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ABSTRACT The process, in which the internal voltage with time-varying amplitude and frequency (A/F)
regulated by equipment generates the electric network’s terminal power variations, plays a critical role in the
system dynamic. For the system dynamic analysis, the relationship between the time-varying A/F and the
power response, as well as its characteristics, is required. However, this subject has yet to be emphasized and
thoroughly studied due to insufficient attention to the fact that the frequency is time-varying. In traditional
power system analysis, since the network’s time constant is often fast enough compared to synchronous
generators, the electric network is generally depicted by the static relationship with the assumption of
constant frequency, although it is not consistent with the practice of frequency time-varying.Moreover, in the
present renewable generation scenario, the fast A/F dynamics of internal voltages can impact the power
response, and further the system dynamics. So that adequate investigations around the electric network’s
power response in relation to the time-varying A/F are more urgent. Motivated by these considerations,
this paper studies the network’s original relationship between the internal voltage’s A/F stimulation and the
active/reactive power response, which contains the oscillatory integral problem in math. By using the method
of integration by parts, an explicit expression of this relationship is given. Further, a simplified relationship
is presented to help understand the dynamic characteristics of the network. Several unusual observations,
including the composition and consumption on the line of the active/reactive power in relation to the
time-varying A/F, are obtained.

INDEX TERMS Electric network, internal voltage, time-varying amplitude/frequency, active/reactive power.

I. INTRODUCTION
Dynamic process analysis is the basis for ensuring the safe
and stable operation of power systems [1], [2]. In dynamic
processes of power systems, such as post-fault transients,
oscillations, frequency dynamics, etc., the amplitude and
frequency (A/F) of the power equipment’s internal voltage
and the voltages throughout the grid are observed to vary
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with time [3], [4], [5], [6], [7]. For example, the different
dynamics of the voltage amplitude and frequency observed
in the 2006 European grid accident [4], as shown in Fig. 1,
and the 2020 Australian grid oscillation phenomenon [6],
as shown in Fig. 2. Such time-varying A/F voltages generate
what variations in the electric network’s terminal power
determine the dynamic behaviors of power equipment, and
naturally play a critical role in the system dynamic [1], [8].
Thus, to analyze the system dynamic and reveal the stability
mechanism, it is required to know the power generation in
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FIGURE 1. The measured waveform of the voltage frequency/amplitude
in the disturbance event of the continental European transmission grid on
November 4, 2006.

FIGURE 2. The measured waveform of the voltage frequency/amplitude
in oscillations event of the West Murray area on May 25, 2020.

relation to the time-varying A/F voltage. Moreover, with
the rapid increase of renewable energy and other power
electronic-based equipment in power systems, the variations
characteristics of AC voltage’s A/F are more complex,
as shown in Fig. 2, making this problem more salient in
today’s power system [7], [8].

While the A/F variation over time is observed in practice,
there is a lack of full understanding of the original physical
meaning of the time-varying instantaneous frequency, which
is the basis for obtaining the relationship between the power
and the time-varying A/F voltage. In general, the frequency
is described as the number of times an AC waveform
repeats itself per second [9], [10], [11]. However, this is not
appropriate in system dynamics [12], [13], [14]. In power
systems, the instantaneous frequency actually represents the
rotation vector’s angular velocity, i.e., the instantaneous
angular frequency [15]. This is because power systems rely
on the equipment’s internal voltage to generate the necessary
voltage for the electric network, and the internal voltage is
determined by adjusting the angular velocity and length of the
voltage’s rotating vector [2], [15]. For example, synchronous
machines generate their internal voltage by the excitation
winding rotation, where the rotor speed and the excitation
current determine the instantaneous angular frequency and
length of the internal voltage’s rotating vector [15], [16].
Similarly, the converter-interfaced equipment also forms the
instantaneous angular frequency and length of the internal
voltage’s rotating vector by its multi-timescale controls,
and then by modulation transformations to generate the
expected three-phase AC voltage through a hardware or
software oscillator [17], [18], [19], [20], [21]. Without loss
of generality, the word ‘‘frequency’’ in this paper refers

to angular frequency. When the system is disturbed, the
equipment is subjected to terminal power changes. As a
result, unbalanced active/reactive power adjusts the A/F of
the internal voltage, which in turn changes the current along
the line and the network’s terminal active/reactive power to
restore the balance [8]. Therefore, the voltage’s frequency at
each position, as well as the amplitude, exhibits instantaneous
variations over time during system dynamics.

Since the equipment adjusts the instantaneous A/F of
the internal voltage acting on the electric network to
change terminal power, the relationship establishment of
the power response to the time-varying A/F stimulation is
required to serve for understanding and analyzing the system
dynamic. However, the basic question of how to depict the
original relationship of the time-varying A/F resulting in
the corresponding changes in network power has not been
directly considered in system dynamic analysis. In fact,
the basic mathematical form of this original relationship,
given the electric network inductive properties, contains
the oscillatory integral problem that has received extensive
attention in mathematics for a long time [22], [23], [24], [25].

