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ABSTRACT Autonomous teams of unmanned ground and air vehicles rely on networking and distributed
processing to collaborate as they jointly localize, explore, map, and learn in sometimes difficult and adverse
conditions. Co-designed intelligent wireless networks are needed for these autonomous mobile agents for
applications including disaster response, logistics and transportation, supplementing cellular networks, and
agricultural and environmental monitoring. In this paper we describe recent progress on wireless networking
and distributed processing for autonomous systems using a low frequency portion of the electromagnetic
spectrum, here defined as roughly 25 to 100 MHz with corresponding wavelengths of 3 to 12 meters.
This research is motivated by the desire to support autonomous systems operating in dense and cluttered
environments by harnessing low frequency propagation, where meters long wavelengths yield significantly
reduced scattering and enhanced penetration of obstacles and structures. This differs considerably from
higher frequency propagation, requiring different low frequency propagation models than those widely
employed for other bands. Progress in use of low frequency for autonomous systems has resulted from
combined advances in low frequency propagation modeling, networking, antennas and electromagnetics,
geolocation, multi-antenna array distributed beamforming, and mobile collaborative processing. This article
describes the breadth and the depth of interaction between areas, leading to new tools andmethods, especially
in physically complex indoor/outdoor, dense urban, and other challenging scenarios. We bring together
key results, models, measurements, and experiments that describe the state of the art for new uses of low
frequency spectrum for multi-agent autonomy.

INDEX TERMS Low frequency spectrum, low frequency propagation, autonomy, multi-robot networking,
complex environments, geolocation, distributed beamforming, parasitic arrays, cognitive radio.

I. INTRODUCTION
Global advances in autonomous unmanned ground and
air vehicles (UGVs, UAVs), driverless cars, and other
collaborative intelligent systems are reliant on communica-
tions networking and distributed processing. Consequently,
cognitive wireless networks are needed for these autonomous
mobile agents as they are developed and applied for disaster
response, logistics and transportation, supplementing cellular
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networks, agricultural sensing, environmental monitoring,
security and military operations, and other areas.

In this paper we describe recent progress on wireless
networking and distributed processing for autonomous sys-
tems, using a low frequency portion of the electromagnetic
spectrum. We define low frequency as roughly 25 to
100 MHz, with corresponding wavelengths of 3 to 12 meters.
This occupies the upper portion of the High Frequency (HF)
and the lower portion of the Very High Frequency (VHF)
spectrum bands. The study of low frequency for autonomy
is motivated by the desire to support autonomous systems
operating in dense and cluttered environments by harnessing
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low frequency radio signal propagation, where the meters
long wavelengths result in significantly reduced scattering
and enhanced penetration of obstacles and structures.

Progress in use of low frequency for autonomous systems
has resulted from combined advances in communications,
networking, antennas and electromagnetics, multi-antenna
array beamforming, and mobile distributed collaborative
processing. The coupling of networking and autonomy,
taking full advantage of the low frequency signal propagation
characteristics, is leading to new tools and methods for
effective mobile autonomous teams.

To provide review and perspective we:
• Summarize multi-robot networking challenges and state
of the art in complex environments

• Survey and summarize low frequency usage and propa-
gation modeling for mobile communications

• Review advances in low frequency technology including
antennas, processing, and networking with a focus on
multi-agent autonomy

• Review spatial and array processing at low frequency
• Offer perspective on challenges and opportunities for
exploiting low frequency in multi-agent autonomous
systems in difficult conditions with uncertain networks

A. OUTLINE
Section II describes the many challenges and state of the art
in autonomous multi-robot networking, including network
topology and mobility, propagation mapping, distributed
processing and control, and mobile ad hoc networking.
Section III looks at low frequency spectrum allocation and
use cases. Low frequency propagation studies and modeling
are described in Section IV, including the variety of effects
and models for complex environments, and then summarizes
the state of the art in low frequency propagation modeling.
Section V reports recent short range low frequency commu-
nications studies, chiefly for highly cluttered indoor/outdoor
environments, with an eye towards applicability to UAVs and
UGVs. Studies include indoor/outdoor software defined radio
experiments and channel characterization, and comparisons
between lower and higher frequency usage.

Section VI provides a brief discussion of key ideas and
recent progress in low frequency antennas, especially minia-
ture sub-wavelength designs. Electrically small antennas are
a critical enabling technology for compact mobile platforms
to efficiently use low frequencies.

Section VII describes recent progress in geolocation,
including phase-based and receive signal strength (RSS)
based methods. These are closely linked with propagation
modeling. RSS-based methods have been developed for
autonomous mobile agents, such that a single mobile agent
can collect RSS measurements and infer source direction.

Section VIII considers low frequency distributed beam-
formingwheremultiple agents collaborate to form an antenna
array. The use of low frequency relaxes localization and
synchronization requirements, and collaborative beamform-
ing algorithms have been developed for autonomous teams.

Section IX describes unique low frequency arrays that
exploit parasitic electromagnetic coupling between antenna
elements for enhanced directionality. This approach has been
devised for ultra-miniature arrays that can be deployed on a
single small platform, and multi-agent configurations where
autonomous platforms spatially align themselves into an
array.

Sections X and XI focus on recent advances in low
frequency ad-hoc networking for mobile agents. Section X
describes progress on multi-user coding techniques that
are effective in quasi-synchronous low frequency channels,
and Section XI details non-orthogonal multi-agent access
schemes.

Finally, Section XII provides a discussion of open research
questions, challenges, and opportunities for enhancing and
combining low frequency technology for collaborative
autonomous systems.

II. MULTI-ROBOT NETWORKING: CHALLENGES AND
STATE OF THE ART
Developing and deploying collaborative multi-agent au-
tonomous systems brings many challenges including ad-hoc
network topology tracking and management, indoor/outdoor
operations, sensing and situational awareness, UAV-UGV
collaboration, distributed control, and human-machine inte-
gration. Autonomous teams are expected to self- and
jointly localize, map and explore, collaboratively learn,
and adaptively network in difficult and adverse conditions.
Sophisticated collaborative behaviors require joint perception
and information sharing, dynamic planning and tasking, and
human interaction.

Multi-robot autonomous systems generally rely on wire-
less networking to support collaboration, and can benefit
from advances in cognitive networking. The combination
and rich interplay between wireless networking and auton-
omy benefits both areas. Collaborative autonomy requires
networking, and wireless networking can be enhanced by
incorporating mobile autonomous agents into the network,
e.g., using intelligent mobile relays.

Ensuring wireless communications network reliability
among autonomous agents is very challenging in complex
environments due to increased propagation channel com-
plexity caused by the various wave propagation mechanisms
including reflection, diffraction, multiple scattering, and
surface waves in the case of near-ground antennas. The
dominant propagation mechanisms can vary dramatically
with the wavelength and the environmental complexity
including size, density and dielectric properties of scatterers
and structures that are present.

A key factor governing propagation is the relative size of
the wavelength λ compared to the size d of reflectors in the
environment. Generally, scattering dominates when λ ≪ d ,
whereas scattering is significantly reduced when λ ≫ d . For
example, as the signal frequency increases above 1 GHz and
the wavelength decreases to centimeters then reflection and
refraction tend to dominate in urban scenes. The resulting
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multipath propagation induces signal fading with highly
varying signal strength across space and time, and this
greatly complicates mobile wireless networking solutions.
In contrast, low frequencies with meters long wavelengths
have reduced scattering and better penetrate obstacles and
structures.

The study of low frequency methods is motivated by the
difficulty of maintaining links in complex scenes, and the
desire for persistent low bandwidth connectivity that is less
susceptible to fading. The low frequency propagation can be
harnessed in various ways to support multi-robot systems,
as described in this article.

A. MULTI-ROBOT NETWORKING
The need for a systems-based approach for multi-robot
networking has long been recognized [1]. The multi-
robot network problem includes physical layer, medium
access control (MAC), routing, and geometric connectivity
topology, all in the context of the autonomous system
goals. Adversarial electromagnetic environments make the
multi-robot coordination challenging in many ways [2].
A recent review of multi-robot collaboration and networking
reveals the challenges and issues that arise due to a lack of co-
design and co-optimization of robots and the networks they
employ [3]. As the state of the art in multi-agent collaboration
progresses to include more sophisticated behaviors over
longer time and spatial scales there is a corresponding need
to make them resilient to rapid disruptive changes in the
environment, changes in the networking topology, agent
failures, and other forms of unanticipated and unpredictable
change [4].

B. NETWORK TOPOLOGY AND AGENT MOBILITY
Highly uncertain and variable communications connectivity
is a major challenge for multi-robot systems relying on ad hoc
networks, such as in disaster relief scenarios where a cellular
wireless infrastructure may not be available [5]. Operating
with commonly available radios in the UHF radio band
(300 MHz to 3 GHz) results in multipath fading and received
signal strength that is highly fluctuating over short spatial
scales when operating in dense and cluttered environments
(see Section IV).
Addressing these challenges, a hybrid systems architecture

was proposed that enables a multi-robot team to complete
a task in a complex fading environment, self-organizing
into a multihop ad hoc network [6]. This joint control
strategy maintains connectivity through a group of robots as
a task progresses. A joint optimization framework for mobile
wireless infrastructure on demand is developed in [7]. This
method alternates between finding optimal network routes
to support data flows between agents and improving the
performance of the network by repositioning a collection
of mobile relay nodes. Joint designs can significantly
reduce inefficiencies due to agents moving to areas of
poor connectivity, as easily happens with UHF radios in

complex indoor/outdoor environments. Agents dynamically
coordinate movement to ensure information is communicated
between specific agents at the appropriate time and space.

The forms of collaboration and information sharing
between agents can be organized in various ways. A three-
tier organization consisting of connectivity, communication,
and action graphs was proposed as a general model, and
their interaction was studied [8]. Different functions among
these three graphs leads to different desired topologies that,
if achieved, enhance the ability of the agents to achieve their
objectives.

The desired network topology is linked to the particular
multi-robot task scenario. Finding the appropriate topology
can often be cast as an optimization problem, although
the solution may be complex and new solutions may be
needed as the task progresses. A learning-based approach
has been developed using a convolutional neural network
(CNN) to find an optimal topology based on the collaborative
task [9]. This approach offers generalization over a number of
different tasks, and scales with the number of agents. When
the CNN is trained with a sufficient number of agents then
inference can be carried out with a larger number of agents.
An additional benefit of this approach is that the CNN has
fixed computational complexity, whereas the complexity of
the original optimization problemwill typically scale with the
size of the graph.

Many studies have considered integrating UAVs into
cellular systems [10]. This includes incorporating a UAV as
a mobile basestation to dynamically extend and enhance the
cellular system, as well as developing protocols and methods
for serving UAVs from a basestation. Robots can also be used
to provide a relay between a mobile user and a basestation,
e.g., by autonomously moving the relay to minimize energy
usage [11], or linking two robot groups [12].

The development of mmWave arrays and optical commu-
nications for mobile devices is driving new research focus
on line-of-sight (LoS) links [13]. Agents employing these
can use mobility to establish LoS, e.g., using opportunistic
or pre-planned rendezvous to achieve mutual visibility.
This can be extended to multi-agent control to achieve
a placement where each agent is connected to all others
through a sequence of visibility pairings, thus guaranteeing
that LoS communications is sufficient to network among all
agents [14].

C. MOBILE AD HOC ROBOTIC NETWORKS
Aside from the autonomous agent perspective, the mobile
ad hoc network (MANET) problem is difficult in general
and can require significant networking overhead to maintain
at least one or two hop connectivity, especially in complex
environments [15]. Alternatives to finding and maintaining
a particular network topology include oportunistic and
scheduled communications.

Opportunistic methods typically assume that agents will
have connectivity randomly but within some time scale.
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When agents have geolocation information, as is common
in robotics, then position-based opportunistic routing can
be employed [16]. Opportunistic routing protocols can
support dynamic mobile ad-hoc networks [17], and side
information such as residual energy and link quality can be
incorporated into local routing decisions [18]. Opportunistic
ad hoc networking can also apply dynamic spectrum access
techniques to transmit on open channels as needed [19], e.g.,
using a sense and then transmit scheme [20].
Scheduled communications can be achieved through

mobile rendezvous, such as forming periodic communication
links within or across robot groups, using a prescribed time-
varying topology [21].

Agents may also react to changing channel conditions
and move in a way that enhances connectivity, without
explicit topology control. For example, mobile agent pairs
can monitor their respective received signal strength as
they move, and adjust their positions to maintain good
connectivity [22]. This could be extended to link with an
overall collaborative objective, such as a leader-follower
scenario [23].

