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ABSTRACT Surface topography filtering is a commonly used technique in various fields, and over the years,
a variety of filters have been included in international standards. However, traditional filtering methods
continue to suffer from significant fitting errors in the separation of surface topography (form, waviness
and roughness). To address these issues, this study proposes a new filter algorithm based on an improved
VMDmethod that incorporates some VME algorithm ideas. The proposed filter analyzes surface topography
through three pivotal steps: Firstly, it derives the optimal robust weighting function. Secondly, it integrates
the weighting function into the isotropic residual constraint VMD to decompose the surface into several
isotropic modes (sub-surfaces). Ultimately, it quantitatively computes and combines the sub-surfaces to
reconstruct the topography of each surface. Numerical simulation experiments illustrate that the proposed
algorithm outperforms advanced surface filters, significantly reducing fitting errors of surface topography
separation including areal-VMD-based filters. Finally, two grinding workpieces are analyzed using the
proposed algorithm to demonstrate its effectiveness in evaluating machined surfaces, revealing the analytical
process and presenting the results.

INDEX TERMS Surface filter, surface topography analysis, IRcVMD, VME.

NOMENCLATURE
VMD variational mode decomposition.
EWT empirical wavelet transform.
VME variational mode decomposition.
EMD empirical mode decomposition.
RrVMD Residual-restrained variational mode

decomposition.
IRcVMD Isotropic Residual-constrained variational

mode decomposition.
λ The cut-off wavelength.
Uk (x,y) The surface of the KTH iteration.
m(x,y) The mode decomposed by VMD-based

algorithm.
r(x,y) Residual decomposed by VME-based

algorithm.

The associate editor coordinating the review of this manuscript and

approving it for publication was Siddhartha Bhattacharyya .

H Hilbert mask.
ρ̂k (wu,wv) The frequency response of IRcVMD.
δ The weight function.
PC The person correlation coefficient.
RMSE Root mean square error.

I. INTRODUCTION
The performance of mechanical components is closely linked
to their manufacturing process. These components can be
analyzed using advanced surface analysis tools after surface
machining, and a crucial step in the analysis is the precise
and effective separation of surface topography features, such
as form, waviness, and roughness. An effective method of
accomplishing this is through filtering operations, which
divide the surface into three wavelength ranges: low,medium,
and high [1].
The mainstream Gaussian filter has been standardized

in ISO GPS [2]; however, in certain practical industrial
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applications it has some drawbacks such as shape distortion
in the surface topography decomposed by it, sensitivity to
outliers, and large fitting errors [3]. To overcome these issues,
the M-estimation method can be used to improve this filter-
ing method into a robust Gaussian filter, which effectively
suppresses the problem of shape distortion [4]. A low-fitting
error filtering method, which accurately reflects surface
topography, is a popular research topic. For instance, spline
filter [5] has been proposed to overcome the shortcomings
of Gaussian filtering and is recommended by international
standards. Its core principle is to solve the corresponding
matrix through different boundary conditions to overcome the
deformation problem. Its mathematical principles are similar
to Butterworth filtering, and an algorithm for robust filter
is listed in international standards [6]. Moreover, wavelet is
another surface filtering method, which is better than the two
filtering methods mentioned above in dealing with spectrum
overlap. Its application in surface topography analysis greatly
reduces the fitting error of roughness. It takes surface topog-
raphy as input and directly outputs several sub-surfaces [7].
However, different wavelets have different filtering effects,
which affect their generalization ability.

To minimize the fitting error during surface filtering,
multi-resolution methods have been increasingly utilized
in surface topography analysis. One example is a data-
driven approach, which differs from wavelet-empirical mode
decomposition(EMD) [8], that decomposes signals by solv-
ing their upper and lower envelopes, making it ideal for
non-stationary signals. Despite some drawbacks, including
modal aliasing and boundary effects, the EMD method has
been extended and improved by experts [9], [10] to bet-
ter reflect surface topography. Additionally, the empirical
wavelet transform(EWT) [11] algorithm has proven suc-
cessful by dividing the frequency domain into consecutive
intervals and approximating orthogonal wavelets [12]. Appli-
cations of empirical wavelets in surface topography analysis
have yielded positive results. However, accurately establish-
ing the relationship with the cutoff wavelength remains a
common issue in these methods. Furthermore, lack of robust-
ness consideration and standardization in the industry also
limits their effectiveness.

In the most recent version of ISO 25178-2 [13], linear
profile parameters have been extended to two-dimensional
(2D) areal surface parameters. In contrast to one-dimensional
(1D) linear profiles, areal surface parameters are evalu-
ated on an areal surface, which provides more information
than one-dimensional linear profiles. Therefore, it is crucial
to develop areal surface filtering. However, existing ISO
international standards [2] only include standardized areal
Gaussian filtering. When extending from one-dimensional
filtering to areal filtering, it is essential to consider the
isotropy problem. Some researchers have attempted to derive
and design areal spline filtering. To overcome the isotropy
problem, Tong et al. [14], [15] proposed high-order spline
filtering by adding higher-order terms to analyze the worn
bearing ball. New areal filtering methods are also applica-

ble based on areal considerations. Li et al. [16] proposed a
method based on extended areal-VMD to metrology the worn
metal surfaces. However, the VMD-based method generated
residual errors in form. To address this issue, Li et al. [17]
proposed a residual-restrained VMD surface filter method
to evaluate the grinding metal surface. However, decom-
posing the surface into modes using VMD-based method
resulted in high computational complexity and energy loss.
Shao et al. [18]. evaluate the discontinuous engineering sur-
face topography using the discrete modal decomposition,
and achieving favorable outcomes in the obtained results.
He et al. [19]. uses improved complete ensemble empirical
modal decomposition of adaptive noise to decompose the
surface topography of the machined surface.

