IEEE Access

Multidisciplinary : Rapid Review : Open Access Journal

Received 16 December 2023, accepted 11 January 2024, date of publication 16 January 2024, date of current version 29 January 2024.

Digital Object Identifier 10.1109/ACCESS.2024.3354823

== RESEARCH ARTICLE

Circular Pythagorean Fuzzy Hamacher Aggregation
Operators With Application in the Assessment
of Goldmines

ZEESHAN ALI" AND MIIN-SHEN YANG 2

lDepartment of Mathematics and Statistics, Riphah International University, Islamabad 46000, Pakistan
2Department of Applied Mathematics, Chung Yuan Christian University, Chungli, Taoyuan 32023, Taiwan

Corresponding author: Miin-Shen Yang (msyang@cycu.edu.tw)

This work was supported in part by the National Science and Technology Council, Taiwan, under Grant NSTC 112-2118-M-033-004.

ABSTRACT The circular Pythagorean fuzzy (Cir-PyF) sets (Cir-PyFSs) not only contain the membership
and non-membership grades, but also have the radius around the circle of each element. Cir-PyFSs can cope
with many real-life problems. In this paper, we consider the Hamacher t-norm and t-conorm operational
laws for any two Cir-PyF numbers (Cir-PyFNs) and describe their exceptional cases such as algebraic
and Einstein operational laws. Furthermore, the Cir-PyF Hamacher averaging (Cir-PyFHA) operator, Cir-
PyF Hamacher ordered averaging (Cir-PyFHOA) operator, Cir-PyF Hamacher geometric (Cir-PyFHG)
operator, and Cir-PyF Hamacher ordered geometric (Cir-PyFHOG) operator are proposed. Some properties
and theorems for the above operators are also discussed in detail. Moreover, to select the simplest and
best procedure for evaluating the source of gold in mines, we illustrate the application of the multi-
attribute decision-making (MADM) technique based on the derived operators. Finally, we demonstrate some
examples for comparing the proposed operators with some existing methods to expand the attraction of the
proposed way.

INDEX TERMS Fuzzy sets, circular Pythagorean fuzzy sets, Hamacher aggregation operators, decision-

making problem, assessment of goldmines.

I. INTRODUCTION

In our genuine life problems, we continuously face distinct
types of decision-making problems, where our basic and
initial focus is to learn how to make a better decision.
So multi-attribute decision-making (MADM) becomes an
important procedure in the decision sciences. However, there
always exist ambiguity and uncertainty in our life issues in
which we cannot make decisions by only using crisp data.
To treat such issues, Zadeh [1] developed a novel theory
of fuzzy sets (FSs) where FSs have a truth grade whose
range is a unit interval, and had been applied in various areas
for handling uncertainty arising from ambiguity and partial
belongingness [2], [3], [4], [5]. During an election in any
country, many people have noticed that some people have put
their vote in favor of some candidates, some people have cast
their vote against some candidates, some people have refused
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their vote, or some people have not shown has presence in the
election because of some problems. In this case, many people
have observed that the FSs theory is not enough for evaluating
some awkward and unreliable problems, because FSs have
only one grade. However, for most of these problems, we face
positive, negative, and refusal responses, which is a very
complicated problem and FSs cannot cope them. For this,
Atanassov [5], [6] discovered the intuitionistic FSs (IFSs).
IFSs fully fit the criteria of the above problems and the
theory of IFSs is very suitable for evaluating or addressing
the above dilemma, because IFSs have two grades, called
truth “Te,. () and falsity “Fe, (x)” with 0<T¢, (x) +
Fer (x) <1. IFSs have various applications because the
mathematical form of IFSs is strong and reliable due to their
condition [7], [8], [9], [10].

Although IFSs have many applications, but the condition
of IFSs with 0<T¢, (x) + Fc, (x) <1 is failed when we
have T¢, (x) = 0.6 and F¢. (x) = 0.7,1e. 0.6 + 0.7 =
1.3£[0, 1]. Because of the above problem, many scholars
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had avoided using it for addressing awkward and unreliable
problems. Yager and Abbasov [11] exposed Pythagorean
FSs (PyFSs), where PyFSs have the same structure as IFSs,
but changed its condition with Os'ﬂ‘éf (x) + Fgf (») <.
PyFSs become the extensions of FSs and IFSs with various
applications, such as [12], [13], and [14]. These different
types of FSs extensions had taken the truth and falsity
grades, but they avoided the angle between truth and falsity
grades. For this, Atanassov [15] exposed a novel extension
of IFSs, called circular IFSs (Cir-IFSs) in which Cir-IFSs
not only cover the truth and falsity grades, but also a radius
around the circle of each element. These Cir-IFSs had gotten
more applications, such as [16], [17], and [18]. Additionally,
Bozyigit et al. [19] gave the extension of Cir-IFSs to circular
PyFSs (Cir-PyFSs) in which Cir-PyFSs contain the truth
and falsity grades with radius, but replace the condition of
0=<Tc (x) +Fc, (x) <1 with the condition of OfTéf (x)+
Fe, (x) <I.

Hamacher [20] exposed the novel theory of Hamacher
norms by including a parameter in the modified version of
algebraic norms, where the algebraic norms and Einstein
norms are the subparts of the Hamacher norms. Huang [21]
considered aggregation operators (AOs) for IFSs based
on Hamacher norms. Garg [22] gave Hamacher AOs for
IFSs with entropy weight, Wu and Wei [23] addressed the
Hamacher AOs for PyFSs, and Ozer [24] gave Hamacher
prioritized AOs for complex picture FSs. The idea of
Cir-PyFSs was recently developed by Bozyigit et al. [19]
in 2023, and no one had evaluated any kind of operators,
methods, or measures based on Cir-PyFSs, but only was
considered by Alsattar et al. [25] in developing sustainable
smart living framework by the three-way decision-based
conditional probabilities in Cir-PyFSs. In this paper, we focus
on this new developed Cir-PyFSs, and give their Hamacher
AOs with properties and applied them in the assessment of
goldmines. Thus, the major contributions of this paper are
listed as follows:

1) To determine the Hamacher operational laws for any
two Cir-PyFSs and describe their exceptional cases like
algebraic and Einstein operational laws.

2) To derive the Cir-PyF Hamacher averaging (Cir-
PyFHA), Cir-PyF Hamacher ordered averaging
(Cir-PyFHOA), Cir-PyF Hamacher geometric (Cir-
PyFHG), and Cir-PyF Hamacher ordered geometric
(Cir-PyFHOG) operators the Cir-PyFHA operator.

3) To discuss the properties of the proposed operators on
Cir-PyFSs.

4) To select the best and simplest procedure for evaluating
the source of gold in mines, we construct the MADM
technique based on the derived operators.