MANETs support many applications that connect human
users, and might not have any autonomous nodes. So, it is
useful to recognize that autonomous agents can be deployed
in such cases solely to augment and support MANETs.
As demonstrated in the works described above, when coupled
with controlled mobility a multi-robot system can adjust
positioning, incorporate mobile autonomous relays, and
adapt the networking protocol to handle nonstationarity and
stochastic connectivity in order to support a MANET, as well
as to carry out a desired distributed computation or execute
collaborative control.

The collection of methods noted above offer a variety
of tools for network topology control, from opportunistic
to fully planned, and reactive as needed. These methods
can be combined into hybrids, and/or dynamically switched
depending on the operating context.

D. RADIO PROPAGATION MAPPING
Autonomous agents can be deployed to map the radio prop-
agation in a complex environment. The resulting radio-map
can be combined with a geometric map to enable multi-robot
mobility planning and task execution. When UHF radios
such as cellular and WiFi are employed, as is typical in the
literature, then multi-robot methods must adapt to fading
environments where signal strength and communications
channels have high spatial and temporal variability.

Autonomous agents can collaborate and map out con-
nectivity regions [24]. Gaussian process models have been
developed as part of a strategy to map robot connectivity
and enable robust multi-robot deployment that adapts to
local communications conditions while carrying out a group
task [25]. Also, a method for finding the connectivity region
around a basestation (a boundary inside which the received
signal strength is above a threshold) has been developed [26].

This method uses the received signal strength spatial gradient
to efficiently find and follow the connectivity boundary
around the basestation and sketch it in a map.

E. DISTRIBUTED PROCESSING AND CONTROL
Collaborative multi-robot control, distributed processing,
and learning are often cast with a nearest-neighbor com-
munications model, and algorithms iterate between local
communication exchanges and per-agent computation, e.g.,
see Bullo [27]. This includes many well known consensus
and distributed algorithms. Distributed optimization is an
important and general form of multi-agent collaboration
and learning, with many tradeoffs in computation and
communications [28].
Many nearest-neighbor distributed algorithms have rela-

tively low communications payload per transmission, such
as in consensus algorithms [29]. Consensus methods can
be tuned in various ways to limit the number of exchanges
needed. For example, consensus can be enforced within a
local subset of agents without requiring agents far away
to agree, and consensus can be relaxed from equality to
a bounded inequality constraint [30]. Nevertheless, dis-
tributed consensus-type algorithms require persistent local
connectivity for convergence or to maintain stable distributed
multi-robot control (at least at the average topology level).

Multi-agent control studies verify the need for persistent
connectivity in the class of nearest-neighbor algorithms.
A study of flocking and network interaction, where the
network links (the graph edges) change randomly, showed
that regardless of switching, flocking convergence to a com-
mon velocity vector and stabilization of inter-agent distances
is guaranteed as long as the network remains connected
at all times [31]. Generally, the network topology needs
some form of persistent connectivity, although individual
links may appear and disappear randomly, e.g., see [32].
Careful consideration for maintaining the desired network
topology among robots is important to satisfy multi-robot
control objectives and stability when using nearest-neighbor
methods [33].
Recently proposed graph neural network (GNN) methods

for learning distributed controllers are similarly based
on local neighbor information exchange, and show good
robustness to random topology variation [34], [35], [36]. The
learned agent controllers can be scaled to large numbers of
agents, are tolerant to agent dropouts and new agent additions,
and are robust to communication dropouts.

Partially observableMarkov decision processes (POMDPs)
are a key tool in robotics, and these have been extended
to the multi-robot case using decentralized coordination
(referred to as Dec-POMDP); e.g., see the recent survey [37].
These methods provide for a range of coordination options,
from agreeing on a joint policy beforehand such that
agents do not explicitly communicate, to utilizing consensus
algorithms during task execution through nearest-neighbor
communications.
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III. LOW FREQUENCY AND SPECTRUM USAGE
In the US and Canada, and similarly around the world, the
lower portion of the VHF band is partitioned into many
categories and applications including land mobile, military,
amateur radio, radio astronomy, and television and FM radio
broadcast [38], [39], [40].

Public safety networking (PSN) is evolving from tra-
ditional land mobile radio (LMR) operating in portions
of VHF and UHF, to incorporate and interoperate with
cellular LTE technology, and internetworking between LMR
and emerging LTE technology will provide extensive new
PSN services [41], [42], [43]. LTE-based infrastructure has
the potential to provide new and advanced PSN capabil-
ity [44], and robust low-latency push to talk is an important
aspect [45]. The combination of cellular and mobile ad hoc
networks (MANETs) for disaster and emergency scenarios is
also of significant interest, e.g., see [46].

Classic studies of land mobile radio, such as Parson’s
comprehensive book [47], provide broad background on
propagation measurements and modeling, and communica-
tions engineering.Mobile radio in VHF andmicrowave bands
resulted in many studies of an elevated base station and
near-earth mobile, typically with medium to high power
transmission (Watts to kW) at ranges of 1 km and beyond,
and were often motivated to provide coverage prediction and
identification of blackout areas. Many VHF and microwave
studies rely on asymptotic approximation of Maxwell’s
equations as the frequency goes to infinity, with a resulting
assumption that the wavelength is much less than the size of
objects encountered in the environment [48]. This leads to ray
theory (geometrical optics, geometric theory of diffraction)
for approximating propagation. The focus on longer range
and upper VHF to UHF and higher frequencies leads to
modeling obstructions as highly lossy or impenetrable, and
adopting the assumption that reflecting surfaces or refracting
regions are large compared to wavelength λ.
In the mid to lower HF, below the frequency range

considered in this article, the very long range over the horizon
propagation due to ionospheric interaction is unique. The
troposphere and ionosphere reflectivity depend on relatively
higher transmit power and antenna orientation. Here we
focus on the upper HF and above, and consequently we
ignore HF long range propagation while noting that under
some conditions long range interference might be possible.
Cognitive approaches can be employed to set up HF links
and dynamically manage interference; e.g., see the extensive
survey of spectrum inference and cognitive radio [49].

IV. LOW FREQUENCY PROPAGATION MODELING
Many of the benefits of using low frequency for autonomous
systems come about by exploiting the propagation and
penetration in complex environments. In this section we
collect and review low-frequency propagation models and
experiments. The propagation at long wavelengths has
distinctive characteristics that differ from higher frequency,

requiring different models than those widely employed in
other bands. The low frequency propagation models support
communications and networking, as well as other multi-robot
processing.

Low frequency propagation modeling becomes nuanced,
as the longer wavelengths enable penetration while at the
same time less scattering occurs especially from smaller
obstacles that are on the scale of the wavelength or less,
and assumptions leading to ray tracing become inapplicable.
The shift from multipath fading becomes more apparent as
the wavelength becomes longer with decreasing frequency
from UHF, to VHF, to the lower VHF and upper HF.
In addition to the classical factors (e.g., transmit power,
antenna height, range), low frequency propagation is also
sensitive to the environmental complexity and material size
and composition relative to the wavelength. Low frequency
experiments and models describe sometimes very different
cases and a variety of heuristic, statistical, and numerical
models have been proposed. For practical reasonsmany older,
traditional studies may pick a single frequency and define a
model that is valid for that narrowband channel, but the model
might not be accurate across a range of low frequencies.

Basic VHF propagation models often proceed by applying
some form of regression to path loss measurements in various
environments. These may span representative environment
classes such as urban, open terrain, etc., and measurements
are often taken outdoors only. The fitted regression model
provides an average path loss versus range. The results
are highly dependent on whether the antennas are elevated
or ground level and the measurements are LOS versus
NLOS. The most common low VHF studies are (i) motivated
by broadcast from an elevated tower, with high power
(W’s to kW’s) and long range (km’s), or (ii) ground
level, often referred to as mobile-to-mobile. A random
component can be incorporated into path loss models, and
statistical models have been developed for broadcast to
predict coverage/outage.

More sophisticated VHF studies, as described below,
go further and consider delay-spread, indoor and indoor-
outdoor, building and structure penetration, ground wave,
and low-power short-range. For very practical reasons, many
propagation measurement campaigns can only sample a few
frequencies, but this makes it difficult to discern the changes
occurring when comparing, say, 40 and 100 MHz, where
wavelength changes from 7.5 to 3m and the environmentmay
seem quite different in terms of scatterer size and spacing.1

Statistical models have also been developed in the lower
VHF, building on the Rayleigh-Rician framework, and the
parameters can be adapted as a function of frequency.
Generally, penetration results in a LOS-like component,
and low-VHF Rician models have been explored for some
environments.

1Wemight compare with 1 and 2 GHz, where the wavelengths are 0.3 and
0.15 m, yet statistical propagation models are very similar.
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A. VHF BROADCAST PROPAGATION MODELING
There are extensive historical studies of scattering, reflection,
and ducting in VHF and UHF, for long range propagation
modeling, especially beyond line-of-sight. As discussed
in Section III, implementation of broadcast mobile radio
resulted in many studies of elevated base station and near-
earth mobile, with high transmit power and long range [47].
These were often motivated to predict coverage and blackout
areas based on path loss. Broadcast television and radio have
similarly motivated recent studies of path loss and coverage
in urban areas, e.g., at 200 MHz [50]. A variety of empirical,
heuristic, and geospatial path loss models have been proposed
with transmit power in kW’s and ranges of km’s, e.g.,
urban TV broadcast at 89.3 and 103.5 MHz [51], while not
necessarily including specific modeling of penetration into
buildings. Similar studies have been carried out for HD radio
in dense urban, e.g., path loss measurements at 103.3 and
95.7 MHz for high power and long range [52]. Due to the
difficulty of finding heuristic models, neural networks have
been considered in a variety of broadcast scenarios, especially
for UHF, e.g., see the extensive survey in [53]. VHF path
loss models for elevated towers to rooftops have been studied
down to 30 MHz, based on modeling buildings as a series of
dielectric screens [54].

B. MOBILE-TO-MOBILE PROPAGATION
A variety of ground based path loss models are available for
HF, VHF, and UHF in various generic environment classes,
typically for high power (W to kW) and longer range (km’s),
and these can be used to simulate coverage and outage,
e.g., see [55]. UHF ground-based urban path loss modeling
studies consider LOS and NLOS cases, e.g., using regression
fitting; see [56] and references therein. Measurements in
30 − 88 MHz have been used to modify path loss models
with a random environmental factor to fit observed data [57].
A 2012 survey notes the lack of in-depth studies of ground-
based urban path loss models in 30 − 88 MHz [58].

The allocation and use of the lowerVHF has been evolving,
e.g., with the elimination of analog TV broadcast. VHF
spectrum has become available in some countries for Internet
of Things (IoT) and Machine to Machine (M2M) low band-
width communications.2 For example, in the UK spectrum
within the 55 − 68, 70.5 − 71.5, and 80.0 − 81.5 MHz
bands can be used for Internet of Things (IoT) services
and Machine-to-Machine (M2M) applications. Motivated by
the newly available VHF spectrum, path-loss measurement
studies have been conducted to compare VHF and UHF for
IoT applications. Studies compare 70 with 869 MHz [59],
and 37.8, 57.0 and 77.5 MHz from the VHF with 247.25,
312.0, and 370.0 MHz from the UHF [60]. In these studies
log-distance plus shadowing path loss models have been fit to
measurements in several environments, with varying antenna
heights. This path-loss model is typically expressed as, e.g.,

2Wedo not consider low power inductive loop short range devices (SRDs).

see Sec. 1.3 in [59],

PL = K + 10γ log10(d) + Xσ , (1)

where K is a constant, γ is the path loss exponent, d is
the distance, Xσ models shadowing as a log-normal random
variable with standard deviation σ , and constantsK and γ are
typically estimated using linear regression.Model parameters
vary with frequency and environment (and antenna height
and other factors), and compared with UHF the lower
VHF generally shows much less path loss, although VHF
may have higher background noise that increases in urban
environments.

1) DELAY SPREAD AND APPLICABILITY OF THE RICIAN
MODEL
Some low earth propagation studies go beyond path loss.
For example, a 2006 study at 37.8, 57.0, and 77.5 MHz
was conducted in a semi-urban setting [61]. Not surprisingly,
it was observed that delay spread increased with increasing
frequency and with the presence of large metal-sided
buildings in the test environment. The authors also noted
that average delay spread nearly doubled for each fourfold
increase in distance, with a wide range of delay spreads
at ranges greater than 1 km. Lower VHF measured delay
spreads are typically reported to range from 10’s of nsec to
1 or 2 µsec. Increasing delay spread also was correlated with
received power variation. Rician models were studied and the
Rician K -factor was estimated. The Rician model was only
rejected in favor of a Rayleigh model in roughly less than
12 % of the cases studied.

