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ABSTRACT Supercavitating vehicles have received significant attention in military applications due to their
high underwater speed. This paper aims to establish analytic models of the encounter probability between
a supercavitating vehicle and its target in two modes: straight-running mode (SRM) and turning-straight-
running mode (TSRM). Mathematical models for the supercavitating vehicle to encounter the target in SRM
and TSRM are proposed. An improved particle swarm optimization (PSO) algorithm based on local best
topology with a penalty function is introduced to plan the TSRM path of the supercavitating vehicle. The
particle swarm position is updated by using Cauchy and Gaussian distributions. The judgement indexes of
the encounter probability analytic models in SRM and TSRM are determined through statistical analysis.
Based on the law of error propagation, the analytic models of judgement index variances in the two modes
are derived by using the implicit function differential method, and the integral intervals of their probability
density functions are obtained according to the relative motion between the supercavitating vehicle and the
target. Monte Carlo simulations and hypothesis testing are utilized to verify the accuracy and feasibility of
the encounter probability analytic models in SRM and TSRM.

INDEX TERMS Supercavitating vehicle, encounter probability, path planning, Monte Carlo method, law of

error propagation.

I. INTRODUCTION

Supercavitating vehicles adopt supercavitation technology to
achieve drag reduction and speed enhancement, and their
underwater speed can reach more than 200kn. Owing to its
high speed, it possesses substantial kinetic energy, excellent
penetration capabilities, cost-effectiveness, and no casualties
on our side, which makes it a potential means for underwater
and surface target attacks with broad military application
prospects [1]. Given the significant differences in hydro-
dynamic performance between supercavitating vehicles and
conventional underwater vehicles, both domestic and for-
eign scholars have employed experimental and numerical
simulation methods to investigate the hydrodynamic per-
formance [2], [3], [4] and cavitation morphology [5], [6],
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[7] of supercavitating vehicles in recent years. Additionally,
the presence of supercavity results in a sharp reduction in
the buoyancy of the vehicle, thus leading to longitudinal
motion instability. Consequently, numerous scholars have
conducted studies on the longitudinal motion control of
supercavitating vehicles based on the standard model pro-
posed in the paper [8]. By considering the cavitation memory
effect, changes of fan submerged depth over time [9], and
other measures, the dynamic model of the supercavitating
vehicle has been continuously refined, and control meth-
ods including H, control [10], sliding mode control [11],
neural network control [12], predictive control [13] have
been proposed to effectively maintain its longitudinal motion
stability. Due to the large noise generated by the cavitation
collapse [14] and the structural limitation of supercavitating
vehicles, the installation of guidance devices presents a sig-
nificant challenge. Consequently, SRM remains the primary
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attack mode for supercavitating vehicles. However, the initial
heading of the supercavitating vehicle may not align with
the straight-running mode with an advanced angle. Solely
relying on the SRM could result in missed strike opportunities
and low encounter probabilities. Therefore, it is necessary to
study the turning-straight-running mode to enhance the oper-
ational flexibility and diversity of supercavitating vehicles.
Currently, there is relatively little research on the TSRM of
supercavitating vehicles. Besides their lateral maneuvering
ability is the key factor to TSRM. Compared to other studies
on supercavitating vehicles, there is a scarcity of research
focused on their lateral maneuvering capabilities. In liter-
ature [15], numerical simulation methods were established
to analyze and study the cavitation shape and forces during
the rotation process of the supercavitating vehicle. In lit-
erature [16], the w-synthesis control method was used to
control the pitch channel and the yaw-roll channel separately
to achieve Bank-to-turn of a supercavitating vehicle. Liter-
ature [17] proposed estimation methods for the minimum
turning radius of a supercavitating vehicle and the maximum
deflection angle of cavitation. Motivated by the previous
research on the lateral rotation of supercavitating vehicles,
the adaptive sliding mode control method based on neural
networks is proposed to assess the lateral maneuvering ability
of a supercavitating vehicle on the premise that the actuators
did not fail [18].

Based on previous research on supercavitating vehicles
both domestically and internationally, the research focus
has been mainly on motion control, while relatively limited
attention given to its military applications. In this paper, the
encounter probability between the supercavitating vehicle
and the target is studied. The encounter probability serves
as a pivotal metric to evaluate the effectiveness of weapon
systems and make decisions about weapon operation. The
basis for calculating encounter probability lies in establishing
an encounter model. Literatures [19], [20], and [21] estab-
lished torpedo firing models and hitting conditions under
various attack modes according to geometric relationships.
Due to the limitation of the lateral maneuvering ability
of the supercavitating vehicle, the turning-straight-running
path cannot solely rely on the geometric relationship, but
also needs to be planned according to the target motion
parameters, situation information, and maneuvering ability
of the supercavitating vehicle. Both domestic and foreign
scholars have conducted extensive research on the path plan-
ning of unmanned vehicles. The primary methods include
classical methods (such as Dubins curve [22], artificial poten-
tial field method [23]), heuristic algorithms (including Ax
algorithm [24], particle swarm optimization algorithm [25],
ant colony algorithm [26]), as well as deep reinforcement
learning [27].

The current methods for calculating encounter probabili-
ties primarily consist of the statistical method and analytic
approaches. The statistical method based on the Monte
Carlo method is widely used to calculate hit probability.