5) To demonstrate some examples for comparing the
derived operators with some existing operators.

This paper is arranged as follows. In Section II,
we discuss the Cir-PyFSs and their operational laws with
Hamacher t-norm and t-conorm. In Section III, we give
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the Hamacher operational laws for any two Cir-PyFNs
and describe their exceptional cases like algebraic and
Einstein operational laws. Furthermore, the Cir-PyFHA,
Cir-PyFHOA, Cir-PyFHG, and Cir-PyFHOG operators are
proposed. Additionally, some properties and unique cases for
the above operators are also discussed in detail. In Section IV,
we illustrate the MADM technique based on the derived
operators and then applied it in selecting the best and
simplest procedure for evaluating the source of gold in mines.
In Section V, we demonstrate some examples for comparing
the invented operators with some existing operators to expand
the attraction of the proposed operators. Some concluding
remarks are stated in Section VL.

Il. PRELIMANARIES
This section briefly explains one of important ideas, such
as circular Pythagorean fuzzysets (Cir-PyFSs) and their
operational laws. Further, we state the basic idea of Hamacher
t-norm and t-conorm.

Definition 1: [19] Let xbe a universal set. The Cir-PyFS
Cr is defined as:

Cr={(Tcy (©),Fey (), Rep () 1 x€X)

where Og’]l%f (x) + Fgf (z) <1 in which the term T¢ . (x)
represents the truth grade, Fe, (x) represents the falsity
grade, and Re, (x) states the radius around the cir-
cle of each element. Furthermore, the relfusal grade is

defined as ‘3 =(1 - (T%F (x) + Iﬁ%f (x))) ’
Pythagorean fuzzy number (Cir-PyFN) is expressed with
i (Y v j -
= (Th, Fop B ) =122
Definition 2:  [19] Let C = gqrfcf, F, R, ).
j =1, 2 be any two Cir-PyFNs. Then, the following operators
are defined as shown in the equation at the bottom of the next

page. , S
Definition 3: [19] Let = (T}, FL R, ).,

and a circular

Jj =1, 2 be any two Cir-PyFNs. Then, the score value S (C/]_-)

and accuracy value H (C]]_-) are defined as:
5 (¢8) = ()"~ (¢,)") #retn

, N N ;
) — Y J
1 (Sr) = ((tt,) + (<%,)) R e0m.
The score and accuracy values with great rules have that,
if S (CL) > S(C%), then Ck- > C%; If H (Ck) > H (C%)
F F) F = bFE F F)
then C > C%-. ‘

Definition 4. [20] Let C’z€[0,1],j = 1,2 be any two
non-negative integers. Then, Hamacher t-norm and t-conorm
for #% > 0 are defined as:

1 2
_ Cr*Cx )
75+ (1 —05) (Ch-+Cx —ClL+C%)’
1 2 _pl 2 ) o] 2
DTCN(Cl o2 ) _ Cr+Cr—CrxCr— (1—95) *CrxCr
FLF)= o2
1= (=) (CrC%)

DTN (Ck. %)
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Thus, for #{ = 1,2, we can easily derive the algebraic and
Einstein norms, respectively.

Ill. HAMACHER AOs FOR CIR-PyFSs
In this section, we evaluate the following operators, Cir-
PyF Hamacher averaging (Cir-PyFHA), Cir-PyF Hamacher
ordered averaging (Cir-PyFHOA), Cir-PyF Hamacher geo-
metric (Cir-PyFHG), and Cir-PyF Hamacher ordered geomet-
ric (Cir-PyFHOG) operators, based on Hamacher operational
laws for Cir-PyFSs. Further, we discuss three basic properties
of the above operators. From now on, we consider the
collection of Cir-PyFNs with ¢ = (T]Cf’ F]Cf’
1,2,...,2

Definition 5: The following Hamacher operational laws
are defined, as shown in the equation at the bottom of
pages 4 and 5.

Definition 6: The Cir-PyFHAoperators are defined as:

R’CF) =

= uyl'NC}:@TNu%NC%:@TN . GBTNUZZ"NC?F
=@ (UJTNCJI) ;

= Uren Cr@renUioyCEOTen - - - ®1enUs ey Cor
= ®reNi (UJTCNCJI) :

Further, for more simplification, we consider the weight
vector Uy € [0, 1] with D5 Uy, = 1.

Theorem 1: For evaluating the operators defined in Def-
inition 6, we obtain Cir_PyFHA7y (C}_- C%-, e CZ}-) and
Cir_PyFHATcN (le, C;C, ...,C%) for Cir-PyFSs as fol-
lows, as shown in the equation at the bottom of page 6.

Proof: With the help of mathematical induction, we can
prove it. First, we set z = 2. Then, as shown in the equation
at the bottom of page 6. and

UpnCx
(o)) ™ (-(,)) "
(1+(®g—1)(T%f)Z)U%N+(@§_1)(1—(Téf)2)u%w
@) (52, ) P
(s (e2,) Mo () ™)
(1+(V)il—1)(RéF)Z)M%N—(l—(RéFY)M%N 1

(““(‘”i—l)(R?zf)z)u%NJr(ﬂi—l)(1—(Réf)2)u%N

Bl—

Thus, as shown in the equation at the bottom of page 7.

2 2 2 2\ 2 (Rl )2+(R2 )2
Cramc = | (1) + (12,) = (1) (12,)°) " (k) = (52,) . (V) SRl ) |

(ST

B (Rcf) 2 (RCF) 2

CLdrenCy = (((Téf)z +(12,) - (Téf)z(ﬂréf)z){ (7e,) = (%2,) (e,) - (R%;));

Chamch = ((wcf) o (12,).

. (Téf)z)um)z’ (ngf)”;”,(l ~ (1 ~ (Réf)Z)u;N)z |

Uren 1 \Hrew
) (me) )

(L) () - (1) 62)) () (2,)):
(Tlcf)*(Téf)v((F]cf)z-l-(F%F)z—(ﬂ?lcf)z(lﬁ‘%?)z)é, (=) (22,)) ).

- (Réf) (R%f)z

C}_—@TCNC;: =
1
U Clr = (1 - (
coul
Us oy Cle = (1 - (1 - (TICI)Z)MTCN)z, (]F‘cf
@) = ()™ (= (=) ") ) ™)
(C}:)L{%N _ (Téf) T
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Further, we assume that it is also held for z = ¢, thus, as
shown in the equation at the bottom of page 8.

Finally, we evaluate that it should be also hold for z =
q + 1. We have that, as shown in the equation at the bottom
of page 9.

The required target is hold. After following the same
procedure, we can easily derive the below theory, such as,
as shown in the equation at the bottom of page 10.

Thus, this proves the theorem. [

Further, we simplify the basic properties of the above
procedures.

