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ABSTRACT The release of harmful materials into the environment is called pollution and the harmful
materials are called pollutants. There are four basic categories of pollution: land, water, noise, and air
pollution. All forms of pollution often have severe consequences on human health as well as the environment
and wildlife. There are certain decision-making scenarios like the phenomenon of voting where we have
to utilize the third grade called abstinence grade along with membership grade and non-membership grade.
Many remarkable fuzzy structures like the intuitionistic fuzzy set, Pythagorean fuzzy set and q-rung orthopair
fuzzy set can never discuss abstinence grades that show their flaws. Moreover, we can observe that the
parametrization tool is a remarkable instrument used in soft set theory and all above-mentioned structures fail
to cover the parametrization as well. Moreover, Einstein operations comprise Einstein product and Einstein
sum, which serve as excellent substitutes for algebraic product and algebraic sum. So keeping in view the
characteristics of the parametrization tool, the more advanced structure of the picture fuzzy soft set and
Einstein operational rules, in this article, we have established Einstein operational laws for picture fuzzy
soft numbers. Moreover, we have elaborated the basic notion of Einstein-weighted average operators and
Einstein-weighted geometric aggregation operators. Furthermore, we have discussed the basic properties of
these introduced notions. Moreover, we have discussed the algorithm for the application of these aggregation
operators in the identification of types of pollution that mostly affect the environment. We have provided a
comparison of these introduced works for the superiority of these introduced conceptions.

INDEX TERMS Environmental pollution, artificial intelligence, picture fuzzy soft set, Einstein aggregation
operators.

I. INTRODUCTION

The word pollution comes from the Latin word ‘polluere’
which simply means epidemic. The presence of hazardous
substances in the land, water, and air is referred to as
pollution since it can harm both the environment and
living beings. (1) Air pollution (2) Water pollution (3)
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Noise pollution (4) Land pollution are the several types of
pollution. Air pollution is the mixing of various harmful
materials, such as hazardous gases and chemicals with air.
Burning materials, vehicle exhaust fumes, or unfavorable
industrial waste pollution could all contribute to this type
of contamination. Water pollution is the poisoning of the
earth’s water supply. It includes the bacterial, chemical, and
particle pollution of water that lowers the water’s cleanliness.
One of the most prevalent types of pollution is the leakage
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of oil as well as waste. The poor quality of life in the
affected areas is caused by the loud noises created by human
activity. It can fire from several sources, including trains,
automobiles, loud music, aircraft, and more. Even hearing
loss, whether permanent or temporary, as well as disturbances
to wildlife, might come from this. Many scientists have
made remarkable efforts and discussed the consequences of
environmental pollution. Khan and Ghouri [1] reveal that
various types of pollutants are substantially harming not
just humans through illnesses and issues, but also animals,
trees, and plants. Moreover, Martinez [2] reveals that one
of the most effective medicines used in human therapy
is the antibiotic. However, these antibiotics must also be
regarded as significant pollutants since they might be harmful
to microorganisms. Tsai et al. [3] established that toxic
materials such as metals, air pollutants, and phthalates, may
raise the chance of developing chronic kidney disease or
accelerate its progression. Molodtsov [4]soft set (SﬂS ) idea
is a new strategy for handling ambiguous data. According
to Molodtsov, one of the key benefits of S;S theory is that,
unlike theories of fuzzy sets (FSs) [5], it is not constrained
by the limitations of parameterization tools. When compared
to some established mathematical methods for dealing with
uncertainties, such as the theory of probability, the concept
of fuzzy sets [5], and the analysis of rough sets, the benefit
of S;S approach is that it is free of the shortcomings of
parametrization tools of those concepts.

Many new advancements based on S;S and FSs have
been studied and the concept of fuzzy soft set (FSpS)
[6], intuitionistic fuzzy Sg;S (IF SiS ) [7], Pythagorean fuzzy
SiS (PyFSiS) [8] and g-rung orthopair fuzzy SpS(g —
ROF §;S) [9] have been delivered respectively. All the above
structures can only deal with MG and NMG in their structure.
These structures lack the property to discuss the AG in their
structures. So based on this observation, Cuong [ 10] proposed
a remarkable result in this regard and proposed the notion
of a picture fuzzy set (PFS). Note that PFS is a valuable
structure because it uses more advanced conditions that sum
(MG, NMG, AG) must belong to unit interval [0, 1].

A. LITERATURE REVIEW

Research on S;S including all above mentioned hybrid
notions has been active recently, and significant advance-
ments have been made including the use of fundamental S S
theory [11], S5 S theory in abstract algebra [12], and Sy S for
data analysis [13] and especially in decision-making [14].
Aktas and Cagman [15] started the use of S;S in algebra.
In BCK/BCI algebra, Jun and Park [16] discussed soft
ideal theory. Moreover, Ali et al. [17] introduced algebraic
notions of S;S based on new operations. Based on the
notion of IFS;S, PyFS;S and g — g — ROF S5, S, many new
developments have been made. Xiao et al. [18] introduced
a combined forecasting approach under the environment of
FS8;S. Moreover, Agarwal et al. [19] produced generalized
IFS;S and provide its applications in decision-making
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problems. Some entropy measures based on IFS;S and
interval-valued /F S;; S has been developed by Jiang et al. [20].
Based on the conception of PyFS;S, some techniques like
TOPSIS methods and VIKOR methods have been developed
by Naeem et al. [21]. Zulgarnain et al. [22] introduced
some aggregation operators and applied these notions to
green supplier chain management. Also, Mahmood and
Ali [23] proposed a method of MCDM approach based on the
settings of complex PyFSp;Ss. Moreover. Akram et al. [24]
proposed an MCGDM model based on complex PyFS;S.
As g — ROFS;S is a more advanced structure by using the
constraint that sum (MG?, NMG?) must belong to [0, 1] for
g>1, so based on the conception of g — ROFSgS, some
average and geometric aggregation have been developed by
Hussain et al. [9]. Furthermore, Riaz et al. [25] established the
notion of TOPSIS and VIKOR methods for the environment
of ¢ — ROFS;Ss. Also, Hussain et al. [26] proposed g —
ROF S operators based on Dombi t-norms and t-conorm with
their application in decision-making.