Another urban study measured power delay-spread at
37.8, 57.0, and 77.5 MHz, using a wideband waveform
and regression [62]. Generally similar themes were reported:
the delay spread is more concentrated towards the initial
arrival, attenuation increases with more clutter, and delay
spread increases as a function of range. Early arriving power
measurements show more variation in a more complex
environment. See also [63] for VHF and UHF mobile
to mobile delay spread measurements in four different
environments, and delay spread measurements and modeling
in [60], with transmit power 34 to 40 dBm (2.5 to 10 Watts).

2) RICIAN TAPPED DELAY LINE VHF CHANNEL MODEL
A tapped delay-line model for low VHF mobile-to-mobile
is developed by Vigneron and Pugh [64]. They measured
mobile-to-mobile channel impulse response in four environ-
ments at 37.8, 57.0 and 77.5 MHz, using a 5 mega-chip per
second (MCPS) channel sounding waveform. The authors
note the change in wavelength effect on material interaction,
and therefore consider each frequency separately. Spatial
coherence is measured, showing high spatial correlation for
37.8 MHz over a third to a full wavelength, depending
on the environment. In an urban environment, the received
37.8 MHz waveform is almost unchanged over 2 to 3 meters
spacing, and this can be converted to a coherence time for a
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given mobility rate. The authors develop a tapped delay line
simulator model, where each tap has Rician parameters that
are dependent on the time delay and the environment. Tables
of estimated Rician K -factors are given for each case. The
model is similar to classic wideband fading models such as
Jakes, but now the taps are modeled as Rician. The authors
hypothesize that at the lower VHF frequencies, the channel
consists of relatively few paths due to the long wavelengths
and resulting fewer interactions with scatterers, leading to the
Rician behavior.

C. FULL WAVE NUMERICAL PROPAGATION MODELING
Full wave numerical modeling complements theoretical and
statistical propagation modeling, and is especially useful at
low frequency. Full wave modeling enables detailed study
of penetration, diffraction, phase shift, spatial coherence,
and other effects in complex scenes. While the basic
physics are described by electromagnetic theory, closed form
solutions for Maxwell’s equations are generally not available
in complex environments. Direct numerical evaluation of
Maxwell’s equations in rendered 3D scenes beyond a few
wavelengths has been limited due to the computational
complexity and need for high resolution 3D sampling.
However, recent advances in computational electromagnetics
in conjunction with high performance computer clusters
have enabled large complex 3D scene evaluation, e.g.,
spanning 1000’s of wavelengths using finite-difference time
domain (FDTD) methods [65]. This approach includes
electromagnetic material properties, insertion of antenna
models, and provides channel amplitude and phase between
any two points in the scene. Examples and applications of
FDTD modeling are described in later sections.

D. GROUND WAVE PROPAGATION
Ground wave (sometimes referred to as surface wave) prop-
agation has been classically characterized for frequencies
below VHF, roughly 10 kHz to 30 MHz, e.g., a 2014 ITU
technical report describes history and development of ground
wave propagation models [66]. Vertically polarized ground
waves prefer conductive surfaces such as seawater, and
ground conductivity depends on soil type and moisture
content. Studies of propagation over water show that water
conductivity and ducting can provide long ranges even with
relatively low power (Watts can yield 10’s of miles under
appropriate conditions); e.g., see [67] and [68]. Generally,
ground loss decreases as the frequency is lowered. VHF
ground waves are affected by undulating terrain but can travel
significant distances.

Classical short range models with low antennas include
LOS, ground bounce, and ground wave terms. However,
when these conditions do not hold, e.g, with undulating sur-
face or dense vegetation, then these models are insufficient.
The effect of vegetation and snow can be accounted for and
VHF propagation models with low-earth antennas have been
developed that are asymptotically applicable with respect

to range (roughly, 100’s of meters or more) [69]. Several
electrically small antennas for maximizingVHF groundwave
propagation have been developed using a full-wave hybrid
ground wave propagation model [70].
A semi-analytical propagation model has been developed

for propagation through buildings, with near-earth antennas,
that incorporates ground wave propagation effects [71].
This model has lower complexity compared with a more
general purpose full-wave simulation, for a given building
environment; see also [72] and [73].

E. LOW FREQUENCY PENETRATION INTO STRUCTURES
A distinct advantage of low frequency is penetration into
structures, and classic studies in the upper VHF and
UHF demonstrate that the penetration loss increases as
the frequency increases, e.g., see Parsons [47, Chapt. 4].
Fundamentally, given a lossy dielectric slab (e.g., as a model
for a wall), higher frequencies will experience more loss
because the slab is thicker in terms of electrical size as the
wavelength decreases. Also, the conductivity of dielectrics
(such as concrete) generally increases as frequency increases,
resulting in more electromagnetic energy dissipation.

A common classical urban path loss modeling approach
assumes that loss is proportional to range d (say, d4), with
signal strength log-normally distributed, and may include a
correction factor that depends on the environment, e.g., see
Parsons [47, Chapt. 4.3], with a correction based on the extent
of ‘‘urban clutter’’. While there are many comprehensive
studies of microwave building penetration [74], there are
fewer such low frequency studies.

Environments can be classified (e.g., dense urban, rural,
etc.) and model parameters can be adapted to each case.
Heuristic modifications may include urban characterizations
such as building density, size, and material composition.
These can be site specific, and models typically encounter
the tradeoff between general application in a variety of
environments versus more accuracy but with only site-
specific applicability.

Motivated by emergency response scenarios, signal
strength measurements into large buildings taken over a
variety of structure types across frequencies from 49 MHz
to 4.9 GHz show a large variation and do not readily
match a particular statistical model; see [75] and references
therein. A unique companion study measured signal strength
into buildings before and after collapse, and the results
show a generally increasing attenuation and high variability
after collapse, although enhancement of propagation is
possible in some cases [76]. Other penetration studies include
upper VHF and UHF building penetration for short range
emergency response [77], [78], and LEOS penetration at
137 MHz [79].

Full wave simulations (Section IV-C), enable studies of
penetration that incorporate specific building layouts and
materials. Simulations of modern glass and metal high
rise buildings show how periodic metal rebar in reinforced
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concrete can act as a high pass filter and suppress low
frequency propagation [80], while between floors may act
as a waveguide as if the building is relatively transparent;
see [81] with VHF-UHF simulations. A related study
considers rebar blocking and building materials [82].

F. APPLYING LOW FREQUENCY PROPAGATION MODELS
Depending on the application and desired fidelity low
frequency propagation modeling and prediction may require
careful consideration of the environment including the
effects of penetration, diffraction, reflection, waveguide
type behavior through some metallic structures, ground
bounce when elevated, ground wave, and the potential
for electromagnetic coupling between the antenna and the
environment or platform.

Simple ray trace methods are inapplicable, so numerical
methods rely on direct calculation of fields using Maxwell’s
equations. Numerical modeling in complex scenes, especially
using recent advances in FDTD, is important for understand-
ing penetration and phase alteration. Large scale 3D scenes
can be complex to numerically evaluate, although it can be
expected that advances in computing will continue to enable
larger and more complex modelng to be explored. Generally,
the computational complexity scales with the geometry in
terms of the number of wavelengths covered.

A variety of studies have confirmed the remarkable
penetration achieved with low frequencies in urban scenarios
as the wavelength extends to meters. Direct comparisons
with microwave and low VHF highlight this difference. The
Rician statistical channel model appears to be reasonable for
many scenarios and NLOS channels can have a relatively
strong K factor based on penetration, whereas at higher
frequencies this tends to occur only in LOS channels. Near
earth wideband studies show reasonable fit to the Rician
model with relatively sparse time delayed terms. The low
frequency channel delay spread can be quite small for short
range narrowband channels, and numerical studies of dense
urban channels support this conclusion. At long wavelengths
the lack of sufficiently large reflectors, and a relatively small
fractional bandwidth, yield a short range channel that has
little frequency selectivity. The resulting small channel phase
variation across frequency can be exploited in code design for
low frequency CDMA (see Section X).
Low frequency propagation tends to have a relatively

smooth spatial power decay. This is much different than
higher frequencies that are dominated by multipath and,
hence, the received signal strength (RSS) has much higher
spatial variation. Consequently, low frequency spatially
separated RSS measurements can be used to infer geometry
and direction (see Section VII).
There are relatively few studies that consider spatial statis-

tics in complex scenes. Numerical studies and experiments
indicate that narrowband array processing and beamforming
techniques can be adopted, although good models for spatial
phase correlation are not available. Studies of phase front

expansion in urban scenes indicate that small scattering
effects may cause local phase change that is relatively
smooth, at least for relatively short range propagation. Con-
sequently, classic narrowband beamformers can be applicable
although the phase relationship measured across an array will
not necessarily correspond to that expected in free space for
the same geometry (see section VIII and references therein).
Low frequency propagationmodeling is further affected by

the specific wavelength. Progressing through the VHF band
from 30 to 300 MHz, the wavelength shrinks from 10 to
1 meter, and consequently the interaction with objects and
materials can be quite different. Numerical indoor/outdoor
studies show considerably more short range phase alteration
at 100 MHz (λ = 3 m) versus 30 MHz (λ = 10 m). These
effects are relative to the environmental makeup such as wall
spacings and presence of metal beams and metallic frames,
aperture sizes relative to the wavelength (e.g., windows, large
entryways), elevation and ground bounce, as well as ground
wave for near-ground antennas.

The propagation is also complicated by metallic objects
near the antennas, including the platform an antenna may be
mounted on, due to electromagnetic coupling. The coupling
becomes significant when objects are within a distance that
is a relatively small fraction of the wavelength, but with
meters-long wavelengths it becomes much more likely that
metallic objects will be close enough; see also Sections VI
and VIII.

V. SHORT-RANGE COMMUNICATIONS
In this section we focus on the short range case in densely
cluttered environments. Section V-A reviews short range
propagation studies, and section V-B describes low power
short range communications experiments.

A. SHORT RANGE PROPAGATION
Several studies have considered low-frequency short-range
propagation in cluttered indoor/outdoor environments with an
eye towards autonomous systems [83], [84], [85].

A study of the viability of low-power short-range low
VHF communications was carried out through measurements
and analysis in indoor/outdoor cluttered environments [83].
Measurements and full wave simulation studies were
conducted for indoor and indoor/outdoor cases, with a
maximum transmit power of 32 mW. In order to make
the channel measurements more efficient and enable col-
lection of large datasets, a short dipole antenna (λ/6) and
software defined radio receiver were mounted on a small
unmanned ground vehicle (UGV) that was tele-operated
over extended indoor/outdoor environments. This included
indoor collection up to 40 m range in LOS and NLOS
conditions, and outdoor testing with buildings and metallic
structures up to 200m range. Channel sounding with tone and
pulse-based waveforms was conducted. Propagation analysis
included channel transfer function estimation, measuring
phase distortion compared with a wired reference signal, and
hypothesis testing for the presence and level of multipath
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based on phase and amplitude statistics. In the cases studied,
the channel phase distortion and multipath were minimal
and typically statistically insignificant, and the narrowband
channel could be reasonably modeled as a simple delay
with scalar attenuation and additve white Gaussian noise
(AWGN).

A related study of low-power short-range propagation
compared 40 MHz and 2.4 GHz propagation [84]. Measure-
ments for indoor-to-indoor, outdoor-to-indoor, and non-line-
of-sight outdoor scenarios were used to quantify and compare
40 MHz and 2.4 GHz channels. For each measurement
scenario considered, path loss and small-scale fading were
characterized after carefully calibrating the differences in
the systems used for measurements at different frequencies,
including variations in antenna performance (because electri-
cally small antennas were used at the lower frequency while
half-wave dipoles were employed for the higher frequency
measurements). For all the scenarios tested, it was shown
that the path loss at 40 MHz was on average 40 dB less
than that of the 2.4 GHz case. Ranges varied across the
scenarios, up to a maximum range of 76 m, corresponding
to about 10 wavelengths at 40 MHz. The measurements
showed that even in highly cluttered environments (in the
presence of dielectric andmetallic obstacles), the propagation
mechanisms at 40 MHz and 2.4 GHz are very different.
Low frequency penetration through many building walls is
possible because of the relatively small electrical size of
typical scatterers compared to the meters long wavelength.
In contrast microwave propagation was dominated by multi-
path with much less penetration.

B. SHORT-RANGE COMMUNICATIONS EXPERIMENTS
The propagation studies described above showed the viability
of low-power low frequency using sub-wavelength antennas
in cluttered environments, and indicated that the short-range
narrowband propagation channels may be very benign [83],
[84]. Next we consider short range communications in these
environments.