Property 1: When Cox = Cr = (T¢r.Fer.Rey) . j
1,2, ..., z,then we have Cir_PyFHATyN (C}-, C%_-,. .. ,C;-
Cr and Cir_PyFHA1cN (C), C, ..., C5) =CrF.

Proof: We know that Cz = Cr = (T¢,. Fer. Rey) .
j=1,2,...,zthus, as shown in the equation at the bottom of
page 11. We evaluate the same procedure and to have the fol-
lowing ideas, such as Cir_PyFHArcy (C }_—, C;_- Cé_—)

Cr.O ‘ ' ' ' A
Property 2: When C/}- (T/Cf’FJC;’R/Cf) SCQ
(TJC#, IFJC#, R’c#), then we have Cir_PyFHA7n (C}__, C%__

.....

.....

.....

) +(7,) - (L)

2*(Té}_)2—(1—m3})*(11“cf)2*(

(C}' a CJ-')Z 7’
1_(1_@5)((%)2*(%)2)
(e )+ (72,)
C}_—GBTNC_%:= _ , U2 (o N2 for N2 (o \2 3’
(QH(l_Wf)((Fcf) +(]FC}') _(]FC}') *(]FC}') )) |
(R}:}_)2+(Ré}_)27(RIC}_) *(R%f):f(l7@2*(@0?)2*(1&%?)2 2
e () )
1
(TIC}')2+(Té}')2_(Tlcf)2*(Té}'>2_(1_mf’)*(Tle)z*(Té}')z 2
1_(1_@?((1‘1;]-'()2*(1;%7)2)
FL _)*(F%
C}:@TCNC;: (@S+1 (e ) fz 2f 1 LA
(1= C)((]FC}") +(]FC}') _(]FC}') *(]FC}") ))
(2, )(2,)
T
(s () (72,) () 4 (2,.)7))
(7e) ()
(@Ho—wz»((T‘cf)ﬁZréf)zf(wef)z*(ﬂr%f)z))5 |
1
o — ((%) %)2—<wcf>ZE%>j—o—wz33(wef)%<wzf>2 |
== ((FL,) (72 )
(e, ) (R
! , L\2 72 2]: N2 (s N2 3
(0 +(17®&)((RC}‘) +(RC}') 7(RC}') *<RC]-‘) ))
()7 )
(s ((ne,) o2 ~(00,) 4 (2,))
1 2 5 2_ 1 2>‘< 2 2_ Ve 1 2* 2 2 2
C}-‘@TCNC;:: <(]F0f) +(1FCJE) ) gc;))(((]?f))z (;12 Q;E)(FC ) (Fcf) ) ;
TV e cr) *Fex
1
(Rlcf)er(Réf) (]RIC}')2*(R%f)27(17@i)*(R}3}')2*<R%}‘)2 2
oo () (52,))
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C%) <Cir_PyFHA7y (Cy.Cj, ..
CL.C%, ...
J J
| PréOf. We know that '~ = (TC;
)
(TC#’ ]FC#’ R]C

.,C3) and Cir_PyFHA7cy
, C5 )=Cir PyFHATCN (C#, Cﬁ, ..
J
’ FC]_.

J v oo J
,)- Thus T;_ <Tf, . Fp =F(, and Ry <R
Then, as shown in the equation at the bottom of page 12.

L Ch).
) <C’ =

bottom of page 12.
R’

Additionally, we have, as shown in the equation at the

Finally, we evaluate the radius, such as, as shown in the
equation at the bottom of page 12.

After evaluating the above inequality, we can easily
derive our required result based on the score values,

U%Nclf =

s 1
UrenCr =

(e)™

(le)u%av

13074

(H(@zfl)(T‘cf)z)u%N—(p(nrlcf)z)u%”
(1+(Mg—1)(1ré )Z)M%N+(@S_l)(1_(Téf)2)“%1v

o )1/2 (]Fl )“TN

)2))M%N+(wg—1)((wl
(4,)) " (- (et)
)

1+((/JS 1)(

1+~ 1)

T

1 2
CF
p. 1)(1 (
1) Tc )Z)U%N_(l_(TIC]: z)u%zv
)2) i +(— 1)S1 (Tt )

) Po(EL, )™

1+(w D (R )2)

1+(W 1)

)
1
)

1+(5— 1)

)2))M%N+(@f,-*1)((Flc

o )1/2 ( 1f)“%1v

")

)umw )2
RIC]:)2) N

) )“nv)

)Z)M%N)%

1+(w: 1)

-
-
(
(

))) e (e ) )

(wz:)'”*(ﬂréf)“%”

1
2

( - (1-(r

1+(W D (L )2) s (- 1)( () )M%N

@)+ (r,) ™

() (1))

’

1+(05— 1)

R} )2))%+(@z.71)((Rlcf)2)M%N)

@ )1/2 (’]I‘] )M;N

1
2

1+((AS 1)

( 1+@-1) (FL )2)M%N—(1—(FEI)Z)M%N i
(
(

(7)) TN+(wz—1)((Téf)2)u%N)
1+ 1><Fcf>)

(1+(®z—1)(pgjf 2)“” o 1)( )
(”(“*”@‘cff)um-(1—(Rlcf)2)u;”

ot o T

Bl

N’ Y

3
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such as, Cir_PyFHA7y (Cf. C%. ..
(C#, Cﬁ, o Cé) . We evaluate

., Cjn_-) <Cir_PyFHA7N and
the same procedure

and try to evaluate the following ideas, such as C+ = (maxj TC , min; IFC , Max; R]C ) )
Cir_PyFHA7cy cL cZ,...,C%) <Cir_PyFHArcy
(C#, Cﬁ, ey C;) .0 ( e ]:) C;’:TCN = (max] TC » min; IFC , min; R]C ) ’

Property 3: When

C;-TN = (mlnj TC ,maxj]FC ,manR]

Cfmv = (mlnj TC ,maxj]FC ,max]R]

we have Cr <Cir_PyFHA7y (Cy,C%,...,C5) <Cx

Fin
- ; 1 2 +
and Cy.  <Cir_PyFHArcy (C, C%, ..., C5) <Cx -
C ) ’ Proof: To choose the information in Property 1 and
' ) Property 2, we have Cir_PyFHA7y (ler, C;_-,.. C;_-) <
C
Cir_PyFHAqy (CH.C*%.....CY5) = Cf, and

Cir_PyFHAp (Cl. C. ...

Cir_PyFHAzcy (C. C ..