B. MOTIVATION OF THE PROPOSED WORK

A lot of ambiguity, imprecision, and uncertainty exist in the
real world. In many fields, including economics, engineering,
environmental research, medical science, and social science,
dealing with uncertainties is a significant difficulty. Recently,
many authors have developed an interest in modeling
ambiguity. Yang et al. [27] introduce the notion of picture
fuzzy soft set (PCF SﬂS). In general, P.FS;S models are
employed when there are multiple possible responses from
humans, such as “no,” “yes,” “abstain,” and “‘refusal.” For
example, a departmental student body might serve as a good
illustration of P.F'S;S. There is some group of students who
want to visit two places: one in the UK and the other in
Canada, but there are some students who want to visit the UK
(MG), not Canada (NMG). However, some students prefer to
visit Canada (MG) over the UK (NMG), and some students
want to visit both places the UK and Canada i.e., neutral
students. But some students refuse to attend both places i.e.,
refused grades. The legitimacy of the overall conclusion in
decision-making is primarily dependent on the information
aggregation stage.

In this situation, the notion of P.FS;S is a valuable
structure and all the above notions like IFSg;S, PyFSgS and
q — ROF S S lacks the property to discuss the AG. Moreover,
if we discuss the developed notions, then we can observe that

1. If we ignore the AG in the main definition of the
developed approach of P.FSEWA and P.FSsEWG
aggregation operators then the produced work degenerates
into intuitionistic fuzzy soft Einstein weighted average
(IF Sy EWA) and intuitionistic fuzzy soft Einstein weighted
geometric (/FSp EWG) aggregation operators.

2. If we use only one parameter then the developed notions
degenerate into picture fuzzy Einstein weighted average
(PFEWA) and picture fuzzy Einstein weighted geometric
(PFEWG) aggregation operators.
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3. The developed aggregation operators provide more space
to decision-makers if they want to provide their assess-
ment in the form of PF Sy, data.

It means that the developed theory has many advantages
over existing notions. So keeping in view the advanced
structure of P.FS;S and importance of Einstein t-norm
and t-conorm, here in this article we aim to study some
new aggregation operators called P.F'Sy; Einstein’s weighted
average ( P.FS;EWA) and P.FSy Einstein weighted geo-
metric (P.FSpEWG) aggregation operators. The study of
different types of pollution is very important in real-life
problems because these types of pollution not only cause
issues for human beings and animals but also plants in terms
of polluting the environment. Here we aim to identify types
of pollution that mostly affect the environment by using
the developed conceptions. For this, we have developed an
algorithm for the selection of types of pollution that have
severe effects on the environment and climate change.

The rest of the text is given as: We have overviewed
some fundamental definitions of PFS, PFEWA aggregation
operators, P.FSg;S in the second section. The fundamental
ideas of P.F'SyEWA and P.F S EWG aggregation operators
are covered in section III. We established the DM technique
and provided an algorithm along with a descriptive example
in section IV to show how to apply these newly created
concepts. In section V, it is discussed how these thoughts
compare to different other ideas. Remarks at the end are
covered in section VI.

Il. PRELIMINARIES
In this section, we will go over the definitions of PFS [10].
Moreover, we will discuss the notion of PFEWA aggregation
operators defined by Khan et al. [31]. Additionally, we have
given the fundamental notions of P.FS;S defined by
Yang et al. [27].

Definition 1 ([10]): Let Q denote the universal set, a PFS
over Q is

PFS ={o: F(0). 50 . £(©) ] 0cQ }

where F: Q — [0, 1], £#: Q — [0, 1] and t: Q — [0, 1]
and T (@), ©(@), 4 (o) are called MG, AG, and NMG
respectively with 0<J (o) +v + 4 (0) <1. Furthermore for
allFeQ, r(0) =1 - F (o) — 1t (0) — 4 (0) is called refusal
grade and the triplet (F (0), ©(0) . £ (0)) is called PFN.
Definition 2 ([31]): Let Gp = (Fgp, ©Gps AGp)
(=1, 2, ..., n) be the family of PFNs, then PF Einstein
weighted average aggregation operators are defined by

PFEWA (G, Gy, G3, ..., Gy)
| (1+fGP)Qp— e (1—f@P)Qp
=1 (1+JUGP)QP—H]”,=1 1—fc,,,)@p ’
2HZ=1 (T'GP) !
[Tp=i (2 - T'GP)QP + Iy (T'GP)QP ’
2 HnZI (hGP)Qp
HZ:I (2 - ILGP)QP + H;:l (/LGP)QP
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where o = (01, 02, ..., 0n) denote the weight vectors
(WVs) for Gp with condition that 37/ 0, = 1 and
ope [0, 1].

Definition 3 ([27]): For universal set QQ, and E being a set
of parameters and ACE. A pair (P, A) is said to be P.F'S;S
over Q, where P : A — PFSY is given by

Gy, (01) = {{0s. F (01) . 55 (01) . 4; (01))l03€Q}

where PFS© represent the family of PFS. Here fj (o;),
Tj (@ﬁ) , Ay (@ﬁ) denote the MG, AG, and NMG respectively
with 0<Fj (03) + j (1) + 45 (03) <I.

Ill. EINSTEIN AGGREGATION OPERATORS BASED ON
PICTURE FUZZY SOFT SETS

In this section, we have to study the basic operational
laws for P.F'S;Ns using the Einstein t-norms and t-conorm.
Moreover, we develop the basic definition of picture fuzzy
soft Einstein weighted average and geometric aggregation
operators.

A. OPERATIONAL LAWS FOR PICTURE FUZZY SOFT
NUMBERS

Definition 4: Let G|; = (f11, Tll, hu) and G, =
(Fi2, ©12, A12) be two P.FSsNs and p>0, then based on
Einstein’s norm and t-conorm we can get

1.
G118G12
(0 +Fu) - (1-Fn) 2511
_<(1+f11)+(1—f12)’ 2 —=11) +v12°
2A11
(2—&11)4—%12)
2.
G11 ® G2
:( 2F11 (1 +o11) — (1 —512)
2-Fu)+Te Ad+oi)+ 0 -w12)
I+ A1) — 1 —A)
I+a1)+0 —hlz))
3.
PG
B (1+Fu)" = (1-Fo)” 2(511)P
B ((1 + )P+ (1=-F)"" C—w)? + (wi)?’
2(A11)F )
2= A1D)P + (R12)P
4.
Gi)*

_ 2(Fin)” (I +o11)P = (1 —512)P
A\ C=-Fi)’ + (Fo)? " A +mP + (0 —512)P’
(I+ A1)P — (1 = AP
A+ AP +0 - /le)p)
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Definition 5: Let Gy = (Fy, 545, £45) be the family of
P.FS;Ns, the score function, and the accuracy function are
defined by

S (Gyj) = Fij —o1j — A
And

A (Gy) =TFi5 + 115 + 445
Where G;j€[—1, 1]and A (Gﬁj) [0, 1].
Note that for two P.FS;Ns Gj and G5, we have
1) ifS Gﬁj > S (G’ﬁj then Gﬁj > G’ﬁj
2) it S (Gy) < S (G’ ij) then G5 < Gy
3) if S (Gyj) = S (Gy;) then
(1) ifA (Gﬁj) > A (G’ﬁj) then G;; > Gy
(i) ifA EGﬁjg <A (Gnlg then Gﬁj <G ij
(i) ifA Gn) =A (G’ﬁj then Gﬁj =G ij-

B. PICTURE FUZZY SOFT EINSTEIN WEIGHTED AVERAGE
AGGREGATION OPERATORS

Definition 6: Let Gy = (fﬁj, Bij» hﬁj) be the collection
of P.FS;Ns, then P.F S EWA an operator is defined by

P.FSREWA (G, G2, Gi3, ..., Gun)
= &L,5; (®]-10:Gyj) €]

where (i=1, 2,3, ..., n), (=1, 2,3, ..., m) and
01, 6j denote the WVs with the condition that Z;‘Zl o; =1
and L, 6y = 1.