Short range low power (≈ 5 mW) communications
experiments were carried out using a full-duplex frequency
conversion circuit to mix a low cost commercial ZigBee
radio down to 40 MHz for transmission, and mixing back
to the 2.4 GHz ZigBee device passband at the receiver [86].
Experiments were carried out in complex non-line-of-
sight indoor and urban-type indoor/outdoor scenarios. For
comparison, a similar commercial radio at 2.4 GHz was
used in the same scenarios. Example results are displayed in
Fig. 1, showing received signal strength (RSSI) and packet
error rates (PER) versus range, where the measurements were
taken along a path that begins indoors and extends outdoors.
The penetration is evident in RSSI and PER for the low
frequency link. The predicted free space loss is also shown,
and the low frequency measurements indicate a very similar
trend despite the penetration. The results demonstrate that
compact, low-power, low-frequency radios can provide more
reliable and persistent communications compared to 2.4GHz,

FIGURE 1. Results from an indoor/outdoor communications experiment
from [86], contrasting low frequency (40 MHz) and 2.4 GHz. The
transmitter was located indoors, and measurements at different ranges
are shown with (a) average RSSI, and (b) packet error rate (PER). The
measurements progress from indoors to outdoors at a range of
25 meters. Predicted free space loss (FSL) trends are also shown, and the
40 MHz RSSI follows the predicted free space trend despite the
penetration through the building. A 2.4 GHz ZigBee radio with higher
transmit power (+18 dBm) is also shown, with highly fluctuating PER
indoors due to multipath fading, and very low RSSI outdoors due to poor
penetration through the building walls.

with much longer range and penetration at the same transmit
power.

Short range video webcam streaming experiments were
conducted at 40 MHz using software defined radios,
with the transmitter mounted on a small UGV navigat-
ing inside a building and communicating to an outdoor
receiver [87]. Transmit power was limited to < 20 dBm.
Video frame compression/decompression and digital mod-
ulation/demodulation were carried out in software, and
video quality and bit error rate were evaluated in a variety
of geometries. Compression was needed to reduce the
data rate, but signal processing was kept to a minimum
in order to study the channel effects. Typically applied
communications processing techniques were omitted, such
as channel equalization, dynamic control, forward error
correction, and coarse frequency offset compensation. The
results demonstrated that the channel was sufficiently benign
in a majority of geometries to enable video transmission with
very simple receiver processing.

VI. ANTENNAS
Small antennas are a key enabling technology for mobile
autonomous vehicles. For the low frequencies considered
here with corresponding meters-long wavelengths, a small

21962 VOLUME 12, 2024



B. M. Sadler et al.: Low Frequency Multi-Robot Networking

antenna aperture is sub-wavelength in extent, and this
leads to design tradeoffs. We refer the reader to a recent
comprehensive survey of small low-frequency antennas,
highlighting recent progress and applications to robotics and
autonomous systems [88], and limit our discussion here to
basic issues and ideas.

Passive linearly polarized electrically small antennas
(ESAs) are subject to an upper bound on the product of the
fractional-bandwidth and radiation-efficiency, referred to as
the Chu-Wheeler limit. An example is shown in Figure 2.
The limit is expressed as a function of the product of (i) the
smallest possible sphere of radius a that can fully enclose
the antenna, and (ii) the free space wavenumber k = 2π/λ.
As a ≪ λ, i.e., the antenna becomes very small, then
maximum efficiency suffers as shown in Figure 2. Note
that the bound is a product of bandwidth and efficiency,
so that small antennas with high efficiency tend to become
more narrowband. Many design variations have been studied,
including designs that fill a 3D volume (such as rectangular
shaped), and retunability to achieve near optimal efficiency
at different center frequencies [88].
Themeters long wavelengths can also result in electromag-

netic coupling between the antenna and metallic objects in
the environment. In many scenarios nearby objects can easily
be close enough to induce coupling. The coupling can be
exploited in platform integrated antenna designs, resulting in
a larger effective aperture; several such designs are described
in [88]. Low-earth small antennas can also be designed
to provide an enhanced ground wave through coupling,
e.g., for sensor networking applications [70]. Coupling can
also be exploited in compact low frequency antenna arrays,
as discussed in Section IX. On the other hand, coupling with
nearby objects in the environment can change the antenna
response in an uncontrolled way.

The Chu-Wheeler limit holds for passive antennas, but it
is possible to enhance the antenna performance (especially
the bandwidth) without changing the form factor by using
active matching circuits. The matching circuit requires a
power source and so the antenna is no longer referred to
as passive. Passive designs often utilize LC circuits for
matching, while active non-Foster circuits enable bandwidth-
enhanced operation at the expense of power consumption.
It has been demonstrated that for small aperture size a, it is
possible to enhance the bandwidth beyond that achieved by a
similarly sized passive low frequency antenna [88], [89].

VII. GEOLOCATION
This section describes recent progress on geolocation meth-
ods that exploit low frequency propagation in cluttered
environments. SectionVII-A sets the context with a high level
review of multi-robot localization, mapping, and geolocation.
Multi-robot teams rely on these techniques that underpin the
ability to collaborate in complex scenes, and the use of low
frequency can enhance network connectivity, enable collabo-
rative geolocation, and provide spatial information such as
bearing angle to a source. Similar to the communications

FIGURE 2. The Chu-Wheeler bound on passive antennas expresses an
upper limit on the attainable fractional-bandwidth radiation-efficiency
product as a function of the product of the aperture a and the
wavenumber k = 2π/λ. As the physical size a becomes much less than
the wavelength, the achievable bandwidth-efficiency product is reduced.
The figure and design citations are from [88]. 
2022 IEEE.

scenarios explored in other sections of this article, the
penetration and propagation of low frequency signals can
be exploited in challenging environments. Geolocation is a
foundational tool for autonomous systems that can be used
to aid navigation, sensing, and communications, and the
techniques described below can readily combine with agent
mobility and multi-agent collaboration.

Classic narrowband plane-wave free-space angle of arrival
estimation between two or more antennas is based on
measuring the time delay or carrier phase difference between
the antennas. This can be accomplished in some complex
environments at low frequency, as described in sections VII-B
and VII-C. The received signal strength (RSS) can also be
exploited to infer source direction from spatially separated
samples. This is described in section VII-E.

A. MULTI-ROBOT SLAM AND GEOLOCATION
Simultaneous localization and mapping (SLAM) relies on
autonomous exploration and robot perception to create a map
and self-localize in the map. Multi-robot systems use net-
working for collaborative SLAM, and coordination strategies
can be employed for efficient exploration and mapping [90].
Advances in visual perception based on neural networks have
led to SLAM methods that rely on vision [91], whereas
many traditional methods rely on range estimation, e.g.,
using LIDAR. Various active and passive sensor modalities
can be used to enhance overall performance, and these
can be combined with semantic information in a variety of
ways [92]. Active SLAM couples perception and navigation
to intelligently navigate and gather information during the
exploration and mapping. A recent survey describes classic
and emerging methods for active SLAM [93]. Overall, the
use of low frequency for multi-robot SLAM is motivated by
the need for network connectivity to enable collaboration.

There are many geolocation methods for locating, ranging,
and tracking a low frequency source, and this may be cooper-
ative between agents or for the purpose of geolocating a low
frequency source in the environment. Thus, low frequency
geolocation methods can be used for robot collaboration,
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as well as to localize a source of interest. Cooperative
localizationmethods have been extensively studied for sensor
networks [94], and these can be adopted for multi-robot
systems.

Ultra-wideband (UWB) has been explored for collab-
orative multi-robot localization [95], [96], especially for
indoor short-range scenarios using two-way time-of-flight
estimation [97]. Indoor multipath propagation induces pulse
spreading that complicates the receiver processing and
reduces the potential ranging accuracy that could be achieved
with an undistorted pulse, and protocols may use multiple
two-way transmissions to reduce ranging errors. While UWB
can be effective in short range scenarios, it is limited by
low power transmission and the resulting delay spread in the
wireless channel that may severely distort the received pulse
shape. UWB receivers are also susceptible to co-channel
interference from other emitters in the same spectrum band
because they have such a large receiver bandwidth.

Two-way time of flight ranging is more effective for line
of sight channels where the propagation is more favorable.
For example, two-way time of flight ranging for UAVs
can provide localization and synchronization to support
autonomy and networking [98], [99].

B. PHASE DISTORTION IN COMPLEX ENVIRONMENTS
Phase-based angle of arrival estimation typically assumes
that the propagation environment is homogeneous, so that
the narrowband signal phase simultaneously measured at
different spatial locations can be used to infer wavefront
propagation direction. As described in section IV-E, low
frequency signals are able to penetrate structures and
obstacles. In general, when compared to the free-space case,
propagation in a non-homogeneous environment will result
in phase variation and distortion as a function of propagation
angle and this spatial phase variation violoates the free-space
model. However, in some cases, depending on the frequency,
environment, and propagation range, the phase distortion
may be small enough such that phase-based angle of arrival
estimation can be effective based on a free-space model.
Array processing in the non-homogeneous propagation case
is considered in Section VIII.

Full-wave EM simulations have been used to study how
building penetration leads to phase variation that differs from
propagation in free-space [65]. To illustrate the effects of
penetration on signal phase, we present a full wave EM
simulation in the environment shown in Figure 3, with
7 buildings of varying sizes. Each building consists of 4 walls
and a ceiling, and four solid towers are also included. The
walls, ceilings, and solid towers aremodeled as homogeneous
dialectric slabs made of concrete. A near-ground transmitter
is positioned at the center of the scene and transmits a tone
at the center frequency of interest. The complex signal is
densely sampled on a plane parallel to the ground at the
same height as the transmitter using the full wave FDTD
solver [65]. The simulation was repeated at 12 distinct

FIGURE 3. Multi-building 3D model for the low frequency propagation
simulation described in Section VII-B, for studying the effect of
penetration on low frequency signal phase. Building walls and ceilings
are modeled as homogeneous slabs of concrete. An outdoor transmit
antenna is pictured in the center of the scene. Low frequency propagation
results are shown in Figure 4.

frequencies ranging from 10 to 200 MHz. As a baseline
for comparision the simulations were repeated with only the
ground (without the buildings).

Two-dimensional propagation phase plots at 40 MHz are
shown in Figure 4, where the transmit antenna is located
at the origin. Only the phase is plotted, without accounting
for amplitude reduction. In free space (top of Figure 4)
the expected circular expansion is evident. With the ground
only (middle of Figure 4), the phase front is visually very
similar to the free space case. When the buildings are
introduced (bottom of Figure 4) some phase aberration
becomes apparent, and this is especially pronounced at the
tower locations.

To investigate the amplitude and phase distortion in the
buliding environment, samples were collected around circles
of fixed range from the transmit antenna. For a given range,
phase and amplitude distortion around the sampled circle
weremeasured by the standard deviation of phase (in degrees)
and amplitude (in dB), respectively. In free space there should
be no variation in phase or amplitude around a constant range
for any propagation angle. The results are plotted in Figure 5,
with amplitude distortion vs range in the left side column,
and phase distortion vs range in the right side column. Range
was sampled from 15 to 40 meters, and the results are
parameterized by frequency.

This example shows that the phase and amplitude dis-
tortion increase as a function of range and frequency. The
amplitude distortion shows a generally linear trend with
range, and is relatively small in the 10 to 40 MHz cases
(upper left panel in Figure 5). The phase distortion reveals that
at some specific ranges the variation becomes pronounced,
observed as outliers in the plots, and the occurence of
outliers increases with frequency. In the 10 to 40 MHz
cases (upper right panel), the 10 MHz case has no outliers,
and the other cases show increasing outlier occurence.
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FIGURE 4. Low frequency propagation example in the environment
shown in Figure 3, described in Section VII-B. The plots show the signal
phase for a simulated transmitted single frequency signal, with the
antenna located at the origin. From top to bottom, the phase front for the
free space case (analytical), ground only (simulated), and with buildings
(simulated) are shown. The phase abberation due to the buildings is
evident.

At higher frequencies the overall phase variation increases
dramatically, even for the lowest range.

C. ANGLE OF ARRIVAL ESTIMATION
Phase-based angle of arrival estimation in highly cluttered
environments was studied in [100], including full-wave
propagation modeling from 5 to 100 MHz, and experiments
at 20 and 40 MHz. This study focused on measuring
the phase-offset between two antennas for short range
through-building estimation of angle of arrival of a narrow-
band source. Highly miniaturized omni-directional vertically
polarized antennas were used to demonstrate angle estimation
through buildings.

The frequency choice for accurate angle estimation
depends on the environment and the desired range of
operation. Full wave 3D modeling was used to determine
the highest frequency at which the error was within a
desired tolerance, and the simulation environment was altered
by adding walls and ceilings [100]. The results generally

favoredmeters long wavelengths with frequency around 20 to
40 MHz, similar to those in the simulation described in
section VII-B. At 100 MHz the signal components scattered
by the building walls, ground and ceiling become comparable
to the direct field component causing significant fading
and uneven field distribution, such that phase-based angle
estimation assuming a free-space model will be ineffective.