In light of the various factors leading to high fitting
errors on surface topography separation discussed above,
this study introduces a novel surface filtering method for
the analysis of areal surfaces. Drawing inspiration from the
principles of areal-VMD and variational mode extraction
(VME) [20], as well as Butterworth bandpass filter [21], this
new approach is called areal isotropic residual constrained
VMD (IRcVMD) to applied on a grinding surface. Its primary
innovation lies in achieving smaller fitting errors on surface
topography separation compared to existing advanced filter-
ingmethods. The process of analyzing the surface topography
using the robust IRcVMD method, which is presented in
Fig.1.

The whole surface topography analysis process is divided
into four parts, the part of parameter input corresponds to
section three, it represents the areal IRcVMD’s stage within
the entire process of surface topography evaluation. The
weight function calculation and acquisition of modes and
residual, which is the implementation of robust IRcVMD,
is put in sections IV, V-A, V-B, the part of surface topography
parameter calculation corresponds to section V-C. Section
two and section six are approach derivation and experiment
respectively.

II. APPROACHES
In order to mitigate the spectral overlap between modes,
the unoptimized modes and components can be regarded as
residuals, including unrelated outliers. Unlike the traditional
VMD algorithm, the aim here is to extract effective modes
from these residuals through k times of optimization. Thus,
based on this approach, under the areal condition, each sur-
face Uk (x,y) can be expressed as the sum of the current mode
mk (x,y), residuals r(x, y) and other modes, and its mathemat-
ical expression is given as follows:

Uk (x, y) = mk (x, y)+ r(x, y)+
∑
i̸=k

mi(x, y) (1)

The equation for the updated mode optimization of
areal-VMD is provided below [22]:

m̂n+1k (wu,wv)

29796 VOLUME 12, 2024



Q. Wen, N. Tang: Robust Isotropic Residual-Constrained VMD

FIGURE 1. The algorithmic flowchart for surface topography analysis.

FIGURE 2. Amplitude-frequency characteristics of VMD-based filter.

=

Hn+1
k (wu,wv)(Û (wu,wv)−

∑
i̸=k

m̂n+1i (wu,wv)+
λ̂n(wu,wv)

2 )

1+α[(wu − wnuk )
2+(wv − wnvk )

2]

(2)

where Hn+1
k denotes the Hilbert Mask, Û represents the

input frequency domain signal, denotes the i-th mode, is a
dual variable, represents a regularization parameter, and the
amplitude-frequency characteristics of the areal-VMD filter
are displayed in Fig.2. However, to achieve our research goal
of making the separated residual and modal bandwidth more
compact, a more appropriate modification is to reduce both
the frequency response and residual of the current mode,
as well as those of the other modes. Based on the analysis
above, we can provide the frequency response of the mode
in an isotropic state, which is expressed in the following
equation:

ρ̂k (wu,wv) =
w2
u + w

2
v

α(wu + wv −
√
w2
uk + w

2
vk )

2
(3)

wherewu andwv represent the two frequency directions u and
v in the frequency domain, respectively, and α is a penalty
term that serves as the regularization parameter in areal-
VMD. In the frequency domain, α is closely related to the
filtering bandwidth, while wuk and wvk correspond to the
center frequencies in the u and v directions, respectively.
Fig.3 illustrates the amplitude-frequency characteristics of
the modes within a specific frequency response range.
Based on this, the optimization objectives and constraints of
Isotropic Residual-Constrained VMD (areal IRcVMD) in the
frequency domain can be equationted as shown in Eq.4 and
Eq.5. In this equation, the residual and the convolution at the
center frequency of other modes need to be infinitely ampli-
fied, ensuring that the resulting mode and residual exhibit
high orthogonality. For comparison, the target optimization
equation for RrVMD is presented as follows:

min



∑
k

∥∥∥∇[mAS,k (x, y)]e−j(xwuk+ywvk )
∥∥∥2
2︸ ︷︷ ︸

t0

+

∥∥∥∥∥∥ρk (x, y) ∗ [r(x, y)+
∑
i̸=k

mAS,i(x, y)]

∥∥∥∥∥∥
2

2︸ ︷︷ ︸
t1

+

∑
i̸=k

∥∥mAS,k (x, y) ∗ ρi(x, y)
∥∥2
2︸ ︷︷ ︸

t2



(4)

s.t. Uk (x, y) = mk (x, y)+ r(x, y)+
∑
i̸=k

mi(x, y) (5)
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In this equation, t1 is utilized to minimize the correlation
between the current mode and residuals with the other modes;
t0 is analogous to the optimization of the original areal-VMD;
t2 is utilized to enhance the orthogonality between the current
mode and the remaining modes. The equation for mAS,k is
presented below:

∇[mAS,k (x, y)] =
∂mAS,k

∂x
+

∂mAS,k

∂y
(6)

According to the introduction of regularization parameters
and the augmented Lagrangian method [22], [23], the prob-
lems presented in equations 4 and 5 can be restructured, and
the objective can be reequationted as follows:

min



α
∑
k

∥∥∇[mAS,k (x, y)]e−j(xwuk+ywvk )
∥∥2
2+∥∥∥∥∥ρk (x, y) ∗ [rAS (x, y)+∑i̸=k mAS,i(x, y)]

∥∥∥∥∥
2

2

+∑
i̸=k

∥∥mAS,k (x, y) ∗ ρi(x, y)
∥∥2
2+

τ
2

∥∥∥∥Uk (x, y)− ∑
k=0

mAS,k (x, y)−rAS (x, y)

∥∥∥∥2
2

+〈
λ(x, y),Uk (x, y)−

∑
k=0

mAS,k (x, y)−rAS (x, y)
〉


(7)

� =
√
(wu − wuk )2 + (wv − wvk )2 (8)

In this equation, the step size is represented by τ , while the
dual variable is denoted by λ. Equation 7 can be simplified
and transformed into the following equation using Parseval’s
theorem [22]. To achieve the goal of the proposed IRcVMD,
modifications are required on � in Equation 9. Specifically,
the expression in Equation 8 is replacedwith Equation 11. (9),
as shown at the bottom of the next page, where mAS,k (x, y)
and rAS ,k (x, y) represent the areal analytical signals, which
are obtained by simulating one-dimensional analytical sig-
nals in VMD. Their expanded expressions are presented
in Equation 10. The calculation of � is transformed from
Equation 8 to Equation 11, inspired by Butterworth bandpass
filter [24], The transformation from Eq.8 to Eq.11 represents
a difference of IRcVMD over VMD-based filter. This mod-
ification guarantees the amalgamation of sub-components
with identical bandwidths in diverse directions into a singular
mode, thereby obviating the necessity for an overly extensive
decomposition of sub-components in varying directions into
modes.

m̂AS,k (wu,wv) = [1+ sgn(wwu + wwv)]m̂k (wu,wv),

r̂AS (wu,wv) = [1+ sgn(wwu + wwv)]r̂k (wu,wv) (10)

� =
wu + wv −

√
w2
uk + w

2
vk√

w2
u + w2

v

(11)

Based on the Alternating Directions Method of Multipliers
(ADMM), the optimal solution can be derived from the half
plane of the spectrum. Thus, for each mode m̂k , the following

equation needs to be minimized in order to obtain its corre-
sponding value:

m̂n+1k (wu,wv)

= min{4α
∫∫

�2
∣∣∣f̂k (wu,wv)∣∣∣2 dwudwv

+ τ

∫∫ ∣∣∣∣∣Ûk (wu,wv)−∑
k=0

m̂k (wu,wv)−r̂(wu,wv)

+
λ̂(wu,wv)

2

∣∣∣∣∣
2

dwudwv

+ 2
∫∫ ∣∣∣∣∣∣ w2

u + w
2
v

α(wu + wv −
√
w2
uk + w

2
vk )

2
[r̂(wu,wv)

+

∑
i̸=k

m̂i(wu,wv)]

∣∣∣∣∣∣
2

dwudwv}

+ 2
∑
i̸=k

∫∫ ∣∣∣∣∣∣m̂AS,k (wu,wv)
w2
u+w

2
v

α(wu+wv−
√
w2
uk + w

2
vk )

2

∣∣∣∣∣∣
2

× dwudwv (12)

In Equation 12, by solving the partial derivative of m̂k and
taking the solution where the extreme point is located, we can
derive the following optimization equation for the mode:

m̂n+1k (wu,wv)

=

Ûk (wu,wv)−
∑
i̸=k

m̂i(wu,wv)−r̂(wu,w)+
λ̂(wu,wv)

2

1+ 2α
(wu+wv−

√
w2
uk+w

2
vk )

2

w2
u+w2

v
+
∑
i̸=k

(w2
u+w2

v )2

α2(wu+wv−
√
w2
uk+w

2
vk )

4

(13)

Obtain the residual r using the same method as mentioned
above: (14), as shown at the bottom of the next page.

In practice, including the residuals in the mode optimiza-
tion equation is unnecessary. Therefore, the equation for
acquiring the residuals (equation 14) can be substituted into
the mode optimization equation 13 to obtain the final mode
optimization equation 15. It is noteworthy that the mode
optimization is independent and not affected by other modes
or residuals. This effectively eliminates the need to preset the
parameter k(the number of modes) in the later stage. (15), as
shown at the bottom of the next page.

Another crucial parameter that requires updating is the
center frequency. The update equation is obtained by solving
step-by-step as follows: (16), as shown at the bottom of
the next page, where a represents various directions in the
frequency domain. To achieve isotropic modes and prevent
energy loss, the entire algorithm of IRcVMD can be sum-
marized by Equations 17, 18, 19, and 20. Furthermore, it is
evident that the amplitude-frequency characteristics (Fig.3)
of the proposed algorithm have been altered when compared
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to the VMD-based algorithm shown in Fig.2. (17)–(21), as
shown at the bottom of the next page.