Theorem 1: Let Gy; = (fﬁj, Bij» ﬁﬁj) be the collection
of P.F'S;Ns, then the aggregated result obtained by using the
equation (1) is given by

P.FSEWA (G11, Gr2, Gz, ...
= &L 5 (&}-,0:Gyj)
(1 (F4)") 0 (1 (54))’
T (T (1)) 4 (T (1-F))
201 (Mo (’l?viij)gﬁ)gJ
(Z—T)ﬁj)gﬁ)gj +ITi%s (H%‘_=1 ('51"1j)gﬁ)gj ’
201, (IMhey (Ag)°1)”
I (T @—4)) 7 +I0 (T (Ra)™)”

’ Gnm)

Hm ( E=1

@

where 1=1, 2,3, ..., n), (=1, 2,3, ..., m) and
01, ¢j denote the WVs with the condition that Z?:l o; =1
and >, 65 = 1.

Proof: We will use the mathematical induction method
to prove the result
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For n = 1 we get o; = 1, as shown in the equation at the

bottom of the next page.

Now form = 1, we get ¢; = 1

P.FSREWA (G11, G2, Gi3, ..., Gum)

= ®i_10iGy1

=1 (1+fﬁl)g - (
i (1 0) 1 (1 nl)
2Hn 1('5'111)Q]1
(Tyﬁl)gﬁ ’

[Ti 2 —5u)®* +ITi-y
2[Ti= (Aar)®
[Timy 2= Aa)® + 152y (2~ Aar)™
Moo ([T () ) "1 (0 (F0)™)”
I1- 1( i (1+fﬁj)g ) Hlj= 1( (1 fm) )gl,
2Hjl=1 (Hﬁ:] (T’nJ)gﬁ)g]
Tz (I (2=w6) ™)+ (T (o))

2Hj1=1 (HL] (4”11“11')9]1);j
H;l:l (ITi=, (Z—fbﬁj)gﬁ)g*'njl:l (I (ﬁﬁi)gﬁ)gj

So equation (2) is valid form = 1 and n = 1.

Now suppose that the above equation holds for n =
0y, m = 21 + 1 and for
n=4{4,+ 1, m = £, then

P.FSREWA (G, G2, Gz, ..., Gum)

=o' (@ﬁilQﬁGﬁi)
He:1 (Hn (14 Fy)° )gj—

I, (I, o —f--)gﬁ)gj
Hle (Hu 1(1+fn1)gn) .+
I (I o)
21—[e1+1 (Hn 1 (T’M)Qﬁ) J
M (M2 e —w)™) 7+ |
I (I, ea))”
201 (I (mj)gﬁ)g’:
G (Hn 12— Ay )§]+

I (I ()

6631



IEEE Access

W. Emam et al.: Identification of Types of Pollution That Mostly Affect the Environment

£ [ 1

I, (Hfﬁl (1+fn,)9”) -
1, (1 0
I (T (0 +5)) 7+

Hfi(H““( f))'
211 (M (o))
I (T @ —o)®) "+
I, (15 o))
210 (I (aap))”
ML (I 2 - #e)®)”

1 A\
I (I )

Now suppose that the above equation holds for n = £, +
1, m =4£; + 1 then

P.FSpEWA (Gr1, Gz, Gi3, ..., Guw)
6+1 6+1
= ®; H{ Sj (@ 2+1 0iGij )
0+1
= EB]I—;_ Sj ( 1= 1QnGu1®Qn+lG(€2+l)J)

041 .0
(G%Hf 69]12 19115‘]@11;) 2] <® T —1 g]Qn+1G(E2+l)))

(1= Figygryy) 2240)®

P (U Foaprn) @)+

Hfltl (1 = Feeptn); )Q(Zzﬂ));
ZHZH-I( ( J)Q]])
Hfl_gl ( L (2 T'HJ)QH)
H‘31+1 (H
2010k

H?Hl-l
j=
Hf:l ((13<€2+1>;)Q(‘2+1>)§;
2H61+1 (H 2 (hﬁj)gﬁ)g

Sj
TyH]

i ((T:<132+1>J)Q(‘32“))5j

3

((2 - Tv(/32+1)i)g(h+1))gj + ’

M (T 2 - 40)) '+
1 2 2
Hz +1 (H;l ()"

ZHWr (A 41)7)7@0)*

HE'HZ (2~ e ;) 20) T+
+ .
[T ((Rearr) )

)

P.FSREWA (Gy1, Gr2, Gis, Gum) = @i, 5iGyj

e vy

1L (1+:F11) -~ 1

:Fl]

1%, (1+f1;) +l_[;'i fl]

21T, (51y)%

H) 1 (2 T:l))g’ + H] 1 (Tyl))gJ

20T, (h1)®

H;ﬂ 12— fbl])gJ + H, 12— ﬁl))g’

Q Sj
l—[;jn . (l—ll (1+:]:‘]1’ ]1 ) m

I (i (1470) ) +11 (

1

._.
-=

v
\_/

2011 (T3 (o) )

[T5 (Hézl (2 = 1w QH) + HJ 1

21T 1(
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0 +1 O+1 3]
[L;L (Hﬁzzl (1+Fy)° ) -
£1+1 £+1 A\
H‘:l (Hﬁ:] (1_fﬁi)gu)
0+1 r+1 i\
Hjlzl (Huzz—il_ (1+fﬁj)gn) +
£1+1 lr+1 o Sj
Hj 1 (1_[]1 1 (1_fﬁj)n)
41 (Trl+] A\ S
2 (e (nﬁogﬂ)
41 (18 +1
I (e @
41+1 lz—i—l
Hj 1 T’“]
2HZ1+1( Zz+1 /Ln]
£+1 l+1
" (I 2= 44)”
£1+1 €2+1
HJ‘:l

£1+1 6H+1
_@]11 Sj (®n21 QHG )

Sj

-
)
")

+

Sj

Sj

)§J
w)

_|_

Hence the resultis true form = £, + 1 andn =€, + 1.
Example 1: Suppose a company wants to install the

Theorem 2: Let Gy = (Fyj, ©j, A4j) be the collection
of P.FSg;Ns, then

P.FSsWA (G, G2, Gi3, ..., Gum)
> P.FSEWA (G11, Gi2, Gz, ..., G

nm)

where g3, ¢j denote the WVs such as g3, ¢j> O using the
constraint that >7§_; 0y = L and 372 ¢j = 1.
Proof: As we know that

1, (I, 1+ F))°
[T, (T, = Fa))”
<Z:nl§jzn Qi 1+fﬁj)
+Z) 15;2 o1 (
H;n—l (HZ (0 +f‘”)gu)
+H (H:: 1—j’)ﬁ)§j5x/§
[T5%, (HZ’ (L Fy)™) =TT (T (1= Fi)®)”

~Fij).