In the traditional power system analysis, the static network
relationship with the ‘‘quasi-steady state’’ assumption of
constant frequency is generally used in many studies and
calculations, such as the small perturbation analysis, transient
stability analysis, etc. [26], [27], [28], [29], [30]. However,
this assumption fails to fully reflect the fact that the frequency
is time-varying during system dynamics. In fact, the static
network relationship can be traced back to Fortescue, who
pointed out that it was a static condition in analyzing
system power limitations in the 1920s [31]. Some research
found that the frequencies are unequal at different positions
during system dynamics, often attributed to electromechan-
ical waves [32], [33], [34], [35]. Nevertheless, even those
in-depth studies in this area are still based on the static
network relationship and do not study the network’s original
relationship when the frequency changes over time. Further-
more, some studies recognized the limitations of the static
network relationship and pointed out that the analysis results
of traditional power system transient stability and small
perturbation stability may not be consistent with practice in
some scenarios [36], [37], [38], [39]. Moreover, in the present
renewable generation scenarios, the fast A/F dynamics of
internal voltages can impact the current and further the
system dynamics, so that the static network relationship is
not further suitable in such scenarios [40], [41], [42]. Various
Fourier-based methodologies of periodic harmonics, such
as the dynamic phasor method, attempted to overcome the
limitation of the static network relationship [43], [44], [45].
However, these methods tell only the waveform compositions
without tracing back to the physical origin of the time-varying
A/F and its relation to the active/reactive power response, thus
offering limited insights into understanding the mechanics of
system dynamics. It can be seen that the current research can
not sufficiently meet the needs of system analysis, especially
in renewable energy generation scenarios.
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With the above considerations and based on the physical
meaning of instantaneous frequency, this paper expects to
provide a foundation and aims to illustrate the method of
establishing the electric network relationship between the
time-varying A/F and the active/reactive power. This study
presents the explicit expressions of this network relationship
for the oscillatory integration problem it contains based on
the generalized mathematical method of integration by parts,
using the inductive network as an illustration. Interestingly,
a time-varying A/F voltage, when applied to an inductive
component, will produce not only an orthogonal but also an
in-phase current component, which is unforeseen from com-
mon understanding and is expected to stimulate a renewed
consideration of the network’s impacts on system dynamics.
In addition, this paper also presents a network’s simplified
relationship for the relatively slow changing rate of A/F
to help understand the network characteristics in dynamics.
On this basis, it presents several observations, especially the
physical mechanism of the terminal active/reactive power
generation in relation to the internal voltage’s time-varying
A/F and its potential impact on the system dynamics,
as well as active/reactive power consumption on the inductive
line for understanding power (energy) balancing in system
dynamics.

The rest of this paper is organized as follows. Section II
illustrates the internal voltage formation mechanism and
the system’s closed-loop regulation process. The inherent
nature of internal voltage’s time-varying A/F in power system
dynamics and the necessity of the network relationship
between the time-varying A/F and the active/reactive power
response are presented. Section III elaborates on the method
of establishing the network stimulation–response relation-
ships and gives the original explicit expressions of a network
as an example. Section IV presents a simplified relationship
to help build an intuitive understanding of the physical
mechanism of the terminal power generation in relation
to the internal voltage’s time-varying A/F, including its
potential impact on the system dynamics. Section V presents
the network power response under various equipment’s
time-varying A/F, and its properties are verified based on
simulations. Finally, several conclusions are drawn, and some
related issues are discussed in Section VI.

II. THE CLOSED-LOOP REGULATION MECHANISM OF
SYSTEMS AND THE NECESSITY OF NETWORK’S
STIMULATION-RESPONSE RELATIONSHIP
A. CLOSED-LOOP REGULATION PROCESS OF POWER
SYSTEM
Power system’s operation relies on the electric equipment’s
internal voltage to establish the AC voltage of the electric
network. The equipment forms the three-phase AC wave-
forms of its internal voltage by determining the length
(i.e., instantaneous amplitude) and angular velocity (i.e.,
instantaneous frequency) of the internal voltage vector [15].
According to the literatures [15] and [17], Fig. 3 shows the
details of how the synchronous generator and converter-based

FIGURE 3. Generation of the internal voltage rotating vector.

FIGURE 4. Schematic diagram of the system’s closed-loop relationship.

equipment generate their internal voltages to facilitate further
illustration.

When the power system is subjected to disturbances,
the terminal active/reactive power of the power equipment
changes. The equipment’s output power is unbalanced with
its input. Then, the controllers (e.g., governor, excitation
system, alternating current control, etc.) respond to regulate
the internal voltage’s A/F [17]. The variations in A/F result
in changes in the AC wave of the internal voltage, which
acts on the network to change the AC current. Thus,
the active/reactive current variations and the active/reactive
power exchanged between the network and the equipment
change. This process lasts until the input-output power of the
equipment is restored to balance. Thus, the system dynamic
presents the closed-loop dynamic regulation between the A/F
of the equipment’s internal voltage and the network’s terminal
active/reactive power [8], as depicted in Fig. 4.

It is clear that the A/F of the equipment’s internal voltage
exhibits time-varying characteristics in the system dynamic.
Hence, the expressions of the rotating vector and three-phase
instantaneous value should be presented as in (1).


E = E(t)ejθ (t) = E(t)e

j
(∫ t

0 ω(τ )dτ+ϕ0

)
rotating vector

ea = E(t) cos
(∫ t

0
ω(τ )dτ +ϕ0

)
wave depicted by A/F

(1)
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FIGURE 5. The control structure of the GE type-4 wind turbine.

FIGURE 6. Response of the time-varying A/F and the instantaneous
values of the internal voltage at phase-A.

where ϕ0 is the initial phase, E(t) and ω(t) are the
time-varying instantaneous amplitude and frequency, respec-
tively. The ea is the internal voltage of phase-A.
A simulation case is presented to show further the process

of the equipment regulating its instantaneous A/F to change
the AC waveform of the internal voltage in the system
dynamic. A type-4 wind turbine is used as an example,
and the control structure is shown in Fig. 5. The simulation
is based on the 3-machine 9-bus system, occurring short
circuit fault on line 7-8 lasted 0.02 s, as shown in Appendix.
As seen in Fig. 6 (a) and (b), the A/F of the wind turbine’s
internal voltage regulated by its controllers exhibits variations
with fast and slow dynamics on different timescales. While
the instantaneous frequency varies with time, the internal
voltage’s AC waveform changes on the phase-axis and on the
time-axis are different, as shown in Fig. 6 (c) after 0.02s. The
different dynamic characteristics of A/F will lead to different
features in ACwaveforms. Combining Fig. 6 and (1), it can be
observed that when the A/F exhibits fast timescale dynamics
(as shown in 0.02–0.3s), the fast and slow alternating changes
in a cycle make the AC waveform appear like harmonics
inside. When the A/F exhibits slow timescale dynamics (as
shown in 0.3–3s), the waveform on the time-axis within
multiple alternating waveforms with high (or low) frequency
shortens (or lengthens) the alternating time interval, and
over time, the alternating time of the waveform will change
noticeably due to the effect of the instantaneous frequency

deviating from the rated frequency. It is clear that the AC
waveforms are not periodic in the system dynamic, as shown
in Fig. 6 (c), and cannot be described by the harmonics with
a fundamental frequency.