9498

Literature [28] applied the Monte Carlo method to analyze
the statistical characteristics of hit probability in a rectan-
gular target area. The literatures [29] and [30] evaluated
the combat effectiveness of the anti-torpedo combat system
and the surface ship torpedo defense system based on the
Monte Carlo method. In literatures [31], [32], and [33], the
Monte Carlo method was used to simulate the discovery,
capture, and penetration probability of various torpedoes,
respectively. Although the Monte Carlo method has the
advantages of a simple concept and easy implementation,
its calculation accuracy heavily depends on the number of
simulations, which is unsuitable for real-time calculations,
but more suitable for theoretical research [34] rather than
actual combat applications. In contrast, the analytic method
can directly calculate the encounter probability by establish-
ing a mathematical model. Literatures [35] and [36] derived
the coordinates of the torpedo at the target trajectory and
the distance deviation, respectively, considering the errors
based on the geometric relationship. The analytic solutions
for the hit probability were then calculated by taking the
target length and half-length as integral intervals without
accounting for the influence of the target scale. Moreover,
the two papers directly incorporated the mean square error
of variables into the analytic model, which does not satisfy
the statistical characteristics of probability. In literature [37],
an analytic model for the target detection probability of a
straight-running torpedo was established by using the error
transmission theorem, considering only one-dimensional tar-
get position dispersion. Literature [38] treated the one-time
turning-angle strike of the supercavitating torpedo as equiva-
lent to the straight-running strike and built an analytic model
for the hit probability by using the implicit function differen-
tial method. However, the encounter model is limited as it is
solely based on geometric relations without considering the
initial course, the maneuvering ability as well as rotational
angular velocity error. Literature [34] takes the electromag-
netic launched anti-torpedo torpedo as the research object.
The mean square deviation of the heading angle is obtained
by the implicit function differential method, and the capture
probability is obtained by integration.

The purpose of this paper is to establish analytic mod-
els of the encounter probability between a supercavitating
vehicle and a target in two modes: SRM and TSRM. Firstly,
encounter models in two modes are established. The SRM
utilizes the advanced angle mode, while the TSRM employs
an improved particle swarm optimization algorithm for path
planning. Subsequently, based on the Monte Carlo statis-
tical analysis method, the statistical characteristics of the
encounter probability considering the target scale are ana-
lyzed, and the judgement indexes of the encounter probability
in two modes are determined by using the X-axis coordi-
nate of the intersection point between the supercavitating
vehicle path and the target path in the target coordinate sys-
tem and miss distance, respectively. The interval estimation
and hypothesis testing are employed to further validate that
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the judgement indexes obey the standard normal distribu-
tion. Finally, the analytic calculation strategies of encounter
probabilities in two modes are proposed. Considering the
random error of each variable comprehensively, the mean
square errors of the judgement indexes are derived by the
implicit function differential method based on the law of error
propagation [39]. The integral intervals of analytic models
are determined according to the relative motion between the
supercavitating vehicle and the target. The accuracy of the
encounter probability analytic model proposed in this paper
is validated compared with Monte Carlo simulation results.

Il. ENCOUNTER MATHEMATICAL MODEL

The supercavitating vehicle model adopted in this paper is
illustrated in Fig. 1, which is widely adopted in the study
of motion control [12], [40], [41]. The encounter models
between the supercavitating vehicle and the target in two
modes are derived, and the encounter situation is depicted
in Fig. 2. XgOpZg and XpOpZp represent the geodetic
horizontal coordinate system and target coordinate system,
respectively. The origin of XgOgZg is located at the initial
position of the supercavitating vehicle, with OgXg pointing
northward. The origin of XpOpZp is placed at the equivalent
rectangular center of the target, with OpXp indicating the
navigation direction. To facilitate subsequent analysis and
formula derivation, several reasonable assumptions are made.

Supercavity

— - —

FIGURE 1. Supercavitating vehicle.

—Target trajectory

s vehicle trajectory in SRS
Supercavitating vehicle trajectory in TSRS
C ——Target contour

Supercavitati

-y R
‘.\J S e

Launch platform L )
Supercavitating vehicle

FIGURE 2. Encounter situation diagram and reference frames.
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1. Given the speed of the supercavitating vehicle surpasses
that of the target, the target is assumed to move uniformly
in a straight line during the approach of the supercavitating
vehicle.

2. The horizontal projection of the target ship in the geode-
tic coordinate system is approximately a rectangle with length
L,, and width B,,.

3. In comparison to the target size, the supercavitating
vehicle is equivalent to a point.

A. STRAIGHT-RUNNING MODE

The SRM of the supercavitating vehicle adopts the advanced
angle mode. Sensor detection information includes azimuth
By, range Dy, target heading C,,, and target speed V,,. The
bearing angle can be expressed as follows.

Om = By — Cy, — msign(Bs — Cy,) 1

where Q,, € [—m, ], Oy, is specified to be positive on the
starboard side of the target.

According to the encounter triangle, the initial heading of
the supercavitating vehicle in SRM should satisfy as follows.