III. THE PARAMETERS OPTIMIZATION
The algorithm, which is based on VMD, falls under the cate-
gory of multi-resolution methods, which differs significantly
from low-pass filtering techniques such as spline filter [26]
and Gaussian filter [6] when used for surface topography
analysis. One prominent difference is that low-pass filtering
can extract surface topography data via the cutoff wavelength,
which serves a similar purpose as the penalty term a in
the VMD-based algorithm. Consequently, optimizing a is
necessary, indicating the need for dynamic changes of this
parameter. As per Reference [27], the equation for calculating
this parameter is given below:

αk =
m2
s

4

 1

1+ elog 10
2
√

w2ku+w
2
kv

ms

− 0.5


2

(22)

where u and v represent the two orientations of the spectrum,
respectively;ms denotes the sampling frequency, andw repre-
sents the angular frequencywhich is equivalent tomultiplying
the actual frequency by 2π .

The traditional VMD-based methods require pre-setting
the number of modes k , which determines if the number of
modes is reasonably decomposed and enhances the filtering
effect. However, as mentioned earlier, in the algorithm pro-
posed in this paper, the modes are independently optimized
and do not rely on residues and other modes. Therefore,
following ingenious design, this paper’s algorithm reason-
ably avoids this point. Another aspect that needs optimizing
in this algorithm, compared to the traditional areal-VMD
algorithm, is the initial central frequency, primarily used
to determine the mode’s bandwidth and ensure reason-
able decomposition. According to the reference report [18],
the modes usually represent components with the primary
energy in the signal. Accordingly, for this study’s pur-
poses, the initial central frequency of the modes to be
obtained and optimized is determined as the frequency
location where the amplitude is highest in the frequency
domain. When mode optimization reaches the iteration
threshold, the algorithm updates the original surface U to the
residue r .
Therefore, when compared with traditional VMD-based

methods, the advantages can be summarized as follows: 1)
The parameter k is not pre-defined; 2) The inclusion of
the residual term in Eq. 18 minimizes the spectral overlap
between different modes, consequently mitigating the over-

min



α
∑
k

∥∥j�m̂AS,k (wu,wv)
∥∥2
2+∥∥∥∥∥ρ̂k (wu,wv)[r̂AS (wu,wv)+∑i̸=k m̂AS,i(wu,wv)]

∥∥∥∥∥
2

2

+∑
i̸=k

∥∥m̂AS,k (wu,wv)ρ̂i(wu,wv)
∥∥2
2+

τ
2

∥∥∥∥Ûk (wu,wv)− ∑
k=0

m̂AS,k (wu,wv)−r̂AS (wu,wv)+
λ̂(wu,wv)

2

∥∥∥∥2
2


(9)

r̂n+1(wu,wv) =

α2(wu+wv−
√
w2
uk+w

2
vk )

4

(w2
u+w2

v )2
(Ûk (wu,wv)−

∑
k=0

m̂k (wu,wv)+
λ̂(wu,wv)

2 )−
∑
i̸=k

m̂i(wu,wv)

1+
α2(wu+wv−

√
w2
uk+w

2
vk )

4

(w2
u+w2

v )2

(14)

m̂n+1k (wu,wv) =
Ûk (wu,wv)+

α2(wu+wv−
√
w2
uk+w

2
vk )

4

(w2
u+w2

v )2
m̂k (wu,wv)+

λ̂(wu,wv)
2∣∣∣∣∣1+ 2α

(wu+wv−
√
w2
uk+w

2
vk )

2

w2
u+w2

v
+
∑
i̸=k

(w2
u+w2

v )2

α2(wu+wv−
√
w2
uk+w

2
vk )

4

∣∣∣∣∣
∣∣∣∣∣1+ α2(wu+wv−

√
w2
uk+w

2
vk )

4

(w2
u+w2

v )2

∣∣∣∣∣
(15)

wn+1a k =

α
∫∫
wp
∣∣∣m̂n+1k (wu,wv)

∣∣∣2 dwudwv − 1
α2

∫∫ ∣∣∣∣∣r̂(wu,wv)+∑i̸=k m̂i(wu,wv)
∣∣∣∣∣
2

(wu+wv−
√

w2uk+w
2
vk )

4

(w2u+w
2
v )2

(wv−wnpk )

dwudwv

α
∫∫ ∣∣∣m̂n+1k (wu,wv)

∣∣∣2 dwudwv , ∀a ∈ {u, v} (16)
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FIGURE 3. The approximate amplitude-frequency characteristics in
IRcVMD.

lap between distinct surface topographies. 3)Unnecessary
decomposition of modes is avoided, resulting in decreased
energy loss and enhanced fitting accuracy of surface topog-
raphy.