B. NECESSITY OF THE NETWORK’S RELATIONSHIP
BETWEEN THE TIME-VARYING A/F AND ACTIVE/ REACTIVE
POWER FOR SYSTEM ANALYSIS
Based on the above system’s closed-loop regulation process,
it can be seen that the equipment regulates the instantaneous
A/F of the internal voltage acting on the network. Thus, the
power variations in the network are always the result of the
instantaneous A/F change of these internal voltages. When
analyzing the system dynamics, it is always inevitable to pay
attention to the power generated from the instantaneous A/F
of the internal voltage. An explicit expression of the network
relationship between the time-varyingA/F and active/reactive
power is needed, but it is currently lacking.

Consequently, according to the requirements of system
dynamic stability analysis, this paper establishes the explicit
expression of the network relationship between the time-
varying A/F and the active/reactive power. Besides, with this
relationship to build the system model, the basic structure
(equipment and network) and their functions are naturally
separated, which leads to structured modeling of the power
system. Therefore, the equipment’s dynamic characteristics
can be depicted uniformly through the relationships between
the imbalance of input/output power stimulation and the
internal voltage’s A/F response, described by the equip-
ment’s motion equation. Much work has been done in this
area [15], [16], [17], [18], [19], [20], [21]. Correspondingly,
the network dynamic characteristics are depicted by the
relationships between the internal voltage’s A/F stimulation
and active/reactive power response. The following section
will elaborate on the concept and method of establishing the
network relationships.

III. MODELING METHOD OF THE NETWORK BASED ON
STIMULATION-RESPONSE RELATIONSHIPS
This section begins with a single line as an example to
facilitate illustration. It illustrates the challenges and con-
cepts of establishing network relationships through detailed
derivation of the line’s two-terminal stimulation–response
relationships. It also elaborates on the challenge of obtaining
explicit expressions from the well-known relationships of
AC instantaneous values. Then, this process is combined
to elaborate on the generalized establishment method of
the network’s relationship based on the time-varying A/F
stimulation of multiple internal voltages and the terminal
power response.

A. ESTABLISHING THE RELATIONSHIP OF A SINGLE LINE
We take the two-machine system shown in Fig.7 as an
example. The network includes the equipment’s internal
inductance, transformers inductance, and lines inductance.
The total equivalent inductance is L = Lg1 + LT1 + Lline +
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FIGURE 7. Decomposition of the current throughout the line.

LT2+Lg2. According to the law of electromagnetic induction,
the line instantaneous current can be separately decomposed
into the current components excited by each internal voltage,

Is_1 =
1
L

∫ t

0
E1(τ )ejθ1(τ )dτ,

Is_2 = −
1
L

∫ t

0
E2(τ )ejθ2(τ )dτ (2)

where I12=Is_1+Is_2. Equation (2) also can be expressed
with other forms in αβ and other coordinates [17]. The
current vector is projected on the voltage vector to obtain the
active/reactive current and the active/reactive power. Thus,
Fig.8 shows the complex nonlinear relationships between
the A/F and the power, including the exponential operation
(Part 1), integral operation (Part 2), orthogonal decompo-
sition (Part 3), and multiplication (Part 4). Although the
active/reactive power is essentially a function of the internal
voltage’s time-varying A/F, their direct relationships are
not explicitly stated, concealing in the four-part operations.
The following presents the process to obtain the explicit
expressions of the network relationships.

First, the current needs to be directly expressed in terms
of the internal voltage’s A/F instead of AC instantaneous
values. However, the (2) is typically the ‘‘oscillatory integral
problem’’ in mathematics, and it cannot be expressed using
finite-term elementary functions [22], [23], [24], [25]. This
problem is irrelevant to the coordinate choice. This paper uses
the asymptotic method, which employs integration by parts
to expand the oscillatory integral into the series form. Taking
terminal 1 as an example:

Is_1

=
1
L

∫ t

0
E1(τ )ej[

∫ τ
0 ω1(s)ds+ϕ10]dτ

=
E1(τ )
jω1(τ )L

ejθ1(τ )
∣∣∣∣t
0
−

∫ t

0

(
E1(τ )
jω1(τ )L

)′

ej[
∫ τ
0 ω1(s)ds+ϕ10]dτ

=
E1(τ )
jω1(τ )L

ejθ1(τ )
∣∣∣∣t
0
−

1
jω1(τ )

(
E1(τ )
jω1(τ )L

)′

ejθ1(τ )
∣∣∣∣t
0
+ · · ·

=

(
∞∑
b=1

(−j)b A1_b

)
ejθ1(τ )

∣∣∣∣∣
t

0

=

(
Ids_1(t) + jIqs_1(t)

)
ejθ1(t)

(3)

where superscript ‘‘ ' ’’ indicates the derivative with time. The
expressions for each term are as follows:

A1_1 =
E1(t)
ω1(t)

, A1_2 = −
1

ω1(t)
A′

1_1 , · · · ,

FIGURE 8. The nonlinear relationship between the A/F and the power.

FIGURE 9. Geometric diagram of (a) the series expansion based on the
asymptotic method, (b) decomposition of the active/reactive current.

A1_b = −
1

ω1(t)
A′

1_b−1, · · ·

The current is decomposed into components differed by
90◦ in sequence, as shown in Fig. 9 (a). As shown in (3),
it is worth mentioning that a time-varying A/F voltage, when
applied to an inductive component, will produce not only
an orthogonal component Iqs_1(t) but also an in-phase current
component Ids_1(t). The orthogonal and in-phase components
respectively generate the active and reactive power, which
is unforeseen from common understanding. Fig. 10 depicts
this physical phenomenon. In the case of constant A/F,
the AC voltage (same situation as Fig. 6) generates only
an orthogonal current over an inductive component. In the
system dynamic, the phase of the AC current and the phase
of the AC voltage no longer differ by 90 degrees, as shown in
Fig. 10 (a). It indicates that the AC voltage generates both
the in-phase (green line) and orthogonal (red line) current
components, as shown in Fig. 10 (b).