CuzBs+¢ (2)

where the advanced angle can be expressed as ¢ =
ac sin(V,, sin Oy, / V). Vi represents the speed of the super-
cavitating vehicle. It can be seen that the advanced angle is
only related to the velocity ratio between the target and the
supercavitating vehicle.

Then the trajectory of the supercavitating vehicle in SRM
can be expressed as follows.

[xfs = Vt;co8(Cy) 3)
2 = Vitysin(C,)

B. STRAIGHT-RUNNING MODE

From the encounter model in SRM, the heading of the super-
cavitating vehicle needs to satisfy the initial heading in SRM,
which is easy to lose the opportunity to strike. To address the
problem that the actual initial heading C,; of the supercav-
itating vehicle does not meet the requirement of SRM, the
supercavitating vehicle can employ turning-straight-running
mode. The rotational angular velocity w of the supercavitat-
ing vehicle, turing-running time #, and straight-running time
ts are the decision variables that need to be determined. w is
specified to be positive when the supercavitating vehicle turns
clockwise. In Xg OpZg, the path of the supercavitating vehi-
cle in TSRM and the target can be expressed as (4) and (5),
respectively. Additionally, the total range of the supercavitat-
ing vehicle cannot exceed its limit range and the turning angle
should not exceed one complete circle. There exist multiple
path planning schemes to guide the supercavitating vehicle
to the target centroid, which is not conducive to decision-
making obviously. To enhance the optimization strategy
while ensuring the encounter with the target centroid, the
minimum navigation time constraint of the supercavitating
vehicle is introduced, effectively screening out unfavorable
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decision schemes. In summary, the objective function of the
encounter between the supercavitating vehicle and the target
centroid can be expressed as (6).

E
xs_tx

Vs . Vs .
= —sin(Cyy + wt;) — — sin(Cyr)
w w

+ Vit cos(Cyp + wiy)

- v, v, 4
2y s = —— €0S(Cys + Wit;) + — cos(Cyy)

- w w
+ Vst sin(Cyy + wty)
xE = Dy cos(By) + Viults + ti5) c0S(Cp) )
25, = Dy sin(By) + Viu(t; + 1i5) sin(Cyy)
minf =t + ¢

d= \/(xgts —xEy? + (zfjs —zE)2 < 1079
s.t we [_400/& 400/s]
€ (0,27/,)
tis € (0, (Limax — Vstt)/vs]
(6)

According to the objective function, this problem is an
optimization problem with multiple decision variables and
constraints. PSO is a typical heuristic optimization algorithm
renowned for its fast convergence and strong adaptabil-
ity [42]. Nevertheless, it is prone to premature convergence,
which leads to local optimal decision variables. This problem
arises from the classical PSO algorithm’s utilization of a
global search approach within the solution space. As a result,
when the particle swarm is updated in the vicinity of the
local optimal, it is difficult to escape from the local optimal
solution. To address this problem, a local best (Ibest) topology
is used for information exchange among particles [43], [44],
as depicted in Fig. 3. The lbest topology empowers particles
to search for optimal solutions within their neighborhood
topology and achieves enhanced global search capability by
moderating the convergence speed. Particle position update
employs Cauchy and Gaussian distributions instead of parti-
cle velocity, as detailed in (7). The strategy of particle position
update serves to increase population diversity and further
prevent particle swarm from falling into local optimum [42].
For the encounter distance constraint d, a penalty function
is introduced into the optimization algorithm, and a penalty
factor is introduced into the fitness value of particles that do
not meet the constraint, as shown in (8). The pseudocode of
the Cauchy-Gaussian-penalty-PSO (CG-P-PSO) for the path
planning of supercavitating vehicles is presented in the Fig. 4.

i lbest} +N(, 1) ‘pbest} — lbest; , rand > 0.5
P = . . .
/ pbest; +C(1) ‘ pbest; — lbest;| , otherwise
)
) — fy. if d(P) —107° <0
P P+ 2 )d(P;i) — 1079, otherwise
®
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FIGURE 3. Local best topology.

Algorithm: improved PSO with constraints based on Cauchy and Gaussian distributions

Create and initialize Swarm, with particles P, j €[, popsize] , each with 3 dimensions;
Evaluate the objective function f(P') — gbestfitness' and pbestfitness'
Obtain ghest' and pbest!
Construct local best topology Subswarm, ne€[l,sizetopology] — Ibest’
for i=2:maxiteration
for each particle j €[l, popsize] in Swarm,_ do
for particles P in Subswarm'
Update particle position according to Eq.(6)— P/, — f(P’, ,)
end
if d(P)-10°>0 then
‘ Add penalty value to f(P', ) accordingto Eq.(7)
end
if pbestfitness™ < f(P', ) then
Ppbestfitness, = pbestfitness’
else

phestfiess, = f(P', )

end

end

Update lbest, ineach Subswarm,
Obtain gbestfitness

if gbestfitness™ < gbestfitness' then
‘ gbestfitness' = gbestfitness™

end

end termination criterion is met;

FIGURE 4. Pseudocode of CG-P-PSO.

where P! represents the jth particle in the (i + 1)th par-
ticle swarm. C(1) and A/(0, 1) denote parameters following
Cauchy and Gaussian distributions, respectively. pBest; rep-
resents the optimal particle position. lbestf1 represents the best
particle position in the nth local neighborhood. rand is a
random number with a uniform distribution between 0 and 1.
A denotes the penalty factor.