T (Mo (14 F5)) 7 + T (Mo (1= Fi)®h)®

S
best software “X” and a team of four experts 0 = <1 _H;n:l (szl (1 _fﬁj) ) ] 3)
{Ci, Ca. C3, G4} is invited to give their assessment. Let .
o; = (0.18, 0.24, 0.32, 0.26) denote the WVs for experts. Again
Assume that the collection 7 = {m = Usability, 1y, = m n A\ Sj
Efficiency, m3 = Reliability, mq4 = Accuracy} denote the szl (Hﬁ:1 (2 - T’ﬁi)gn)
set of parameters with WVs ¢; = (0.19, 0.31, 0.22, 0.28). n Hm (Hn (T}-‘)Qﬁ)gi
Assume that the experts present their analysis as P.F'S;Ns j=1 =1 \ U
given in Table 1. S 3 01 (2 — vy
Now we use equation (2) to get the result, as shown in the z’ 1> Z“ 1 TYU)
equation at the bottom of the page. + Z) L Si Zu @ Tru]
P FSREWA (G11, Giz, Gu3, ..., Guw) = )L, 6j (®}_,0:Gy5)
2\ Gj 2\ Gi
" 1( n (1+j:‘ﬁj)9u) j ;n 1( n . (I*fﬁj)gﬂ) )
H,j,,j]( ,; 1(l+f]”>g ) +Hm ( (l—fﬁj)gﬁ)gl s
. 21 (T2 (60))°
I (ITimr (2~ 00) )7 + T (i (o))
21T (T (’LnJ)QH) J
[T (Mi=r 2= £5)°) + TTL: (=1 (A5)")
H?:I ( A]'i:l (H‘fﬁj) ) ._H?=1 ( i=1 (1 fﬁi)gﬁ)gf
M-, (H% 1 (anj)gﬁ)g]ﬂ_[f 1 (H%:l (Ffﬁj)gﬁ)g] ’
-\ S
ZH] 1 (H (’Dn])gu) ]
= Si?
HJI(Hul(2 T’HJ)Q) +H11( i T’HJ )J
S
21_[] 1 ( ) J
<
I (I 2 - 45)7)” +H, (T (an)®)”
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19
140218 x (1+0.19%* x (1403 x (1+0. 11)26} x

(140418 x (140.15% x (1+0.24)> x (1+0.27)% 'y
22
1+40.30)8 x (14+0.1)** x (1+0.17)%2 x (1 +0.41)%°

28

(1-021)"% x (1 -0.19* x (1 -031)» x (1 -0.11)°} "x
31
(1-04D'8 x (1-0.15% x (1 -0.24)2 x (1 -0.27)%

X

l
{
{
{(1 10.10)" x (1 4+0.50)% x (1 +0.11)32 x (1 +0.19)%
{
} i

}}19
(1-030)"% x (1-0.1D%* x (1 -0.17)*? x 041)26]
28
)
19
140208 x (14+0.19% x (1+0.31)32 x (1 +0. 11)26] x

{(1 ~0.10)'8 % (1 = 0.50)* x (1 — 0.11)* x (1 — 0.19)
(

(140418 x (140.15* x (1 +0.24)* x (1+0.27) "}”x
(1+0.30)'8 x (1 +0.11)%* x (1 +0.17)* x (1+041)26]22><
}28+
(1-021)'"% x (1 -0.19* x (1 —0.31)* x (1 - 0. 11)26}19><
31

{(1 10.10)" x (1 4+0.50)% x (1 +0.11)32 x (1 +0.19)%
{(1 0418 x (1-0.15 x (1 — 0.24)2 x (1 — 0.27)%] " x

22
(1-030)"% x (1-0.1D%* x (1 -0.17)*? x 041)26] X

{(1—0.10)'8><(1—0450)24 a 011)‘2x<1—019) 6}28

19
X

{(023)“‘ x (0.13)% x (0.33)%2 x (0413)25}

{(0.20)‘8 x (0.16)% x (0.25)% x (028)26]31 x
2

{(029)“‘ x (0.40)% x (0.13)2 x (0. 42)26}22

{(o.zo)”‘ x (0.15)% x (0.53) x (0. 20)2f>}28

19
X

= {(2 —023)18 x 2-0.13)% x 2-033)® x 2-0. 13)26}
613!
{(2 0.20)" x (2 — 0.16)* x (2 — 0.25) x (2 — 0.28)? 6} x
{(2 0.29)!% x (2 — 0.40)2* x (2 - 0.13) x (2 — 042)26}?2><
{(2 0.20)' x (2 — 0.15* x (2 — 0.53)® x (2 — 0.20) "}
{(0.23)‘8 x (0.13)%* x (0.33)%2 x (013)26} x
{(0,20)”‘ x (0.16)%* x (0.25) x (0.28)26}31 x
{(029)“‘ x (0.40%* x (0.13)%2 x (042)2"}22

{(020)18 x (0.15)% x (0.53)® x (0.20)2f>}28

19
X

[(0 24)'8 % (0.14)%* x (0.34)% x (0. 15)26}
{(0.17)”‘ x (0.18)% x (0.26)? x (0.29)? }
[(0 2718 x (0.24)%* x (0.14)32 x (0. 14)26}

{(0 30)'8 x (0.16)2* x (0.13)%2 x (0. 21)°6}

{(2 —024)8 x 2-0.14* x 2-034)2 x 2 — 0415)26]19x
{(27017)“‘ x (2 —0.18)% x (2 — 0.26)2 x (27029)26}3& .
[(2 —027)8 x 2-024)* x 2-0.14)2 x 2 — 0414)26]22><
{(2 —030)'8 x 2-0.16% x 2—0.13)2 x 2 — 0.21)26}28

19
[(0424)‘8 x (014 x (039 x (0.15%]

22

)
{(0.17)”z x (0.18)% x (0.26) x (0.29)26}3' x
}x

[(0427)‘8 x (0.24)** x (0.14)* x (0.14)%

{(0.30)'8 % (0.16)%* x (0.13) x (0‘21)20}28

= (0.2393, 0.23777, 0.1998)
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TABLE 1. PcF Sy information.

