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ABSTRACT The waveform of the time-varying magnetic field can be reconstructed by combining the use
of quantum sensing technology and orthogonal functions, such as Walsh and Haar wavelet functions, as the
control sequences of qubits. However, the piecewise-constant nature of Walsh and Haar wavelet functions
induces pulse-shaped artifacts in the reconstructed waveform. In this article, we propose a robust quantum
sensing protocol by driving the qubits with control sequences based on high-smoothness Daubechies
wavelets. The time-varying magnetic field waveform is reconstructed with negligible artifacts and higher
accuracy. The essential mathematical relations between the qubit readout, the accumulated phase of the
quantum state, and the wavelet coefficient are derived based on an intuitive model represented on the
Bloch sphere. By controlling each qubit with a continuous microwave control sequence modulated by a
Daubechies wavelet function, the yielded qubit readout can be related to a designated wavelet coefficient.
These coefficients are then used to reconstruct the time-varying magnetic field waveform with higher
smoothness and accuracy via an inverse wavelet transform. The reconstructions of single-tone, triple-tone,
and noisy waveforms are simulated under various parameter designs of Daubechies wavelets to manifest the
efficacy and accuracy of the proposed method. The waveform reconstruction method based on Daubechies
wavelets can also be applied in magnetic resonance spectroscopy and measurements of gravity, electric
fields, and temperature.

INDEX TERMS Quantum sensing, quantum control, wavelet analysis, time-varying signal, waveform
reconstruction, magnetometry.

I. INTRODUCTION
High-sensitivity quantum sensors have versatile applications
in sensing and imaging electric fields [1], [2], magnetic
fields [3], [4], temperature [5], pressure [6], and strain [7].
They have beenwidely used for sensing dcmagnetic fields [3]
and ac ones [8] over the past decade, as well as noise [9] and
time-varying signal [10], [11], [12].
Quantum sensing of fast time-varying waveforms is

promising in various applications, including navigation,
environmental monitoring [13], space-borne Earth obser-
vation, seismo-ionospheric interaction-induced geomagnetic
fluctuations measurements [14], non-invasive detection of
biological signals like the magnetic field induced by neural
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action potential [15] and nerve impulses [16], studying con-
densed matter physics like photo-current [17] and dynamics
of spin-orbit torque-driven magnetization [18].
A time-varying magnetic field can be pieced together

via consecutive differential detection of short signal seg-
ments [10], but is limited to signals that can be repeated
within the coherence time of a quantum sensor. In contrast,
coherent control-basedmethods are free of such constraints in
reconstructing a time-varying field. For example, qubits can
be manipulated with microwave (MW) control sequences,
which mimic orthogonal basis functions, such as the Haar
wavelet [11] or Walsh functions [12], to extract the weighting
coefficients. An inverse transform is then applied to recon-
struct the time-varying signal from these coefficients.

However, the piece-wise constant waveform of Haar
and Walsh functions results in step-like artifacts in the
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reconstructed signal. More complex orthogonal basis func-
tions can be used to modulate the MW control sequences
exerted on qubits [19]. In [9], a control protocol based on the
discrete prolate spheroidal sequences (DPSS) was proposed
to mitigate spectral leakage in noise spectroscopy.

Daubechies wavelets, with higher vanishing moments,
can be adopted for quantum sensing to achieve smoother
reconstruction of arbitrary time-varying waveforms. Let us
label a function with continuous αth derivative as a Cα

function. Functions with higher α are smoother, and α of
a mother wavelet function is proportional to the number of
its vanishing moments [20]. Thus, some specific functions
can be well approximated with only a few nonzero wavelet
and scaling coefficients of an orthogonal wavelet [21], which
can be characterized by its vanishing moment and support
size [22].
A function with stronger high-frequency components can

be better represented with a sparser set of coefficients derived
from a wavelet with a larger number of vanishing moments,
while a smaller support size leads to fewer high-amplitude
coefficients [23].

The Daubechies wavelet is a generalized version of
the Haar wavelet. Its support size is minimized under a
specific number of vanishingmoments, leading to fewer high-
amplitude coefficients. The accumulated phase recorded by
the quantum state associated with the high-amplitude wavelet
coefficient tends to exceed 2π and induce phase ambiguity.
Adopting Daubechies wavelets in this work also has the
benefit of processing fewer high-amplitude coefficients.