Secondly, each current component is split orthogonally
into active and reactive currents with the internal voltage.
As shown in Fig. 9 (b), the current vector’s components
are projected on the voltage vector to obtain the in-phase
and orthogonal components IP1x(t)/I

Q
1x(t), which correspond to

the active and reactive current components, respectively. The
active/reactive current multiplies with the internal voltage’s
amplitude, and the active/reactive power is obtained. The
operation is as follows.

3
2
E1 · Īs_x =

3
2
E1(t)

(
Ids_x(t) cos δ1x(t) + Iqs_x(t) sin δ1x(t)

)
+ j

3
2
E1(t)

(
Ids_x(t) sin δ1x(t)−I

q
s_x(t) cos δ1x(t)

)
=

3
2
E1(t) · IP1x(t) + j

3
2
E1(t) · IQ1x(t) (4)

where x=1 or 2, and δ1x(t) =
∫ t
0 (ω1(τ )− ωx(τ ))dτ + ϕ10 −

ϕx0.
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Then, the active/reactive power is obtained from (2)
and (4).

S1 =
3
2
E1 · Īs_1 +

3
2
E1 · Īs_2

= Ps_11 + jQs_11 + Pm_12 + jQm_12 (5)

The power at terminal 1 consists of four components, where
Ps_11/Qs_11 is the power components generated by E1 sepa-
rately, and Pm_12/Qm_12 is the power components generated
by E1 and E2 together. To provide a clear illustration,
the power component independently stimulated by each
internal voltage is termed the power’s self-component, and
its corresponding current component is termed the current’s
self-component. The power component jointly stimulated
by different internal voltages is termed the power’s mutual
component, and its corresponding current component is
termed the current’s mutual component.

Finally, by combining (3) and (5), the power’s self/mutual
components can be expressed with the time-varying A/F of
each internal voltage, which is as follows:

Ps_11 =
3E1(t)

2

∞∑
b=1

(−1)b A1_2b ,

Qs_11 =
3E1(t)

2

∞∑
b=1

(−1)b+1 A1_2b−1

Pm_12

=
3E1(t)

2

∞∑
b=1

(−1)b
(
A2_2b cos δ12(t)+A2_2b−1 sin δ12(t)

)
Qm_12

=
3E1(t)

2

∞∑
b=1

(−1)b−1 (A2_2b−1 cos δ12(t)−A2_2b sin δ12(t)
)

It shows that the internal voltage generated terminal power
that contains components separately dependent on the A/F
of itself and the others. Thus, each terminal’s power has
self and mutual components with different physical meanings
concerning time-varying A/F of different internal voltages.

B. GENERALIZED ESTABLISHING METHOD FOR
NETWORK’S MULTIPLE TERMINAL
STIMULATION–RESPONSE RELATIONSHIPS
1) METHOD AND PROCESS OF ESTABLISHING THE
NETWORK’S RELATIONSHIP
The above derivation can be extended to a general
method for establishing the network’s multiple terminal
stimulation–response relationships. First, it is necessary to
express the line current as an explicit analytical expression
in terms of the internal voltage’s time-varying A/F. Next,
the time-varying A/F current components are orthogonally
decomposed on the reference of the given terminal’s
internal voltage to obtain the self/mutual components of
the active/reactive current and the self/mutual components
of the network’s terminal active/reactive power. Finally,

FIGURE 10. The time-varying A/F voltage generates the in-phase and
orthogonal current components.

FIGURE 11. Decomposition of the current into components of voltage
acting alone.

each power’s self/mutual component is added to obtain the
output active/reactive power at the given terminal. Detailed
instructions are provided below.
Step 1.Decompose the current into components generated

by each internal voltage individually.
To help systematically derive the relationships of all

internal voltages’ time-varying A/F to the current throughout
the network, each terminal’s current can be split into different
components generated by the individual internal voltage
acting alone in the case of constant parameters of network
elements, while the others are nonoperative [46], as shown in
Fig. 11.
Step 2.Derive explicit expressions of each current compo-

nent regarding the internal voltage’s A/F.
Concerning general power networks, the integral function

is the universal form for the current-voltage instantaneous
values relationship [46]. The essential challenge in deriving
the network’s stimulation-response relationship is how to
express the integral function with explicit dependence on the
A/F of the internal voltage. The previous section describes the
derivation of the current in terms of the internal voltage’s A/F
using the asymptotic method. This mathematical derivation
based on integration by parts can universally accommodate
integral functions and will be elaborated with a subsequent
example. Therefore, taking terminal k as an example,
the current at terminal k contains two types: the current
component Is_kk generated by Ek and the current component
Is_hk generated by the otherEh(h̸=k). Moreover, each current
component contains two components that are in-phase and
orthogonal to its respective internal voltage:

Ik =

n∑
h=1

Is_hk =

n∑
h=1

(
Ids_hk(t) + jIqs_hk(t)

)
ejθh(t) (6)

where Ids_hk(t) is parallel to Eh, I
q
s_hk(t) is orthogonal to Eh,

and θh(t) is the phase of Eh. The current components Ids_hk(t)
and Iqs_hk(t) are explicit expressions of Eh(t) and ωh(t).
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FIGURE 12. Relationships of voltages and current rotation vectors.

Step 3.Decompose the time-varying A/F current into the
active/reactive currents based on the internal voltage.

As shown in Fig. 12, each current Is_hk time-varying A/F
in (6) is split into components of in-phase and orthogonal to
Ek. Thus, the active/reactive current at terminal k consists of
two types of components: the active and reactive current self-
components IPs−kk(t)/I

Q
s−kk(t) generated by Ek acting alone

on the electric network and the active and reactive current
mutual-components IPm−kh

(t)/IQm−kh
(t) generated by the other

internal voltage Eh. The IPm_kh(t)/I
Q
m_kh(t) is as follows:{

IPm_kh(t) = Ids_hk(t) cos δkh(t) + Iqs_hk(t) sin δkh(t)
IQm_kh(t) = Ids_hk(t) sin δkh(t) − Iqs_hk(t) cos δkh(t)

(7)

where δkh(t) =
∫ t
0 (ωk(τ ) − ωh(τ ))dτ + ϕk0 − ϕh0.

Step 4.Obtain explicit expression of the network terminal’s
active/reactive power regarding the internal voltage’s A/F.