To verify the stability and accuracy of the CG-P-PSO
algorithm proposed in this paper, the Monte Carlo method is
employed to plan the path of the supercavitating vehicle. The
relevant parameters are detailed in Table 1, and penalty factor
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TABLE 1. Operational situation information.

TABLE 2. Minnimum navigation time of 4 optimization algorithms.

Supercavitating

Target
8 vehicle
D(m) Cu?) BJ(°) 0Ou(® Vukn)  Cu°) Cu(®)  Vikn)
6000 90 45 135 30 53.1301  83.1301 150
12
2 CG-P-pSO| 1
PSO
ABC sk
100 WOA i

800

00

Fitness value(m)
= =

Fitness value(m)

400/

50
200
95+

o —— 4 &

CGRISO PO ABC WOA
Optimization algorithm

0
CG-PPSO PSO ABC WA 0 woow 30 A0 s
Optimization algorithm Iteration number

FIGURE 5. Comparison of results by optimization algorithm.

is A = 10720, The Monte Carlo simulation is conducted
500 times. In each Monte Carlo simulation experiment, the
particle swarm evolves 500 times, and the population size is
80. The simulation results are compared with those obtained
from the classical PSO, artificial bee colony (ABC), whale
optimization algorithm (WOA), as shown in Fig. 5. The
inertial factor of classical PSO adopts the method in liter-
ature [45]. It can be seen from the box plot of encounter
distance fitness values that CG-P-PSO algorithm exhibits
the best performance in terms of accuracy and stability.
Accordingly, the search process of four optimization algo-
rithms with the minimum fitness value of encounter distance
in 500 Monte Carlo experiments is plotted. The convergence
rate of the CG-P-PSO is slower than that of ABC and WOA
due to the lbest topology structure, but it can converge within
100 iterations in general, which meets the practical require-
ments. The box plot of shortest navigation time obtained from
four optimization algorithms is presented in Table 2. The
shortest navigation time across all Monte Carlo simulations
is from classical PSO. However, the corresponding encounter
distance fitness value is 63.0513m, which evidently does not
meet the encounter requirements. Among the other three opti-
mization algorithms, the shortest navigation time is obtained
from both CG-P-PSO and WOA. Owing to the introduction of
the penalty mechanism to CG-P-PSO, the shortest navigation
time occurs 75 times among the 500 Monte Carlo simulations,
while it only occurs once in WOA. Furthermore, the short-
est navigation time corresponds to the maximum rotational
angular velocity. Consequently, in the subsequent study on
the encounter probability, the rotational angular velocity of
the supercavitating vehicle is set as 40°/s.
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CG-P-

Algorithm PSO ABC WOA
PSO
Min navigation time(s) 91.6821 90.7733  91.6925 91.6821
Number of min navigation
. 75 1 1 1

time
Fitness value(m) le-6 63.0513  0.9347 0.0013
w(rad/s) -0.6981 -0.4731  -0.6734  -0.6981
t(s) 0.7529 1.1215 0.7809 0.7530
ty(s) 90.9291 89.6517 909116  90.9291

IIl. JUDGEMENT INDEX OF ENCOUNTER PROBABILITY
ANALYTIC MODEL

In order to establish the analytic model of the encounter
probability between the supercavitating vehicle and the tar-
get, it is essential to determine the judgement indexes of
the encounter probability in SRM and TSRM. In previous
studies, the coordinates of the intersection point between the
supercavitating vehicle path and target path as well as the
miss distance are directly used as judgement indexes. How-
ever, few papers have thoroughly examined their validity.
In this section, the Monte Carlo simulation method is used to
determine the judgement indexes of the encounter probability
in two modes and verify the probability distribution charac-
teristics. Additionally, the Monte Carlo simulation method
for encounter probability considering the target scale is
presented.

A. MONTE CARLO SIMULATION METHOD

As shown in Fig. 2, the coordinates of the four vertices of the
target contour in XpOpZp are shown in (9).

Ln B
Al =[-2 -
1=1 > 2]
L, B
A2=[——2”’,—2’”]
LB 9
Ay =2 _Dm
3 [2 2]
Ly B
Ay = [2 —2
4 [2 2]

At any time ¢, the coordinates of the four vertices of the
target contour in Xg O Zf are formulated in (10), and then the
analytic expression of the target contour during navigation is
derived as (11).