For any orthogonal wavelet with p vanishing moments,
a support size of at least 2p−1 is required [23]. For example,
the Haar wavelet has the shortest support size among all
orthogonal wavelets, and it has only one vanishing moment,
which is insufficient to reconstruct time-varying signals
without introducing artifacts. The Daubechies wavelets,
generalized from the Haar wavelet, yield a minimum support
size of 2p− 1 for wavelets with p vanishing moments [23].
Wavelets like Symlets and Coiflets, derived from

Daubechies wavelets, also have the potential for quantum
sensing. Both Coiflet and Symlet wavelets have better
symmetry than Daubechies wavelets [22], and the scaling
function of the Coiflet is designed with vanishing moments,
which is more suitable for reconstructing complex signals
with higher smoothness [23], [24].
When applying the inverse discrete wavelet transform to

reconstruct time-varying signals with only a small set of
coefficients, some distortion may appear near the signal edge
[25]. Such edge effect can be resolved by extending the total
sensing time beyond the duration of the desired signal and
then discarding the restored signals at both ends.

In this work, the generalized Daubechies wavelets are
proposed tomodulate theMWcontrol sequences for quantum
sensing. Multi-resolution analysis of an arbitrary magnetic
signal is achieved by utilizing multiple qubit sensors, with
each manipulated by an MW sequence mimicking a specific

wavelet function, which is scaled and translated from
the mother wavelet function. Each corresponding scaling
or wavelet coefficient is determined from the readout of
different qubits.

The waveform reconstruction theory and protocol based
on Daubechies wavelets proposed in this paper can be
extended to other applications, including magnetic resonance
spectroscopy and measurements of gravity, electric field, and
temperature.

The rest of the work is organized as follows. The
formulations and quantum sensing protocols are presented in
Section II, the simulation results are discussed in Section III,
and some conclusions are drawn in Section IV.

II. FORMULATIONS
Before conducting a generalized wavelet decomposition,
some fundamental equations are presented. Firstly, define the
mother wavelet and scaling functions of the Daubechies-p
wavelet as ψ(t̃) and φ(t̃), respectively, both of which have
nonzero values in the support t̃ ∈ [0,Tw], where Tw =

2p− 1 and p is the number of vanishing moments [23]. Both
the mother wavelet ψ(t̃) and the scaling function φ(t̃) are
normalized such that their L2-norms are equal to one [26].

After applying a mapping from t̃ to time t as

t̃ =
Tw
Ts
t (1)

we have the time-stretched mother wavelet ψ(t) and scaling
functions φ(t), which will be used to measure a signal over
t ∈ [0,Ts], with a total sensing time of Ts.
Next, ψ(t) and φ(t) are dilated and translated to form two

sets of orthonormal bases, {ψn
m(t)} and {φnm(t)}, respectively,

where [23]

ψn
m(t) = 2m/2ψ

(
2m
Tw
Ts
t − n

)
φnm(t) = 2m/2φ

(
2m
Tw
Ts
t − n

)
, (2)

with m = J , J + 1, · · · ,M and n = 0, 1, · · · ,Nm − 1, J is
the minimum scale, M is the maximum scale, and Nm is the
number of translated functions in the mth scale.

A time-varying signal Bz(t) with finite energy can be
represented in terms of the generalized wavelet basis as
[23] and [27]

Bz(t) ≃

NJ−1∑
n=0

dnJ φ
n
J (t) +

M∑
m=J

Nm−1∑
n=0

cnmψ
n
m(t), t ∈ [0,Ts] (3)

with the wavelet coefficient

cnm =
Tw
Ts

∫ Ts

0
ψn
m(t)Bz(t)dt (4)

and the scaling coefficient

dnm =
Tw
Ts

∫ Ts

0
φnm(t)Bz(t)dt (5)
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A total of NJ +

M∑
m=J

Nm qubits are required to implement (3),

with each qubit used to estimate one of cnm or dnJ . It is assumed
that each qubit is controlled with an independent MW control
sequence, which is elaborated in Sec.II-B. These estimated
coefficients are then used to reconstruct a time-varying field
via an inverse wavelet transform.