) =

) =

[Tt (1+(@21)(T’¢f)%)%Nn;=1 (I(T’éf)z)%N

@) AL (2,) ™

(et )™ )™

M, (- (=% )2))%%@2—1)1151((Féf)2)wﬁv>

1_'_(@ —l)(R’ )2) TN_'_(%_]) T, (1—(R2F)2)UJTN

N7
s\ /212 TCN
() P =1 (]chf)

1+(W (., )2) TCN+(”5—1)H(Z':‘ (1_(%?)2)”%

( 1+(Q)‘ 1)(,]1./ )%)%CNnj;:l (I(TJICF)Z)MI}CN

(@i)l/z*rl;:l (ch}—)u;‘CN

(H (14— 1) ( )2))%CN+(@5—1)H;71 ((Féf)z)w

TCN )

(n L (oo (cf)z))%c”ﬂwz—l)n;l ((=,))

j 2
TCN )

M;Nclf =

VOLUME 12, 2024

(1+(wg—1)(T1cF)2)M}N —(1—(TICF)Z)M}N
(1+(w§—1)(Téf)z)u}N“m_l)(1_(%?)2)%
()t ) "
() (1))
(1+(@§_1)(R1CF>2)“}N_(1_(R(1:F)2)M}N 1
(1+(wf.—1)(R‘cf)z)M}N+(“5‘l)(1_(R]Cf)2)u}N

|
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Cir_PyFHA7y (Ck.C%, ..., C%) >Cir_PyFHAy
(c=F.C % C5) = C5,, Thus,Cy, <Cir_PyFHA7y
(C }_— C;_-, ey Cé_-) SC;'_-TN. We evaluate the same procedure
to evaluate the following result C}TCN <Cir_PyFHArcNn
(cL.ci,....ck)=<Ck .0

TCN

Definition 7: The Cir-PyFHOA operators are defined as
follows:

Cir_PyFHOA7y (c}, k... Cx)

1 2
= L{}NC;_S )@TNU%NC;_S )EBTN oo GBTNU;NC;_EZ)
o« (tnc)

’

Cir_PyFHOA7cy (C. G ... C5)

1 2
= U}CNC;_S )@TCNU%CNC;_S ‘®ren .. EBTCNU%NC;.EZ)

= 69TCN]Z‘=1 (ué"CNC;-y)) :

Further for more simplification, we consider the weight
vector Uy € [0, 1] with > Upy = 1, where o(j)<o(j — 1).

Theorem 2: For evaluating the operators defined in Def-
inition 7, we obtain Cir_PyFHOATy (C}-,C%_-, . CZ}-)
and Cir_PyFHOArcy (Cjr. C%. ..., C%) for Cir-PyFSs as
follows, as shown in the equation at the bottom of the
page 13.

1
Cr

(1+((Z)§,—1)(TIC}.)2)M}N —(1—(’]1‘ )2)11}1\/
(1+(wg_1)(Tlcf)z)u}N+(wi—1)(1—(1r‘c;)2)u}N

) ba(m,)

Cir_PyFHA7y (C‘f, czf) = Uy CLo Uy CE =

u J
i (e (e, )) ™ i (- (,))

DN

l—|

((H(wz—l)(1—(F2;f)2))”}”+<®z—1)((Féf)z)u%”>
(1+(®z.—1)(mlcf)2)“%”7(17(]&;:;)2)”*” :
(-0 (a,)) ™ s (1- (s, ))
(0 (m,)) ™= (-, )) ®
(ren(z2,)) ™ son(1-(2,))
@) 2e(m2, ) B
(- 1)) ()
(1+(wﬁ—1)(Réf)2)u%N—(1—(R )2)%
Ty Lo g

1

|

2
Cr

m (o (e, )

J
12 i\
@)1 (R, ) Y

N+(V)§—1) = (1_<Téj’-‘)2)ulm

(17 (0 (-5,

1 (v (s,

2))%1\’4.(%5—1) ]'[]2:1 ((chf)z)M;N)

)2)”;1\/ _le:] (1—(11%2}_

Bl—

)z)w’iN

13076

[T7-1 (1+(”?—1)(R/éf)2)u%

N-‘r(VJ;‘—l) H];:l (1—(R’c]__)2)ulﬂv
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Proof: The proof is similar as those of Theorem 1.[]

Further, we simplify the basic properties of the above
procedures.

Property 4: When C’]_- =Cr = (’]I‘cf,]Fcf,Rcf), =
1,2,....z thus, Cir_LPyFHOA7y (Cy.C%. ....C5y) = CF
and Cir_PyFHOArcy (C.C. ... C}) o

Proof: The proof is similar as those of Property 1.0]

Property 5: When Cj = (’H"c ]ch ,R’ ) Cj =

(%, B, R, ). thus,
Cir_PyFHOAy (Clr. C5. ... C5)
<Cir_PyFHOA1y (c;, c2, ..., c;)
and
Cir_PyFHOA1cy (Ck. C. ... C5)
<Cir_PyFHOA7cy (c;, 2., c;) .

Proof: The proof is similar as those of Property 2.[]

Property 6: When C]__-TN = min; ’H‘C , Max; IE‘C ,

mm]R] ) Criy = (mlnj ?I‘C , Max; IFC , max; R’C
+ _ + _
and C]_-TN = (maxj TC ,m1ndFCf,max] R]C;) s Cfmv =

(maxj ']I‘/er min; FC}-’ min; RC}-) , thus,

- ; 1 A2 +
Cr, <Cir_PyFHOAy (C}, C%, ..., C3) <Cf. and

- . 1 2 +
Cye Cir_PYFHOATCy (Clr. .. C5) <CF, .

Proof: The proof is similar as those of Property 3.0J
Definition 8: The Cir-PyFHG operators are defined as
follows:

Cir_PyFHGry (c}, ..., c;)
= (C}—‘)M%N QTN (C%:)M%N QTN - .. QTN (C;__)Z’@N

= ®TNIZ': 1 (C]]:)

J
Uny

Cir_PyFHGrey (Ck. C. ... C5)
ul Uz
_ (C}_—) TCN®TN(C§:) TCN®TN

i u‘;‘"CN
= ®1CNj— (C]]:) :

.. QTN (C;)M%CN

Further for more simplification, we consider the weight
vector UJNE [0, 1] with 375 Uy = 1.

Theorem 3: For evaluating the operators defined in
Definition 8, we obtain Cir_PyFH Gpy (C}-,C]_-, . Cx)
and Cir_PyFHGrcn (C}_-, C%_-, .. CZ) for Cir-PyFSs as
follows, as shown in the equation at the bottom of
the page 14.

Proof: The proof is similar as those of Theorem 1.[]

Further, we simplify the basic properties of the above
procedures. .

Property 7: When Cj]_- = Cr = (']I‘CPIE‘C?,RC;),

j=1,2,...,z thus,

Cir_PyFHGry (c}, ..., c;) —Cr
and

Cir_PyFHGrcy (C}, cz, c;) —C.