AE = RppAT + kB E1Ti=1,2,3,4 (10)
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[ cos Cp, B, Dy sin(C,,, — By)
X1 = — Z . -
! sin Cy, ! 2sin Cy, sinCyy,
cos Cp, B,, Dy sin(Cy,, — By)
X2 = — 2 — N -
sin Cyy 2sin Cy, sin Cy,
sin Cyy, n Dy cos(Cy,, — By) L,
X3 = — z -
3 cos Cpy, 3 cos Cpy, 2cos Cy,
't
cos Cp,
sin Cy, Dy cos(Cy,, — By) L,
X4 = — 24
cos Cp, cos Cpy, 2cos Cy,
ml
cos Cy,

(11)

where the transformation matrix from XgOpZp to XpOpZg
cos C,, —sin Cyy
sinC,, cosC, |

The criterion for determining the encounter between the
supercavitating vehicle and the target is based on whether
the supercavitating vehicle can intersect the target contour
throughout the entire approach process. Firstly, the trajectory
of the supercavitating vehicle and four lines of target contour
are solved simultaneously. Encounter time in SRM can be
directly expressed as.

is RBE =

o By, + 2Dy sin(C,, — By)
T TV sin(Co — Cu)
p 2DS sin(Cm - Bs) - Bm
2 = .
§ 2V, sin(Cy, — Cy) (12)
. 2D, cos(C,, — By) — Ly,
3= 2Vscos(Cyy — Cy) — 2V,
e 2D cos(Cy, — Bg) + Ly,
[ 54T 2Vicos(Cry — Cy) — 2V

In TSRM, it is necessary to judge whether the super-
cavitating vehicle meets the target contour during the
turning-running course and the straight-running course
after turning, respectively. The encounter time f;,i =
1,2, 3, 4 between the turning-running course of the super-
cavitating vehicle and the four lines of the target contour
is determined by the dichotomy method. The method of
solving the encounter time t;,7 = 1,2,3,4 between the
straight-running course after turning and four lines of the
target contour is the same as that used in SRM. #;; needs to
satisfy [0, (Lmax — W) / Vr]. If encounter time meets at least
one condition in (13), the encounter between the supercavi-
tating vehicle and the target is determined. I' is represented
as ftg, ty, and ty55, i = 1, 2, 3, 4, respectively.

x1(D) € [AY (1), A (D], 21(D) € [AF 1(2), AS ()]
xo(D) € [AS (1), Af (D], 22(1) € [A% (2), A} ()]
x3(D) € [AT (D), AS L(D], z3(D) € [A] [(2), AS 1 (2)]
x4(T) € [AS (D), Af 1(D], 24, (D) € [Af [(2), A} ()]
(13)

B. MONTE CARLO SIMULATION ANALYSIS
Monte Carlo simulations in SRM and TSRM are conducted
to calculate the encounter probability with the relevant
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TABLE 3. Monte carlo simulation parameters.

D, Cy B, Vi Cu Ve
m © © (kn) © (kn)
SRM 6000 90  [450315] 30 — 150
[83.13,41.54,35
TSRM 6000 90  [450315] 30 3.13] 150

TABLE 4. Path parameters of supercavitating vehicle.

Parameters Ci(°) w(°/S) t(s)
. SRM 53.1301 — —
Scenario 1
TSRM — -40 0.7529
. SRM 11.5370 — —
Scenario 2
TSRM — -40 0.7534
. SRM 323.1301 — —
Scenario3
TSRM — -40 0.7539
TABLE 5. Standard deviation of random errors.
Sandard 5 & 6 o, 0. 0 o
deviation * " " " " * "
Unit ° m kn ° ° ° kn °/s
Value 0.3 10 5 1.5 0.3 0.3 5 3

parameters outlined in Table 3. Three typical scenarios are
constructed by considering different typical azimuth angles.
The initial heading C,; in TSRM is obtained by adding the
same angle @ = 30 to the heading angle C, in SRM.
The path information is obtained by the encounter analytic
model proposed in this paper, as shown in Table 4. The mean
square error of each parameter is shown in Table 5. Generally,
in accordance with the central limit theorem, the random
error during the approach process follows a standard normal
distribution [34].

The number of Monte Carlo simulations N is set to
5000. Nj; denotes the number of simulations satisfying
Equation (13). Consequently, the encounter probability can
be expressed as P = Nj, / N. The simulation results show that
the encounter probabilities in SRM are 30.52%, 32.32%, and
39.92%, respectively. Meanwhile, the encounter probabili-
ties in TSRM are 16.8%, 22.38%, and 22.28%, respectively.
In SRM, the coordinate Xp of the intersection point between
the supercavitating vehicle path and target path in XpOpZp
is used as the judgement index of the encounter probabil-
ity. In TSRM, the miss distance rpi, is employed as the
judgement index of the encounter probability. 7y, demon-
strates the shortest distance between the supercavitating
vehicle and the target centroid during the entire approach
process. Fig. 6-9 illustrate the statistical characteristics of
the two judgement indexes. It can be seen from Fig. 6 and
Fig. 8 that the distributions and the empirical CDF of the
two judgement indexes fit the fitted PDF and theoretical
CDF well, respectively. As shown in Fig. 7 and Fig. 9, the
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FIGURE 8. Distribution of ry,;, in three scenarios in TSRM.

distributions of the two judgement indexes fit the normal
probability well, respectively. In summary, the two judge-
ment indexes basically obey the standard normal distribution.
Hypothesis testing will be used for further verification in
the subsequent sections. Fig. 10 demonstrates the encounter
situation diagrams corresponding to the maximum and min-
imum judgement index Xp of SRM in scenario 2. It can be
observed that the boundary conditions of the encounter are
Xp corresponding to the two paths with the largest slope and
the smallest slope of the four paths that the supercavitating
vehicle encounters the four vertices of the target contour.
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FIGURE 10. The encounter situation diagram corresponding to the
maximum and minimum Xg in scenario 2.