The low-frequency approximation of the signal is first
acquired by using the scaling coefficients of the J th scale.
Then, high-frequency details are superposed to reconstruct
a smooth signal. If larger J is chosen, the edge effect in
low-frequency approximations can be better mitigated at the
cost of requiring more scaling coefficients.

Next, we will define the system Hamiltonian and control
Hamiltonian, establish the relation betweenwavelet functions
and the MW control sequences, and formulate the time
evolution of the qubit and its probability readout.

A. SYSTEM HAMILTONIAN
The time evolution of the quantum state in a qubit sensor can
be simulated in terms of a Hamiltonian determined by the
external signal and theMW control sequence.Without loss of
generality, an external magnetic field Bz(t) is assumed, which
is characterized with a Hamiltonian in the lab frame as

Hs(t) =
h̄γeBz(t)

2
σz (6)

where σz is the Pauli z matrix.
The MW control sequence is characterized with a control

Hamiltonian in the lab frame as

Hc(t) = h̄�(t) cos[ωct + φ(t)]σx (7)

where σx is the Pauli x matrix,�(t) and φ(t) are the amplitude
and phase, respectively, of the MW control field with carrier
frequency ωc.
Thus, the total Hamiltonian of a qubit in the lab frame is

Hd (t) = H0 + Hs(t) + Hc(t) (8)

with H0 = h̄ω0σz/2, where ω0 is the Larmor frequency.
By applying an unitary transformation operator

Ur = e−iω0tσz/2 (9)

the Hamiltonian in (8) can be transformed to the rotating
frame, referring to H0, as

H r
d (t) ≃ U†

r HdUr − ih̄U†
r U̇r

=
h̄γeBz(t)

2
σz +

h̄�(t)
2

[cosφ(t)σx + sinφ(t)σy]

≃
h̄γeBz(t)

2
σz +

h̄�(t)
2

σy (10)

where we set φ(t) = π/2 in the last step.

FIGURE 1. Time evolution of qubit state driven by an external magnetic
signal Bz (t) to spin about z axis (blue circle) and the microwave control
sequence to spin about x axis (green circle) or y axis (red circle). By exerting
a (π/2)y -pulse, the qubit state evolves from the north pole to the x axis
along path 1⃝. From t = t0 to t = tf , the qubit state evolves along path 2⃝
to the y axis under a σy -control Hamiltonian and a σz -signal Hamiltonian.
At t = tf , a (π/2)x -pulse is exerted to transform the qubit to the readout
state along path 3⃝. In an infinitesimal period 1tn = tn − tn−1, the control
Hamiltonian induces zenith angle change 1θn and the signal Hamiltonian
induces azimuth angle change 1ϕn, causing an effective path marked in
purple.

B. RELATIVE PHASE ACCUMULATION
Fig.1 shows the time evolution of qubit state on the Bloch
sphere to demonstrate how the quantum sensing protocol is
implemented in three stages to reconstruct a time-varying
magnetic field Bz(t):
1⃝ Apply a (π/2)y-pulse
2⃝ Evolve the qubit state under the system Hamiltonian

H r
d (t) in (10)

3⃝ Apply a (π/2)x-pulse
By applying a (π/2)y-pulse to the initial state at the north

pole, the qubit state jumps from |0⟩ to |ψ1⟩ on the x axis at
t = t0, with

|ψ1⟩ = |ψe(t0)⟩ = Ry(π/2)|ψ0⟩ =
1

√
2
(|0⟩ + |1⟩) (11)

Then, the qubit state evolves under the Hamiltonian in (10)
for a total sensing time of Ts, with the time evolution operator

Ue(t0 + Ts, t0) = exp
{
−
i
h̄

∫ t0+Ts

t0
H r
d (t

′)dt ′
}

≃ e−i(ϕ/2)σz (12)

where ϕ is an effective accumulated phase.
As shown in Fig.1, during an infinitesimal period 1tn =

tn − tn−1, the control Hamiltonian embedding σy and the
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signal Hamiltonian embedding σz induce an infinitesimal
change 1θn in the latitude and 1ϕn in the longitude,
respectively, of the qubit state on the Bloch sphere. The purple
trace marks the effective state transition. The qubit state after
imposing the operator in (12) becomes

|ψ2⟩ = |ψe(Ts)⟩ = Ue(Ts, 0)|ψe(0)⟩

=
1

√
2
e−iϕ/2(|0⟩ + eiϕ |1⟩) (13)

where we set t0 = 0 without loss of generality.
The MW control sequence is designed such that the state

|ψ2⟩ falls on the equatorial plane of the Bloch sphere. Finally,
a (π/2)x-pulse is exerted to convert the qubit state |ψ2⟩ to a
final state

|ψf ⟩ = Rx(π/2)|ψ2⟩ =
1
2
e−iϕ/2

 1 − ieiϕ

−i+ eiϕ

 (14)