D. TIME OF ARRIVAL BASED GEOLOCATION
The potential for utilizing low frequency time-of-arrival
based ranging for geolocation of a mobile node has also been
investigated [101]. Full wave simulations were carried out
for a cluttered indoor environment, incorporating polarization
diversity and multiple anchor receivers to jointly geolocate
a mobile emitter at 20 and 40 MHz. An empirically derived
effective dielectric constant was used for penetration delay
compensation, resulting in predicted sub-meter geolocation
accuracy.

Although outside the scope of this article, ground penetrat-
ing radar for subsurface imaging is an important application.
Penetration is improved at longer wavelengths, although
this generally leads to a loss of imaging resolution so
there is a tradeoff with using lower frequencies. How-
ever, wideband VHF waveforms can be used for imaging,
using measurements from multiple locations [102], [103],
[104], [105].

E. RSS-BASED PROCESSING
Received signal strength (RSS) is easily measured and can
be exploited to provide relative spatial information between
the source and the receiver. At low frequency the RSS has
a relatively smooth spatial decay as the range from the
source increases. This is in contrast to higher frequencies
that are subject to multipath fading in cluttered environments,
resulting in high spatial RSS variance with small spatial
separation between measurements. The low frequency RSS
decay with increasing range enables RSS-based geolocation
and source tracking in complex environments. Spatially
separated RSS measurements can be used to estimate the
RSS spatial gradient and then infer source direction in two
or three dimensions. This has unique advantages including
(i) not requiring knowledge of the source power because only
a relative spatial RSS change is measured, (ii) ability of a
single agent to move and collect RSS samples and thereby
infer angle of arrival, and (iii) the method does not require a
highly calibrated RSS sensor.

Note that, although geolocation can be inferred from mul-
tiple separated RSS-based range estimates, direct estimation
of range from RSS measurements is challenging and requires
both a highly accurate path loss model and power calibration
between the source and the detector. Small inaccuracies in
either the propagation prediction or the transmit power can
result in large range uncertainty.

Next we describe two approaches to estimating and
exploiting the RSS spatial gradient that have been developed
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FIGURE 5. Simulated propagation results from the non-homogeneous environment shown in Figure 3, and described
in Section VII-B. The amplitude and phase distortion are measured using the standard deviations of the amplitude (in
dB) and phase (in degrees) for a fixed range around the transmitter. In homogeneous free space there is ideally no
variation in amplitude or phase at constant range.

recently. First, collecting RSS samples in a spatial region
and estimating the 2D (or 3D) spatial gradient, and second,
we describe a more sophisticated Bayesian approach. These
can be coupled with mobility for adaptive spatial RSS
sampling, source geolocation, and source tracking. Both of
these approaches can be used at higher frequencies in fading
environments, e.g., microwave frequencies, although this
generally requires more spatial samples and smoothing to
overcome small scale fading.

1) RSS AND MOBILE SAMPLING
Several studies have explored the collection of RSS samples
on autonomous air and ground vehicles, and using these
RSS samples to estimate the RSS spatial gradient. The
spatial gradient is then exploited in autonomous control for
various purposes. These studies typically considermicrowave
(2.4 GHz is common), and it is reasonably expected that

they can be applied using low frequency and benefit from
the penetration and lower levels of multipath-induced RSS
variation.

Estimating the RSS spatial gradient requires sufficient
local sampling to smooth over local variations, especially
small scale fading that may produce large RSS fluctuation.
This question is studied in detail in [26] and [106]. Given
RSS samples, plane fitting can be adopted to estimate
the 2D gradient and infer source direction. In [106] this
approach is coupled with robot exploration of a previously
unknown environment and simultaneously moving toward
a radio source. In [26] the spatial gradient is used to
autonomously find the connectivity region of a base station,
where connectivity is defined as the regionwhere the received
RSS is above a threshold. The control algorithm efficiently
discovers the threshold region using the RSS spatial gradient
by criss-crossing the boundary around the RSS threshold.
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Additional studies consider using RSS for an autonomous
unmanned air vehicle (UAV) to move towards a source [107],
and tracking the RSS gradient among mobile agents to detect
relative motion towards or away from each other and using
this to move and preserve connectivity [22].

2) BAYESIAN RSS GRADIENT PROCESSING
The plane-fitting approach based on RSS samples described
above can be effective, but has two drawbacks. The RSS
gradient measurements can be noisy due to statistical
variation and tend to be less accurate with small local spacing,
and they may be spatially correlated due to variations in the
propagation environment. To deal with these challenges in a
principled way a Bayesian approach to RSS-based angle of
arrival estimationwas developed that produces an informative
uncertainty estimate factoring in the sampling geometry as
well as noise in the model fit [108], [109]. This builds
on the success of the plane-fitting ideas discussed in the
previous subsection with improved accuracy and robustness.
The Bayesian approach is appealing for this problem because
it incorporates uncertainty quantification that can be used to
inform a mobile agent.

The RSS measurements are assumed to follow a
log-distance path loss, a commonly used RSS model as
a function of distance over a large range of frequencies,
including both shadowing and small scale fading terms. RSS
measurements are then modeled as locally linear [108],

y = Xβ + ϵ (2)

where X contains the 2D RSS sample point positions, β is
the RSS gradient vector, and the entries of the vector ϵ

are zero-mean Gaussian with variance σ 2. While the 2D
RSS surface is generally not linear, the surface becomes
increasingly planar locally as the distance d from the source
increases. It is shown that the second derivative terms are of
order 1/d2, and so they decay rapidly [108]. The gradient
magnitude has an inverse relationship with distance to the
source, and so it becomes smaller and therefore more difficult
to accurately estimate as d becomes large. The Gaussian
assumption on ϵ follows because the (log) noise arising
from both shadowing and Rayleigh/Rician fading is well
approximated by a normal random variable.

Using (2) a Bayesian linear regression algorithm is set
up for estimating β and σ 2. A prior on the noise variance
σ 2 can be selected based on measurement campaigns that
have been conducted measuring RSS at various frequencies
and environments. Under the above assumptions the marginal
posterior on β is a Student-t distribution that is well
approximated by a multivariate Gaussian for large enough
sample size. The posterior on σ 2 indicates how much fading
and shadowing are affecting a set of RSS measurements.
If this value is large then the angle estimation will be poor,
and remediation steps can be implemented, such as collecting
more samples. The mean and covariance of the posterior on

β provide statistics of the spatial gradient estimate that also
illuminate the angle estimation accuracy.

The Bayesian inference algorithm in [108] is preceded
by locally adaptive data clustering/aggregation to remove
spatial autocorrelation and improve the statistical fit of
the subsequent Bayesian plane fitting procedure, and also
includes an outlier detection and removal step. These are
shown to significantly enhance the overall performance.

The method was tested with various datasets at microwave
and low VHF frequencies, with generally very good results.
As expected, the angle of arrival estimates at large distances d
from the source had smaller error (and smaller uncertainty) at
lower VHF relative to microwave. Figure 6 illustrates the key
ideas using RSS samples of an office building environment
at 40 MHz from an FDTD simulation. Figure 6(a) shows an
estimated angle vector (blue arrow), associated uncertainty
(dashed blue ellipse), and true direction (black arrow). The
RSS was sampled uniformly within the red region, and the
median of the sampling region is shown as a green dot.
The x and y axes denote the distance in meters from the
source as measured along each axis. Note how the angle
uncertainty estimate fails to cover the true angle, because
the result in (a) has not included the clustering and outlier
removal steps. Panel (b) shows a heatmap of the residuals of
a planar RSSfit, revealing strong spatial auto-correlation. The
algorithm progressively clusters and averages data locally
until the residuals fail to show a statistically significant level
of dependence, and the results are shown in panel (d) with
residual magnitudes reduced. The resulting estimate is shown
in panel (c); the algorithm provides an uncertainty estimate
that includes the true angle.

VIII. MULTI-AGENT DISTRIBUTED ARRAY PROCESSING
In this section we consider low frequency distributed
array processing where the antenna elements are physically
separated without wired connection. Distributed array pro-
cessing can take advantage of the penetration through dense
environments such as buildings (Section IV-E), and miniature
antennas (Section VI), and is appealing for multiple robots to
collaborate and form an array.

A. MULTI-AGENT DISTRIBUTED BEAMFORMING
Distributed beamforming consists of separated antennas that
collaboratively form a beam for transmitting or receiving
radio communications [110]. This can be implemented
among a multi-agent collaborative group, each with it’s
own antenna and transmitter, enabling high power direc-
tional communications. Key challenges for coherent dis-
tributed beamforming include timing and carrier synchro-
nization [111], where increasingly accurate synchronization
is required as the frequency increases. Residual phase errors
arise with imperfect synchronization and noisy channel
state information (CSI) [112]. Operating at low frequency
significantly relaxes these synchronization requirements.

Low frequency distributed beamforming is especially
appealing with multiple autonomous ground or air vehi-
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FIGURE 6. Bayesian angle of arrival estimation using the received signal strength (RSS) spatial gradient (Figure 13 from [108]). Panels (a)
and (c) show the true angle to the source (black vector), and the estimated angle to the source (blue vector). The Bayesian estimator also
provides an uncertainty ellipse for the estimated angle, shown as blue circles. The mobile agent can reduce the uncertainty by collecting
more RSS samples at different locations, and the algorithm also removes outliers. Panels (b) and (d) show spatial sampling and illustrate
outlier removal. See section VII-E2 for more details.

cles (UGVs and UAVs). These can carry miniaturized
sub-wavelength antennas (see section VI and review arti-
cle [88]), operate in complex indoor-outdoor environments,
and form ad hoc arrays.

Distributed beamforming solutions can be achieved with
open or closed loop approaches, i.e., with or without feedback
from the receiver. When the array is fully characterized
geometrically, then a beamforming solution can be obtained
directly in a one-shot solution. Alternatively, when a
sufficiently accurate one-shot beamforming solution is not
available then an iterative closed-loop approach can be used
to refine the beamformer solution and achieve a target SNR
at the receiver.

Classically the precise locations of all antenna elements
would be known relative to each other and within a global
frame of reference. Autonomous agents can self-localize,
e.g., UGVs using collaborative simultaneous localization and
mapping (SLAM) to orient themselves. However, in general
there will be some residual localization error after executing a
SLAM algorithm so that an open loop beamforming solution
that assumes perfect location information will have some
error.

The impact of localization error on one-shot (non-iterative,
open loop) distributed beamforming is analyzed in [113] and
[114]. The agents self-localize and form an array to transmit
a common message to a far-field receiver. A risk-sensitive
discrete optimization problem is set up to choose an agent
subset for distributed transmission so that the desired signal-
to-interference-plus-noise ratio (SINR) at the receiver is
attained with minimum variance. Under the assumption that
the agents have Gaussian localization errors, three one-shot
algorithms were developed: Greedy, Double-Loop-Greedy
(DLG), and Difference-of-Submodular (DoS), each of which
chooses a subset of agents to optimize the quality-of-service
without requiring feedback from the intended receiver [113].
When the localization errors for all agents are below

a certain error variance threshold, the Greedy algorithm
globally minimizes the variance of the SINR received by the
base station while guaranteeing that the expected SINR is
above a desired threshold. The DLG algorithm improves the
empirical performance over the Greedy algorithm. The DoS
algorithm enables the agents to locally optimize the reliability
of the communication link even when the localization errors
are large.
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It is shown that when the agent localization errors have
relatively small variances, characterized in terms of the
carrier frequency, then the Greedy algorithm that chooses
the agents with the lowest localization error variances will
globally minimize the variance of the received SINR. The
tolerable localization error variance is relative to the wave-
length, and low frequency operation relaxes the localization
error requirements, e.g., an error within one m2 is considered
relatively small at 40 MHz (λ = 7.5 m). This localization
error is well within robotic SLAM algorithm capability in
practice.

B. DISTRIBUTED BEAMFORMING WITH FEEDBACK
As discussed above, if localization information is available
then an open-loop one-shot beamforming solution may be
viable if the error is sufficiently small, as characterized
in [113]. An alternative is an iterative approach that
incorporates broadcast feedback from the receiver in order
to adaptively improve the beamforming solution [115].
In general the solutions do not assume prior localization, and
are gradient free. They can be performed in a fully distributed
fashion, i.e., each agent identifies its beamformer phase
without having knowledge of the other agents locations and
phase components. They iteratively explore random solutions
and retain the best one based on the client feedback.

Distributed array calibration can also be achieved by using
an auxiliary node that is nearby and collaborates. A practical
calibration procedure for coherent open-loop beamforming
is developed in [116]. Each node communicates with the
auxiliary node to synchronize and resolve uncertainty in the
desired beam. Simulations and experiments demonstrate
the pacticality of the method.