Proof: The proof is similar as those of Property 1.L]
Property 8: When Cly = (Tf F, R, f) < =

(Té#, IFjC#, Ric#), thus,
Cir_PYFHGry (Cr. G, ... C)
<Cir_PyFHGry (c,}, e, ..., c;)
and
Cir_PyFHGrey (. CE ... C)

<Cir_PyFHGrcy (c;, 2., c;) .

Cir_PyFHAy (Ck. C. ...

qu) = U%NCIfGBTNU%chf@TN e @TNU?Nqu:

(oo, ) i (-6, )) ™

e (10 (52, )) oo e (-, )) ™

(@5)1/2*1—[]1] 1( }_)MJTN

@TN?:[ (”]TNCJf) =

( (e (-(5,))) o ((F’cf)z)u%)

Il

D=

W

TN
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. 1 1 1
Cir_PyFHA7y (C}:, Coeens cEr ) = Ul CLomUR Cadry . .. OInUL ChemvUly' CoF
e 1 »g+1
= B, (UITNCJJE) Sy CH

e e ) ()
L (e (2, )) ™ s iz, (1-(,)7)

) P ()™
(12 () s (2,0
ML (1@ (R )2)%— 71(1_(Rf¢f)z)wﬁv
- (“(“?‘1)(“@%: )) (2 l)n;'l( (;:F)z)“’fN
L (1+(@i—1)(nrfcf)2)”9”_ (- f)z)% ) :
M- (‘*mﬁ-*‘)(T”cF)z)%ﬂ(@H) . (17(@#)2)“’” ’

@by, (7, )™

(”7:‘ (1+0-0(1-(et,))) ™+ ((Féf)z)ww)
() ) ) )

1

1 +1 »g+1
| ey CF =

1

Drn

u

H;[:, (1+(®-§.71)<R"C]__)2) (2 1)1—1;1_ ( ( -C]:)Z) ™
(H(@i_l)(T?]) )untl_( (Tq;_l)z)ur;\?l
(1+(w§—1)(ﬂrq+‘) )Mq (0 1)( (qrg;l)z)“ﬁl
R
! "X
(e (1-G) ™ () ™)
1
(1+<wzl>(R%;‘)2)u%1(1(R%;‘)2)u%1
(e (ey)  sen(-)) ™
s ) - )
I (1+(“21—1)(Tj )2) +(0 1)1'[”1( (7% )Z)M]TN

(3 )2 >x<l_[qul ( )MTN

1

<H7+1' (”(”?—”(1—(F’é:f)2))%+<“zﬁ—l>n;-’;‘ ((F"cf)z)u;N) |
e (1+(@ 1)( )%)”jﬁv_nﬁﬂ (1_(R,~C]:)2)UJ}N

H]L‘];rll (1+(@?}_1)(R’éf)z)ujTN+(@i—l) H;Cll (l—(Rj )2)1457\/

Cr

09—
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Proof: The proof is similar as those of Property 2.L]

Property 9: When C]__-TN = min; T]Cf,maxj F]Cf’

. - o e R
mlan’ ) Crin = (man Te .. max; Fp, _, max; RJC]:) and
C+ — (man TJC , minj FJC , Max; Rj ) ,

o .
Chron = (maxj TC , min; Fc » min; R]C ) ’

_ . IY) +
Cr,y =Cir_PYFHGry (Cf, C5, ..., C%) <Cp  and

C}TCNSCir—PyFHGTCN (C}.‘, C_%_—, ey CZ ) C+

Fren®

Proof: The proof is similar as those of Property 3.0J
Definition 9: The Cir-PyFHOG operators are defined as
follows:

CirpyrroGyy (CL.C%....C5)
_ (co Uy C()(Z) 0@\ Uy
=\tF TN ®TN @ (CF
U
= ®TN§=1 (C;_S’)) w
and
c;)
= (Co(l)) Tow Q1N (CO(Z))M%CN Q1N ... RN (Co(z)) Fen

= ®TCN;:1 (CO(/)) TCN

Cir_PyFHOGrey (Clr. . ...

Further for more simplification, we consider the weight
vector Uy € [0, 1] with > Upy =1, where o(j)<o(j — 1).
Theorem 4. For evaluatmg the operators defined in Def-
inition 9, we obtain Cir PyFHOGTN (C C}-, . C%)
and Cir_PyFHOG7cn (C]_-, C]_-, ..., Ck ) for Cir-PyFSs as
follows, as shown in the equation at the bottom of the page 15.

Proof: The proof is similar as those of Theorem 1.[]
Further, we simplify the basic properties of the above
procedures. '
Property 10: When CJ}- = Cr = (TC,’;»FCPRC;)
i = 1,2,...,zthen Cir_PyFHOG1y (C).C%. ....C%)
Cr and Cir_PyFHOGrcy (C.C%, ....C%) = Cr.
Proof: The proof is similar as those of Property 1.0J
Property 11: When C] = (TJC ,]F’C ,R’F) _CJ =

A
(%, ¥, R, ). then

Cir_PYFHOG (Ck. C¥. ..

.5
<Cir_PyFHOGzy (c;, c2, ..., c;)

and

Cir_PYFHOGrcy (Clr. G ... C5)
<Cir_PyFHOG7cy (c,;, e, ...

).

Proof: The proof is similar as those of Property 2.L1
Property 12: When C;_-TN

- _ -y o T + _

C]_-TCN = (mijC ,max]IFC ,maX]]R/cf) and C =
J + _ J

(maxj ’]I‘C ,manIE‘C ,max]R/ ) C}-TCN = maxj'ﬂ‘ ,

min; ]FC , min; IR{’ ) thenC  <Cir_PyFHOG1y (C}_-, C%_-,
LG )<c;TN andC, <Clr _PYFHOG7en(Cl, Cx, . .
Z +
Cf )= C]:TCN
Proof: The proof is similar as those of Property 3.0J
Various existing operators such as algebraic operator and
Einstein operator are the special cases of the proposed
operators. Further, these proposed operators are very reliable

and dominant in coping with vague and rational information.

[T (1+(@§—1)(ch$)2_) TCN_H/ 1( (", )2)“’@

M, (1+(@g.71)(1pfc )2)“’mv

l/fj ’

+(®g.71)n{%:1 (1—(’[]('37_)2) TCN

) Z’f/TCN

" (o

Cir_PyFHA7cx (Ck. C. ..

czf) -

o ) o ()

Il

) MJTCN

0211 (R,
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IV. MADM TECHNIQUE USING THE PROPOSED as Cir_PyFHA7y, Cir_PyFHArcn, Cir_PyFHGTNy and
OPERATORS WITH APPLICATION IN THE

ASSESSMENT OF GOLDMINES

In this section, we calculate the system of MADM technique

Cir_PyFHGrcn operators

for evaluating the

most preferable optimal among the collection of

based on the proposed operators for Cir-PyFSs, such goldmines.

decisions and then applied it in the assessment of

Cir_PyFHAny (C.C. ...