(0.21,0.23,0.24)

(0.41,0.20,0.17)

(0.30,0.29,0.27)

(0.10, 0. 20, 0. 30)

(0.19,0.13,0.14)

(0.15,0.16,0.18)

(0.11,0.40, 0.24)

(0.50,0.15,0.16)

(0.31,0.33,0.34)

(0.24,0.25,0.26)

(0.17,0.13,0.14)

(0.11,0.53,0.13)

(0.11,0.13,0.15)

(0.27,0.28,0.29)

(0.41,0.42,0.14)

(0.19,0.20,0.21)

m n oi Sj
H~ 1(1_[]1 1(2_T'ﬁi) ) Let P.FS;WA(Gi1, G2, Gi3, ..., Gum) = G
- i Si «/— = (f(G,, TG, flc:((;,) and PCFSf;EWA (Glly Glz, GB’
+H] I(H Tnl]) ) <2 o G = G = (:FGO’ Bge ’h’Go)' Then, (3), (4),
21—[ X (H (,G J)Qﬁ)gj and (5) can be converted into the forms fGZfG"» AG<hg
j= i
[T (TTi=1 (2 = 45)?) + T ([Ti=i (o))

and TJGSTJGO . Hence S (G) = fG — TG — lLszGo —Bge —
hge =5(G"). S0, 8 (G) =S (G).
1)
= [T, (TT,_, e)*) )
Similarly,

IfS(G) > S (G’) then

P FSpWA (Gr1, Gz, Gz, ..., Guw)

21T, (e (%Hj)gﬁ)si > P FSREWA (Gr1, Gr2, Gis, ..., Gup) (6)

[T (M= 2= £4)*) + L) (ITi=r (A5)%)°
= [T, (1T, a)®)” ®

IfS(G) =S (G’) then Fg —vg — Ac = Fge —tge —Age =
S (G"). Hence, Fg = Fgo, Ag = Age and tg = e then
the accuracy function A (G) = Fg+vc+4Ac = Fge +1g° +

P.FSsWA (G, G2, Gi3, ..., Gum)
-\ S
-1 1(H:: =),
4 5
H, 1( i=1 T’“ )
4 4 S
H) I(Hﬂ 1(/ﬁ’11))

P.FSEWA (Gr1, G2, Gi3, Gas)

{(1 — 0218 x (1= 0.19% x (1= 0.31)%2 x (1 = 0.11)%

22

{(1 —030)'8 x (1=0.11)% x (1 —=0.17)% x (1 —0.41)26] " x

. {(1 — 04D x (1 -0.15* x (1 -0.24)*2 x (1 - 0'27)26%31X
{(1 —0.10)"® x (1 —=0.50)** x (1 - 0.11)** x (1 — 0_19)25}28
{(0.23)18 x (0.20%* x (0.29)%2 x (0_20)26}'9X
_ [10.13)% x (016 x (040 x (015} x
[(033) x 025 x (0.13) x (0.53)26}22x
{(0.13)18 % (0.28)% x (0.42)%2 x (0.20)26}28
{©024)'% x (0177 x 0.27)? (0,30)26}19X
{014 x ©.18) x (024 (0.16)26}31x
{(0-34)18 x (0.26)** x (0.14)* x (0,13)26}22X

28
{(0.15)18 % (0.29)% x (0.14)3 x (0.21)26}
— (0.2452, 0.2343, 0.1987) .
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Age =A(G). Thus

P.FSWA (G, G2, Gz, ..., Guw)
= P.FSEWA (G, G2, Gi3, ..., Guw)  (7)

From (6) and (7), we get

P.FSpWA (G, G2, Gz, ..., Gum)
> P FSHEWA (Gi1, Gz, G13, ..., Gum).

Example 2: Consider all data from example 1 and aggre-
gate the given data by using as shown in the equation at the
bottom of the previous page.

Since the score value for P.F S WA (G11, G2, Gi3, Gag)
= —0.1877 and P.FSEEWA (Gi1, Giz, G13, Gaa)
= —0.1981.

Hence from examples 1 and 2, it is proven that

P.FSpWA (Gr1, Gz, Gz, ..., Gum)

> P.FSHEWA (G11, G2, Giz, ..., Gun) .

C. PROPERTIES OF PICTURE FUZZY SOFT EINSTEIN
WEIGHTED AVERAGE OPERATORS
In this section, we will discuss the basic properties like
Idempotency, Boundedness, and Homogeneity.

1. Idempotency: If Gy; = (Fy, 5. A) = G
= (F, =, 4) forall 4, j, then

PFSREWA (G11, G2, Gz, ...y Guw) = G.

Proof: As we know that

PcFSﬁEWA (G11, G, Gyz, ..., Gup)
()i g’;((lffﬁj)zzzlaﬁ)zz';lsj
((l-i-fﬁj)zgzlgﬁ)zl 155 (( +f]11) 11 1Qﬁ)zg11=] sj’

2( (o) - IQH)Z] "

((2_1?1“11')2“ IQ“)Z’ H ( - 1QH)ZJ 157
( i 193) 15
((2—hﬁj)2n IQH)Z, 155 +( S 1QH)ZJ 1S5

(Hfﬁj)*(l*fﬁi) 2(g;)
(1+F5)-(1-Fy) " Co)+ (o)

- 2 (4
(2 = A5j) + (#45)
(45)-0-F) o
_ (1+f +(1_f » 2B+’
2(h)
QC-a+ )
=(F, w 4) =G.

