)

with

p1(q, q̇, t) = [As(q, t)8(q, q̇, t)]+ b̄(q, q̇, t), (81)

p2(q, q̇, t) = −γ [As(q, t)8(q, q̇, t)]T PT ν(t), (82)

where the constant γ > 0.

B. STABILITY ANALYSIS OF DESIGNED CONTROL
STRATEGY
Choose the Lyapunov function as

V (ν) = νTPν, (83)

where the constant matrix P > 0. Then, there will be V ≥

||ν||2.
Since V (0, t) = 0 and V (ν, t) > 0 when ν ̸= 0, the

function V in (83) is said to be decrescent.
Taking the derivative of (83) yields

V̇ = 2νTPν̇ = 2νTP(Asq̈− bs). (84)

With the proposed control design (80), (Asq̈ − bs) in (84)
can rewritten according to Assumption 8 as

Asq̈− bs
= As8(As8)+b̄− b̄︸ ︷︷ ︸

=0

−γAs8(As8)TPT ν

= −γAs8(As8)TPT ν. (85)

Substitute (85) in (76) to get

V̇ = −2γ νTPAs8(As8)TPT ν. (86)

According to Assumption 9, (86) can be rewritten as

V̇ ≤ −2γ λνT ν = −2γ λ||ν||2. (87)

Since γ > 0, λ > 0, V̇ (ν, t) = 0 only when ν = 0, and
V̇ (ν, t) < 0 with ∀ν ̸= 0, the constraint-following error ν(t)
is uniformly stable.

Suppose there exists a constant δ > 0 for ||ν(t1)−ν(t2)|| <
δ, the following equation based on (87) will be satisfied:

V̇1 − V̇2 ≤ 2γ λ(||ν(t2)||2 − ν(t1)||2)

= 2γ λ(||ν(t2) − ν(t1)||||ν(t2) + ν(t1)||)

< 2γ λδ||ν(t2) + ν(t1)||. (88)

According to the definition of uniformly stable: ||ν(t)|| < k̂
for any t > t0, (88) can be rewritten as

V̇1 − V̇2 < 2γ λδ||ν(t2) + ν(t1)|| < 4γ λδk̂. (89)

Hence, the function V̇ (ν, t) will be uniformly continuous at
time t. Besides, since V (ν, t) ≥ 0 is lower unbounded and
V̇ (ν, t) ≤ 0 is negative semi-definite, there will be V̇ (ν, t) =

−2γ λ||ν||2 → 0 as t → ∞ according to the Lyapunov-Like
lemma discussed in [34], which means limt→∞ν(t) = 0.

TABLE 1. The Properties of the dexterous robotic hand manipulation
system.

TABLE 2. The simulation parameters of the dexterous robotic hand
manipulation system.

Remark 10: Consider the dexterous robotic hand manip-
ulation system (69), which is under pure rolling con-
tact constraints, subjects to Assumptions 7-9. Under the
constraint-following control (80), the following performance
of the target object trajectory tracking error ν(t) =

ė(qo, q̇o, t) + Ke(qo, t) is guaranteed: (t0 is the initial time)
(1) Uniformly stability: for any k̂ > 0 (k̂ is a constant) and

||ν(t0)|| < k̂ , there will be ||ν(t)|| < k̂ as t > t0.
(2) Converge to zero: for any t > t0, limt→∞ ν(t) = 0.
The design dynamic control (80) of the dexterous robotic

hand manipulation system includes two portions: The
feed-forward portion (81), which is formulated by the contact
forcesmodel, and the feedback portion (82) that can eliminate
the initial constraint-following error. With the introduced
control method, the robotic hand can achieve precise tracking
of the target object’s trajectory without relying on the
feedback information from force sensors for contact force.

The architecture of dynamic modeling and control strategy
for the hand-object manipulation system is presented in
Appendix B.

VII. SIMULATION AND DISCUSSION
A. SIMULATION SETUP
To verify the dynamic modeling and control design of the
dexterous robotic hand, the three-fingered dexterous robotic
hand manipulating a target, depicted in Fig. 1, is simulated
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FIGURE 4. The consistency verification.

in MATLAB. The dynamics model and the controller are
numerically solved by the ordinary differential equation
solver ode45 which is a general Runge-Kutta method solver.

The robotic hand comprises three identical fingers which
physical properties are listed in Table 2. Additionally, Table 3
illustrates the initial conditions of the three fingers and the
target in the simulation. Set the desired trajectory as qdo =

[2, 6, 40
√
3]T and the control parameters as γ = 10 and

K=diag(8,8,8).
Moreover, a comparative experiment is conducted by the

control strategy introduced in [35], in which a task-oriented
manipulation control is designed as

τ tf = Lk1[As (q, t)8 (q, q̇, t)]T [k2e (qo, q̇o, t)+ ė (qo, q̇o, t)]

+ Lc[As (q, t)8 (q, q̇, t)]T
[
xdo , y

d
o , z

d
o

]T
. (90)

Here, Lk1 = −20, k2 = 15, and Lc = 2 are control
parameters.