The probability of the system staying at |0⟩ is calculated as

P = |⟨0|ψf ⟩|2 =
1
2
(1 + sinϕ) (15)

and the accumulated phase is

ϕ = sin−1(2P− 1) (16)

Given a constant Hamiltonian Hs = (h̄γebz/2)σz, the qubit
state will rotate about the z axis of the Bloch sphere, and the
effective phase accumulated over a period of 1t will be

ϕ =

∫ 1t

0
αγebzdt (17)

If the qubit state lies at a zenith angle θ , the effective
modulation constant will be α = ± sin θ , where the sign
changes whenever the qubit state passes either pole (|0⟩ or
|1⟩) of the Bloch sphere under a control Hamiltonian which
embeds σx or σy.

If the qubit state happens to be on the equatorial plane,
the phase can be accumulated to the maximum extent, with
α = ±1. We can manipulate the modulation constant α in
[−1, 1] by applying a proper control Hamiltonian to change
the latitude and the number of times the qubit state passes the
poles.

C. WAVELET-MODULATED MW CONTROL SEQUENCE
By designing the amplitude�(t) of theMW control sequence
in (10) with generalized wavelet functions, in the presence
of a signal Bz(t), the qubit state can be manipulated to
accumulate relative phase by different rates at different
latitudes during the sensing period, and the resulting readout
probability is related to the wavelet coefficients.

Since the range of mother wavelet function ψ of gen-
eralized wavelets maybe wider than [−1, 1]. To implement
the required modulation constants in terms of the wavelet
functions, the latter are first normalized as

ψ̄n
m(t) =

ψn
m(t)

2m/2A0
(18)

to ensure |ψ̄n
m(t)| ≤ 1 for all t , where A0 is a normalization

constant.
Then, the planned zenith angle will be

θnm(t) = sin−1 ψ̄n
m(t) (19)

and the planned amplitude will be

�n
m(t) =

1θnm(t)
1t

(20)

so that the qubit state can be evolved to the targeted latitude
θnm(t) and accumulate 1θnm(t) during 1t .

Based on this idea, the quantum sensing protocol is
designed as follows. Given the initial state |0⟩, the qubit
evolves under a time-varying MW control field (sequence)
modulated by ψ̄n

m(t) with amplitude �n
m(t). The evolution

operator isUe
(
tnmf , t

n
mi

)
, where [tnmi, t

n
mf ] is the interval within

which ψn
m(t) has non-zero value, with 0 < tnmi < tnfm < Ts,

and the accumulated phase is

ϕnm = γe

∫ tnmf

tnmi

ψ̄n
m(t)Bz(t)dt (21)

Then, a (π/2)x-pulse is exerted to transform |ψ2⟩ state to
an observable readout state |ψf ⟩, from which the probability
of the qubit state remaining at |0⟩ is calculated as

Pnm = |⟨0|ψf ⟩|2 =
1
2
(1 + sinϕnm) (22)

and the accumulated phase is determined as

ϕnm = sin−1(2Pnm − 1) (23)

Finally, the wavelet coefficient defined in (4) can be related
to the accumulated phase in (21) as

cnm =
Tw
Ts

∫ Ts

0
ψn
m(t)Bz(t)dt =

Tw
Ts

2m/2A0
γe

ϕnm (24)

The scaling coefficient dnm can be determined in a similar
manner by modulating �n

m(t) with the respective scaling
function φnm(t).