The self/mutual components of active/reactive current
multiplied by Ek(t) equal the self/mutual components
of active/reactive power. They are added to obtain the
Pk/Qk (8), as shown at the bottom of the next page, where
Ps_kk/Qs_kk represents the active/reactive power self compo-
nents, and Pm_kh/Qm_kh represents the mutual components of
active/reactive power. Based on the above steps, the terminal
power Pk and Qk are expressed concerning Eh(t) and ωh(t),
where h=1,. . . ,n.

2) THE STIMULATION-RESPONSE RELATIONSHIP OF
MUTI-TERMINAL ELECTRIC NETWORK
In the network of power systems, there are a number of
high-voltage transmission lines and transformers, etc., that
are primarily inductive. The inductive network composed
of these components is the representative form generally
used in system analysis and also a necessary basis for
studying the mechanism of dynamic problems. This network
is used to illustrate the derivation of the multi-terminal
stimulation–response relationships. The line current’s instan-
taneous value is related to the nodal voltage’s instantaneous
value as follows:

[IS ] = [BS ] ·

∫ t

0
[ES ] dτ + [BST ] ·

∫ t

0
[UT ] dτ

0 = [BTS ] ·

∫ t

0
[ES ] dτ + [BT ] ·

∫ t

0
[UT ] dτ

(9)

where the direction of current flowing into the electric
network is specified as the positive direction. [IS ] is the
column vector of currents flowing from the equipment to

the electric network, and [ES ] is the column vector of
the equipment’s internal voltages. [UT ] denotes the column
vector composed of network nodal voltages. [B] is the
network parameter matrix. The nondiagonal element of the
i-th row and j-th column in [B] corresponds to the reciprocal
of the parameter of the line connecting the i-th node and
j-th node, and the diagonal element of i=j is equal to
the sum of the reciprocal of the line parameter connected
to node i. [BS ] is a matrix of parameters for the direct
connection lines of internal voltage, [BST ] and [BTS ] are
matrices of parameters of the interconnecting lines between
internal voltage and busbar, and [BT ] is a matrix consisting of
parameters of interconnecting lines between network nodes.
With (9), we obtain

[IS ] =
[
Bequ

]
·

∫ t

0
[ES ] dτ (10)

where [Bequ]=[BS ]−[BST ][BT ]−1[BTS ]. The instantaneous
values of the currents in (10) are equal to the integral of
the instantaneous value of the internal voltage over time.
The element of the k-th row and h-th column in [Bequ] is
Bkh=−1/Lkh and Lkh = Lhk. Using (10), the current at
terminal k can be expressed as follows:

Ik =

n∑
h=1

(
Bkh

∫ t

0
Eh(τ )dτ

)
=

n∑
h=1

Is_hk (11)

Based on the asymptotic method, it can be derived as below,

Is−hk =

∞∑
b=1

[
(−1)bAhk−2 b + j(−1)bAhk−2 b−1

]
· ejθh(t)

(12)

where,

Ahk_1 =
Eh(t)

ωh(t)Lkh
,Ahk_2 = −

A′

hk_1

ωh(t)
, · · · ,

Ahk_b = −
A′

hk_b−1

ωh(t)
, · · ·

Each component of Ik can be split into two components, in-
phase and orthogonal to Ek, which correspond to the active
and reactive currents. The derivation is not repeated here.
Hence, the explicit expressions of the active/reactive power
component in (8) for terminal k are as follows (13), shown at
the bottom of the next page.

IV. CHARACTERISTICS ANALYSIS OF THE NETWORK’S
STIMULATION–RESPONSE RELATIONSHIP IN THE
SYSTEM DYNAMICS
To build an intuitive understanding of the characteris-
tics of the network in power system dynamic processes,
this section presents an approximation of the network’s
stimulation–response relationship for the case of a relatively
slow changing rate of A/F. With this relationship, several
observations are obtained, especially the physical mechanism
of the terminal active/reactive power generation in relation to
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the internal voltage’s time-varying A/F, including its potential
impact on the evolution of system dynamics.

A. BASIC CHARACTERISTICS AND SIMPLIFICATION OF
THE NETWORK’S RELATIONSHIP
The original expressions of the network’s relationship
between the internal voltage’s time-varying A/F and
active/reactive power in (13) include the derivative of the
internal voltage’s amplitude divided by its frequency and
the trigonometric function of the integration of the internal
voltages’ frequency difference. The faster changes in the A/F
lead to larger variations in power asymptotic expansion terms
due to the change rate of the A/F. In this way, the network’s
relationship can be examined based on the time-varying
characteristics of the A/F.

In scenarios involving slow changes in the internal
voltage’s A/F, such as the power system’s electromechanical
timescale dynamics, the first term of (3) is much larger
than the sum of the subsequence terms. The first term can
approximate the current. The relationship between voltage
and current of line k-h can be geometrically illustrated in
Fig. 13 (a), where the line current Ikh is synthesized by Is_kh
and Is_hk. The angle difference between Ikh and the line
voltage is as follows:

αkh(t)=Arg
(
ukh
Ikh

)
=Arg

(
j

(Ek−Eh)Lkh
Ek/ωk(t)−Eh/ωh(t)

)
(14)

It is clear that only when ωk(t) = ωh(t), the αkh(t) = π /2,
and the line current vector is perpendicular to the voltage
vector. However, in system dynamics, the frequencies of
different internal voltages are time-varying and unequal, and
αkh(t) is not constant at π /2. This means that Ikh is not

perpendicular to the voltage ukh of the line k-h. In this
case, the network’s stimulation–response relationships are
simplified as

Pk + jQk

=
3
2

n∑
h=1, h̸=k

Ek(t)Eh(t)
ωh(t)Lkh

sin δkh(t)

+
3j
2

n∑
h=1, h̸=k

(
E2
k (t)

ωk(t)Lkh
−
Ek(t)Eh(t)
ωh(t)Lkh

cos δkh(t)

)
(15)

It contains the algebraic relationship of each internal voltage’s
A/F and the phase difference generated by the integration
of the frequency difference. The mathematical expression
based on the first term of the current expansion provides an
approximate relationship, denoting the network’s simplified
relationship. This helps in comprehending the characteristics
of the network’s terminal active/reactive power change with
the internal voltage’s time-varying A/F.