B. RESULTS AND DISCUSSION
The simulation results of the dexterous robotic hand
manipulation system are demonstrated in Fig. 4-Fig. 23.
Furthermore, simulation results Fig. 4-Fig. 6 are intended
to verify the assumptions proposed during early stage
the dynamic modeling and control design (section VI-
VII). Fig. 7 and Fig. 8 represent the manipulation control
performance of the proposed control strategy (80) and state
feedback control strategy (90).
With Assumptions 2-3 and 7-8, equations (5), (31), (73),

and (74) must remain consistent to ensure the existence
of solutions. This implies M̂M̂+ξ = ξ where ξ :=[
(I − A+

k Ak )(F + Bτf )
bk

]
, GTC (G

T
C )

+(Jcq̇f −Hrαo) = (Jcq̇f −

Hrαo), AsA+
s bs = bs, and As8(As8)+b̄ = b̄.

According to Fig. 4, it is evident that the orders of
magnitude for ||M̂M̂+ξ − ξ ||, ||GTC (G

T
C )

+(Jcq̇f − Hrαo) −

(Jcq̇f − Hrαo)||, ||AsA+
s bs − bs||, and ||As8(As8)+b̄ − b̄||

are at 10−8 during the simulation time interval, indicating the
fulfillment of Assumptions 2-3 and 7-8.

FIGURE 5. The rank of those matrices.

FIGURE 6. The minimum eigenvalue of the matrix (PB̄(q, t)B̄T (q, t)PT ).

FIGURE 7. The trajectory of the object.

Fig. 5 demonstrates that the matrix M̂ has a rank of 30,
confirming the Assumption 1. Additionally, as outlined in
Theorem 4, the matrix As8 should have a rank greater than 1,
which is also confirmed in Fig. 5 during the simulation
interval. Furthermore, the matrix Gc achieves a rank of 6,
satisfying the Assumption 4. According to Theorem 2, the
proposed grasp planning method ensures a trajectory for the
target object that remains smooth and continuous.

Fig. 6 indicates that the minimum eigenvalue of the matrix
(PAs8(As8)TPT ) remains greater than 0, which means the
Assumption 9 is satisfied during the simulation period.
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FIGURE 8. The trajectory tracking error.

FIGURE 9. The translational velocity of the object.

FIGURE 10. Euler angular velocity of the object.

Hence, with the design control (80), the dexterous
robotic hand manipulation system under pure rolling contact
constraints is always subjects to those Assumptions that
needed for the dynamics modeling and control design.

After verifying these assumptions, the manipulation per-
formance of the control (80) and (90) is illustrated in
Fig. 7 and Fig. 8. In Fig. 7, the trajectory of the target
object under the proposed control strategy is represented by
the blue line, while the trajectory under the task-oriented

FIGURE 11. The control input of finger 1.

FIGURE 12. The control input of finger 2.

FIGURE 13. The control input of finger 3.

manipulation control strategy is depicted by the yellow line.
The green point marks the initial position of the object’s
center of mass, and the red one marks its desired position.
Let e := [ex , ey, ez]T and et := [etx , e

t
y, e

t
z]
T represent

the tracking errors under the proposed control strategy (80)
and task-oriented manipulation control strategy (90). Fig. 8
illustrates the trajectory tracking error between the object’s
center of mass’s current and intended positions. The tracking
error e under the proposed control strategy (80) significantly
diminishes, approaching zero after 2 seconds. In contrast, the
tracking error et under the task-oriented manipulation control
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FIGURE 14. The angular displacement of finger 1.

FIGURE 15. The angular displacement of finger 2.

FIGURE 16. The angular displacement of finger 3.

strategy (90) exhibits a steady-state error of 0.04mm in the
y-direction.

The manipulation task requires a high level of control
precision, particularly in accurate positioning and handling.
In this context, the proposed control strategy (80) stands
out as the superior choice compared to the (90). Despite
requiring a longer execution time, the extended duration
facilitates refinement and precision correction, ensuring
precise control throughout the manipulation task. While the
task-oriented manipulation control strategy (90) achieves a
relatively shorter completion time, the presence of a 0.04mm

FIGURE 17. The angular velocity of finger 1.

FIGURE 18. The angular velocity of finger 2.

FIGURE 19. The angular velocity of finger 3.

steady-state error may limit its applicability, particularly in
tasks where minimizing deviation is critical. Hence, for tasks
requiring high precision, the proposed control strategy (80)
demonstrates superior operational efficacy compared to (90).