2. Boundedness: Let Gy; = (Fyj, wyj. Agj) be the
collection of P.FS;Ns and G = min (Gﬁj) and G0y =

6636

max (Gﬁj) . Then
] Gnm) SGmax~
Proof: Let f(a) = (1-9/1+a), a0, 1] then
d/d(f(a)) = d/da (1-0/14+a) = —2/(1+a)®>< 0 that shows that
f (@) is a decreasing function on [0, 1]. S0, Finin<F3; <Fmax
for all 1, j. Hence f (Fmin) <f (Fij) <f (Finax) -
Assume that ¢;, ¢; are the WVs such that g;, ¢; and
>im101=1land 3L, g = 1. We have

Guin<PFSHEWA (G11, G2, G13,

mn n 1 = Foax Y21\ &
<=>H: (H (1+fmax) )
Qi
( (1+fn,) )
" 1_j:‘mm o1\ &
SHj=1 (Hﬁ=1(1+fmin) )
l—fmax Z’ﬁlleﬁ ij=1 Sj
= ()
" n 1—=TF5)\%\°
I (I (5522) )
- (1_—j-“mm)2'§119ﬁ 2L
B 1"}_j:‘min
l—fmax m n l_fﬁj 07\ Si
m) §1+Hj=‘ (Hﬁ=1 ( 1+F4 ) )
<1+(1_—M‘)
B 1_i_j:‘min
2 m n 1—-Fy i\ S
= () =+ L (ML (52) )
- 2
‘(1+fm,-,,)
<=>(1+f’"i")< 1
2 a m n 1_fﬁ_ Qi \ S
1+Hj=1 (Hﬁ=1 (Tj’n,l) )
(1+fmax)
S\

(=>1+(

2
& (1 + Foin) < RN
et (1 (572) )

= (1 +fmax)
= (1 +Fun—1)< 2 T\ 51

et (e () )
S(l +:Fmax) -1

2
= (Fuin) = e !
1+ 152, (Hg—l (rfzf) )

= (:Fmax)
— (fmin)
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<H;n_1 (H;;l (1 ‘”?flj)gﬁ)gJ H;n=1 (HZ:l (1 fﬁj)gﬁ)g
_H'jn=] (ITi=; (1 ‘i‘fﬁj)gﬁ)gJ + HT:] (ITi= (1 ff‘lj)gﬁ)gJ
< (Fax) (®)

2=%) for ae[0, 1] then

(@)
d/da (2(;;1) = ;—22< 0. Hence g(a) is a decreasing

function in [0, 1]. As Amin=<{#jj<#Amax for all i, j, then

8 (Pomax) <8 ( 11)) <& (Pmin) -

So, ((/hm;”xa;) < (z(ﬁm)) (z(ifln’:l)n) Assume that g;, gj are

the WVs such that ¢, gjand > _; 0; = landzj 155 =1
We have

m n 2 — TBmax Qﬁ)gj
<~ _—
I (I ()
m n 2_"['11"1j 1\ %
=TT, (T, (22
i)

<Hm ( (2 Txmm) )gj
- =1 =1 Gmin
Tymax
m

Now assume that g (a)

2 e (i ()
()
> (Tmin) < 2 -
e (i )
< (Brmax)
= (min)

< ZH;’L] (H’;:] (“\"’fij)gﬁ)gj
T (T (2 =) ) + TTL (I (o))
=< (Tymax) (9)

VOLUME 12, 2024

Similarly,

(/Lmin)
< 21T (i (A4)*)°
_H;n=1 (Hn 1 (2 hi )gn)g +H] 1 (Hn 1 (/Lﬁj)gﬁ)gj

Let PCFSﬁEWA (G111, Gra, Gz, ..., Gup) = G.
Then inequalities (8), (9), and (10) can be written as
Fonin<F<Fmax, Amin<A=<tmax and Tmin<T5<Tmax. Thus
S (G) =Fg —v6 — A6 <Fmax —Smin — Amin = S (Zmax) and
S (G) = f@ — GG — fl«([}ffmin — Bmax — Amax =S (me) .
IfS(G) < S Znax) and S (G) > S (Zyin) then
GminfchSﬂEWA (Gllv Gl2v G13, ) Gnm) SGmax

If S (G) = S (Znax) then ' = :Fmax, T = Tmax and A =

Amax- Then S (G)=F — v — A =Fnax — Bmax — Amax =
S (Zay) - Therefore,
PCFSftEWA (Gllv G2, Gia, ..., Gnm) = Ginax

If S(G) = S (Zin) then ¥ — v — A = Foin — ©min — Amin
that is ' = Fiuin, © = Tmin and A = Aumin.

Thus A (G) = f +o+ 4 :fmin+"ﬁmin+'ﬁmin =A (me)
PCFSﬁEWA (Glls G2, Gz, ..., Gnm) = Gmin
Thus
Guin<PFSREWA (G11, G12, Gi3, ..., Gun) <Gpax.
3. Homogeneity: Let G;; = (Fyj, w3, Aqj) be the
collection of P.F'S;Ns and p >0 then
P.FSGEWA (pGry, pG12, pGis, ..., pGup)
=pP.FSREWA (G, G2, Gz, ..., Gum).

Proof: Let Gy = (Fyj, ©4j, #4j) be a P.FSN and
p >0 then

(+F0) - 0F0)" sy
(14F5) "+ (1-Fy) 7 o)+ (o)™
2(s)°
(2 - A5)" + (A5)"

pGyj =

So,

PCFSﬁEWA (PGU, p(GlZa PGB, B pGnm)
e ([ (490)°) e (T, (1))
s (I () ) 0 (115 () )™
211 (T (Tm)g“)gj

[T (M= (2 — o )Qu)g"’l—[ =1 (]_[]1 1 (o))
ZH]:I (Hn: (ILHJ)QH)

T (e 2= A5)") 7 +TTL (ITiz (A0)™)”
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+fn, ) 9)”
(H:nzl (H )p’)
2(1_[?1 1 ( T,H] g’)
(HJm=1 (Hu 1 2 T’n] 911 S'J)p
(IT-, (T, )J)p
Z(Hj (IT.—, /Ln] sl)
(Hljil (Hn 1 2 /LIIJ Qu §))p+

" i\ P
(I, (T, taw))”)

= pP FSEWA (G, Glz, Gz, ...

+

’ Gnm) .

D. PICTURE FUZZY SOFT EINSTEIN WEIGHTED
GEOMETRIC AGGREGATION OPERATORS

Definition 7: Let Gy = (fﬁj, Bij» /Lﬁj) be the collection
of PFSNs, then picture fuzzy soft Einstein weighted average
(PCF SE WG) an operator is defined by

P.FSpEWG (G11, Gz, Gz, ..., Guw)

= ®L5j (®]-10:Gyj) (I
where 1=1, 2,3, ..., n), (=1,2,3, ..., m and
03, 6j denote the WVs with the condition that Z:"::l o; =1

and >0, 6y = 1.

Theorem 3: Let Gy; = (fﬁj, Bij» /Lﬁj) be the collection

of P.F'S;Ns, then the aggregated result obtained by using the

equation (28) is given by

P.FSpEWG (G11, Gro, Gys, ...
= ®L;5j (®]-10iGyj)

o112 (1 (7))

i”n(’ﬁl(ﬁ) )+H (1T

s Gum)

(Fa))"

_ | I (i )T (T (-ma))”
| (M2 Og)E) T+ (n; 1 (1=4)71)”
1( " 1(1+hu,)9ﬂ)§ v (e (1=Ag)71)”
o (MM () )7 +1T (n’; L (1=Ag)°1)”
(12)
where 1=1, 2,3, ..., n), (G=1, 2,3, ..., m) and

01, <j denote the WVs with the condition that >°_, 0; = 1
and 2702, 6 = 1.
Proof: Here, we shall employ the mathematical induc-

tion method.