As for the steady-state operation, the A/F of the internal
voltage is constant, and (15) reduces to the usual ‘‘phasor’’
model [47]. The voltage and current are represented by the
phasor denoted with a ‘‘.’’ superscript and depicted with
a phasor diagram, as shown in Fig. 13 (b). İkh is always
perpendicular to u̇kh. The active/reactive power at terminal
k of the network is,

Pk + jQk

=
3
2

n∑
h=1, h̸=k

(
EkEh
ω0Lkh

sin δkh + j
E2
k − EkEh cos δkh

ω0Lkh

)
(16)

Pk + jQk = Ps−kk +

n∑
h=1, h̸=k

Pm_kh + j

Qs−kk +

n∑
h=1, h̸=k

Qm_kh


=

3
2
Ek(t)

IPs−kk(t) + jIQs−kk(t) +

n∑
h=1, h̸=k

(
IPm−kh(t) + jIQm_kh(t)

)
=

3
2
Ek(t)

Ids−kk(t) +

n∑
h=1, h̸=k

(
Ids−hk(t) cos δkh(t) + Iqs−hk(t) sin δkh(t)

)
+ j

3
2
Ek(t)

−Iqs−kk(t) +

n∑
h=1, h̸=k

(
Ids−hk(t) sin δkh(t) − Iqs−hk(t) cos δkh(t)

) (8)



Ps−kk =
3Ek(t)

2

∞∑
b=1

(−1)bAkk−2b,Qs−kk =
3Ek(t)

2

∞∑
b=1

(−1)b+1Akk−2b−1

Pm−kh =
3Ek(t)

2

∞∑
b=1

(−1)b
(
Ahk−2b cos δkh(t) + Ahk−2b−1 sin δkh(t)

)
Qm−kh =

3Ek(t)
2

∞∑
b=1

(−1)b−1 (Ahk−2b−1 cos δkh(t) − Ahk−2b sin δkh(t)
)

(13)
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FIGURE 13. Geometrical relationships between voltages and currents.

FIGURE 14. Block diagram of the 2-machines system.

Although this static network relationship is derived under
the steady state, it is often used in power system dynamic
analysis with the ‘‘quasi-steady state’’ assumption, assuming
the frequency is constant. In literature [1], the static network
relationship is viewed as if the network directly passes from
one steady state to another when subjected to disturbances.
However, even in the system’s electromechanical timescale
dynamics, we observe several differences in the charac-
teristics of the network’s simplified relationship from the
familiar static network relationship, potentially impacting the
system’s dynamic process.

B. CHARACTERISTIC DISTINCTIONS OF DIFFERENT
RELATIONSHIPS OF NETWORK IN SYSTEM’S
ELECTROMECHANICAL TIMESCALE DYNAMICS
Both (15) and (16) contain the algebraic relationship of the
internal voltage’s amplitude, but the frequency relationship is
reflected differently. While the synchronization problem of
the power system is closely related to the internal voltage’s
frequency dynamics [2], this section elaborates on this issue
using the 2-machines system in Fig. 14.

As shown in Fig. 14, when the frequencies of the two
equipment’s internal voltages are not equal, the integration
of frequency difference is not zero. Consequently, the phase
difference changes, and the exchanged active/reactive power
between the equipment and the network varies. To balance the
output and the command of the active power, the equipment
regulates its internal voltage’s frequency. For instance, the
synchronous machine changes its rotor speed according
to the imbalanced active power, and the internal voltage’s
frequency varies as the frequency is directly coupled with

the rotor speed. Similarly, the reactive power change drives
the equipment to regulate the internal voltage’s frequency
variation through its control coupling path that links reactive
power to frequency. For instance, the internal control
strategies of the wind turbine have coupling paths to affect
the internal voltage’s frequency [20]. If there are no coupling
paths in electric equipment, changes in reactive power still
affect the amplitude of the internal voltage by control and
then affect the active power of the network. Then, the control
of the equipment adjusts the internal voltage’s frequency. The
above processes last until all of the equipment’s frequencies
reach synchronous, and thus, the phase difference no longer
changes.

With the above considerations, the system’s synchronous
operation is, by nature, a closed-loop regulation process
between the frequency of the equipment’s internal voltage
and the terminal active/reactive power of the network. This
process is closely related to the whole system’s power
(energy) balancing. It is clear that the variations in the electric
network terminal’s power caused by the frequencies of the
internal voltages act as an important driver in the evolution
of the system dynamics. Therefore, based on Fig. 14, several
observations for the properties of the network’s relationships,
including their potential impact on the evolution of system
dynamics, are as follows:

1) The terminal power explicitly contains both self and
mutual components with an inherent relationship expressed in
terms of the time-varying A/F of different internal voltages.
Since the current contains components excited by different
internal voltages, its generated terminal power has both
self and mutual components produced by different internal
voltages. Therefore, the terminal power has self and mutual
components, and their regulation is inherently driven by
the time-varying A/F of different internal voltages under
the equipment’s control. This mechanism is reflected in the
network’s stimulation–response relationships obtained in this
paper.

2) Changes in the electric network’s terminal power
drive the evolution of the system’s closed-loop regulation in
dynamics. In contrast to the static network relationships, there
is the frequency algebraic relationship of the different termi-
nal’s voltages in the self/mutual components of the network
power. It has instantaneous impacts on the reactive power
self-components at the same terminal and the active/reactive
power mutual-components at other terminals. Different
network relationships will lead to different recognitions of
potential impacts on system dynamics.

3) The active power at both terminals of the inductive
line is imbalanced, so as is the reactive power, as shown
in Fig. 14. It reflects the physical property of active power
and reactive power consumption on the inductive line
during disturbances, which is unforeseen from the common
physical understanding of only reactive power consumption
on the inductive line under the static network relationships.
In particular, the electric network contains a large number
of inductive components, emphasizing the importance of
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FIGURE 15. Details of simulation results under case 1 large disturbance:
(a) Internal voltage’s frequency; (b) Internal voltage’s amplitude.

FIGURE 16. Details of simulation results under case 2 small disturbance:
(a) Internal voltage’s frequency; (b) Internal voltage’s amplitude.