III. SIMULATIONS AND DISCUSSIONS
In the proposed simulation scenario, each qubit is designed
to derive a specific wavelet coefficient from the external
magnetic field over a specified sensing time interval.
Consider an example scenario in which each qubit is only
activated once during the total sensing time Ts. It takes∑M

m=J Nm distinct qubits to determine
∑M

m=J Nm distinct
wavelet coefficients, and takes another NJ distinct qubits to
determine NJ scaling coefficients.
The formulations given in Section II suggest that in

order to determine a wavelet coefficient cnm, the initialization
time, the sensing interval, and the readout time of the
associated qubit are designed according to the support size
of the designated wavelet function ψn

m(t). Within the sensing
interval, the continuous MW control sequence corresponding
to ψn

m(t) is exerted to evolve the quantum state to the desired
latitude on the Bloch sphere to realize the accumulated
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FIGURE 2. Quantum sensing of a single-tone magnetic field using MW
control sequences based on db2 wavelet with J = 3 and M = 8. The signal
frequency is (a) 1 MHz and (b) 100 kHz. ——: True waveform, ——: low-
frequency approximation, ——: high-frequency details, ——: reconstructed
waveform.

phase ϕnm. The qubit readout probability is directly related
to the accumulated phase ϕnm, and thus related to cnm. The
scaling coefficients dnJ can be determined in a similar manner.
Finally, the coefficients cnm and dnJ are then substituted to the
inverse wavelet transform to reconstruct the waveform of a
time-varying magnetic field.

A. CONTRIBUTIONS OF SCALING AND WAVELET
COEFFICIENTS
We first investigate how scaling and wavelet coefficients
contribute to the reconstruction of different frequency
components in a magnetic signal. The wavelet synthesis
formula in (3) is split into

Bℓz (t) =

NJ−1∑
n=0

dnJ φ
n
J (25)

Bhz (t) =

M∑
m=J

Nm−1∑
n=0

cnmψ
n
m(t) (26)

representing low-frequency approximation and high-
frequency details, respectively. Figs.2(a) and 2(b) show the
reconstruction of single-tone signals at 1 MHz and 100 kHz,
respectively, where we choose the minimum scale of
J = 3 and the maximum scale ofM = 8.

Fig.2(a) shows the wavelet coefficients (orange) dominate
the reconstruction of a high-frequency signal. On the other
hand, Fig.2(b) shows the scaling coefficients dominate the
reconstruction of the low-frequency signal. By deduction,
an arbitrary waveform composed of various frequency
components can be successfully reconstructed using the
Daubechies wavelet-based quantum sensing protocol with
both scaling and wavelet coefficients.

FIGURE 3. Quantum sensing of a single-tone magnetic field at 500 kHz
using MW control sequences based on db2 wavelet, the number of scales
is fixed as M−J = 5, (a) J = 1, (b) J = 3, and (c) J = 5. ——: True waveform,
——: reconstructed waveform.

B. CHOICE OF MINIMUM SCALE
Next, we discuss how the choice of minimum scale J affects
the reconstruction fidelity. Fig.3 shows the quantum sensing
of a single-tone magnetic field at 500 kHz using MW control
sequences based on db2 wavelet, with the number of scales
fixed asM−J = 5.

Fig.3 shows that as J increases, the edge effect is squeezed
near the beginning and end of the signal period. However, the
number of required wavelet and scaling coefficients increases
as J (and M ) increases, implying that more quantum sensors
are required. Hence, there is a trade-off between the reduction
of edge effect and the required resources. Moreover, Fig.3(c)
shows that when J = 5 is chosen, the edge effect only affects
less than 10% of the interval within the total sensing time.
Thus, in the following simulations, we choose the minimum
scale of J = 5 and only consider the reconstructed waveform
in the central segment (2 ≤ t ≤ 18µs) without the edge
effect.

C. DAUBECHIES WAVELETS OF DIFFERENT
VANISHING MOMENTS
The Haar wavelet, or the db1 wavelet, is a well-known
wavelet with a square shape. The Haar wavelet resembles
the spin-echo (SE) MW sequence for qubit control in
quantum sensing applications. A SE sequence consists of a
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FIGURE 4. Central segment of reconstructed single-tone magnetic field
B1z (t), free from edge effect, using MW control sequences based on
different wavelets, with J = 5 and M = 10. (a) Haar (Daubechies-1)
wavelet, (b) Daubechies-2 wavelet, (c) Daubechies-4 wavelet. ——: True
waveform, ——: reconstructed waveform.