13080

C5) =

M (1+(wz—1>(ﬂrcf)2)”j}”—n;=l ( Te,)

J
[T (1+(@§*1)(TCF)2)MT +(@®-D 1= 1 ch

() Pl (FCF)L’JTN

(H;;l (H(@il)(l(Fcf)z))%ﬂ@ -DTI- Fcf

M

IT5-; (H’(“ _l)(Rc}')) = ( RC?

N

)

1
2

“)

[T5=1 (1+(®§*])(Rc}") ) " +@-1D) 11 1 Rcf

(1+(®§71)(TCF)2)Z;:1ujTN*(lf(ch i1 Uy

< u
(1+(@2._1)(TC]:)2)Z_/=1 TN . 1)( (Tc]_- i
(@i)lﬂ*( Cf)2/=1 MJTN

TN

((”(“’5‘1)(1—(Fcf)2))z’_' e 1)((&? Z"‘“”)

(]Jr(@f.fl)(Rcf)) =1 Uy ( Re i Uy

~(Bes
(1+(@§,—1)(RC}_)) =1 TN+(W 1)( Rcf

(-1 (Te ) (W—l)(l—(’]l‘c]_.)z)
() +(Fe)

1+ (25— 1)( (Fe) )+((ZJ§—1)(]FCI)2)§

( 1-(#5-1) ch) 1 (Te,)

1+ (B —1) RCF) 71+(]Rcf)
14+(v5—-1) RC]_. +(Q) 71)( ]ch_. )
1
:( ch) ‘(ch) (ch) 2
1+(1rcf)2 '

1+@Y ch ch) +Q)l(.7®-(.(’lfc]_.) -
#)"+(Fe )
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1
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A. THE MADM PROCEDURES USING THE PROPOSED attributes are obtained for each alternative with weights
OPERATORS u]TCNE [0, 1] and ZZ L{JTCN = 1. Furthermore, we compute
Let a finite number of alternatives be {C} ,C;, .. .,C;_.} the matrix by 1nclud1ng Cir-PyFSs with the characteristic

with their attributes of {C L oy O S} in which these of Cir-PyFSs being OS']I% - (@) + ]F% - (x) <1, where the

et = (1= ()= (- (6)) =TT (- 06 )) =T (- ()
N HJ; (1 + (@ - 1) (Tféf)z)% - ]_[;1 (1 - (T’gf)z)%i HJ; (1 + (7 - 1) (ch#)z)ujm
i (14 @) (T"cf)z)%— L (“(T"cf)z)%
(140 (T"cf)z)u%(”z_l) M. (1-(%,))
. (1+(@5_1) (T](_j#y)u’ﬁ T (1_(TJ,C#)2)U’}N

J
Z/{TN

1 (v (5)) om0, (1-(22)) ™
i ]

z u Z u, 1 Z AN L 4 i M;N
ot T () = T () = 0 T () 0 T, %)

)t < TE, (7)™

= 1

( i (1 + (25— 1) (1 - (F{ZF)Z))HJT.N + (- )T ((F@f)z)wm> 2

)t T (Rl ™

(szl (1 + (25— 1) (1 _ (ch#)z))u’ﬁv I (

=

)"
o (1= ()= (- () ) > T (- (5 D)L (- )
=TT (e () |
T (- ) T (e e)) T (- )

F (e (e)) " o (- ()

(10 (Rf‘cf)z)%”j+ 2= 1T (1- (R’ff)z)ujTN
(o)) " - (- L))"
"

D (®
- (1 +(@:-1) (R’é#)z)ujTN + (@ - 1) [T (1 - (R’é#)z)u]TN
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term Tc. (x) represents the truth grade, Fe. (x) repre-
sents the falsity grade, and Re, (x) states the radius
around the circle of each element. Thus, we have the

1
refusal grade with B =(1 - (']I%f (x) + IF%? (x))) 2. and
. . . j _
alsq express the simple structure of Cir-PyFN with C- =
(chf,]F]cf,chf ,j = 1,2,...,z. We now organize a
procedure for addressing the major steps of the MADM
technique for Cir-PyFNs based on the proposed operators as
follows:
Step 1: Compute the matrix by including the Cir-PyFNs.

Step 2: Normalize the matrix, if the matrix has cast type of
criteria, such as

) (T, P, RL)  benefi
B oo i
(Fcf’TCf’RCf) cost.

But, if the matrix has benefit types of criteria, then we do not
need to normalize the matrix.

Step 3: Aggregate the data in the matrix with the help of the
proposed operators, such as Cir_PyFHAy,Cir _PyFHA7cn,
Cir_PyFHGty and Cir_PyFHGrcy operators created in
Theorem 1 and Theorem 3 of Section III.

Step 4: Expose the score data of every alternative.

Step 5: Rank all the alternatives according to their score
data and discover the best one.

With the help of the above procedure, we next apply it for
evaluating the analysis of goldmines to enhance the capability
and rationality of the proposed method.

B. THE ASSESSMENT OF GOLDMINES

The major theme of this application is to find the key
component of assessing goldmines under the consideration
of the evaluated operators. For this, we consider the problem
of assessment of goldmines, which involves many features
of a gold mining operation to evaluate its safety, environ-
mental impact, potential for profitable gold extraction, and
economic viability. In this application, we select the five
best kinds of key components as alternatives which are
listed below:

1) Geological Survey “C1 ”

2) Resource Estimation “(32 ”

3) Mining Method Selectlon “C3 ”

4) Gold Recovery Procedure “C4 ”

5) Safety Assessments “C5 ”

The above five alternatlves are very reliable and have
major features or key components, but our main theme is to
select the best one among the best five. For this, we select
five criteria, such as “CAT” (growth analysis), “C%T”
(Political impact), “CE\T” (environmental impact), “Cy;”

j J
I (1+(@z—1)(TzZL)2)MT”—H;=. (1—(?‘&“})2)%
. 7 N7
M, (1+<@z—1)(Tzv;)z)umﬂwz—l)n;;l (-()) ™

@ )1/2*1—[/_ ( 0(,)>M]

Cir_PyFHOAy (Clr. . ..

o (Hf (e o )
1+(W 1)(R(()3(;)_-)2‘)M4N ” (I(RE(;):)Z)U;"N

b

1 .
2 )

1

1+(w NE ”<f>)2)ujm+(wz—l)H§:1 (“(RZU})Z)MJTN

H;_ 1+(W 1)(1‘%(2)2)“%1\1_1_[;:1( (Tg(,)) ) TCN
1+(Q)V 1)( 0(1))2)UJT

w
N . oy \2\HTeN
+(?-1) T, (P(TCQ;) )

(ﬂ )1/2 (FZU) )MJTCN

Cir_PyFHOA7cy (le, Cx. ...