For n = 1 we get o; = 1, as shown in the equation at the
bottom of the next page.

Now for m = 1, we get ¢; = 1, as shown in the equation
at the bottom of the next page.

So equation (12) is valid form = 1 and n = 1.

6638

Now suppose that the above equation holds for n =
by, m=4~£;+1andforn =45+ 1, m = £, then

PCFSﬁEWG(GU, G2, Gz, ..., Gu)
= ®fﬁ;1§1 (®§2—19ﬁGﬁ')
2H21+1 (H (Jvm)gﬁ)gi
[JHag (HH— (2-Fy)* )
0141 ) N\ S
l_[lelr (Hﬁz_l (fﬁj)gn) .
Hel+1 (Hﬁil (1 +Tlﬁj)9ﬁ)§l_
041 ¢ )
I (I 0 =)

I (Hﬁ; (1 —hﬁj)gﬁ)g
®L,5) (®f2+119nGn )

11, (12 (F) )
I (I 2 - Fy)™
[T, (115 o)

1y)”

Si

)51
)

Sj

+
| i
I (I (1 o)) -
£r+1 A\ S
H 1 1 (Hﬁi] (1 - T’ﬁl)gu)
NS
| I (I (1))
£ £+1 ; Si
Hj 1 (Hﬁ—l (1 _T’ﬁi)g )
-
Hfl 1 (sz+1 (1 +ﬁu1)gn) -
£ (He2+1 (1 Qﬁ)si
H~ ) — hij)
=1 =1
I (T (1)) 7+
¢ £o+1 A\ S
HjI=1 (Hﬁ; (1 - hﬁi)gn)

Now suppose that the above equation holds for n =
1, m = 4£; + 1 then

P.FSREWG (Gy1, Gia, Gys, ...
6+1 0+1
= ®JHI_ S (®112J’I 0iGy )
b+l L G G .
= Q=1 Si®;2101Gi1j ® 0i+1G0+1)

G+1 41
= (®]] 1 ®11 191151Gn1) ® (®j1:1 §iQﬁ+1G(€z+l)j)

Ny I
I

&+

’ Gnm)
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2H€1+1 (nn 1 (fﬁj)gﬁ),gjg.
(1 (-2
G+ [t i\
HJ:I_ (Hﬁzzl (fﬁi)gu)
2Hflz-1H ((f((z—&-l)j)g(zﬁl))g]
Ly (g —Fleriy) )+
o+ 0 5
I () )
I (T (14 y)°1) =
0+1 0 0: \°
Hiz] (Hﬁ:] (1= 535) ”)
)

i
®
i

®

L (Hle(IMJ) ')§'+

Hz]+1 (H T’M S

Hf':]L ((1 +Ty(zz+1)j)g(62“))§j—
(( _— +1)J)Q(Z2+l))§i

Hl']‘+1 ((1 +Ty((2+l);)g( 2+1))§’+’
K1+1( 1— Tty +1)J) ((2+|))§J
zl+1 ( (4 Ay) Qn); g

Hf:lrl (Hiz 1 (1 —/LﬁJ)Qﬁ)gl .
nfl-lH (Hu 1 (1 +hu1)gn)§ +
£1+1 j

I (1, o

€1+1 ( +fb(e2+1)j)g(‘z2“))§j—

/zl+1( A, +])J)@(z2+1))§i+
e.+1

e +1 (1 Y Sj
1 (( h(lz-&-l)‘) (£2+1)) j
(1
i

/L(zﬁl);)g([zﬂ))gj

21_[/1+1 (]_[2241—1 (fﬁj)gﬁ)s‘j
e
£14+1 £+1 i\o
et (e e - fﬂj Qﬂ) +
£1+1 zz+1 5
Hj=1
£1+1 ‘ 1 S
Hj1:+1 (anﬁ 1+ 54 Qn)
£1+1 £r+1 01
Hj=1 (Hn 1 (I_T’HJ) !
0+1 (pea+l i ’
| T (I (1)) T+
£1+1 lr+1 0; 5
H':l (Hﬁ:] (I_T’ﬁi) n)
£+1 i
TS (T 1+ )°)
1+1 £+1 0i\”
HJ‘:I (Hu 1 (1= Asi)™
£1+1 fH+1 S
T (T (0 a)™)
£1+1 £Hr+1 0 \"
Hj—] (Hu 1 (1 hﬂl) H)
£1+1 £+1
_®)l'~l' g] <®H2"li QHG )
Hence the result is true form = €1 + 1 and n = £, + 1.
Example 3: Consider the data of example 1 and apply the

notion of P.F'Sy EWG aggregation operator, we get, as shown
in the equation at the bottom of the next page.

—_— e

E. PROPERTIES OF PICTURE FUZZY SOFT EINSTEIN
WEIGHTED GEOMETRIC AGGREGATION OPERATORS

Here in this phase of the article, we have to discuss
some fundamental characteristics of P.F Sy EWG aggregation
operators.

PFSREWG (Gri, Gio, Gus, ...

21T, (fli)gj

211 (i (F)")”

H;n:l (z—flj)gl“rn;n:l (f]l)gl ’
_ | IS A+ — [L, A — 1)

jzl(
I (I 1+m,)‘~’ﬂ) 11, (I

l_Il (2 :Fu])en;ﬁﬂ—[] 1(“1‘1 1(fﬁ' Qﬁ)gi ’