IV. ROBUST IRCVMD
A real engineering measurement surface often contains
outliers and errors, and the presence of these values can
significantly affect the benchmark(the sum of form and wavi-
ness) and eventually lead to inaccurate surface evaluation.
While the IRcVMD algorithm discussed in this study the-
oretically segregates outliers and errors into high-frequency
components, in reality, this is not the case, the necessity
of robustness is illustrated in the experiment in section VI.
Hence, to enhance the algorithm’s robustness, we introduced
the M-estimation method [28]. It is well-known that the
robust weight function in the M-estimation theory requires
optimization in the time domain. However, the algorithms
proposed in this paper are optimized in the frequency domain.
Since the Fourier transform is used in the time domain to
frequency domain transformation, the mode optimization
equation for robust IRcVMD is to do the Fourier transform
for δ(x,y)U (x,y), where δ(x,y) is the robust weight function.
Therefore, it is necessary to think about how to add a weight

function to the equation 18. Finally the mode optimiza-
tion Equation 18 of IRcVMD is converted into the robust
IRcVMD(Eq.23). (23), as shown at the bottom of the next
page.
D is given by Equation 17. Having conducted numerous

experiments and selected weight functionsmultiple times, the
Andrews estimation method is ultimately chosen for use in
this paper. Its calculation method is presented as follows:

δi(x, y) =


1

πvi
sin(πni) |ni| < 1

0 |ni| ≥ 1

ni = U (x, y)− mi0(x, y)
/

βc (24)

The expression of β is given as follows:

β = med

∣∣∣∣∣ U (x, y)− mi0(x, y)

std
[
U (x, y)− mi0(x, y)

] ∣∣∣∣∣ (25)

where c = 1.5π , which is a dynamically selected parameter.
std represents the standard deviation, and med indicates that
the median is required. Based on this, the complete process
of the robust IRcVMD algorithm can be summarized using
Algorithm 1.

V. THE CONNECTION BETWEEN MODE AND CUTOFF
WAVELENGTHS
A. MODEL THE MODE AND CUT-OFF WAVELENGTH
In this study, wavelength should be used to ascertain the
relationship between residual, mode, and surface topogra-
phy categories. Therefore, surface U can be considered as a
component in Equation 26, where a denotes form error, b rep-
resents waviness, and c represents roughness. Additionally,
the relationship between the surface and the mode mentioned
earlier allows the definition of the relationship betweenmode,
surface topography, and the cut-off wavelength, which can
be described by the model structure displayed in Fig.4. The

D =
wu + wv −

√
w2
uk + w

2
vk√

w2
u + w2

v

(17)

m̂n+1k (wu,wv) =

Ûk (wu,wv)−
∑
i̸=k

m̂i(wu,wv)−r̂(wu,wv)+
λ̂(wu,wv)

2

1+ 2α[D2]+
∑
i̸=k

1
α2D4

(18)

r̂n+1(wu,wv) =

α2D4(Ŝk (wu,wv)−
∑
k=0

m̂k (wu,wv)+
λ̂(wu,wv)

2 )−
∑
i̸=k

m̂i(wu,wv)

1+ α2D4 (19)

wn+1a k =

∫∫
wp
∣∣∣m̂n+1k (wu,wv)

∣∣∣2 dwudwv∫∫ ∣∣∣m̂n+1k (wu,wv)
∣∣∣2 dwudwv ,∀a ∈ {u, v} (20)

λ̂n+1(wu,wv) = λ̂n(wu,wv)+τ

[
Û (wu,wv)−

∑
k=0

m̂k (wu,wv)−r̂(wu,wv)

]
(21)
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Algorithm 1
Input a functional surface: Uk (x, y)
Initializing (w1u,w1v) = frequencyofmax {(wku,wkv)} , δ0← δp, α0← αk
Repeat
a← ûa+ 1

δa =

{ 1
π t sin(π ta)

∣∣tp∣∣ < 1
0 |ta| ≥ 1
Repeat
n← n+ 1
Calculation Hilbert mask:
Hn+1
k (wu,wv)← 1+ sgn(wuwnku + wvw

n
kv)

Update m̂k for all wu,wv:

m̂n+1k (wu,wv) =

∫∫
δ(x,y)U (x,y)e−j2π(wux+wvy)dxdy−

∑
i̸=k

m̂i(wu,wv)−r̂(wu,wv)+
λ̂(wu,wv)

2

1+2α[D2]+
∑
i̸=k

1
α2D4

r̂n+1(wu,wv) =

α2(wu+wv−
√

w2uk+w
2
vk )

4

(w2u+w
2
v )2

(Ûk (wu,wv)−
∑
k=0

m̂k (wu,wv)+
λ̂(wu,wv)

2 )−
∑
i̸=k

m̂i(wu,wv)

1+
α2(wu+wv−

√
w2uk+w

2
vk )

4

(w2u+w
2
v )2

Update wku,wkv:

wn+1a k =

∫∫
wp
∣∣∣m̂n+1k (wu,wv)

∣∣∣2dwudwv∫∫ ∣∣∣m̂n+1k (wu,wv)
∣∣∣2dwudwv

,∀a ∈ {u, v}
Dual Ascent:

λ̂n+1(wu,wv) = λ̂n(wu,wv)+ τ

[
Û (wu,wv)−

∑
k=0

m̂k (wu,wv)−r̂(wu,wv)
]

Until convergence
∥∥∥m̂n+1k (wu,wv)− m̂nk (wu,wv)

∥∥∥2
2

< ε

Until convergence∥∥δp+1 − δp
∥∥2
2 < η

Repeat
k ← k + 1

Repeat
n← n+ 1
Uk+1 (wku,wkv) = r̂n+1 (wu,wv)
Update m̂k+1
Until convergence

∥∥∥m̂n+1k+1(wu,wv)− m̂
n
k+1(wu,wv)

∥∥∥2
2

< ε

Until convergence
∥∥rn+1 − rn∥∥22 < ρ

cut-off wavelength λf is utilized to differentiate form error
from waviness, while the cut-off wavelength λc distinguishes
waviness from roughness. The wavelength can be calculated
using Equation 27, where f represents frequency.