IV. ENCOUNTER PROBABILITY ANALYTIC MODEL

In this section, the analytic expressions of Xp in SRM and rip
in TSRM are derived. According to the law of error propaga-
tion, the implicit function differential method is adopted to
obtain the analytic models of the judgement indexes Xp and
rmin considering the random errors comprehensively during
the entire approach process. The integral intervals in two
modes are determined based on the relative motion between
the supercavitating vehicle and the target.
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A. STRAIGHT-RUNNING MODE
According to the measurement parameters, the path of the
target centroid can be expressed as follows.
Dy sin(Cy, — By)
sin Cy,,

cos Cpy

= 14
sin C, (14
Substitute the path of the supercavitating vehicle in SRM
into (14) to obtain the time ?,, expressed as (15) at which the
supercavitating vehicle reaches the target path. The geodetic
coordinates at f,, are obtained and expressed as (16).

Dy sin(Cy,, — By)

ton = —————= 15
T Vysin(Cy — C) (15)
Dy sin(C,,, — Bg) cos Cy,
XsE =
sin(Cy, — Cy)
Dy sin(Cy, ni By )LémC (16)
S T in(Cr — Cu)

The coordinate x,z is transformed to obtain Xp from

XgOgZg to XpOpZp through the transformation matrix Rgp.

Xp = Dy( Slln(cu By) . Vin S'IH(Cm Bs)) (17)
sin(C, — C,)  Visin(Cy, — Cp)

Equation (17) is rewritten as Xp = f(Dy, By, Ci, Vi, Cu,
V). Based on the law of error propagation, the variance of
Xp can be represented as (18). According to (3) and (10), the
distances é,’;, i =1, 2,3, 4 between the supercavitating vehi-
cle and the four vertices of the target contour can be expressed
in (19). The initial heading C,; of the supercavitating vehicle
and the encounter time ¢, are the variables to be determined
by the classical PSO. Subsequently, the maximum heading
Cymax and minimum heading C,, nin among C,; are obtained.
The integral interval [Xpmin, XBmax] 1S obtained according
to (17).

[ Dx, = KDK”
af of of of of 9

k(X o o o o of, (18)
0D, 9B, "9Cy AV, C, AV

| D = dzag([aDS, Ués, aém, G‘%m’ Uéu, o‘%s])
ming), = J(E, — AEP + (£, — ALQ@)2,
i=1,2,3,4
. { Cui € 0, 27]

19)

ti € (0, Lmax/Vs]

The analytic model of the encounter prob%bility in SRM
X

B
fXBmax ZDXB de

—F€
XBmin /27TDXB

B. TURNING-STRAIGHT-RUNNING MODE

Since the TSRM path of the supercavitating vehicle com-
prises turning-running course and straight-running course,
the random error of the angular velocity results in initial
position dispersion of the straight-running course. As a result,
the analytic model of the encounter probability in TSRM
of the supercavitating vehicle is derived by segmentation
method.

can be expressed as P =

9504

The position of the supercavitating vehicle after turning
can be expressed as (20). C,, denotes the heading of the
supercavitating vehicle after turning.

Vs . Vs .
Xtse = 7 sin(Cye) — — sin(Cy)

Vs Vg
Zse = —— €08(Cye) + — c08(Cyy) (20)
w w

Cue = Cyt +w1,

According to the law of error propagation, the position
variances of the supercavitating vehicle after turning can be
derived as.

ax
O_x[zse _ (a_‘;sSe)z 2 +( tse) +( tse)z
0z Z Z
022, =(a“,“) V2 +( ’“) +( ’”)2

O’C2 —0C2 +aw t
2D

After the supercavitating vehicle turns, the geodetic coor-
dinates of the target centroid are expressed as.

{ Xme = Ds cos Bg + Vyut; cos Cy, 22

Zme = Dy sin By + Vy,t; sin Cyy,
Accordingly, the target position variances can be deter-

mined as.
5 0Xpme

9
+(—x’"e )Zac,i
aCp )
072, = ( azge)z oD* + ( Zl;”e)z 0B +( Z‘;’”)Z o V>
OZme o 2
oC2
+( 3 Cm)

(23)

The Monte Carlo method is employed to simulate posi-
tion dispersion of the supercavitating vehicle and the target
after turning-running time in Scenario 1, as shown in
Fig. 11-13. From the simulation results, it is evident that
the positions of the target and the supercavitating vehi-
cle after turning-running time follow a normal distribution
with the mean values calculated based on the measurement
parameters.

During the straight-running course of the supercavitating
vehicle, the relative motion of the supercavitating vehicle
with the target can be derived as follows.

= Vycos(Cp — q) —
rq = Vy sin(Cy, — q) —

Vs cos(Cye — q)

Vs sin(Cue — q) .

where r denotes the distance between the supercavitating
vehicle and the target centroid. g denotes the time-variant line
of sight angle.

Divide the first formula by the second formula in (24), and
integrate simultaneously yields as follows.

Iy — / d(Vs sin(Cye — q) — Vi sin(Cyy — )
Vs sin(Cye — q) — Vi sin(Cyyy — q)

(25)
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The distance Dg, and azimuth angle Bg, between the super-
cavitating vehicle and the target after the turning-running
time are regarded as the initial values in (25). The mathemat-
ical expression of r is given as follows.

