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ABSTRACT The rotor eccentricity and manufacturing tolerances caused by unavoidable uncertainties in the
process of manufacturing deteriorate the cogging torque of permanent magnet (PM) motors. To guide the
design and optimization of PM motors, this paper proposes an analytical model to reveal the effects of
mixed-eccentricity (ME) and manufacturing tolerances on the harmonic components of cogging torque.
A coefficient is introduced to intuitively characterize the impact of ME on the distribution of the air-gap
length. Then a modified analytical model is developed to theoretically identify the additional harmonic
components (AHCs) of cogging torque associated with the eccentricity and tolerances. And the main AHCs
of cogging torque are quantitatively determined through the finite element method. Finally, suggestions to
improve the robustness considering uncertainties by selecting pole/slot combination and pole-arc ratio are
proposed.

INDEX TERMS Permanent magnet motors, mixed-eccentricity (ME), manufacturing tolerances, additional
harmonic components (AHCs) of cogging torque, robust design.

I. INTRODUCTION
The permanent magnet (PM) motor has been widely used
in domestic and industrial applications due to its advantages
such as wide speed range and high power density [1].
However, the cogging torque of PM motors, caused by the
interaction between the rotor magnets and the slotted stator,
is one of the sources of torque ripple and affects the output
accuracy [2].
To reduce the cogging torque, several methods have been

proposed to eliminate the inherent harmonic components
of cogging torque, including the optimization pole-arc
coefficient [3], skewing [4], unequal/asymmetrical magnet
widths [5], harmonic currents injection [6], and so on.
However, due to the unavoidable uncertainties in the process
of manufacturing and assembling, rotor eccentricity and
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manufacturing tolerances are frequently present, and the
additional harmonic components (AHCs) of cogging torque
might be introduced in practical motors [7], [8], [9].

Rotor eccentricity refers to as the phenomenon that the
center of the rotor does not coincide with the center of the
stator. Eccentricity can be categorized into three types based
on the rotation center of the rotor. Most existing studies on
cogging torque under eccentricity have only examined static-
eccentricity(SE) and dynamic-eccentricity (DE), i.e., the
rotor rotates around the stator or rotor center. Zhu et al. [10]
analyzed the cogging torque harmonics of different pole/slot
configurations under SE and DE via the analytical approach
and finite element method (FEM). The AHCs of cogging
torque with multiples of the number of poles (2p) and slots
(Qs) orders can be introduced under SE and DE, respectively.
The value of cogging torque under eccentricity when the
rotor is fixed in one certain position could be analytically
calculated by the coordinate transformations model [11] and
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the subdomain model [12]. And the cogging torque wave
could then be obtained once the rotor trajectory is known.

However, the mixed-eccentricity (ME), whose rotation
center is neither the stator center nor the rotor center, is the
more general case that is commonly encountered in practical
applications [13]. Presently, the air-gap model for ME is
usually written as the sum of SE and DE. Based on this
model, the influence of ME on the radial force of PM motors
[14], the dynamical model of induction motors under ME
[15] and the influence of ME on air-gap flux density of PM
motors [16] were analyzed. Yet the application of this model
relies on a complex analysis process, where the influence of
ME on cogging torque harmonic components could not be
comprehensively explained.

The manufacturing tolerances typically refer to the uncer-
tainties in the dimensions of stator teeth and rotor, and
remanence tolerances on PMs. Ou et al. [8] conducted a sys-
tematic analysis of the influence of stator and rotor tolerances
on cogging torque components, and proposed that stator and
rotor tolerances respectively result in multiples of 2p and Qs
orders AHCs of cogging torque. Yang et al. [17] provided
suggestions for selecting various design parameters to elim-
inate the AHCs of cogging torque and reduce the effects of
manufacturing tolerances. However, in practical motors, the
rotor eccentricity and manufacturing tolerances may coexist
and have a coupled influence. Galfarsoro et al. [18] proved
that the manufacturing tolerances together with SE and
DE would have additional effects beyond their independent
influences. Therefore, solely focusing on one of these factors
in the uncertainty analysis of cogging torque is inadequate
and also does not conform to practice. However, no papers
that systematically study the coupling mechanism of ME
and manufacturing tolerances on the cogging torque of PM
motors are found.

The objective of this paper is to analyze and summarize
the main AHCs of cogging torque in PM motors introduced
by ME and manufacturing tolerances simultaneously via
a modified analytical model together with FEM. Conse-
quently, the main AHCs of one PM motor having any
pole/slot configurations under manufacturing uncertainties
can be easily determined. This intuitive approach is sub-
stantially applicable to the robust design of PM motors
and directional eliminating the influences of manufacturing
uncertainties.