U (x, y) = a(x, y)+ b(x, y)+ c(x, y) (26)

λ =
1
f

(27)

B. THE WAVELENGTH OF MODES
The method used to calculate modal frequency is the Riesz
transform [29] because both the complete Hilbert transform
and the partial Hilbert transform do not possess isotropic
characteristics. Since the Riesz transform computes the
instantaneous frequency in the original signal, the frequency
features of the mode need to be integrated from instantaneous
frequency data at all points.

m̂n+1k (wu,wv) =

∫∫
δ(x, y)U (x, y)e−j2π (wux+wvy)dxdy−

∑
i̸=k

m̂i(wu,wv)−r̂(wu,wv)+
λ̂(wu,wv)

2

1+ 2α[D2]+
∑
i̸=k

1
α2D4

(23)
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FIGURE 4. Relationship between modes, surface topography, and
wavelength of cut-off wavelength.

TABLE 1. Common areal surface evaluation parameters and calculations.

The calculation method of the Riesz transform in the fre-
quency domain is shown below:

m1 (�) ,m2 (�) =

{
−i

wu
∥�∥

m̂ (�) ,−j
wv
∥�∥

m̂ (�)

}
,

� = [wu,wv] (28)

In the time domain, the monogenic signal obtained from
the Riesz transform can be obtained through the inverse
Fourier transform:

Fs (x, y) = {m (x, y) , im1 (x, y) , jm2 (x, y)} (29)

For the phase, we can obtain it using the following
Equation 30:

ϕ (x, y) = arctan

(∥∥m1,2 (x, y)
∥∥

m (x, y)

)
(30)

Finally, the final instantaneous frequency can be obtained
using Equation 31.

fi =

√
(
∂ϕ

∂x
)2 + (

∂ϕ

∂y
)2 (31)

After the above steps, the surface topography within a
certain cut-off wavelength range can be obtained, so as to
complete the separation of surface topography.

FIGURE 5. Two workpieces in the case.

FIGURE 6. The simulated surface and surface topographies.

TABLE 2. The recommended cut-off wavelengths.

C. AREAL SURFACE PARAMETER CALCULATION
To obtain accurate information regarding a surface, it is
imperative to analyze its areal surfaces. The ISO 25178 pro-
vides the definition of surface parameters for these surfaces.
Assuming that the areal surface is denoted by h, the
micro-surface topography parameters can be calculated using
the method described in Table 1.

VI. EXPERIMENTS
A. EXPERIMENTAL CONDITIONS AND SIMULATION
METHODS
In the experiment, two grinding metal workpiece surfaces are
used to demonstrate the process of analyzing surface topog-
raphy using the proposed robust areal IRcVMD algorithm.
One is a workpiece with holes and grooves, while the other
is a flat workpiece with holes. Their actual photos can be
seen in Fig.5, with data acquisition being performed using
a structured light photography system with an accuracy of
0.01mm. The performance of the algorithm is verified by
applying it to a simulated surface expressed by an equation.
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FIGURE 7. The surface topographies of areal Gaussian filter.

FIGURE 8. Surface topographies of spline filter.

FIGURE 9. The surface topographies of wavelet.

FIGURE 10. Modes by areal VMD.

In simulation experiments, the errors of different filtering
separations indicating topography are verified, along with
the deviation of the final calculated indicating topography
parameter values, to reflect the performance of the filter.

According to ISO 21920 [30], the algorithm is verified by
utilizing the cut-off wavelength as shown in Table 2. The
entire experiment is conducted using the Python program-
ming environment.
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FIGURE 11. Surface topographies by areal VMD.

FIGURE 12. Modes by robust areal IRcVMD.

FIGURE 13. Surface topographies by robust areal IRcVMD.