) = (

I, (1+(@-§.—1)(1—(F‘é(;_)_)2))

)

Bl—|

o (()) )

(@ )1/2*1—[/ ) (Ro(/) )“]TCN
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TABLE 1. Cir-PyF decision matrix.

Cir Cir Cir Cir Cir
et |(0.8,04,0.3) | (0.81,0.41,0.31) | (0.82,0.42,0.32) | (0.83,0.43,0.33) | (0.84,0.44,0.34)
¢z 1(0.7,0.1,0.2) | (0.71,0.11,0.21) | (0.72,0.12,0.22) | (0.73,0.13,0.23) | (0.74,0.14,0.24)
¢ 1(09,0.2,0.1) | (0.91,0.21,0.11) | (0.92,0.22,0.12) | (0.93,0.23,0.13) | (0.94,0.24,0.14)
et 1(0.7,06,0.5) | (0.71,0.61,0.51) | (0.72,0.62,0.52) | (0.73,0.63,0.53) | (0.74,0.64,0.54)
¢S 1(03,0.2,0.6) | (0.31,0.21,0.61) | (0.32,0.22,0.62) | (0.33,0.23,0.63) | (0.34,0.24,0.64)

(safety analysis), “CjT” (other factors). Based on the above
criteria, we select the best one under the consideration of
the following weight vector, such as (0.1, 0.4, 0.2, 0.1, O.2)T.
Therefore, we organize a procedure for addressing the above
problem. The major steps of the procedure of MADM
technique are listed as follows:

Step 1: Compute the matrix by including the Cir-PyFNs,
as shown in Table 1.

Step 2: Normalize the matrix, if the matrix has cast type of
criteria, such as

i@ @ :
(T%, P, RL)  benefi

j Y i
(FC;’ ch, R]C]:) cost.

7z =

But, if the matrix has benefit types of criteria, then we do not
need to normalize the matrix. Anyhow, the data in Table 1 do
not need to be normalized.

Step 3: Aggregate the data in matrix with the help of our
proposedoperators, as shown in Table 2.

Step 4: Expose the score data of each alternative, as shown
in Table 3.

Step 5: Rank all the alternatives according to their score
data and discover the best one, as shown in Table 4.

To consider the theory of Cir_PyFHATy, Cir_PyFHATCN,
Cir_PyFHG7y and Cir_PyFHGrtcy, we expose the best
optimal C }- which represents the geological survey. Further,
we simplify the operators under the presence of the Cir-IF
set theory to expand the assets of the assessed operators. The
Cir-IF data is listed in Table 5. Thus, to use the four types of
operators, the score values of the aggregated values are stated

()T (7 )”jf”

v

(H;‘ (0 (1-(,))) ™ v ((T"cf)z)ujTN)

[T (1+(@21)(F’gf)%)uj}NH;=1 (1(chf)2)“’}N

Bl—|

1

Cir_PyFHGy (Clr. G, ... C5) =

@) (B,)™

(Hfl (1+(®§—1)(1—(R27__)2))M;N+((Zif.—1)]'[;T1 ((R/c]__)z)uéw> 2

1

RPN
)1, () "

(Hfl (1+(wz.—1)(1_(T2f)2))uém+(wz—1)Hﬁ1 ((TEF)Z)M;CN) j

1

u

TCN

Cir_PyFHGrcy (C}, Coenns C}) =

j

) ()
i u

I, (1+(@g—1)(1@/’cf)2) TCN+(¢§—1) T (1—(F’5F)2) o

M (1+(@§1)(ngf)f)uj*c”n;l (17(Rf‘cf)2)“]”~

1
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TABLE 2. Cir-PyF aggregated results based on the proposed operators.

Cir_PyFHALy

Cir_PyFHAcy

Cir_PyFHGyy

Cir_PYFHGren

Ct

(0.8194,0.4188,0.3192)

(0.8194,0.4188,0.3187)

(0.819,0.4192,0.3187)

(0.819,0.4192,0.3192)

Cf

(0.7192,0.1183,0.2193)

(0.7192,0.1183,0.2186)

(0.7189,0.1197,0.2186)

(0.7189,0.1197,0.2193)

Ci

(0.9200,0.2186,0.1197)

(0.9200,0.2186,0.1183)

(0.9190,0.2193,0.1183)

(0.9190,0.2193,0.1197)

Cz

(0.7192,0.6189,0.5192)

(0.7192,0.6189,0.5188)

(0.7189,0.6192,0.5188)

(0.7189,0.6192,0.5192)

7

(0.3192,0.2186,0.6192)

(0.3192,0.2186,0.6189)

(0.3187,0.2193,0.6189)

(0.3187,0.2193,0.6192)

TABLE 3. Representation of the score values.

Cir_PyFHAry Cir_PyFHArcn Cir_PyFHGpy Cir_PyFHGpcy
C: 0.07919 0.07907 0.0789 0.07902
C2 0.05522 0.05503 0.05494 0.05513
c3 0.04781 0.04725 0.04712 0.04767
CH 0.03487 0.03485 0.03463 0.03465
c3 0.01676 0.01675 0.01655 0.01656

in Table 6. Finally, we rank all the alternatives according to
their score data and discover the best one, as shown in Table 7.

We next compare the proposed operators with these
existing methods.

V. COMPARATIVE ANALYSIS

In this section, we make some comparisons of the proposed
operators with some existing techniques based on the data
shown in Table 1 and Table 5. For comparisons, we select

Cir_PYFHOGqy (Cl. C. ... C5) =

<Hf=1 (1+(V’i—
e ) ) ()

k]

J
/2,112 ) \Y1v
#)'+IT, (T20))
1
2

o(-2))) "o ((TZ’P})Z)%’V>

[T (”(“5‘1)@?) )2) M- T (1—(IFE°})2)M/TN

00 Pl (52) ™

<”-f=‘ (00 (:0)")) ™ v ((R‘é“})z)%)z

((2) )1/2*1—1!_ (To(z)) TCN

( i, (1+(@f,—

[T (1+(@»§.71)(Foo‘> ) ) Uy

’

1
2

1)(1—(1?2(2)2)) -1 [T 1(( ) )“jfczv)
( ( U(,)) ) Uren

Cir_PyFHOG1cN (C}E, C%, ...

I (1+(W (F "‘”)) TCN+((/) 1) T (

I (1+(®S H(® (,@).)“’mv L, (1 (=22) )U’mv.

,,(,) ) Urey
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TABLE 4. Ranking results of the score values.