A simultaneous distributed beamforming and nullforming
scheme is developed in [117]. A group of agents collaborate
to send a message to a client using feedback-based beam-
forming, while simultaneously transmitting artificial noise
with null-steering to the client. With the artificial noise, the
SINR at the client is given by

γ =
|
∑N

i=1
√
PB,ihiej(θi+φB,i)|2

|
∑N

i=1
√
PN ,ihiej(θi+φN ,i)|2 + σ 2

, (3)

where N is the number of agents. Here, PB,i and PN ,i repre-
sent the transmit powers for beamforming and nullforming,
and φB,i and φN ,i are the phase components at agent i
for beamforming and nullforming, respectively. The channel
gain and phase between agent i and the client are hi and
θi, and σ 2 denotes additive white Gaussian noise (AWGN)
power. The beamformer and the null-steering phases (φB,i
and φN ,i) and powers (PB,i and PN ,i) are simultaneously
adapted, so that the client will not be affected by the artificial
noise whereas an eavesdropper may have degraded SINR.
To test the distributed beamforming low-VHF channels
were simulated in an urban scene with numerical full-wave
propagation modeling [117].

FIGURE 7. Multi-group distributed beamforming example, from [119].
Each group optimizes it’s rotation angle θG to transmit artificial noise
over a jamming sector [θl , θu] with null-steering to the client.

A periodic transmission strategy using a sequence of joint
beamforming gain and artificial noise pairs is developed
in [118]. This sequential transmission strategy enables
communications to a client while ensuring that no receiver
in a known sector can decrease its uncertainty on the
information bits by eavesdropping.

A related study considers groups of distributed beamform-
ers, with two agents per group [119]. A two-antenna element
solution provides beam shapes that are broad in angle and
are favorable for shaping artificial noise transmission when
an eavesdropper location is known to be within a relatively
large angular sector. Fig. 7 illustrates a scenario with two
groups, where each group has two agents. The rotation angles
for each group (denoted θG,1, θG,2 in the figure) and the
antenna phase components are jointly optimized to transmit
artificial noise while null-forming to the client. The rotation
of each group helps to orient a broad artificial noise beam
over a desired jamming region, while also nullforming to the
client. The result is to maximize the radiated artificial noise
energy over an angular sector containing the eavesdropper
while placing a null towards the client. Simulations demon-
strate artificial noise radiation patterns at low frequency
(40 MHz) [119].

A network coverage problem with distributed beamform-
ing under a Ginibre point process (GPP)model on the random
spatial distribution of networked nodes is considered in [120].
The GPP is a point process model with tunable repulsion,
used to model the dispersion of agents. The analysis also
incorporates phase offset errors due to a lack of perfect
carrier synchronization among agents. Analytical expressions
accurately predict the coverage probabilities as a function
of the agent dispersion and in the presence of the phase
offset errors, for both transmitter selection and coherent
beamforming strategies.
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FIGURE 8. Electromagnetic radiation pattern of a single low-VHF
electrically small antenna mounted on a ground robot; from [125].

2019 IEEE.

IX. PARASITIC AND COMPACT ARRAYS
When antenna elements are closely spaced with respect
to the wavelength then electromagnetic coupling becomes
significant. In this section we review two recently developed
approaches that exploit this coupling in low frequency arrays.
Parasitic (passive) antenna elements can be placed to alter the
beampattern and gain, described in section IX-A. As antenna
element spacing becomes a small fraction of the wavelength
then the coupling increases. This coupling can be exploited
in a compact array with an appropriately designed electrical
coupling network, described in section IX-B.

A. PARASITIC ARRAYS
A parasitic array is composed of one or more active
antenna elements connected to a radio and one or more
passive antenna elements that serve as passive radiators and
are not directly connected to the active elements [121].
The parasitic elements passively couple with the active
elements and affect the beamshape. Electrically steerable
parasitic arrays are possible, e.g., in an end-fire array
configuration [122]. A constellation of coupled antenna
elements may be selectively switched from passive to active
to preferentially radiate towards a specific sector at a desired
power level [123], [124].
At low frequencies, these arrays tend to be large, with

element spacing on the order of λ/2. However, parasitic
arrays offer a low complexity approach for distributed arrays,
e.g., by placing the passive antenna elements on multiple
robotic platforms. When implemented on ground robots they
can collaborate to create an array of a desired size and
directionality and their motion can reorient the preferred
radition of the array. An appealing approach is based on
the classic Yagi-Uda array with a single active antenna on a
robotic platform and parasitic elements on nearby robots.

The idea is illustrated in Figures 8 and 9. Figure 8 shows
the radiation pattern for a single omnidirectional antenna
on a ground robot (the robot’s antenna radiates in a nearly
omni-directional pattern except along the vertical antenna
axis), and Figure 9 shows the radiation pattern when a second
robot with a parasitic element is introduced. These figures

FIGURE 9. Parasitic two-element antenna array radiation pattern.
A second robot carries a passive antenna that mutually couples with the
active antenna of the robot in Fig. 8; from [125]. 
2019 IEEE.

are derived from a full wave finite-difference time-domain
(FDTD) simulation. Unlike a classic Yagi-Uda free-space
design, the coupling is affected by the ground medium
and this affects the optimal antenna spacing. The parasitic
element, that is functioning as a reflector, is placed to the
upper left of the single transmitting robot. By forming a
parasitic array, more power is radiated to the lower right as
shown in Fig. 9.
Insight can be gained from analysis of the two-element

case with vertically oriented half-wave dipoles, showing how
the beampattern is a function of the antenna spacing and
their orientation [126], [127]. Intuitively, the reflection from
the passive element phase-aligns with the active element
transmission to provide gain along the two-antenna axis.
Note that the parasitic array has the same beampattern on
transmit and receive.More active and passive elements can be
included. For the robotics application combining one active
andmultiple passive antennas is appealing, requiring only one
robot to actively transmit.

Low frequency robotic experiments have demonstrated
parasitic arrays that maintain their radiation pattern gain
in both line-of-sight and non-line of sight scenarios [128],
meaning that they can extend communication range in
complex urban environments. Experiments and simulations
show how these arrays can increase communication range
and beam confinement, for example, by aligning more robots
with parasitic antennas to form larger arrays. In [129] a model
for multi-element robotic parasitic arrays is applied to the
problem of network connectivity, and this is used to allocate
parasitic elements (carried by robots) throughout the network
to increase the overall network connectivity as measured by
the Fiedler value of a connectivity graph.

B. COMPACT COUPLED ARRAYS
The distributed and parasitic arrays discussed in Sections VIII
and IX-A require control of the relative positions of multiple
antennas and/or the phases of the respective transmit signals.
Distributed arrays additionally require time and frequency
synchronization of multiple radios. Integrating an antenna
array on a single platform eases the positioning and
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FIGURE 10. Elements of a compact antenna array system, with
electromagnetic coupling due to small inter-element spacing relative to
the operating low frequency wavelength. Parasitic antennas are optional;
if present they are terminated with a reactive impedance or short circuit.

synchronization requirements but brings different challenges
and opportunities. For example, at 40 MHz (λ = 7.5 m)
the platform dimensions may be much smaller than λ so
the array will be electrically small. Inter-element spacing
much less than λ/2 results in strong mutual coupling that
must be accounted for. The general elements of a compact
(not necessarily linearly spaced) array on a platform are
illustrated in Figure 10. The system contains N ≥ 2 antennas
that are mutually coupled with each other as well as the
platform. This may include P passive parasitic antennas that
are terminated with a short circuit or reactive impedance, and
these will also couple with nearby antennas and the platform.
Ideally, the antennas and their placement on the platform
are designed (e.g., with computational electromagnetics
software) to achieve desirable radiation characteristics at the
operating frequency, but strong mutual coupling between the
antennas will persist due to the small spacing. In the works
described below, the platform effects are ignored and the
focus is on compact arrays.

When the compact array is used as a receiver the
ports 1 to N in Figure 10 feed a multichannel radio,
typically with R = 50 � input impedance per channel.
When used for transmission the N ports are fed by signal
generators, typically with R = 50 � internal impedance. For
both transmit and receive a multiport impedance matching
network is required to eliminate reflections between the
terminals of the active antennas and the generators or
receivers [130], [131], [132], [133]. If the network matches
the impedance of the active antennas, including the mutual
coupling, then all of the available power from the antennas
is delivered to the receiver(s), and all of the available power
from the generators is radiated by the antennas (resistive
losses in the matching network and antennas are discussed
below). Without the matching network, on receive some of
the available power is reradiated (scattered) from the antennas
rather than being delivered to the receivers, and on transmit
some of the generated power is reflected back and dissipated

in the generators rather than being radiated by the antennas.
Note this implies the impedance matching must be performed
in the analog domain. The power losses from reflections
cannot be reversed by digital processing of the received
signals or modification of the complex beamforming weights
applied to the signal generators. The matching network is
especially important for electrically small compact arrays
where reflections may be large in some modes [134].

Multiport impedance matching networks are also referred
to as external coupling networks (ECNs) [135], decoupling
and matching networks (DMNs) [134], [136], and other
descriptors [133], [137]. The term ECN is used in this section
for simplicity and we consider ECNs that are linear, passive,
lossless, and reciprocal. ECNs are implemented with lumped
circuit components (inductors or capacitors), distributed
reactive components (transmission lines), parasitic antennas,
or a combination of these components [133], [136]. Lumped
elements may provide more compact ECNs at low frequency
than transmission lines. Note that various designs may
yield signals at ports 1 to N that differ by a linear
transformation, although the general objective is multiport
impedance matching at the operating frequency. Also,
in some high performance communications applications a
noise matching objective for the network design may be
more appropriate [130], [138]; here we focus on impedance
matching.

Parasitic antennas are indicated as optional elements
in Figure 10, and they have been shown to improve
compact array systems by increasing the effective radiation
resistance of the active antennas [139], increasing the
system bandwidth [139], [140], or simplifying the matching
network by decoupling the active antennas [136], [140],
[141]. Therefore the parasitic antennas, if included, may be
considered as part of the impedance matching subsystem.
A small one-port antenna at low-VHF with closely-spaced
parasitic antennas has been designed and fabricated for small
robotic platforms [142]. However, the general application of
parasitics in low frequency compact array systems on small
platforms has not been fully investigated.

1) TWO-ELEMENT COMPACT ARRAY
As an illustration of beamforming and direction finding, con-
sider an N = 2 element compact array with half-wavelength
dipole antennas at 40 MHz and spacing d between the
elements. This example illustrates the effects for two values
of d ; for simplicity in developing the theory and simulations
we use dipoles although they are long, and much smaller
antenna elements can be used. We show beamforming power
gain and angle of arrival estimation performance in Figure 11.
Here azimuth angle θ is defined relative to 0◦ at broadside and
±90◦ at endfire.
Figure 11 shows numerical results for antenna spacings

d/λ = 0.05 (compact array) and d/λ = 0.4. In each case we
incorporate an ECN that is optimal for the specific choice of
d/λ. The top panel shows the maximum relative power gain
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of the array for each d , defined as the best achievable gain
at that angle relative to a single antenna. The larger antenna
spacing has little mutual coupling, and the maximum relative
gain is roughly equal to 2 (≈ 3 dB) for any angle (red curve).
The compact array, with significant mutual coupling, has gain
that varies with angle ( curve). At broadside the gain is close
to 1, the same as that achieved with a single antenna, whereas
at endfire the gain is 3.4 (5.3 dB). The compact array gain
is referred to as supergain or superdirectivity, because the
gain is beyond that achieved with two uncoupled antennas,
and is fundamental to the compact array utility. Assuming
lossless antennas and optimal ECN, then on transmit this
relative gain corresponds to the maximum directivity of the
array as a function of angle normalized by the directivity of
a half-wavelength antenna. On receive the relative gain can
be interpreted as the maximum effective area of the array
in each direction normalized by the effective area of one
antenna [143].

The black line in Figure 11 (top panel) shows the gain of
the compact array relative to one antenna when the beam is
fixed and steered to θ = 90◦. The same directional gain is
achieved for both transmitting and receiving. The maximum
gain is 3.4 (5.3 dB) at the steering angle θ = 90◦, with a null
at θ = −25◦.
The bottom panel in Figure 11 shows direction finding

performance characterized by the theoretical Cramer-Rao
lower bound (CRB) on the variance of estimating the angle of
arrival (AOA) parameter θ with noisy measurements [143],
[144]. The bound accounts for the presence of an analog
ECN, and is achievable by sampling the ECN outputs and
applying a maximum likelihood estimator. For this example
the received signal to noise ratio is set to 20 dB. The two
curves show the bound for each value of d . It is well known
that a two-element array yields the best angle estimation
performance (lowest theoretical CRB) at broadside, and
the estimation performance degrades as the source angle
approaches endfire, resulting in the u-shape curve. It is also
well known that, as d becomes smaller then the CRBwill shift
upward (the AOA estimation performance will become much
worse). However, when the compact array with d/λ = 0.05 is
augmented with the optimal ECN, as shown in the Figure,
then the CRB remains close to the performance with the
larger d/λ = 0.4 spacing. Remarkably, the analog ECN
preserves angle information by accounting for the mutual
coupling induced by the small spacing, and the ECN output
can be sampled and processed to obtain AOA accuracy that
is otherwise significantly degraded without the ECN.