The remainder of this paper is organized as follows. The
influence of ME on the permeance of air-gap is described and
a coefficient is introduced to characterize the cogging torque
harmonics under ME intuitively in Section II. Subsequently,
Section III theoretically discusses the harmonic components
of cogging torque in the PM motor under ME without/with
manufacturing tolerances. And several PM motors with
different pole/slot configurations are taken as examples to
verify the efficacy of theoretical results through FEM and
the main AHCs of cogging torque are revealed considering
the coexistence of ME and manufacturing tolerances in
Section IV. Finally, suggestions to improve the robustness

considering manufacturing uncertainties are proposed in
Section V.

II. THE ANALYTICAL MODEL OF COGGING TORQUE
The energymethod is selected as the basic model in this paper
to predict the harmonic components of cogging torque. This
method canmeet the requirement of the influence mechanism
analysis of manufacturing uncertainties on cogging torque,
though it has low precision in amplitude [8], [19]. The
quantitative analysis is conducted later by the FEM.

A. PERMEABILITY OF AIR-GAP WITH ME
The schematic diagram of ME is shown in Fig. 1, where
the outer circle presents the inner circle of the stator and the
dotted inner circle represents the rotor in a healthy state. The
inner circle of the solid line is the position of the rotor with
eccentricity. The solid inner circle represents the position
of the rotor with eccentricity. In this case, the rotor rotates
around a point O that is neither the center of the rotor nor the
stator, and the real motion trajectory of the center of the rotor
is shown as the blue line in Fig. 1.

FIGURE 1. The schematic diagram of ME.

The motion process of the rotor with ME can be decoupled
in two process. Firstly, as shown in Fig. 1, the center of the
rotor and the rotating center deviate from the center of stator
Os to the point O. The distance between Os and O is named
as SE distance and represented by e1. At this moment, the
air-gap length can be formulated as [20]:

g1(θ ) ≈
g

Es(θ − φs)
,

Es(θ − φs) =
1

1 − ϵ1 cos (θ − φs)
, (1)

where θ is the angle in the stator reference frame, φs is the
relative SE angle in the stator reference frame, g represents
the air-gap length in the ideal condition, and SE ratio
ϵ1 = e1/g.

Then the center of rotor Or deviate from rotating center O.
The distance between O and Or is named as DE distance and
represented by e2. But the rotor still rotates around point O,
which is not concentric withOs orOr . In this case, the air-gap
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FIGURE 2. Equivalent rectangular waves of the squares of rotor MMF and
permeance.

length can be formulated as:

g(θ, θr ) ≈
g1(θ )

Ed (θr − φr )
=

g(θ)
Es(θ − φs)Ed (θr − φr )

,

Ed (θr − φr ) =
1

1 − ϵ2 cos (θr − φr )
, (2)

where θr is the angle in the rotor reference frame, φr is the
relative DE angle in the rotor reference frame, and DE ratio
ϵ2 = e2/g.

Thus, the final relative permeability under ME can be
calculated as:

3m(θ, θr ) = 3Em(θ, θr ),

Em(θ, θr ) = Es(θ − φs)Ed (θr − φr ), (3)

where 3 represents the relative permeability in the ideal
condition, and 3 = 1/g.

Actually, the SE and DE correspond to the cases where
only ϵ2 = 0 and only ϵ1 = 0, respectively. Therefore, the
equivalent effect of ME on the air-gap could be regarded as
the product of the independent effects of SE and DE on the
air-gap.

B. THE ANALYTICAL MODEL OF COGGING TORQUE
According to the energy method, the cogging torque of PM
motors is approximately generated by the energy variation
within the air-gap. Based on the magnetic motive force
(MMF)-Permeance model, the cogging torque under ME can
be expressed as:

Tcog(θm) = −
∂W
∂θm

= −K
∂

∂θm

∫ 2π

0
F2
r (θ, θm)32(θ )E2

m(θ, θm)dθ,

K =
L
4µ0

(
R2o − R2i

)
, (4)

where Fr and 3 are the MMF of the rotor excited by PMs
without consideration of the influence of slot-opening and the
permeability of air-gap respectively. L is the active length of
the motor; Ro and Ri are the outer and inner radii of the air

FIGURE 3. The normalized amplitude of E2
s and E2

d harmonics.

gap, respectively. θm indicates the rotor position in the stator
reference frame, and θm = θ − θr .
Assuming infinite permeability of iron and ignoring flux

leakages, the square of rotor MMF and permeance of air-gap
can be recognized as equivalent rectangular waves shown in
Fig.2 and rewritten in the Fourier series in (5) [21].

F2
r (θ, θm) = F2

r0 +

∑
n

G(n) cos(nθ − nθm),

32(θ, θm) = 32
0 +

∑
k

0(k) cos(kθ ), (5)

where F2
r0 and 32

0 are constants, while G(n) and 0(k)
represent the amplitudes of the nth and k th harmonics,
respectively.