Methods Ranking values Best optimal

Cir_PyFHAry C:>C:>C3>cet>Cs C}

Cir_PyFHArcy Ct>CZ>¢e3>ch>er Ck

Cir_PyFHGry C:>C:>C3>cCt>Cr (63

Cir_PyFHGrcy Ci>CZ>cei>ch>ces ck

TABLE 5. Cir-IF decision matrix.
Cir Chr Cir Car Cir

cl (0.5,0.4,0.3) | (0.51,0.41,0.31) | (0.52,0.42,0.32) | (0.53,0.43,0.33) | (0.54,0.44,0.34)
CZ (0.7,0.1,0.2) | (0.71,0.11,0.21) | (0.72,0.12,0.22) | (0.73,0.13,0.23) | (0.74,0.14,0.24)
ci (0.6,0.2,0.1) | (0.61,0.21,0.11) | (0.62,0.22,0.12) | (0.63,0.23,0.13) | (0.64,0.24,0.14)
ck (0.7,0.2,0.5) | (0.71,0.21,0.51) | (0.72,0.22,0.52) | (0.73,0.23,0.53) | (0.74,0.24,0.54)
e (0.3,0.2,0.6) | (0.31,0.21,0.61) | (0.32,0.22,0.62) | (0.33,0.23,0.63) | (0.34,0.24,0.64)

TABLE 6. Representation of the score values (for Table 5).

Cir_PyFHAy Cir_PyFHA oy Cir_PyFHGry Cir_PyFHGrcy
C+ |0.01503 0.01501 0.0149 0.01493
Cz | 0.05522 0.05503 0.05494 0.05513
c3 | 0.02009 0.01986 0.01981 0.02005
c% 10.12191 0.12183 0.12162 0.1217
c: 10.01676 0.01675 0.01655 0.01656
TABLE 7. Ranking results of the score values.

Methods Ranking values Best optimal
Cir_PyFHAry C>C;>Ci>C3>Ct C#
Cir_PyFHArcy C# >C3 >C} >C? >Ct C#
Cir_PyFHGry C:>C;>CE>C3>Cf C#
Cir_PyFHGrcy C#>C3>C3>C>Ct C#

TABLE 8. Comparison matrix (using Table 1).

Methods Score values Ranking values

Xu [26] — — failed — — — — failed — —
Huang [21] — — failed — — — — failed — —
Garg [22] — — failed — — — — failed — —
Peng and Yuan [27] — — failed — — — — failed — —
Garg [28] — — failed — — — — failed — —

Wu and Wei [23] — — failed — — — — failed — —
Cir_PyFHA7y 0.07919,0.05522,0.04781,0.03487,0.01676 Ci>c2i>ci>ct>c?
Cir_PyFHArcy 0.07907,0.05503,0.04725,0.03485,0.01675 Ci>ci>ci>ch>ce?
Cir_PyFHGy 0.0789,0.05494,0.04712,0.03463,0.01655 Ci>ci>ci>ch>ce?
Cir_PyFHGrcy 0.07902,0.05513,0.04767,0.03465,0.01656 | C} > C2>C3 > Ct > C3

the following existing methods: the AOs and geometric
AOs for IFSs proposed by Xu [26], simple AOs for PyFSs
evaluated by Peng and Yuan [27], the AOs for PyFSs based
on confidence levels exposed by Grag [28], AOs based

on Hamacher norms for IFSs proposed by Huang [21],
the Hamacher AOs for IFSs using the entropy measures
derived by Garg [22], and the Hamacher AOs for PyFSs
addressed by Wu and Wei [23]. Thus, based on the
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TABLE 9. Comparison matrix (using Table 5).

Methods Score values Ranking values

Xu [26] — — failed — — — — failed — —
Huang [21] — — failed — — — — failed — —
Garg [22] — — failed — — — — failed — —
Peng and Yuan [27] — — failed — — — — failed — —
Garg [28] — — failed — — — — failed — —

Wu and Wei [23] — — failed — — — — failed — —
Cir_PyFHAy 0.01503,0.05522,0.02009,0.12191,0.01676 Ci>Ci>ci>c2>cCh
Cir_PyFHArcy 0.01501,0.05503,0.01986,0.12183,0.01675 Ci>Ci>ci>c2>cCh
Cir_PyFHGy 0.0149,0.05494,0.01981,0.12162,0.01655 Ct>c:>ci>ce:>cl
Cir_PyFHGrcy 0.01493,0.05513,0.02005,0.1217,0.01656 Ct>C2>C3>c2 >}

data shown in Table 1, the comparative analysis is listed
in Table 8.

To consider Cir_PyFHA7N, Cir_PyFHATCN,
Cir_PyFHGty and Cir_PyFHGrcy, we expose the best
optimal C 1}- which represents the geological survey. Further,
to show the supremacy and effectiveness of the derived
theory, we select the data in Table 5, the comparative analysis
is listed in Table 9.

To consider Cir_PyFHATy, Cir_PyFHATCN,
Cir_PyFHG7y and Cir_PyFHGrtcy, we expose the best
optimal C;_- which represents the geological survey. But we
notice that the prevailing techniques have failed, because
these operators are computed based on FSs, IFSs, PyFSs, and
Cir-IFSs which are the subpart of the Cir-PyFSs. The existing
operators have limitation due to this reason, we are not able
to evaluate the data in Table 1 and Table 5 because of the
above problem. Hence, the proposed operators are reliable
and dominant technique to cope with uncertain and unreliable
information in decision-making problems.

VI. CONCLUSION

Cir-PyFS is a good way for depicting vague and unreliable
information in genuine life problems. These FSs, IFSs,
PyFSs, and Cir-IFSs are the subpart of Cir-PyFSs. Since
Cir-PyFS was defined by Bozyigit et al. [19] in 2023,
there were still less researchers to work on it. In this
paper, we continue working on Cir-PyFSs by firstly giving
the Hamacher operational laws for any two Cir-PyFSs,
and then derive the Cir-PyFHA, Cir-PyFHOA, Cir-PyFHG,
and Cir-PyFHOG operators. We make advanced discussion
the properties of these proposed operators on Cir-PyFSs.
Based on the proposed operators, we construct a MADM
method and then apply it to select the best and simplest
procedure for evaluating the source of gold in mines.
We also demonstrate some examples for comparing the
proposed operators with some existing operators to expand
the attraction of these evaluated operators. In the future,
we will concentrate on evaluating the Hamacher and Dombi
aggregation operators [29] and three-way decisions [25], [30]
based on circular g-rung orthopair fuzzy sets with extensions
and then try to implement them in more real-life applications,
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for instance, pattern recognition, machine learning, data
mining, and data analysis to enhance the worth of the
presented operators.
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