Dye[ Vi sin(Cyyy, — ve) — Vs sin(Cye — Bye)] (26)
Vin sin(Cy, — q) — Vs sin(Cye — q)

Dse = V(Ax)* + (AZ)2 27
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Ax
arccos ———, Az >0
VAx? + Agz
X
_ ) 2m —arccos ——, Az <0
Bse = VAXE 4+ A2
0, Az=0,Ax >0
T, Az=0,Ax <0

(28)

where Ax = Xge — Xime and AZ = Ztse — Zime-

Equation (29) is obtained by simplifying (26). AV, and
AV, denote the projections of the relative velocity between
the supercavitating vehicle and the target in Xg OZf.

_ Dsesin(B — Bse)

sin(8 — q)

AV;

AV, 29)
AV, =V, cos C, — Vs cos Cye

AV, =V, sinCp, — Vg sin Cye

tan 8 =

where Dg,,8 and Bg can be described as
Dye = k(Xime, Zme» Xise» Zise)
;(ﬂ’ Cms Cuev Vs’ Vm) =0
Y (Bse, Xmes Zmes Xises se) = 0
ances can be expressed as.

, the corresponding vari-

Dy, 0Dy 0Dy
o D3, = (5 oxp, + (o) oxg, + () oz,
0Xpme 0Xsse 0Zsse
+(a_) me
Zme
op? _(i)2 C2 4 (—— % YoC2 +(—ﬁ)avs2
5 aCy, 0Cy,e BAA
+(—ﬁ)2ov,%,
WV op 3B
S S S
B3, = (=) 0xp, + (—V0xp, + (—) 07,
0Xzse 0Xpme 0Zme
+(3BSe)z 2
aZ[se 1se
(30)
When 7 = 0, the distance between the supercavitat-

ing vehicle and the target centroid is shortest, that is, the
miss distance rpip.The miss distance can be expressed as
Fmin = Dsesin(8 — Bge). Similarity, the variance of the
miss distance can be derived as armm = (a 0D2
(g’ YoB? + ( -0 2o B}, following a standard normal distri-
but10n N, armm) The method for determining the integral
interval of the encounter probability analytic model in TSRM
is similar to that in SRM. Initially, the classical PSO is
adopted to obtain the four paths that the supercavitating
vehicle encounters the four vertices of the target contour
as it moves from the initial position of the straight-running
course, which correspond to four heading angles Cy, pi, i =
1,2, 3, 4. Combining (27)-(29), the four miss distances corre-
sponding to the four heading angles can be obtained, in which
the maximum and minimum miss distances are the integral
interval.
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FIGURE 14. Equal encounter probability positions and extreme range of
the supercavitating vehicle.

V. SIMULATION VERIFICATION

Based on the encounter probability analytic models in SRM
and TSRM, the encounter probabilities in two modes under
different scenarios are calculated. The accuracy of the pro-
posed analytic methods is validated through comparison with
the Monte Carlo simulation results. The number of Monte
Carlo simulations is set to 5000.

A. STRAIGHT-RUNNING MODE

The extreme range of the supercavitating vehicle and the posi-
tions with equal encounter probability are crucial for strike
decision-making. The extreme range Dsmax under different
scenarios is computed according to (31). Azimuth angles
are designated to [0, 85°] U [275°, 360°], with an interval of
0.03rad. In the case of conventional torpedoes, the positions
with the equal hit probability commonly involve three hit
probabilities of 0.9, 0.8 and 0.5 [46]. In this paper, the equal
encounter probabilities are set from 0.3 to 0.9, with an interval
of 0.1. The classical PSO is employed to calculate the range
Dy corresponding to the anticipated encounter probability Py
according to the objective function (32).

Loy SI
Dymax = M (31)

sin(Qy)
minJ=|P — Py|

(32)
5.1.0<Dg < Dgmax

As depicted in Fig. 14, the positions with the equal
encounter probability of the supercavitating vehicle do not
form a regular circle, and the trend of the positions of each
equal encounter probability remains consistent. Fig. 15 illus-
trates the relationship between the range and the azimuth
angle. The trend reveals that the range initially increases
and subsequently decreases as the azimuth angle increases.
In other words, achieving the desired encounter probability
requires a shorter range for either excessively large or small
bearing angles. Table 6 presents the parameters associated
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TABLE 6. Relative parameters of maximum ranges.

Incidence  Encounter
Encounter Dymax Bs (O .
. angle time
probability (m) ©) (©) N
© )
30% 8415775  -60.936  29.064 34.6398 109.069
40% 6183.791  -60.936  29.064 34.6398 80.142
50% 4807.780  -60.936  29.064 34.6398 62.309
60% 3853.054  -60.936  29.064 34.6398 49.936
70% 3128.824  -60.936  29.064 34.6398 40.550
80% 2530.363  -60.936  29.064 34.6398 32.794
90% 1971378  -60.936  29.064 34.6398 25.549

TABLE 7. Deviation between analytic method and monte carlo simulation.