G(n) =

2p∑
i=1

2Gi
n

sin
nπac
2p

e−jnθpi ,

0(k) =

Qs∑
i=1

20i
k

sin
kπat
Qs

e−jkθti , (6)

where Gi represents the amplitude of the F2
r wave of the ith

PM, and it is proportional to the square of remanenc. While
0i represents the amplitude of the 32 wave of the ith tooth,
and it is inversely proportional to the square of air-gap length.
ac = αc/αp and at = αt/αs are the pole-arc ratio and tooth
width ratio respectively, and θpi and θti are the center positions
of each pole and tooth respectively.

C. THE ME COEFFICIENT
As for the term E2

m(θ, θm) in (4), since it can be used to
describe the influence of ME in cogging torque, it is defined
as ME coefficient (MEC). According to (3), MEC is the
product of E2

s and E2
d , which can be can be expressed using

the Fourier series as shown in (7).

E2
m(θ, θm) = E2

s (θ − φs)E2
d (θ − θm − φr ) ,

E2
s (θ − φs) = E2

s0 +

∑
ν

Ds(ν) cos (νθ − νφs) ,

E2
d (θ − θm − φr ) = E2

d0 +

∑
ν

Dd (ν) cos (νθ − νθm − νφr ) .

(7)

Considering the eccentricity ratio of practical PM motors
is usually not too large, so only the case of ϵ1 + ϵ2 ≤0.5 is
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taken into account in this paper. When ϵ1 or ϵ2 = 0.5, the
normalized amplitude of E2

s and E2
d harmonics are expressed

asDs(d)(ν)/E2
0 in Fig. 3. Since the amplitudes are small when

the order is more than 2nd , only the constant term, 1st and
2nd harmonics are considered in the subsequent analysis.
Therefore, the MEC can be expanded as (8).

E2
m(θ, θm) = E2

s0E
2
d0 + A+ B+ C

A = E2
d0

∑
ν1

Ds(ν1) cos (ν1θ − ν1φs)

B = E2
s0

∑
ν2

Dd (ν2) cos (ν2θ − ν2θm − ν2φr )

C =
1
2

∑
ν1,ν2

Ds(ν1)Dd (ν2)

· cos[(ν1 ± ν2)θ ∓ ν2θm − (ν1φs ± ν2φr )].

(8)

where ν1 = 1,2, and ν2 = 1,2. As can be observed in (8), there
are four terms in theMEC. They are constant termE2

s0E
2
d0, the

trigonometric term A, B and C .
Significantly, the specific values of the eccentricity angle

mainly affect the phases of torque harmonics rather than
harmonic components [22]. To simplify the analysis process,
the special case of φs = φr = 0 is taken as the example to
analyze and the MEC can be rewritten as follows:

E2
m(θ, θm) = E2

m0 +

∑
µ1

∑
µ2

Dm(µ1, µ2) cos (µ1θ − µ2θm),

(9)

where the E2
m0 is equal to the constant term in (8) and the

trigonometric term is the sum of A, B and C in (8). Therefore,
µ1 is taken as the coefficients of θ in A, B and C , i.e., ν1,
ν2, and ν1 ± ν2, respectively. µ2 is equal to the coefficients
of corresponding θm, and Dm(µ1, µ2) is the amplitude of
corresponding harmonic component. Ignoring the products of
higher-order terms, the main combinations of µ1 and µ2 are
listed in Table 1.

TABLE 1. The main combinations of µ1 and µ2.

Actually, (9) can be seen as the common expression for
different eccentricity cases. It represents the eccentricity
coefficient of SE, when (µ1, µ2) is equal to (1,0) and (2,0),
i.e., only e1 is non-zero. While (µ1, µ2) is equal to (1,1) and
(2,2), (9) is the eccentricity coefficient of DE, i.e., only e2 is
not equal to 0.

III. THEORETICAL ANALYSIS OF AHCS OF COGGING
TORQUE
A. COGGING TORQUE UNDER ME
By substituting (5) and (9) to (4), considering prosthaphaere-
sis formulas and the character of trigonometric function

integration, the cogging torque under eccentricity is:

Tcog(θm) = −K
∂

∂θm

∫ 2π

0
F2
r (θ, θm)32(θ )E2

m(θ, θm)dθ

= −K
∂

∂θm
(A + B + C + D + E),

A = TA

∫ 2π

0

∑
µ1,µ2

Dm(µ1, µ2) cos (µ1θ − µ2θm)dθ,

B = TB

∫ 2π

0

∑
n

∑
k

G(n)0(k) cos[(n− k)θ − nθm]dθ,

C = TC

∫ 2π

0

∑
k

∑
µ1,µ2

0(k)Dm(µ1, µ2)

· cos[(k − µ1)θ − µ2θm]dθ,

D = TD

∫ 2π

0

∑
n

∑
µ1,µ2

G(n)Dm(µ1, µ2)

· cos[(n− µ1)θ − (n− µ2)θm]dθ,

E = TE

∫ 2π

0

∑
n

∑
k

∑
µ1,µ2

G(n)0(k)Dm(µ1, µ2)

· cos[(n− k ± µ1)θ − (n± µ2)θm]dθ, (10)

where A to E are the terms of the energy within the air-gap
that may contribute to the cogging torque under eccentricity,
and the TA to TE are positive constants that are deemed
irrelevant to the present study. According to (6), when
manufacturing tolerances on PMs or slots are absent, the
n and k are only equal to 2ip and iQs (i = 1, 2, 3,. . . )
respectively. In this section, the cogging torque performances
are analyzed only under rotor ME without considering
manufacturing tolerances on PMs or teeth.