FIGURE 17. The AC waveform of the G1 internal voltage on the
phase-axis and the time-axis.

active and reactive power consumption characteristics in
the power system dynamic process. It also provides the
relationship between the equipment terminal power (energy)
and the network’s internally consumed power (energy).
These physical characteristics and relationships are the
indispensable basis for understanding the balance of power
and energy in the power system dynamics.

V. SIMULATION STUDY FOR THE NETWORK’S
RELATIONSHIP
In this section, the simulation in a multi-machine system,
shown in the Appendix, will help further understand the
network relationship and its characteristics.

A. NETWORK’S TERMINAL POWER GENERATION IN
RELATION TO THE TIME-VARYING A/F
Two representative scenarios of the large and small distur-
bances are taken for illustration, which are as follows:

Case 1: A three-phase symmetric fault occurs at Bus-8 at
0.2 s; then, line 8-9 breaks at 0.3 s.

Case 2: A fluctuation disturbance of 5MWat Bus-5 lasting
0.3s occurs at 0.2 s.

Fig. 15 and Fig. 16 depict the simulation results for
the A/F of different equipment, presenting different time-
varying characteristics. From the red and blue lines in
Fig.15 (a)-(b), the rapid changes in instantaneous A/F of
the wind turbine and the asynchronous machine (AM) are
observed with a wider range of variations than the black
lines of the G3 during the large disturbance. The A/F of the

FIGURE 18. The AC waveform of the G1 internal voltage on the
phase-axis and the time-axis.

FIGURE 19. Details of simulation results under case 1 large disturbance:
(a) The network terminal active power; (b) The network terminal reactive
power.

FIGURE 20. Details of simulation results under case 2 small disturbance:
(a) The network terminal active power; (b) The network terminal reactive
power.

internal voltage of the wind turbine and the AM contains
high-frequency to low-frequency fluctuations when subject-
ing the small disturbance, shown in the red and blue lines of
Fig. 16 (a)-(b). Compared with the relatively slow changes
in the instantaneous A/F of the SG’s internal voltage, the
internal voltage’s A/F of the wind turbine and the AM present
more complex characteristics with rapid changes and wide-
range fluctuations.

The AC waveforms of the internal voltage of G1 are
shown in Fig. 17 and Fig. 18. Compared with the waveform
on the phase-axis, the time-varying A/F with fast and slow
changes makes the AC waveform on the time-axis appear
like harmonics inside and at different alternating times.
Such voltages with complex time-varying A/F generate the
terminal power, as shown in Fig. 19 and Fig. 20. It is apparent
that the active/reactive power of G3 exhibits variations that
include rapid changes and fluctuations ranging from high
to low frequency, whose characteristics similar to those of
the wind turbine (red lines) and the AM (blue lines). These
fluctuations differ from the time-varying A/F characteristics
of G3 (as shown in Fig. 15 and Fig. 16). Clearly, there
is a relationship that makes the G3’s output power behave
differently from the itself time-varying A/F characteristics.

It is known from the previous section that the power
at any given terminal of an electric network is generated
by the connected internal voltage together with its output
current containing components separately dependent on itself
and the others. Thus, the terminal power has both self
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FIGURE 21. Decomposition of G3 output power under case 1 large
disturbance: (a) Active power self/mutual components; (b) Reactive
power self/mutual components; (c) G3 output active power; (d) G3
output reactive power.

and mutual components with different physical meanings in
relation to time-varying A/F of different internal voltages.
We take the power of G3 as an example, where the
subscript ‘‘G3-X’’ of power denotes the component of
the G3 power generation related to the current separately
excited by equipment-X. The summation of the power’s
self/mutual components is consistent with the directly
measured values, as shown in (c)-(d) of Fig. 21 and Fig. 22.
When subjected to the large disturbance, as shown in
Fig. 21 (a)-(b), the black lines of Ps_G3−G3/Qs_G3−G3 and
the blue lines of Pm_G3−G2/Qm_G3−G2 exhibit slow changes.
In contrast, the green lines of Pm_G3−AM/ Qm_G3−AM and
the red lines of Pm_G3−G1/Qm_G3−G1 have rapid changes
with a wide range and after 2 s, exhibit slow fluctuations.
As for the small disturbance shown in Fig. 22 (a)-(b),
the green lines of Pm_G3−AM/ Qm_G3−AM and the red
lines ofPm_G3−G1/Qm_G3−G1 present fluctuating components
with high-frequency to low-frequency. The self and mutual
components of the terminal power generated by SGs exhibit
only slow changes, while the mutual-components of the
terminal power formed by the wind turbine G1 with the AM
exhibit variations in different degrees. Therefore, the results
indicate that the time-varying A/F of each equipment’s
internal voltage generates the self/mutual components to form
the network terminal’s power and determine its variation
features.

Furthermore, the self and mutual components of the
terminal power separate the factors of one equipment’s output
power affected by other equipment. This can help provide
insight into how different equipment interacts with each other
via the network to cause system instability. For example,
when the SG’s model is replaced by multi-mass in this
simulation, due to the internal voltage’s A/F of the wind
turbine G1 containing sub-synchronous frequency range
dynamics, the SG with the wind turbine forms the mutual
component in terminal active power may cause torsional
vibration of the shaft. When subjected to a large disturbance,
the A/F of the AM internal voltage changes rapidly with
large magnitude and affects the mutual-components of the
SG power, resulting in the acceleration or deceleration of the
SG’s rotor.

FIGURE 22. Decomposition of G3 output power under case 2 small
disturbance: (a) Active power self/mutual components; (b) Reactive
power self/mutual components; (c) G3 output active power; (d) G3
output reactive power.

As shown in the above simulation results, the instantaneous
A/F of varied equipment’s internal voltage presents complex
time-varying characteristics. It is clear that the corresponding
AC waveform cannot be treated as a sine signal with
constant A/F. The inherent properties of the network’s
stimulation–response relationship determine the characteris-
tics of the terminal power variation. Moreover, the terminal
power has self andmutual components with different physical
meanings that reflect time-varying A/F of multiple internal
voltages.