Deviation Number Proportion
[0,0.01] 575 82.14%
(0.01,0.02] 109 15.57%
(0.02,0.03] 9 1.29%
(0.03,0.04] 6 0.86%
(0.04,0.05] 1 0.14%

with the maximum range of each equal encounter probability.
According to the encounter time corresponding to the maxi-
mum range of different encounter probabilities, it is apparent
that the maximum encounter time does not exceed 2 minutes,
which highlights the rapidity of the supercavitating vehicle.
Consequently, the target has insufficient time to maneuver or
implement countermeasures.

The Monte Carlo simulation method is used to calculate the
encounter probabilities for 700 positions of 7 equal encounter
probabilities. The encounter probability deviations of the two
methods are summarized in Table 7. Fig.16 illustrates the
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TABLE 8. Deviation between analytic method and monte carlo simulation.

Deviation Number Proportion
[0,0.01] 79 342%
(0.01,0.02] 67 29%
(0.02,0.03] 32 13.85%
(0.03,0.04] 22 9.52%
(0.04,0.05] 16 6.93%
(0.06,0.07] 6 2.6%
(0.07,0.08] 8 3.46%
(0.08,0.09] 1 0.43%

distribution of encounter probability deviations between the
two methods across different ranges, and the results can verify
the precision of the encounter probability analytic model in
SRM proposed in this paper.

B. TURNING-STRAIGHT-RUNNING MODE

The ranges of the supercavitating vehicle in TSRM are
set from 1000m to 7000m, with an interval of 1000m.
The azimuth angle range is set to [0, 80°] U [280°, 355°],
with an interval of 5°. The encounter probabilities obtained
from the analytic method and Monte Carlo simulation are
shown in Fig. 17, while the deviations of two methods are
listed in Table 8. According to the results, the deviation
accuracy between the analytic method and Monte Carlo
simulation in TSRM is slightly lower than that in SRM,
but the number of deviations greater than 5% accounts for
only 6.49%, affirming the feasibility and effectiveness of
the encounter probability analytic model in TSRM. Fig. 17
indicates a consistent trend in the encounter probabilities
across different ranges and azimuth angles. The larger devia-
tion may be attributed to the introduction of turning angular
velocity error of the supercavitating vehicle, rendering the
Monte Carlo simulation more complex and increasing result
uncertainty.
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TABLE 9. Results of the hypothesis testing.

Scenario o,, Coiggis;llc ¢ D, hypothesis
1 252.60 [-7.79 ,6.21] -0.7880 Ho
SRS 2 212.86 [-8.22,3.58] -2.3213 Ho
3 19172 [-5525.11]  -0.2072 Ho
1 325.72 [5.80,23.86] 14.8308 Ho
TSRS 2 315.47 [-13.60,3.89] -4.8583 Ho
3 244.04 [-7.77,5.75] -1.0096 H,

C. HYPOTHESIS TESTING

In reference to Section III, the judgement indexes of the
encounter probability in both SRM and TSRM are statis-
tically analyzed, respectively. This analysis then forms the
basis for deriving the analytic models of two judgement index
variance. However, the rationality whether the judgement
indexes conform to the standard normal distribution needs
further verification. In this section, hypothesis testing based
on unbiased estimation is used to verify the rationality of the
assumption that the means of the judgement indexes Xp and
Fmin are Zero.

The original hypothesis Hy is denoted as u = o(0).
The alternative hypothesis H; is denoted as i 7# . Based
on (33), the range of p satisfying the confidence level is
[po — ua/zcro/\/]v, 1o + Ug 200 V/N]. Here, Ug 2 signifies
the quantile o / 2 of the standard normal distribution. The
significance level « is set to 0.05. The results are listed in
Table 9. In accordance with the principle of small proba-
bility, the original hypotheses are accepted for both SRM
and TSRM under three typical scenarios. Therefore, it is
further verified that the judgement indexes of the encounter
probability analytic models in SRM and TSRM obey the
standard normal distributions.

P{X—wo| 2k} =« (33)
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where X represents the sample mean of the judgement
indexes Xp and ryip.

VI. CONCLUSION

This paper conducts research on the encounter probability
between the supercavitating vehicle in SRM and TSRM with
the target. In SRM, the mathematical encounter model is
established, utilizing the advanced angle mode. For TSRM
path planning, an improved PSO (named CG-P-PSO) based
on the local best topology is proposed. The particle posi-
tion update employs Cauchy and Gaussian distributions,
and a penalty function is integrated to drive the optimiza-
tion algorithm to obtain the optimal path with the shortest
encounter time. The superior robustness and accuracy of
CG-P-PSO are validated through comparison with other opti-
mization algorithms. The Monte Carlo method considering
the target scale is employed to determine the judgement
indexes of the encounter probability analytic model in SRM
and TSRM. Statistical analysis confirms that these indexes
adhere to the standard normal distribution. Furthermore,
based on the law of error propagation, the analytic mod-
els of the two judgement index variances are derived using
the implicit function differential method. The strategy for
determining the integral intervals is proposed based on the
relative motion between the supercavitating vehicle and the
target. Finally, the accuracy and feasibility of the encounter
probability analytic model in SRM and TSRM are validated
through Monte Carlo simulation and the hypothesis testing
method. Future work will include multi-target optimization
research to maximize the encounter probability [47] and the
study of the trajectory dispersion.
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