Firstly, A is caused by the interaction of the constant terms
of F2

r and 32 and the trigonometric term of MEC. It is non-
zero only when (µ1, µ2)∈{(0,1)}, that is, ME may introduce
1st torque harmonic. However, it should be noted that
cogging torque is the differential of energy, as demonstrated
in equation (4), so that the amplitudes of cogging torque
harmonics are multiples of the corresponding orders of the
amplitudes of energy harmonics. Additionally, the amplitudes
of the eccentricity ratio are not excessively large. Hence,
the 1st cogging torque harmonic may be considerably
smaller than other harmonics with higher orders, rendering
it negligible in practical applications.

Furthermore, B is due to the interaction of the
trigonometric terms of F2

r and 32 and the constant term of
MEC. The harmonic components of B remain the same as
the case without rotor eccentricity, namely, iLCM (2p,Qs)th

(the common multiples of 2p and Qs).
Additionally, C is resulted from the interaction of the

trigonometric terms of 32 and MEC and the constant term of
F2
r , while D is caused by the interaction of the trigonometric

terms of F2
r and MEC and the constant term of 32. Since

the numbers of the poles and slots of the motor widely used
in practice are usually greater than 3 and µ1 is no more
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TABLE 2. The Possible orders of Cogging Torque Harmonics under ME
(n = 2i1p, k = i2Qs, i1 and i2 are both positive integers).

FIGURE 4. Equivalent rectangular waves of the squares of rotor MMF and
permeance with manufacturing tolerances.

than 3, C and D can be ignored when only considering rotor
eccentricity.

Finally, as for the E, it is introduced by the interaction of
the trigonometric terms of 32, F2

r , and MEC. E is non-zero
only if (n − k ± µ1) is equal to 0. Thus, when n differs
from k by no more than 3 and (µ1, µ2)∈ {(1,0), (2,0), (1,1),
(2,2)}, both nth and k th AHCs of cogging torque would
be introduced simultaneously. Additionally, the extra AHCs
with the middle orders of the most approximate nth and k th

harmonics will also be introduced when (µ1, µ2)∈ {(2,1),
(3,1), (3,2)}. Notably, when the difference value of n and k
is equal to 1, the AHCs with the nearest neighbor orders of
nth and k th harmonics would be introduced because (µ1, µ2)∈
{(1,-1), (1,2)}. And the harmonics of the [iLCM (2p,Qs)±1]th

also exist because (µ1, µ2)∈ {(0,1)}, when n is equal to k .
In conclusion, all possible harmonics of cogging torque

under ME are listed in Table 2, in which the introduced
harmonics of the row of ‘‘|n−k| = 0’’ are inherent additional
cogging torque harmonics under ME nomatter what pole/slot
configurations.

Specially, as demonstrated in Section II, (µ1, µ2) in MEC
is only equal to (1,0) and (2,0) when SE exists independently.
According toE in (10), the nth AHCs of cogging torquewould
be introduced in this case when n differs from k by no more
than 3. Similarly, the k th AHCs of cogging torque would be
introduced when DE exists independently. The results are in
agreement with the conculsion of [10]. Thus, the SE and DE
could be regarded as two special cases of ME.

B. COGGING TORQUE UNDER MANUFACTURING
TOLERANCES
When there are randommanufacturing tolerances in rotor PM
poles and stator teeth, as shown in Fig.4, i.e., the Gi of every
PM pole and the 0i of every tooth may differ. As indicated
in (6), the n and k can be any positive integer in this case.
Subsequently, ignoring rotor eccentricity, by substituting

the new n and k into (4), AHCs of cogging torque

TABLE 3. The possible extra AHCs of cogging torque under ME with the
manufacturing tolerances.

would be introduced. Specifically, when stator tolerances are
present only, the 32 would exhibit harmonics of 2ip orders.
These harmonics, in conjunction with the corresponding
F2
r harmonics, would result in B in (10) being non-zero,

thereby generating additional 2ipth AHCs of cogging torque.
Similarly, when rotor PM tolerances are present only, AHCs
with the orders of iQs would arise in cogging torque.
Considering tooth and PM tolerances simultaneously,

due to the arbitrariness of the values of n and k , AHCs
of cogging torque with any orders might be introduced.
However, in practice, stator and rotor tolerances primarily
cause low-order additional harmonics, which have minimal
impact on the main harmonics of F2

r and 32. Hence, only
considerating the interaction of additional32 harmonics with
inherent 2ipth F2

r harmonics and the interaction of additional
F2
r harmonics with inherent iQsth 32 harmonics is sufficient.