The detailed simulation results under the proposed control
strategy (80) are represented in Fig. 9-Fig. 23. The transla-
tional and angular velocity of the object displayed in Fig. 9
and Fig. 10. The control torques τf 1, τf 2, and τf 3 applied
on the finger joints are shown in Fig. 11-Fig. 13, where
τfi = [τfi1, τfi2, τfi3, τfi4](i=1,2,3). The torque applied to each
finger is limited to a maximum of 8 N ·m, making it suitable
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FIGURE 20. The angular displacement of local parameters of the object
surface.

FIGURE 21. The angular velocity of local parameters of the object surface.

FIGURE 22. The contact force in contact point 1.

for the current actuator. Under those driving joint torques,
the angular displacements and the angular velocities of finger
joints are given in Fig. 14- Fig. 19, which are continuous and
convergent. For the contact points on the surface of the object,
the angular displacement and velocity of local parameters
αoi(i=1,2,3) are shown in Fig. 20- Fig. 21. There is a small
displacement of each contact point related to the surface of
the object with a low velocity, which close to 0 in 3s.

FIGURE 23. The contact force in contact point 2.

FIGURE 24. The contact force in contact point 3.

FIGURE 25. The ratio of tangential and normal components of the contact
forces.

According to Theorem 3, the fingertip contact forces Fcxi
of the ith finger can be calculated and represented by two
components as {Fit ,Fin}T in the work space. The simulation
results of Fcxi are given in Fig. 22- Fig. 24. Besides, the ratio
of tangential and normal components of Fcxi shown in Fig. 25
are all less than 1.2, which means those contact forces could
be applicable when the coefficient of the friction that the
material of the fingertips is larger than 1.2.
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TABLE 3. The terminology nomenclature.

Considering the simulation results mentioned above, with
the control design in (80), the dexterous robotic hand
under the pure rolling contact constraints can accurately
manipulate the target object to track the desired trajectory.

VIII. CONCLUSION AND FUTURE WORK
A novel control framework is proposed for the dexterous
robotic hand in pure rolling contact with an object. The
dexterous robotic hand and the target object is considered
as an entire system for the following analysis. First, the
contact constraints under the pure rolling is formulated and
derived in the second order form. The freedom degrees of
the rolling contact between each finger and the target object
is two, which means the rolling contact could generate two
independent motions for the object. Second, by using the
second order contact constraints, the dynamics modeling of
the hand-object manipulation system is constructed by the
extended Udwadia-Kalaba equation without the singularity
guarantee of the inertia matrix and any auxiliary variables.
Based on the dynamic model, the paper derives the fingertip
contact forces model in the work space using only the
generalized coordinates of the hand-object system. Third,

the manipulation task is treated as a constraint-following
problem. An integrated manipulation control strategy is
proposed in two portions. The contact forces model based
feed-forward portion is designed to drive the motion of
the target object in the desired trajectory without initial
deviation. The feedback control portion is formulated to
eliminate the initial error. To enhance the performance of the
manipulation control, the grasping planning of the robotic
hand is pre-designed to ensure the grasping stability in the
manipulation task. Finally, the proposed control strategy’s
effectiveness is substantiated through a rigorous theoretical
analysis. Moreover, a three-fingered robot hand is used to
demonstrate the feasibility of the proposed control method.

The proposed control design relies on the precise kinematic
and dynamic models of the hand manipulation system.
While, obtaining the accurate system models, including the
precise modeling parameters, is a significant challenge and
time-consuming in the practical applications. To enhance the
practicability of the proposed approach, the future work will
focus on improving the proposed control to adapt for the
simplified system, and be robust to the uncertainty raised by
the simplification of the system models.
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FIGURE 26. The architecture of dynamic modeling and control strategy.

APPENDIX A
THE TERMINOLOGY NOMENCLATURE
This section provides a comprehensive list of nomenclature
symbols, units utilized throughout the paper (Table 3).

APPENDIX B
ARCHITECTURE OF DYNAMIC MODELING AND CONTROL
STRATEGY
The architecture of dynamic modeling and control strategy is
shown in Fig. 26. As the control strategy depicted in Fig. 26,
the system’s input r ∈ R3 is the desired position of target
object, the system’s output y = qo = [xdo , y

d
o , z

d
o ] ∈ R3 is

the actual target object’s position in the primary coordinate
frame {OB}. Hence, the servo constraints is formulated in
(72) or in matrix form (73). Combined with the decoupled
constrained contact force model, the servo constraint force
model is constructed in (74), which is the driven force for the
target object to follow the desired position r (qdo ) and used
to design the feed-forward control p1 in (81). Meanwhile, the
feedback control p2 in (82) is designed to eliminate the initial
positional errors. Finally, the total control torque applied to
the manipulation system is given by τf = p1 + p2.
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