B. CHARACTERISTICS OF THE NETWORK’S
RELATIONSHIPS
This section examines the basic characteristics of the
network’s stimulation–response relationships via simulation.
The simulation is based on the 3-machine 9-bus system and
considers the wind speeds of the wind turbine changing
from 10 m/s to 12 m/s at 1 s and then back to 10 m/s at
3.5 s. Waveforms at the terminals of line 4-5 are measured
and shown in Fig. 23, along with the waveforms of the
established network’s simplified relationship and the static
network relationship are also presented.

Fig. 23 (a) shows that the time-varying instantaneous fre-
quencies at nodes 4 and 5 are unequal. The integration of the
frequency difference generates the phase difference change of
nodes 4-5 in Fig. 23 (b). Fig. 23 (c) gives the waveform of the
phase difference between the line voltage and the line current.
Fig. 23 (d)-(h) shows the waveforms of active/reactive power
obtained through the network’s simplified relationships (red
dashed lines), the actual measured waveforms (blue lines),
and the static network relationships (black dashed lines).

Fig. 23 (c) clearly shows that the phase difference
between the voltage and current is not 90 degrees, which
means the time-varying A/F voltage generates not only
an orthogonal but also an in-phase current component.
This characteristic is not reflected in the static network
relationship. So, the active power measured at nodes 4 and
5 will be different, as shown in Fig. 23 (d). In Fig. 23 (e)-(h),
it can be seen that the waveforms obtained through the
network’s simplified relationships are consistent with the
actual measured waveforms. In contrast, the static network
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FIGURE 23. Simulation results of different network’s relationships:
(a) Frequency difference between nodes 4 and 5; (b) The phase difference
of nodes 4–5; (c) Phase difference between the line-voltage u45 and
line-current I45;(d) Active power difference P4–P5; (e) Node 4 output
active power P4; (f) Node 5 received active power P5; (g) Node 4 output
reactive power Q4; (h) Node 5 received reactive power Q5.

relationships exhibit different variations in power. It can
be found that the occurrence of the physical phenomena
is because the time-varying frequency has an instantaneous
impact on the magnitude of power based on the (15) and (16).
The simulation results validate the observed character-

istics. When a time-varying A/F voltage is applied to an
inductive component, an in-phase current component will
be produced. Thus, there is a property of active/reactive
power consumption on the inductive line in dynamics.
Meanwhile, it indicates that the internal voltage’s time-
varying frequency has an instantaneous impact on the
self-components of the reactive power at the same ter-
minal and the mutual-components of the active/reactive
power at the other terminals. However, these physical
properties are unobservable based on the static network
relationships, which use the phase difference as a state
to quantify the power variations instead of the frequency
and hinder insight into its potential impact on the system
dynamics.

VI. CONCLUSION AND DISCUSSIONS
Based on recognizing the inherent time-varying A/F of equip-
ment’s internal voltage in the system’s dynamic processes,
to serve for the power system analysis, the relationship of the
electric network between the internal voltage’s time-varying
A/F stimulation and the active/reactive power response is
established and studied in this paper. The main conclusions
are summarized as follows:

1) It elaborates in detail the method of establishing the rela-
tionship based on internal voltage’s A/F and active/reactive
power. It also obtains the explicit original expressions of the
active/reactive power with the integration by parts expansion.
The network relationship retains the key information of
the A/F and active/reactive power required for the system
dynamics analysis.

2) Based on the explicit original expressions of the network
relationships, a physical characteristic that is unforeseen from
the common understanding is observed. A time-varying A/F
internal voltage, when applied to an inductive component,
generates not only an orthogonal but also an in-phase current
component, which means it will produce both reactive and
active power.

3) A network simplified relationship for the case of a
relatively slow changing rate of A/F and several unusual
observations are obtained. Since the power at any given
terminal in a network is generated by the connected internal
voltage together with its output current containing compo-
nents separately dependent on itself and the others, each
terminal power has both self and mutual components with
different physical meanings in relation to time-varying A/F
of multiple internal voltages. Meanwhile, the time-varying
frequency of the internal voltage, in addition to the integral
relationship, has an algebraic relationship with the power
that is characterized by instantaneous impacts on the same
terminal power’s self-components and on other terminal
power’s mutual components. In addition, the active/reactive
power at both terminals of the inductive line is imbalanced,
which means the active/reactive power is consumed on the
inductive line in dynamics.

It is clear that the established relationship of the elec-
tric network and its unforeseen basic characteristics will
strongly influence the analysis and understanding of the
system dynamic problems. It is believed that it will also
stimulate people to recognize the necessity of the related
work. Continued in-depth research is necessary around the
characteristics of the network:

Due to the multiple timescale control regulation of
converter-interfaced equipment, multi-timescale dynamics
arise in the internal voltage’s A/F during disturbances.
Although the original explicit expressions of the network
relationships cover various scenarios of the time-varying
A/F with different characteristics, the expressions are some-
what complicated and need further investigations on the
expressions retaining finite terms of the network relationship
for the system analysis under disturbances with different
characteristics and the changing rate of the A/F impact on
the system dynamics.

The active/reactive power consumption of the inductive
components observed in this paper is an important issue
for understanding power and energy balancing in system
dynamics. The physical characteristics and their impacts on
the system dynamics need further study.

The present work is expected to lay a foundation for further
understanding of the physics and corresponding analytics
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of the network and, ultimately, for practical application
purposes.

APPENDIX
The simulation system evolved from the WSCC 3-machines
9-bus system, as shown in Fig. 24, and simulated in
MATLAB/Simulink. G1 is replaced with a GE Type-4
wind turbine, and the load at bus-6 is replaced with an
asynchronous machine. The parameters are shown below.
The waveforms of each piece of equipment are given per unit
with respect to the rated voltage and 100 MVA base.

1) The wind turbine parameters are as shown in the Table 1.
2) Static excitation control parameters

1Efd =
KA

1 + TAs

(
V ref
t − Vt

)
(17)

where G2: KA = 150, Te = 0.02; G3: KA = 200, Te = 0.02.
3) The wind turbine parameters are as shown in the Table 2.

FIGURE 24. The 3-machine 9-bus system.

TABLE 1. Parameters of asynchronous machine.

TABLE 2. Controller parameters values.
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