In other words, it can be assumed that the effects of stator
and rotor tolerances on cogging torque are independent of
each other and the case of coexistence of stator and rotor
tolerances can be considered as the combination of stator and
rotor tolerances.

C. COGGING TORQUE UNDER BOTH ME AND
MANUFACTURING TOLERANCES
When there are both ME and random tolerances, AHCs of
cogging torque would be introduced because ABCDE in (10)
may be all non-zero. While the 1st cogging torque harmonics
caused by A also can be ignored and harmonics caused by
B are the same as the case only manufacturing tolerances
existing, i.e., harmonics with orders of 2ip and iQs.

On the other hand, asmentioned above, only the interaction
of additional 32 harmonics with inherent rotor MMF
harmonics and the interaction of additional F2

r harmonics
with inherent air-gap permeance harmonics being considered
in tolerances analysis is sufficient. Therefore, theC andD can
be neglected, though, theoretically, µ2

th AHCs of cogging
torque might arise due toC and (µ1±µ2)th AHCs of cogging
torque might arise due to D. Hence, only AHCs caused by E
are discussed below.

Firstly, only tooth tolerances are considered. When k =

2ip ± µ1, the corresponding (2ip ± µ2)th AHCs of cogging
torque arise. The corresponding relationship between µ1 and
µ2 are listed in Table 1, which will not be reiterated here
and below. Hence, in addition to the AHCs of cogging torque
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FIGURE 5. Models of SPM with different pole/slot combinations: (a)8P9S; (b)10P12S; (c)8P12S.

TABLE 4. Main parameters of different motors.

introduced by ME shown in Table 2, the 2ipth, (2ip±1)th, and
(2ip±2)th AHCs would be further induced in this case.
Secondly, only PM tolerances are considered. When n =

iQs ± µ1, the corresponding (iQs ± µ1 ± µ2)th AHCs of
cogging torque appear. Hence, in this case, AHCs might
be further introduced with the orders of iQs, (iQs±1)th,
(iQs±2)th, and so on.
Finally, tooth and PM tolerances are considered simulta-

neously. Same as the case of only considering manufacturing
tolerances, it can be simply assumed that the AHCs of
cogging torque are the superposition of the AHCs when the
stator and rotor are separate.

In summary, excluding the inherent and ME introduced
harmonic components of cogging torque (shown in Table 2),
the possible extra AHCs of cogging torque with the
coexistence of stator or rotor tolerances are listed in Table 3.

IV. QUANTITATIVE ANALYSIS OF COGGING TORQUE
VIA FEM
A. COGGING TORQUE UNDER ME
To verify the influence mechanism of ME on cogging torque,
an 8P9S surface-mounted PM (SPM) motor, with n= 8i, k =

9i, and 72ith inherent cogging torque harmonics, is taken as
an example. The structure of the model is shown in Fig.5(a)

and the main parameters are listed in Table 4. The purpose of
the models in this paper is to verify the influence mechanism
of manufacturing uncertainties, so the parameters are not
optimal.

Based on Table 2, primarily, the (72i±1)th exist as the
inherent AHCs of cogging torque. Then the AHCs of 8th and
9th (n= 8, k = 9), 16th and 18th (n= 16, k = 18), 24th and 27th

(n= 24, k = 27), 45th and 48th (n= 48, k = 45), 54th and 56th

(n = 56, k = 54), etc. are introduced similar with the SE and
DE cases. Accordingly, the presence of the 7th and 10th AHCs
are attributed to (µ1, µ2)∈ {(1,-1), (1,2)}, corresponding to
the second row of Table 2. And the existence of the 17th and
55th AHCs are due to (µ1, µ2) = (2,1), corresponding to the
third row of Table 2. Additionally, the 25th, 26th, 46th, and
47th AHCs exist when (µ1, µ2)∈ {(3,1), (3,2)}, corresponding
to the fourth row of Table 2. Setting ϵ1 = ϵ2 = 0.25, partial
cogging torque harmonics calculated by FEM are shown in
Fig. 6(a). Due to the relatively large amplitude of the inherent
72th harmonic component of cogging torque, it is interrupted
to show. And the grey scale characterizes the torque range
from the break to the upper edge of the bar graph.

As can be observed from Fig. 6(a), the AHCs of cogging
torque are coincident with the theoretical analysis above,
as previously predicted. However, the amplitudes of AHCs
introduced due to (µ1, µ2)∈ {(1,-1), (1,2), (3,1), (3,2)} are
very small. Because the components of MEC casuing these
AHCs of cogging torque are produced by the products of
Ds(1) and Dr (2), as well as Dr (1) and Ds(2) according to (8),
and the amplitudes of Ds(2) and Dr (2) are relatively small
as depicted in Fig. 3. Moreover, the 72[ = LCM (8, 9)]nd

harmonic is the inherent cogging torque harmonic of 8P9S
motor, which is not the emphasis of this paper (similiar
with other LCM (n, k)th cogging torque harmonics of different
pole/slot configurations).