Taken together, the results show that with the two-element
compact array angle estimation is most accurate at broadside,
whereas beamforming has maximum gain at endfire. These
could both be exploited, e.g., on a rotating robotic platform.
Alternatively, a compact symmetric three-element triangular
array with spacing d/λ = 0.05 has gain 3.4 in all
directions [145], and it can be shown that when an optimal
ECN is used this array has uniform CRB in all directions.
Thus, a three-element triangular design is angle independent

FIGURE 11. Two-element antenna example with spacing d and
wavelength λ, from [143]. Top: array gain versus angle of arrival, relative
to a single antenna. The compact array exhibits supergain near endfire
(±90◦). Bottom: theoretical Cramer-Rao lower bound on angle of arrival
estimation. With the optimal analog coupling network the compact array
preserves the angle information despite the very small spacing.

for both beamforming and direction finding, and has a
compact size relative to the wavelength.

As noted earlier, it is important to consider resistive
losses and system bandwidth that have been ignored in the
two-element compact array example above. The impedance
matching with an ECN is achieved at the design fre-
quency, but the match diminishes with increasing bandwidth.
The Chu-Wheeler limit for passive antennas (discussed in
Section VI and [88]) implies that a compact array must
have a smaller fractional bandwidth-radiation efficiency
product than an array composed of the same antennas with
larger spacing [146], [147]. Radiation efficiency refers to
resistive power loss in the antennas, so maximizing compact
array efficiency comes at the cost of reduced bandwidth.
Compact arrays are inherently less efficient in some modes
that have small radiation resistance [134], so the realizable
superdirectivity/supergain is reduced. The ECN for these
modes may also incur greater resistive losses that further
degrade the overall system efficiency.

Compact, superdirective antenna arrays have been exten-
sively studied for more than 80 years [146], [147], [148]
with significant recent interest for direction finding [144],
[149], beamforming [150], [151], [152], MIMO commu-
nication [153], [154], [155], [156], and wireless power
transfer [148]. Some investigations are pessimistic and report
that losses negate the superdirectivity [134], [153], [154],
while others are more promising with acceptable measured
performance in fabricated systems [135], [148], [151], [152],
[156], [157], [158], [159], [160], [161]. Compact array
systems are feasible in practice as long as the number of
antennas is not too large and the spacing is not too small
[146], [147], [161], so careful system design is essential.With
reference to Figure 11, even if the losses with smaller spacing

21972 VOLUME 12, 2024



B. M. Sadler et al.: Low Frequency Multi-Robot Networking

reduce the realized gain to the same level as the larger spacing
(a gain of 3 dB), the ability to achieve this performance at
low frequency with a compact array is important for small
platform applications such as robotics.

Biomimetic antenna arrays (BMAAs) are a class of com-
pact array systems that have been investigated during the past
decade primarily for direction finding [135], [144], [145],
and also for MIMO communications [156]. The ECN in
BMAAs consists of lumped circuit elements or transmission
lines and measurements from several fabricated systems
are reported to agree reasonably well with simulations
assuming lossless antennas and an ECN. A notable first
step in mounting a low frequency compact array on a robot
operating at 40 MHz is described in [162]. An array with two
electrically small antennas was designed with the platform
as part of the radiating structure. The system was fabricated
and experimentally tested without an ECN. Simulations with
an ECN developed for BMAAs show improved impedance
matching and direction finding performance.

The distributed and parasitic arrays discussed in Sec-
tions VIII and IX-A share the same elements as in
Figure 11, so it is instructive to compare them to a compact
array. In a distributed array each antenna is independently
impedance matched to the receiver or generator, and mul-
tiport impedance matching is not possible. Therefore in a
distributed array the antennas should be positioned so that
mutual coupling is minimized, otherwise power loss will
occur from reflections due to the uncompensated coupling.
In a parasitic array with N = 1 active antenna and
P ≥ 1 passive antennas as described in Section IX-A,
the spacing is much larger than a compact array and is
carefully tuned to achieve increased spatial gain [125]. Also,
compared with compact arrays, the bandwidth of distributed
and parasitic arrays is generally greater because the total array
size is typically much larger and they are not operating in an
electrically small regime.

In a multi-agent setting, mounting compact low frequency
arrays on each agent leads to improved sensing and net-
working capabilities relative to an omnidirectional antenna on
each agent. Individual agents can perform direction finding,
and together agents can cooperatively transmit and receive
for increased network throughput and interference rejection.
Combining multiple compact arrays into a larger distributed
array is also an interesting research direction.

General design techniques for electrically small anten-
nas [88] are also applicable to compact arrays, includ-
ing multiport active (non-Foster) impedance matching for
increased bandwidth [163], frequency-tunable ECNs [164],
and metamaterials [165], [166]. These designs could be
coupled with platforms and ECNs for enhanced performance.

X. MULTI-USER CODING & EXPERIMENTATION FOR
AUTONOMOUS AGENT NETWORKING
The use of low frequency for ad hoc multi-user networking
in complex environments has motivated recent advances
in multi-user direct sequence code division multi-access

(DS-CDMA). In this section we describe recent enhanced
variations of multi-user coding schemes that have been
investigated to support CDMA with relaxed synchroniza-
tion, frequency offset, and orthogonality requirements. This
approach to multi-user networking is appealing for mobile
multi-agent autonomous system networking and doesn’t
require fixed infrastructure such as a centralized basestation.
The proposed strategies are of general interest, and their
impact is especially significant when enabling low frequency
ad hoc networking in extreme propagation environments.
These signal designs, combined with low frequency oper-
ation, enable effective near-orthogonal ad hoc networking.
Their use in non-orthogonal networks is considered in
Section XI.

A. QUASI-SYNCHRONOUS MULTI-CARRIER CDMA
In CDMA, the choice of the spreading code deter-
mines many relevant properties of the resulting commu-
nications system [167], [168], [169]. However, classical
spreading codes (e.g., Gold codes) have non-zero cross-
correlations [169], [169], [170], so imperfect synchronization
leads to multi-access interference (MAI), and power mis-
match leads to the near-far problem. The near-far problem is
a vexing challenge for highly flexible autonomous networks
that aim at high mobility and on-the-fly routing decisions,
while maintaining reliable and efficient connectivity. So, the
design of codes that reduce the synchronization requirements
and manage cross-correlation interference is important.

The synchronization requirements can be reduced with
the use of loosely synchronous (LS) codes [171], [172]
to enable quasi-synchronous (QS) multicarrier (MC) DS-
CDMA [173], [174], [175], [176], [177], [178], [179], [180],
[181], [182], [183]. This has two principal advantages. First,
these codes are characterized by a zero cross-correlation
zone (ZCZ) [171], [172], a measure of the extent to which
two nodes can be unsynchronized in time but still retain
perfect code orthogonality. Loosening the time synchroniza-
tion requirement reduces receiver complexity and network
coordination costs, and perfect orthogonality eliminates,
in principle, MAI and thus the need for power control.
Second, the use of multiple carriers enables extension of the
time duration of the ZCZ, thereby further relaxing the time
synchronization requirement in proportion to the number of
subcarriers.

However, frequency offset between nodes causes a loss
of code orthogonality and the problem becomes worse
when using multiple carriers in MC-CDMA [182], [183],
[184]. In practice time and frequency may be controlled
by a common clock, so that a node that is coarsely time
synchronized will also be coarsely frequency synchronized.
The presence of frequency offset in LS codes is an important
and relatively less studied design consideration.

A well-known and nearly optimal (in the sense of the
number of spreading codes generated) construction technique
for a ZCZ code family is based on the concatenation of several
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constituent complementary sequences and their mates, each
of which is multiplied by the entries of a Hadamard matrix.
This procedure gives rise to a large number of ZCZ code
families, with each family parameterized by a choice of the
complementary sequence pair and Hadamard matrix used.
While the resulting code families have identical properties
in time (e.g., the existence of a ZCZ over which ideal
auto-correlation and cross-correlation properties hold), each
has different performancewith respect to frequency offset and
some families are more sensitive to frequency-offset induced
orthogonality loss than others.

Motivated by low frequency CDMA, a comprehensive
numerical search was conducted over a large collec-
tion of ZCZ code families that examined the best- and
worst-achievable performance in terms of frequency-offset
induced orthogonality loss. These codes were studied for QS
multi-user networking applications at low VHF, including
simulations and experiments on software-defined radios that
have non-trivial frequency offsets [185], [186].

B. QS-MC-CDMA INDOOR/OUTDOOR EXPERIMENTS
WITH LOOSELY SYNCHRONIZED CODES
Adopting multiple carriers extends the symbol time and so it
also extends the time duration of a ZCZ, thereby relaxing the
overall CDMA time synchronization requirement for mobile
autonomous agents. However, MC-CDMA is more suscepti-
ble to frequency synchronization errors at the receiver than
a single-carrier system. The time/frequency synchronization
tradeoff for multi-carrier networks employing ZCZ codes is
studied experimentally in [185], through software defined
radio (SDR) experiments at low frequency, with low power
transmission in densely cluttered environments. This work
highlights the promise of QS-MC-CDMA signaling to enable
low frequency multi-user communications. Experiments
showed excellent interference rejection properties in scenar-
ios involving i) coarse time and frequency synchronization,
ii) near-far scenarios, and iii) non-integer chip delays. Longer
codes are less susceptible to timing uncertainty due to a
larger ZCZ, while they are more susceptible to frequency
offset uncertainty since the accumulated phase will degrade
the receiver detection performance and LS code multi-
access interference suppression. Low VHF experiments
demonstrated that varying the ZCZ size and code length
enables a flexible tradeoff between time and frequency
synchronization requirements.

QS-DS-CDMA SDR experiments studied ZCZ perfor-
mance in and around a large five story building, including
constellations up to 256-QAM [186]. The SDR testbed in
Figure 12 enabled software control of the signals and system
parameters, and cabling was used to vary the physical spacing
of the two transmit antennas. Low VHF short (λ/6) dipole
antennas were used with center frequency of 40 MHz and
3 dB impedance bandwith of 3 MHz. Various levels of
imperfections were under software control including syn-
chronization, frequency offset and power mismatch between
users.

FIGURE 12. ZCZ experimental testbed configuration, with two transmit
and one receive USRP SDR. The Tx USRPs are wired to enable
programmable offsets, and the Tx antennas are spread using lengthy RF
cables. From [186]. 
2017 IEEE.

FIGURE 13. ZCZ experimental measurements were carried out in and
around a large, highly cluttered five story building with extensive metal
partitions and reinforcements. The building is shown in gray, with
outdoors and courtyard show in white. NLOS indoor/outdoor and
through-building cases were studied. From [186]. 
2017 IEEE.

Figure 13 depicts the building used for experiments and
in- and thru-building test points. Figure 14 shows a through-
building SINR for one of two co-channel users. The results
demonstrate low MAI with inter-user time offset within the
ZCZ, and limited degradation outside the ZCZ. Figure 15
shows experimental 256-QAM constellation diagrams for an
in-building NLOS experiment, plotted for varying time-delay
offsets between the two users. A simple correlator receiver
was used, matched to the user of interest. Increasing MAI is
evident as the inter-user time delay increases beyond the ZCZ.

The effect of frequency offset was also studied experimen-
tally (see Figure 16), and shown to have relatively minor
impact for the scenarios considered with inter-user frequency
offsets of 10’s of Hz.

XI. NON-ORTHOGONAL MULTI-AGENT NETWORKING
The multi-user codes described in Section X are not only
well suited for low frequency CDMA applications, but also
for scalable non-orthogonal ad hoc networking. Increasing
the number of agents in an ad hoc CDMA network leads
to difficulties in orthogonal code allocation and network
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FIGURE 14. ZCZ SDR experimental result: The SINR measured for the user
of interest (transmitter 2) vs delay in chips (6.4µ secs) for 16-QAM and
64-QAM. Transmitter 2 and transmitter 1 were located at P6 and P8,
respectively, and the receiver is positioned at P9 (see Figure 13).
From [186]. 
2017 IEEE.