(π/2)-pulse, a π-pulse, and another (π/2)-pulse, with an
equal time interval inserted between two subsequent pulses.
The extracted Haar coefficients can reconstruct the signal
shape but with some step-like artifacts attributed to the square
shape of the Haar wavelets.

Fig.4(a) shows a Haar wavelet-reconstructed single-tone
magnetic field, B1z(t) = 30 cos(2π f1t) (nT), with f1 = 1
MHz and a total sensing time of Ts = 20µs. Obvious
step-like artifacts are induced, which are attributed to the
square shape of the Haar wavelets. This problem can be
effectively mitigated by using Daubechies wavelets with a
higher number of vanishing moments.

The dbpwavelets are smoother as p increases. Designing a
continuous-wave (CW)MW sequence to mimic dbpwavelets
is expected to reduce the distortion in the reconstructed
waveform.

Figs.4(b) and 4(c) show that the reconstructed waveform
using db2 and db4 becomes smoother. However, as the
number of vanishing moments p increases, the time interval
affected by edge effects increases at both edges because the
energy in the wavelet function is more concentrated in its
middle segment. Since this edge effect is inevitable, we will
focus on the reconstructed waveforms in the central segment
(2 ≤ t ≤ 18µs), ignoring the small segment at both edges.

TABLE 1. NRMSE of quantum sensing based on Daubechies-p wavelet,
J = 5, M = 10.

To quantify the error between the reconstructed waveform
B̃z(t) and the true waveform Bz(t), a normalized root mean
square error (NRMSE) between these two waveforms is
defined as

NRMSE(B̃z,Bz) =

[∫ Ts−ϵ

ϵ

∣∣∣B̃z(t) − Bz(t)
∣∣∣2 dt]1/2[∫ Ts−ϵ

ϵ

|Bz(t)|2 dt
]1/2

(27)

where ϵ is the interval at both ends that manifest. Table 1 lists
the NRMSE with Daubechies wavelets of different vanishing
moments.

Figs.4(b) and 4(c) show that the central segment of the
waveform is accurately estimated when p ≥ 2. The NRMSE
values listed in Table 1 indicate that the reconstruction fidelity
using db2 wavelets is significantly improved over that using
Haar wavelets.

It is worth mentioning that both the required wavelet and
scaling coefficients increase as the scale m increases. Table 1
reveals that when switching from the Haar wavelet to the db2
wavelet, the NRMSE drops by six orders. However, when
applying Daubechies wavelet with p ≥ 2, the improvement is
limited. Hence, the db2 wavelet is adopted in the subsequent
simulations, unless specified otherwise.

D. DAUBECHIES-2 (DB2) WAVELET WITH DIFFERENT
MAXIMUM SCALES
Next, we fix the minimum scale to J = 5 and vary the
maximum scale of the db2 wavelet to study the effects
of detail levels on waveform reconstruction. Fig.5 shows
the reconstruction waveforms with M = 5 and M =

14, respectively. As M increases, the fidelity of waveform
reconstruction is significantly improved, as manifested in
Table 2 that the NRMSE decreases with larger M or more
high-frequency details. The NRMSE saturates as M is
larger than 12, implying that most of the high-frequency
components are included using wavelet coefficients of scale
m ≤ 12.

E. RECONSTRUCTION OF VARIOUS WAVEFORMS
Next, we will validate if the proposed method can be applied
to reconstruct different waveforms other than single-tone
signals. Figs.6(a) and 6(b) show the reconstruction of a
triple-tone magnetic field, including B1z(t), with a large DC
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FIGURE 5. Quantum sensing of a single-tone magnetic field B1z (t) using
MW control sequences based on Daubechies-2 wavelet, J = 5, (a) M = 5,
(b) M = 14. ——: True waveform, ——: reconstructed waveform.

TABLE 2. NRMSE of quantum sensing based on Daubechies-2 Wavelet with
J = 5 and different maximum scales.

offset as

B2z(t) = B1z(t) + 20 cos(2π f2t) + 40 sin(2π f3t) + 80 (nT)

(28)

where f2 = 0.3 MHz and f3 = 2.3 MHz. The NRMSE
of the reconstructed waveform in Fig.6(b) is 2.344 × 10−7,
larger than that of the single-tone field, indicating that
the high-frequency components in B2z(t) are not entirely
captured withM = 10.