Further, the cogging torque harmonics of the 10P12S,
8P12S and 4P12S SPM motors under ME with ϵ1 = ϵ2 =

0.25 are also calculated by FEM. The 10P12S and 8P12S
SPMmotors are fractional slot motors, while the 4P12S SPM
motor is a example of integer slot motors. The structures of
their models are shown in Fig.5(b)-(d) and the results are
reported in Fig. 6(b)-(d).

Notably, there are 1st AHCs of cogging torque in
Fig. 6(b)-(d), which are introduced because A in (10).
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FIGURE 6. Partial cogging torque harmonics of PM motors with different pole/slot configurations under ME: (a)8P9S; (b)10P12S; (c)8P12S;
(d)4P12S.

FIGURE 7. The schematic diagram of typical manufacturing tolerances.

However, their amplitudes are so small that it is reasonable to
ignore the influence of A in the ME analysis. Beyond the 1st

AHC, all harmonics in Fig. 6 can be explained theoretically
combined with Table 2, which proves the efficacy of MEC
and the efficiency of Table 2 in the process of analysis of
AHCs under ME.

B. COGGING TORQUE UNDER BOTH ME AND
MANUFACTURING TOLERANCES
The 8P9S PM motor is also taken as an example to
illustrate the possible harmonics of cogging torque under ME
with the existence of stator or rotor tolerances. According

to Table 3, excluding the AHCs of cogging torque caused
by the independent influence of ME, the coexistence of ME
and tooth tolerances mainly introduce 8ith, (8i±1)th, (8i±2)th

AHCs. While the coexistence of ME and PM tolerances
mainly introduce 9ith, (9i±1)th, (9i±2)th AHCs. Furthermore,
whenME coexists with stator and rotor tolerances, all of these
AHCs mentioned above would be present. And it can be seen
as the coupling effect of rotor eccentricity and manufacturing
tolerances on the harmonic components of cogging torque.

As shown in Fig.7, one single abnormal tooth with the
inner diameter tolerance of 1g = −0.05mm and one single
abnormal PM with the remanence tolerance of 1Br =

+0.03T are considered as the representatives of stator and
rotor tolerances, respectively. The harmonic components of
cogging torque of the 8P9S PM motor under these tolerances
without and with ME (ϵ1 = ϵ2 = 0.25) are calculated by FEM
and the results are shown in Fig. 8(a)(b).

It can be observed from Fig. 8 that the aforementioned
AHCs of cogging torque introduced in the model with ME
compared to without ME are in accordance with Table 3,
except harmonic components whose orders are low. These
lower-order harmonics are the µ2

th and (µ1 ± µ2)th AHCs
of cogging torque due to C and D, respectively. As discussed
in the Section III Part C, these AHCs could be ignored since
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FIGURE 8. Partial cogging torque harmonics of PM motors with different pole/slot configurations with manufacturing tolerances:
(a)8P9S without ME; (b)8P9S with ME; (c)10P12S without ME; (d)10P12S with ME; (e)8P12S without ME; (f)8P12S with ME; (g)4P12S
without ME; (h)4P12S with ME.
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they are caused by the lower-order F2
r and 32. The FEM

results also indicate that the amplitudes of these harmonics
are relatively smaller compared to other AHCs, and their
frequencies are not significantly high. Consequently, it can
be inferred that their influence on the cogging torque is
negligible.

Therefore, combining the results of theoretical analysis and
FEM, it can be concluded that the main AHCs of cogging
torque under ME with stator and rotor tolerances simultane-
ously are the terms of 2ipth, (2ip±1)th, iQths , and (iQs±1)th,
excluding the cogging torque harmonics introduced by the
inherent pole/slot configuration and only ME.

Similarly, the 10P12S, 8S12P and 4P12S SPM motors
are also calculated by FEM in the same condition of ME
and manufacturing tolerances, and their results are reported
in Fig. 8(c)-(h). The main AHCs of cogging torque are
consistent with the analysis results, proving the validity of
the proposed analytical model and analysis conclusion.

V. METHODS TO REDUCE THE INFLUENCE OF
MANUFACTURING UNCERTAINTIES
Improving manufacturing and assembly precision to control
the ranges of uncertainties is a direct way to prevent the
deterioration of cogging torque in actual motors. However,
the improvement of precision would result in a significant
increase in manufacturing costs. In this section, some
instructions on how to reduce the influence of manufacturing
uncertainties based on the pole-arc selection are discussed.

A. SELECTION OF DIFFERENT POLE/SLOT COMBINATIONS
According to (10) and Table 1, as for a PM motor with a
specific pole/slot combination under rotor eccentricity, the
condition of (n−k±µ1) = 0 is hard to achievewhen its values
of n and k are no less than 3. Moreover, the AHCs of cogging
torque under ME with lower orders have larger amplitudes.
The AHCs with 2p order, Qs order, and orders near them
are more significant. Namely, if the difference between the
number of poles and the number of slots in a PMmotor, there
is a significant impact of ME on the cogging torque.