B. NUMERICAL SIMULATION
Here, the benefits of the proposed areal IRcVMD algorithm
are compared to those of other popular surface filters such
as the areal Gaussian filter, the areal spline filter [25], the
original areal VMD, and the wavelet filter. Numerical simula-
tion is used to validate the fitting error of surface topography
determined by these algorithms, as well as the extent of spec-
trum overlap. The expressions of filtering simulation surface
are as follows:

0.1(x2 + y2)+ 0.5 cos(10πx + 10πy)+ 0.5normal(0, 0.8)

(32)

where the variables in Eq. 32 represent form, waviness, and
roughness from left to right. Roughness is simulated using
Gaussian noise, and the sampling size of the simulated sur-

face is a square area with a side length of 2cm. The entire area
contained 3600 points. The cut-off wavelengths are 2.5mm
and 0.25mm, respectively, which are selected according to
the recommendations of ISO 21920. To quantitatively evalu-
ate the surface filtering performance, simulated surfaces and
corresponding topographies are used, as shown in Fig.6. and
Fig.7 illustrates the results of using an areal Gaussian filter
with boundary expansion to eliminate boundary effects on
the simulated surface. It is evident that the Gaussian filtering
produces smooth results without any distortion in terms of
form error. However, it can also be observed that there is some
overlap between waviness and roughness. In contrast, Fig.9
displays the filtering outcomes of applying wavelet to the
simulated surface, where the Daubechies wavelet is used to
decompose the surface into six layers of wavelet coefficients.
As can be seen, wavelet has an excellent filtering effect on
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roughness, but its application leads to significant distortion in
form error. This finding highlights the critical role of wavelet
bases in separating surface topography.

Both the areal Gaussian filter and the areal spline filter
are effective in form processing, but the areal spline filter
produces superior results, as evidenced in Fig.8. However,
this type of low-pass filtering also results in greater spectral
overlap between intermediate and high frequencies, with only
a 50% passing rate at the cut-off wavelength. The areal VMD
algorithm is used to decompose the simulated surface into
four modes, with a random initialization center frequency
and a penalty parameter α of 4780. However, the surface
topography decomposed by areal-VMD generated residuals
in the form error, possibly due to the algorithm’s lack of
consideration for mode orthogonality. Despite the form error,
the relevant modes, displayed in Fig.10, exhibit resilience
in terms of waviness and roughness. As depicted in Fig.12,
the proposed areal IRcVMD technique not only maintains
the areal VMD’s approximation ability for waviness and
roughness but also eliminates residuals in the form error.
Additionally, the filtering performance of areal IRcVMD sur-
passes that of other mainstream advanced filtering methods.
Table 3 and Table 4 list the wavelengths of areal VMD and
robust areal IRcVMD modes.

Subsequently, the Pearson correlation coefficient and root
mean square error are used to quantitatively verify the similar-
ity between the filtered surface topography and the simulated
surface topography to make the verification results more
accurate. The relevant equation is given as follows:

PC(a, b) =

∑
i
∑

j (aij − a)(bij − b̂)√∑
i
∑

j (bij − b̂)2
∑

i
∑

j (aij − a)2
(33)

RMS(x, y) =

√√√√√ m∑
i=0

n∑
j=0

(xij − yij)2

mn
(34)

In this equation, a and b represent two different curved
surfaces, while â and b̂ denote their respective mean values.
A lower RMSE value indicates smaller average differences,
while a higher PC value indicates stronger correlations.
Tables 6 and 7 provide PC and RMSE values for each
algorithm. Table 5 shows the results of orthogonality tests
carried out on surface topography adjacent to the cut-off
wavelength based on the PC values. Compared with Gaussian
filter and spline filter, the robus areal IRcVMD proposed in
this paper performs better and can more accurately reflect
surface texture information. Tables 10 and 11 show the differ-
ences between the simulated surface and the filtered surface
after applying various filters.

C. THE SIMULATION OF ROBUSTNESS
The presence of an outlier significantly impacts the filtered
surface topography, subsequently affecting the evaluation
results. The subsequent experiment is centered around this
issue as the research focus. A 50mm outlier is introduced at

TABLE 3. The wavelength of modes in areal VMD calculated by Riesz
transform.

TABLE 4. The wavelength of modes in robust areal IRcVMD calculated by
Riesz transform.

TABLE 5. The PC of each filter.

TABLE 6. The PC of filters between filtered topography and baseline
topography.

TABLE 7. The result of RMSE in different surface filter.

the center of the simulated surface. Fig.15 illustrates the form
obtained through raw areal IRcVMD. Owing to the influence
of the outlier, a bulge forms in themiddle of the shape, as indi-
cated by the arrow in the figure. However, after undergoing
filtration using the areal robust IRcVMD, the bulge gradually
diminishes with the algorithm’s iteration, as demonstrated in
Fig.16. Additionally, specific data is presented in Table 10,
detailing the discrepancies between the filtered forms of raw
areal IRcVMD, areal robust IRcVMD, and the baseline form.
The experimental data demonstrate the algorithm’s effective-
ness in effectively mitigating the influence of outliers.

VOLUME 12, 2024 29805



Q. Wen, N. Tang: Robust Isotropic Residual-Constrained VMD

TABLE 8. The deviation Di of the waviness parameters. the areal Gaussian filter-D1, areal DWT-D2, areal VMD-D3, robust areal IRcVMD-D4.

TABLE 9. The deviation Di of the roughness parameters. the areal Gaussian filter-D1, areal DWT-D2, areal VMD-D3, robust areal IRcVMD-D4.

FIGURE 14. The simulated surface with outliers.

FIGURE 15. The form obtained by raw IRcVMD.

D. CASE STUDY
The case validates the filtering performance of various fil-
tering algorithms on the surfaces of workpieces subjected to

FIGURE 16. The form obtained after each iteration of the robust IRcVMD.

TABLE 10. The RMSE between filtered form and simulated form.