FIGURE 15. ZCZ experiment: The constellation diagram for a 256-QAM
versus inter-user delays within and outside of the ZCZ. The experiment is
carried out in a scenario where transmitter 2 and user 1 are located at
P15 and P11, respectively (see Figure 13 ). The constellations are much
tighter for delays within the ZCZ compared to those outside ZCZ since
interference rejection is very high when the relative delays are within the
ZCZ. The computed SINR for delays within ZCZ is 51 dB. At delay 5 and
9 chips, the SINRs are 31 and 27 dB, respectively. From [186]. 
2017 IEEE.

coordination for synchronization and interference manage-
ment. The difficulty is exacerbated with mobile autonomous
agents and may lead to a coordination overhead that impedes
fast and flexible network deployment for required commu-
nication rates. Removing the requirement of orthogonality

FIGURE 16. ZCZ experiment: The measured and theoretical SINR for the
user of interest varies within 4 dB for frequency offsets up to 100 Hz,
while continuing to degrade for higher frequency offsets. The
experimental scenario is the same as in Figure 15. From [186]. 
2017 IEEE.

leads to the study of low frequency non-orthogonal multiple
access (NOMA) networking, the topic of this section.

A. NON-ORTHOGONAL AUTONOMOUS NETWORKING
WITH WBE ACHIEVING CODES
As the number of agents in a CDMA network rises it
can become overloaded, so that code orthogonality is not
achievable even under ideal synchronized conditions. When
using multi-carrier modulation, low frequency channels may
exhibit low variation in the per-carrier phase response, and
this can be exploited to relax the inter-user time synchrony
requirements of an overloaded (i.e., non-orthogonal) MC-
CDMA network.

Theorem 1 in [187] provides a bound on code
cross-correlation that is a function of the number of users,
sequence length, the maximum inter-user delay and the
maximum per-carrier channel response variation. It is shown
that any Welch-Bound Equality (WBE) achieving code (e.g.,
see [188], [189]) will obey the bound [187]. This enables a
tradeoff analysis between user overload in non-orthogonal
multiple access (NOMA, e.g., see [190], [191], [192]),
inter-user delay, phase variation, user activity and the
required signal-to-interference (SIR) decoding threshold,
for a given MC-CDMA network topology. For low-VHF
and other propagation channels where the variation in
the phase and amplitude response can be neglected, the
relationship between maximum inter-user delay and the
required SIR performance threshold is characterized, and
it is demonstrated that by searching over large families of
Walsh-Hadamard codes, one can improve the L1 interference
norm significantly [187]. FDTD-based low-VHF numerical
propagation modeling through buildings provides evidence
that the amplitude and phase channel-variation can be
very limited, so that appropriate code choice can relax
synchronization requirements.

VOLUME 12, 2024 21975



B. M. Sadler et al.: Low Frequency Multi-Robot Networking

B. SCALABLE SPORADIC NON-ORTHOGONAL MAC [193]
Supporting networks with a large number of nodes in
infrastructure-poor and complex propagation environments
is an important challenge for multi-agent autonomous
systems applications. A major problem when using classical
approaches, such as code division multiple access (CDMA),
is maintaining inter-link coordination while mitigating
multi-user interference (MUI). Sporadic channel access
allows one to capitalize on random code reuse and enable
efficient non-orthogonal medium access [190], [191], [192].
This approach is appealing for low frequency operation
with superior penetration, reduced multipath, and increased
channel coherence time for near-ground communications and
in complex environments [83], [185], [186]. The advent of
miniature low frequency antennas enables practical device
to device (D2D) applications, including small autonomous
agents with limited power budget [194], [195], [196].
In [193], the authors develop a scalable sporadic

MAC for low-frequency ad-hoc networking, incorporating
shift-orthogonal coding and weak network synchronization
(see Section X). Various levels of code reuse, synchronization
and coordination are considered. Of particular interest is a
purely random (uncoordinated) spreading code assignment.
The results illustrate good performance of a scalable
medium access scheme. The study uses accurate full-wave
electromagnetic simulations based on high fidelity RF
propagation modeling of a low-VHF 3-D building model,
as shown in Figure 17. This channel modeling approach
captures signal variation in terms of both amplitude and
phase within a desired bandwidth (see Section IV). This
environment provides a backdrop for realistic analysis of
large-scale sparse D2D networking simulations.

The study employs a quasi-synchronous code-division
multiple-access scheme that enables significantly reduced
synchronization requirements, and together with the spo-
radicity in network activity mitigates the inter-link inter-
ference and the near-far problem. The code assignment
and reuse strategies allow the network to scale while
maintaining acceptable performance. An instantiation of the
proposed approach with low power (10s of mWs), coarse
time synchronization requirement (20 µsecs), and sporadic
communications among users performs well. The network
traffic was simulated from the perspective of a receiver trying
to decode a randomly selected user of interest, where other
users are treated as interference. Medium access was based
on a slotted transmission approachwith CDMAmultiplexing.

Simulation results in the building environment of Figure 17
are shown in Figures 18 and 19. Figure 18 (top) shows packet
error rate versus probability of transmission for different
reuse factor ρ. Figure 18 (bottom) illustrates three different
levels of synchrony, where a loosely synchronous MAC
maintains good performance within the zero-correlation zone
(‘‘Within Z’’). Figure 19 considers code reuse protocols,
illustrating how random reuse and round robin schemes per-
form well with maximum delays within the zero-correlation
zone of the code family. The results suggest that code reuse,

FIGURE 17. Building model for low-VHF sporadic MAC study, from [193],

2018 IEEE. (a) Five story 3-D building model, (b) building single floor, top
view. In (b), the ceiling and floors are not shown for ease of visualization.
(c) Example of signal coverage with nodes randomly placed within grid of
sub-regions.

FIGURE 18. Low-VHF sporadic MAC study, from [193]. Packet error rate vs
transmission probability (a) for different reuse factors ρ, and (b) three
levels of synchrony. Loosely synchronous CDMA within the
zero-correlation zone performs well.

even with random reuse strategies, can augment the pool of
available CDMA codes in sporadic and loosely synchronous
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FIGURE 19. a) Rate of packet error curve vs probability of transmission for
different values of communication sporadicity ρ, using the results from
FDTD simulation. The synchrony level was fixed at τ = 10 chips; channel
effects included. b) Rate of packet error vs probability of transmission for
different levels of synchrony at ρ = 16. From [193]. 
2018 IEEE.

D2D low frequency networking environments with tolerable
effects on packet error rate.

XII. CONCLUSION
Multi-agent autonomous systems are rapidly maturing and
being applied in a variety of important cases, and reliable
networking is key to their collaborative success. However,
multi-robot wireless networking is very challenging, espe-
cially in complex environments. These challenges require
autonomous systems to adapt to changing and difficult
conditions with uncertain networking [5].

We have described many recent combined advances
on the use of low frequency in support of mobile
autonomous systems, especially collaborative autonomy in
dense urban and indoor/outdoor scenarios. Topics included
low frequency propagation modeling, networking, minia-
ture sub-wavelength antennas and electromagnetics for
mutually coupled antenna arrays, geolocation techniques,
multi-antenna array distributed beamforming, and mobile
collaborative processing. These advances generally exploit
the low frequency propagation and tightly couple with
autonomous networking and distributed processing goals.

A. CHALLENGES AND LIMITATIONS
The use of low frequency in a decentralized setting
requires careful attention to multi-access and other forms of
co-channel interference. The enhanced propagation in com-
plex environments is very desirable, yet also can lead
to more mutual interference between users when there
is no centralized network management to maintain user
orthogonality. The advances in multi-user coding and channel
access described in Sections X andXI present some important
techniques that address the multi-access problem. Using
adaptive power control and other cognitive networking
techniques would likely be highly beneficial, including co-
channel interference rejection techniques. The propagation
can change significantly between indoor or outdoor and
as elevation increases, underlining the need for power

control mechanisms that adapt to mobility. Low frequency
communications standards often require very narrowband
channels, and minimizing neighboring channel interference
is also important to consider.

As is common for wireless radio, propagation channel
modeling depends on the environment. For low frequency,
the Rician model appears to be reasonably general. How-
ever, modeling the penetration into buildings may require
numerical studies and experiments; see the summary review
in Section IV-F.
Employing low frequency on small platforms leads to

the need for electrically small antennas, and small arrays.
Electrically small antennas have been extensively studied,
and Section VI provides an overview and links to the
literature. Electromagnetic coupling and platform integration
are important issues that complicate the use of low frequency
for robotics, as dicussed in Section VI. The electromagnetic
coupling between closely spaced antenna elements is a classic
problem, and recent research on exploiting the coupling in
very small baseline arrays described in Section IX presents
new techniques that appear promising for low frequency
applications. More research and experiments are needed to
mature these ideas and put these into practice.

B. OPPORTUNITIES
The use of low frequency necessarily comes with signal
bandwidth limitations. Nevertheless, reliable low bandwidth
networking can provide a distributed control backbone,
support geolocation and collaborative reasoning, and provide
a human-machine interface from a distance. As autonomous
systems science progresses, it is likely that communications
requirements will be reduced as individual agents become
more capable, so that persistent low bandwidth connectivity
may be sufficient for many distributed control scenarios.

Low frequency ad hoc networking can support adap-
tive and opportunistic collaborative autonomy. For many
applications, advanced forms of reasoning using artificial
intelligence are leading to highly compressed and specific
information representations that may be shared intermit-
tently, without the need for persistent high bandwidth
communications. Advances in multi-user networking and
cognitive radio have been shown to be effective for low
frequency channels, and these methods generally have low
computational requirements that benefit from the propagation
channels and the narrow signal bandwidths. Coupled with
intelligent group mobility, these techniques offer new means
for supporting collaborative autonomous systems that will be
used for critical applications such as disaster response and
public safety.

Commercial wireless systems are progressing to interop-
erability and internetworking, such as the combination of
cellular, WiFi, and Bluetooth in mobile devices. Public safety
networks are also progressing to interoperability with cellular
systems (see Section III). In addition, optical and mmWave
communications are rapidly maturing and mmWave is being
studied extensively for potential integration into 6G cellular
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networks. These trends highlight the benefit of multi-
radio integration, combining the strengths of each to result
in a significantly enhanced overall network for various
applications.

Low frequency, with efficient small antennas and soft-
ware defined cognitive functions, can complement existing
medium and higher frequency technologies [197]. A multi-
radio system solution including low, medium, and high
frequency is appealing for mobile autonomous agents that
combines:

• High-frequency high-bandwith, such as optical and
mmWave, provide very high bandwidth links and use
spatial beamsteering for directionality. Agents may
move to achieve line-of-sight links as desired or exploit
them opportunistically.

• Medium-frequency medium-bandwidth, such as cel-
lular and WiFi, provide MHz of bandwidth when
channel conditions are favorable. This may be through
conventional cellular and WiFi infrastructure, or ad hoc
connectivity.

• Low-frequency low-bandwidth, as described in this
paper, could provide a low bandwidth ad hoc backbone
that persists and operates in complex environments.

Several experimental studies described in this article
used autonomous mobility and sampling to rapidly and
efficiently collect large data sets. Exploration can be
intelligently guided by maximizing an information-based
criteria [198]. This enables multiple agents to collaborate in a
variety of ways, including real-time communications network
characterization and collaborative localization. Autonomous
data collection can be used for learning an environment,
combining different frequencies for communications, finding
a radio source (such as for search and rescue), using mobility
to ensure a desired network topology, and in a variety of other
ways to support multi-agent autonomy.

Several promising areas have not yet been fully explored
for low frequency application, including the following.

• Sensing-based dynamic spectrum access (e.g.,
see [199]), coupled with multi-user coding and non-
orthogonal multi-access (NOMA), could be an effective
method for adaptation without a high degree of
synchronization. Many cognitive methods are now
available for inferring spectrum occupancy in a broad
time-frequency-space perspective [49].

• Full duplex communications appear very promising for
narrow band low frequency use. Here, three critical
parameters are relaxed in comparison to implementing
full duplex at higher frequencies: power, bandwidth,
and delay spread [200], [201], [202]. When increased,
all three of these stress full duplex solutions, and the
relatively low values for all of them in short range
low frequency applications simplifies the technology
challenges for low frequency adoption.

• Learning-based channel modeling and prediction
techniques could be beneficial and provide environment

adaptation, perhaps learning from both numerical
models and physical measurements. The full-wave
numerical methods are computationally expensive, and
this motivates learners that approximate or extrapolate
from examples to a broader range of applicability and
less dependence on specific environments.

The merging of cognitive networking and autonomous
systems will support increasingly sophisticated autonomous
behaviors in challenging environments. As the modern
tools and techniques continue to emerge and mature, the
potential for new applications and use of low frequency
communications will be further revealed.
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