As shown in Fig. 6, almost no AHCs of cogging torque
except the (24i±1)th and (12i±1)th inherent AHCs are
introduced in 8P12S and 4P12S configurations. While there
are more AHCs with lower orders (relative to inherent
harmonics) in 8P9S and 10P12S configurations.

Moreover, two-cycle cogging torque waveforms of all
configurations under both single abnormal tooth and PM
without/with ME are shown in Fig. 9. It can be observed
that the larger the difference value of 2p and Qs is, the less
difference of cogging torque waves of different cases, such
as 8P12S and 4P12S configurations. Therefore, it can be
summarized that the PMmotor with a similar number of poles
and slots is more sensitive to rotor eccentricity than other
pole/slot configurations.

However, there is more serious cogging torque in the ideal
condition when the difference of 2p and Qs is large. Because
the inherent cogging torque harmonics have lower orders and

FIGURE 9. Cogging torque waves of PM motors with different pole/slot
configurations under ME: (a)8P9S; (b)10P12S; (c)8P12S; (d)4P12S.

larger amplitudes if no cogging torque suppression measures
are taken. Therefore, the final determination of pole/slot
combination in the design step is a process of trade-off
between robustness under manufacturing uncertainties and
inherent performance of cogging torque. Therefore, the final
determination of pole/slot combination in the design step is a
process of trade-off between robustness under manufacturing
uncertainties and inherent performance of cogging torque.
While ensuring that the nominal cogging torque is not
excessive, it is advisable to select a configuration with a
slightly larger difference in the number of poles and teeth.
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FIGURE 10. The variation of M(n) at different ac .

B. DESIGN OF POLE-ARC RATIO
Based on the results of analysis, the most significant AHCs,
which have relatively larger amplitudes, of cogging torque
introduced by manufacturing uncertainties are 2pth, Qths , and
harmonic components of orders between 2p and Qs (existing
under ME only).

According to the B in (10), the 2pth and Qths AHCs of
cogging torque under manufacturing tolerances are intro-
duced by the interaction of the same order of F2

r harmonic
and 32 harmonic. Specifically, 2pth AHC is introduced by
the interaction of 2pth F2

r and 2pth 32, while Qsth AHC is
introduced by the interaction of Qsth F2

r and Qsth 32. The
2pth 32 and Qsth F2

r are caused by stator tolerances and PM
tolerances, respectively.

On the other hand, according to the E in (10), the main
AHCs of cogging torque underME in the same row of Table 2
are introduced by the interaction of the same order of F2

r
harmonic and the same order of 32 harmonic with different
harmonics of MEC. For example, as for the cell in ‘‘|n − k |
= 2’’ row and ‘‘n < k’’ column, the nth and k th AHCs are
introdued by the nth F2

r and k th 32 with Dm(2,0) cos(2θ) and
Dm(2,2) cos(2θ−2θ ), respectively. While the (n + 1)th AHC
is introdued by the nth F2

r and k th 32 with Dm(2,1) cos(2θ −

θ ). Therefore, the dominant AHCs of cogging torque under
rotor eccentricity are all introduced by the interaction of 2pth

F2
r and Qsth 32.
In a nutshell, as for the MMF of PMs, the 2pth F2

r and
Qsth F2

r are the main causes of AHCs of cogging torque
under manufacturing uncertainties, and the influence of
manufacturing uncertainties could be eliminated by reducing
them.

As shown in (6), the relationships between the amplitudes
of nth F2

r and the parameters of the PM motor itself are:

G(n) ∝

∣∣∣∣sin nπac2p

∣∣∣∣ .
(11)

The sin[nπac/2p] is defined as M (n). As observed
from (11), the influence of manufacturing uncertainties on
cogging torque can be eliminated with proper selections of
the pole-arc ratio ac to make M (2p) andM (Qs) set to zero.

Moreover, the dominantly inherent harmonic component
of cogging torque is LCM (2p,Qs)th, which is introduced by
the interaction of LCM (2p,Qs)th F2

r and LCM (2p,Qs)th 32.

FIGURE 11. The variation of AHCs of cogging torque at different ac :
(a)under ME; (b)under manufacturing tolerances.

Therefore, a superior design of PM motor with small
cogging torque and high robustness against rotor eccen-
tricity could be obtained by properly selecting ac to make
|M [LCM (2p,Qs)]|, |M (2p)|, and |M (Qs)| as small as possible
simultaneously. The first one affects the nominal performance
of cogging torque, while the robustness of cogging torque
against rotor eccentricity and stator tolerances is influenced
by the middle one and the robustness against PM tolerances
is influenced by the last one.