TABLE 11. Parameter of the area a in the metal flat workpiece.

TABLE 12. Parameter of area b in metal flat workpiece.

TABLE 13. Parameters in the perforated workpiece.

grinding by measuring the degree of spectrum overlap, the
evaluation index employed is PC. Additionally, the case is
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FIGURE 17. Perforated workpiece and its filtering area.

FIGURE 18. The result of robust areal IRcVMD for the same workpiece in two directions.

FIGURE 19. Surface topography reconstructed by robust areal IRcVMD.

also utilized to illustrate the algorithmic analysis process of
surface topography.

1) THE PERFORATED WORKPIECE WITH RIDGES
The 78mm ×40mm metal workpiece with grooves depicted
in Fig.13 is used for the first case study. The areal surface
parameters described in Section IV are used to evaluate the
surface of the red-boxed 8mm × 8mm area, with a sample
interval of 0.01mm, the specification Ra =0.15µm. Accord-
ing to ISO 21920-3, λf is set to 8mm and λc is set to
0.5mm. To confirm that the application of the algorithm in

various orientations does not impact the outcomes, the red
region illustrated in Fig.17.b represents the positive direction,
while Fig.17.c depicts the results following a 90◦ rotation.
Subsequent to the algorithm execution, the surface modes
for the positive direction and the 90◦ direction are presented
in Fig.18.a and Fig.18.b respectively. Notably, it is observed
that the modes are identical apart from the orientation; hence,
the direction does not exert any influence on the results.
As shown in Fig. 14, the signal is decomposed five times
by using the proposed areal IRcVMD to obtain five modes
and one residual. Fig.15 depicts the residual spectrum after
extraction of each mode. In these modes, the first mode is
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FIGURE 20. Surface topographies obtained by different filter. (a)The surface topographies obtained by areal gaussian filter; (b)The surface topographies
obtained by areal spline filter; (c)The surface topographies obtained by areal VMD.

FIGURE 21. The metal flat workpiece with filtering area a, b.

FIGURE 22. The result of robust areal IRcVMD.

FIGURE 23. Surface topography reconstructed by robust areal IRcVMD.

characterized by form, the second through fifth modes by
waviness, and the residuals by roughness with a tiny amount
of form and waviness. As illustrated in Fig.16, the mode
and wavelet are used to reconstruct surfaces in the matching

cut-off wavelength range in order to get surface topographies.
Table 13 summarizes three evaluation parameters.

The PC is used to measure the spectrum overlap of the
surface topography obtained by different filter algorithms.
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FIGURE 24. The result of area b.

FIGURE 25. Surface topography reconstructed by robust areal IRcVMD.

FIGURE 26. Surface topographies obtained by different filter. (a)The surface topographies obtained by areal gaussian filter; (b)The surface topographies
obtained by areal spline filter; (c)The surface topographies obtained by areal VMD.

The surface topography obtained by the remaining four filters
is shown in Fig.20, the PC values in Table 14 show that the
proposed algorithm has the lowest spectrum overlap. This
indicates that the proposed algorithm is suitable for grinding
surfaces.

2) THE FLAT METAL WORKPIECE
As depicted in Fig.21, the second casing is a 60 mm× 30 mm
metal plate. Two areas of 8mm × 8mm in the two red boxes

(a and b) are selected to perform surface texture analysis,
with a 0.01mm sample interval. The parameter Ra = 0.1µm
allows for cutoff wavelengths of λf = 2.5mm and λc =

0.25mm. After filtered by the resilient areal IRcVMD, a total
of five decompositions are performed to give five modes and
one residual, as illustrated in Fig.22. It demonstrates that the
modes are quite uniform and rarely intermixed with other
modes. Roughness parameters and waviness parameters are
depicted in Table 11. Area b is evaluated in the same manner,
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TABLE 14. The PC between different surface topography by different filter methods in a perforated workpiece.

TABLE 15. The PC between different surface topography by different filter methods in region b of a flat workpiece.

and eachmode is depicted in Fig.24; the surface topography is
depicted in Fig.25, and the evaluation parameters are reported
in Table 12.

The PC is used to measure the region b inside the flat
workpiece as same, the filtering results and corresponding PC
values are depicted in Fig.26 and Table 15, The findings indi-
cate that the proposed algorithm exhibits a minimal degree of
spectral overlap.

VII. CONCLUSION AND FUTURE WORK
In this paper, a new robust algorithm is proposed in the field
of engineering surface filter. The classic two-dimensional
VMD algorithm is extended and improved. The process of
two-dimensional surface texture analysis based on robust
areal IRcVMD is divided into four parts: weight function
calculation, surface mode and residual decomposition, mode
classification, and areal surface parameter calculation. The
improved aspects can be found through experiment:

1) The simulation experiment demonstrates robust
IRcVMD is superior to classical filter in PC and RMSE
which reduces the fitting error of surface topography
separation.

2) Through experimentation on grinding surface in the
given case, it can be observed that the robust
areal IRcVMD exhibits minimal spectral overlap,
enabling superior separation of surface topography.
This algorithm is well-suited for surfaces associated
with this machining type.

3) The robust areal IRcVMD can suppress outlier effec-
tively.
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