Fig.6(c) shows a decently reconstructed spin-bath noise
field B3z(t), which follows the Lorentzian distribution

S(ω) =
12τc

π

1
1 + (ωτc)2

(29)

to mimic the spin-bath noise in quantum sensors based on
nitrogen-vacancy (NV) centers, where 1 is the coupling
strength and τc is the correlation time [28].
Fig.7(a) shows the magnified version of some segments,

away from both ends, in Fig.6(c). Only minor reconstruction
artifacts appear over these segments. TheNRMSE is 1.7812×
10−4, three-order larger than the two waveforms shown in
Fig.6, owing to obvious edge effect near the ends of the
sensing interval.

To mitigate this problem, the maximum scale is increased
to M = 14, including more high-frequency components.
Fig.7(b) shows the reconstructed waveforms, with the
NRMSE reduced to 6.682 × 10−8.

FIGURE 6. Quantum sensing of magnetic waveforms using MW control
sequences based on db2 wavelet, with J = 5 and M = 10, (a) single-tone
waveform B1z (t), (b) triple-tone waveform with large DC offset B2z (t), and
(c) Lorentzian noise waveform B3z (t), with 1 = 30 kHz, τc = 10µs. ——:
true waveform, ——: reconstructed waveform.

TABLE 3. NRMSE of quantum sensing on noise waveform B3z (t) based on
Daubechies-p wavelet with J = 5 and M = 10.

TABLE 4. NRMSE of quantum sensing on noise waveform B3z (t) based on
Daubechies-2 wavelet with J = 5 and different maximum scales.

Next, the same method is applied to reconstruct noise
waveform B3z(t). The NRMSE values listed in Table 3
manifest that the noise waveform can be reconstructed at
higher accuracy with an increasing number of vanishing
moments.

Table 4 lists the NRMSE values based on db2 wavelet
with J = 5 and different maximum scales. The NRMSE
value with M = 5 or M = 6 for noise waveform with
high-frequency components is significantly large because
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FIGURE 7. Magnified noisy signal quantum sensed with MW control
sequences based on db2 wavelet, J = 5, (a) M = 10, (b) M = 14. ——:
True waveform, ——: reconstructed waveform.

only low-level details are considered. The NRMSE value
drops as the maximum scale increases, suggesting that
more high-frequency details are needed to reconstruct noise
waveform.

Notice that the spin-bath noise B3z(t) has a broadband
spectrum, the NRMSE values of its reconstruction listed in
Tables 3 and 4 are significantly larger than their counterparts
of single-tone signal reconstruction.

The results shown in Fig.6 and Fig.7 validate the efficacy of
the proposed approach of applying the Daubechies wavelets
to modulate qubit control for reconstructing an arbitrary
waveform composed of multiple tones and a dc offset.

In practice, physical quantum sensors based on an
ensemble of NV centers are immersed in spin-bath noise,
which tends to deteriorate the sensor sensitivity in measuring
a weak magnetic field. Fig.7(b) manifests that the proposed
protocol is capable of capturing noisy signals with decent
fidelity, confirming that the Daubechies scaling and wavelet
coefficients extracted from qubits with the proposed approach
can effectively restore noisy spectral information. The
information extracted from all the qubits in the NV ensemble
can be averaged to reconstruct the true waveform faithfully.

The proposed sensing protocol can also be extended
to study other practical factors that could deteriorate the
sensitivity of physical quantum sensors.

IV. CONCLUSION
A Daubechies wavelet-based quantum sensing protocol is
proposed for the first time to reconstruct an arbitrary
magnetic waveform with high fidelity. Mathematical formu-
lation inspired by intuitive operation on the Bloch sphere
is derived to bring out the generalized discrete wavelet
transform for quantum sensing of arbitrary waveforms.
The efficacy and accuracy of the proposed method are
validated by simulations. Different parameters of wavelets

on the reconstructed waveform are analyzed. Edge effects
are observed near both ends of the sensing interval, which
can be solved by extending the total sensing time and
then discarding the reconstructed waveform at both edges.
The wavelet scales and vanishing moments can be varied
contingent upon the waveform or spectrum to be measured.
The proposed method can be extended to various quantum
sensing applications, including the evaluation of quantum
sensors for reconstructing fast time-varying magnetic fields
before physical implementations.
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