The 12S10P configuration is selected as an example. Based
on (10), the dominant AHCs introduced by manufacturing
tolerances are 10th and 12th which are caused by 10th and
12th F2

r , respectively. The dominant AHCs introduced by
ME are 10th, 11th, and 12th which are all caused by the 10th

F2
r , respectively. While the dominant inherent harmonic of

cogging torque is 60th which is caused by 60th F2
r . Therefore,

a relatively excellent and more robust design of it should
have a small value of |M (10)|, |M (12)|, and |M (60)|. Based
on (11), the variations of their values with several different ac
are shown in Fig. 10.

Because ac is usually selected within the range of
(0.6,0.95) [17], only designs belonging to this range are
considered. As can be observed from Fig. 10, the |M (60)|
is at peak value when ac is equal to 0.67 and 0.83, while
it is zero when ac is equal to 0.91. It means that the 60th

harmonic, that is the nominal performance, of cogging torque
is minimum when ac is equal to 0.67 and 0.83. However,
the values of |M (10)| and |M (12)| are smaller at ac =

0.83 than 0.67. It means that the 10th and 12th harmonics
introduced by manufacturing uncertainties are smaller, that
is the robustness against manufacturing uncertainties is
better, when ac is equal to 0.83. Therefore, the design of
10P12S with ac = 0.83 is prior based on the theoretical
analysis.

Moreover, it is worth noting that the |M (10)| is smaller at
ac = 0.91 than 0.83. It means that the 10th and 12th harmonics
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FIGURE 12. The variation of the peak-to-peak values of cogging torque at
different ac .

of cogging torque introduced by rotor eccentricity, that is the
robustness against rotor eccentricity, is better when ac is equal
to 0.91, though the nominal cogging torque is inferior.

The variations of 10th, 12th, and 60th harmonics of cogging
torque with different ac under ME (ϵ1 = ϵ2 = 0.25) or
manufacturing tolerances [one single abnormal PM (1Br =

+0.03T), and one single abnormal slot(1g= −0.05mm)] are
calculated via FEM to verify the analysis results. The results
are shown in Fig. 11.
As shown in Fig. 11(a), the amplitudes of 10th, 11th, and

12th AHCs synchronously decrease with the enlargement of
ac under ME. And the amplitude of 60th harmonic of cogging
torque at ac = 0.91 is significantly larger than the other two.
Their trends of change are consistent with the M (10) and
M (60) in Fig. 10.

As shown in Fig. 11(b), the amplitude of 10th AHC
decreases with the enlargement of ac under manufacturing
tolerances, while the amplitude of 12th AHC at ac = 0.83 is
significantly smaller than other two. Their trends of change
are consistent with theM (10) and M (12) in Fig. 10.

The above simulation results demonstrate the correctness
of the mechanism of cogging torque AHCs and the effec-
tiveness of selecting pole-arc ratio to reduce the specific
harmonic.

The difference between the peak-to-peak values of cogging
torque at the case of all proposed uncertainties (both ME and
manufacturing tolerances) and the ideal case is also calculated
and represented by 1Tc. Tc (the peak-to-peak values of
cogging torque at the ideal case) and 1Tc of the 10P12S
motor with different ac are shown in Fig. 12.

As shown in Fig. 12, the variation of Tc is consistent with
|M (60)| (or the amplitude of the 60th F2

r ). And the 1Tc of
the design with ac≈0.83 is the smallest, which is consistent
with |M (10)| and |M (12)| (or the amplitude of the 10th and
12th F2

r ).
The ac in the actual motor is slightly bigger than the

theoretical value of 0.83 in Fig. 12, which results from
the influence of flux leakage. Therefore, the designs within
the yellow area (with ac≈0.84) can be selected in the specific
design. These designs are not only relatively optimal but also
robust. The simulation results demonstrate the effectiveness
of determining the optimal pole-arc ratio to reduce the
nominal cogging torque and the influence of manufacturing
uncertainties simultaneously based on theoretical analysis,

which can provide convenient guidance for robust design and
optimization of cogging torque in PM motors.

VI. CONCLUSION
In this paper, an investigation of the influence of ME
without/with manufacturing tolerances on the cogging torque
of PM motors is presented by a modified analytical model
with MEC. And its efficacy is verified by calculations on
several SPMmotors having different pole/slot configurations
via FEM. It shows that the influence of ME on air-gap can be
recognized as the product of the independent effects of SE and
DE. Subsequently, various AHCs of cogging torque would
be introduced in PM motors under ME when there is |2i1p−

i2Qs| ≤3. Moreover, considering the coexistence of ME and
manufacturing tolerances, significant emphasis should also
be put on the 2ipth, (2ip±1)th, iQths , and (iQs±1)th extra AHCs
of cogging torque. Based on the conclusion, the theoretical
reference for the selection of pole/slot configurations and the
method for robust design by selecting a proper pole-arc ratio
to reduce the specific AHCs introduced by manufacturing
uncertainties are proposed.
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