L, A4S+ L, (1 —115)9 ’
;" ] Illﬁil (1 — #1y)S

[i=) A+A1)% —

[T5%, [Ti=r (14704
[TZ

[T A+ApS+ITL, (0 — A1j)9

\H’m:l (H 1 I+ Qu) +IT5= I(H-:1 I

( L
i= ( ) +HJ 1 Hi: (
Hi 1(1+hnl)gu H] 1 H]}1:1 (l_hﬁj)gﬁ)
i1 (1+A45) i1 (1=

P.FSREWG (G, G2, Gz, ..., G

2015, (fﬁl)gﬁ

( *fnl Qﬁ+ﬂ'ﬁ=1 (fﬁl)
_ | = 1(1+Trn1) f T 1(1—Trn1 “
] e (o) + T (1 -
[Tio) (14 £a)® =TT, (1 _hu
[Tic (1 +Aa)® + T, (1= Aa)™
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201 (Q,’ﬁl?l (fﬁj)gﬁ)gl .
T ) ) T BT
_1 (M= (14 7545)71)° HJ | (Hn 1 (1 =m)"")”
=1 {li= 1w C07 + s (T (1) %
( 1(1 + £45)°1)” H, 1 ([T 1(1 — hy)°")”
(H',: L (1 25) )+ Tz (T (1= 445)%)°
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(1) Idempotency: If G;; = (Fy, w5, Ay) = G = pPFSHEWG (G, G2, Gz, ..., Gum).
= (F, =, 4) forall s, j, then
PFSREWG (G, G2, Gi3, ..., Gun) =G.
Proof: Let f(a) = (2(;;‘ ) for ae[0, 1] then
Proof: As we know that (2—a) 2 . .
d/da (W =< 0. Hence f (a) is a decreasing
P FSREWG (G, Gra, Gz, ..., Gum) function in [0, 1]. AS Fin<F;j<Fmax for all 1, j, then
T e\ [ Fmax) < Fi3) <F Fonin) -
2((]’]1,2) _ ) > S (z_f'”“*‘)<(2_fﬁj)<(2_fmi") A that
R T o, < < . Assume that g;, ¢j are
(7)) ) 6] = 0 © 0. o
N N4 the WVs suchthat g, gjand 3 7, 0y = land D" | ¢j = 1.
(i (gomes | S T =
- n e\ et i no\ D
(o T
A3 0p\ 2=t S A 0p) 2=t S m n (2-F AN
((1+hf") - ) _((1_/“”) - ) <:>Hj=1 (Hﬁ=1( fm:ax) )
ST 0r\ 2t S S op\ 2iet S 2 F.\01\ S
1+’ﬁ/]1 i=1&1 1+’ﬁ/]1 i=1&1 m n ij
(( fj) ) (( ! ) SHi:l (Hﬁ=1( Fj ) )
2( ﬁ’) (1474)—(1-04;) m n 2 — Foin \ % Sj
_ (2—fﬁj)+(fn))’ (14+54)+(1-5g) SH)‘:] (Hﬁ:] ( F ) )
[+ g) — (1 ) SR
(1+ A4) + (1 — Ag) <:>1+( Fo )
() wamoaw m w2 —F 0\
— ’ = 1 - b
- (P <1 (L (7))
I+a+A-n) §]+(2_fmi")<:>( 2 )
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Similarly, we have
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Let P.FSREWG (G11, Gi2, Gi3, ..., Guu) = G. Then
inequalities (13), (14), and (15) can be written as
:Fminffﬁjffmax,
Pomax <3 <HPimin and Tmax ="G1j =Omin- Thus S (G) = f¢ —
G — /Lfomax — Smin — Amin = S (Lmax) and § (G) =
:FG — oG — thfmin — Tmax — Amax = S Lin) -

If S (G) < S Zyax) and S (G) > S (Zyyin) then

Gmin<PFSHEWG (G11, G2, Gi3, ..., Gun) <Gpmax

If $(G) = S (Gumax) then ' = Fuar, © = tmax and f =
/ﬁ,max. Then S(G)::F_"[}_/L:fmax — OBmax — /hmax =
S (Zmax) - Therefore,
PCFSftEWG (Glls G2, Gz, ..., Gnm) = Gax
If S (G) = S (Gpin) then F —t — A =Fmin — min — Amin
thatis J' = fmim T = Tmin and A = Pmin.
Thus A (G) = f +o+ 4 mein +Tmin +/Lmin =A (Zmin)
P FSREWG (G11, Gz, Gz, ..., Gum) = G
Thus
GminSPcFSﬁ‘EWG (Gllv G2, Giz, ..., Gnm) <Gmax-

(3) Homogeneity: Let Gy; = (Fyj, 4, Agj) be the
collection of P.FS;Ns and p >0 then

P FSGEWG (pG1i, pGra, pGis, ..., pGum)
= pP.FSREWG (G1, G2, Gi3, ..., Gum).
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IV. DECISION-MAKING STRATEGY

In this part of the article, we will provide the decision-making
strategy for the selection of real-life problems. We will
provide an algorithm for selecting the best alternative among
the given possibilities.

A. ALGORITHM

Let 97 = {9}, Q7, 97, ..., QF} denote a set of
¢ alternatives, R = {of", 05", 0{",..., o'} denote
the set of experts and h = {b1, b2, ..., H,} denote
the set of parameters. Assume that g;, ¢j> 0 are WVs
corresponding to experts and parameters respectively with
a condition that Zg"zl g; = 1 and 2’521 0; = 1. Assume
that decision-makers provide their assessment in the form of

VOLUME 12, 2024

P.FSpNs Gyj = (Fij. oij. #45) - The stepwise algorithm is
given below

Step 1: Get the decision matrices against each alternative
Q7 = (Gy),,.,, in the form of P.FSyNs.

Step 2: Normalize the collective data by using the formula
given by

Jo = (Gﬁj)c; for cost — type parameters
Y7 | Gyy; for benefit — type parameters

where (Gy;)* = (45 oij» Fiy)

Step 3: Utilize the proposed P.F"Sz EWA and P.F Sz EWG
operators to aggregate P.F' Sy Ns for each alternative.

Step 4: Use definition (5) to find the score value of each
alternative.

Step 5: Rank the alternatives and find out the best
alternative.

Moreover, the flow chart of the proposed algorithm is given
in Figure 1.

Step 2: Normalize the collective

Step 1: Collect data in fhe form of

picture fizzy soft mmbers information

Step 3: Utilize the proposed
ageregation operatars for each
alfemative

Step 4: Utilize definition (5) to find
out the score values

FIGURE 1. Flow chart of the proposed algorithm.

B. NUMERICAL EXAMPLE

The release of harmful materials into the environment
is called pollution and the harmful materials are called
pollutants. By rendering the air, water, or other aspects of
the environment dirty, pollution is the process of posing
a threat to public safety. Even seemingly inconsequential
elements like light, sound, and temperature could be viewed
as pollutants when intentionally added to an area. All forms of
pollution often have severe consequences on human health as
well as the environment and wildlife. Here we aim to identify
the type of pollution that mostly affects our environment and
due to which not only human beings but also animals and
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plants are affected directly based on introduced notions of
P.FSpEWA and P FSp EWG aggregation operators.

Four types of pollution damage the environment and cause
climate change and complexity in disease day by day. These
types are

1) WATER POLLUTION

Contamination of water happens when chemicals or poten-
tially dangerous foreign substances—such as sewage, pesti-
cides, fertilizer from agricultural runoff, or metals like lead
or mercury—are added to the water. Water pollution badly
affects the environment. According to the findings of the
United States, 783 million people do not have any access to
clean water. Sewage and other impurities can be prevented
from getting into the water supply with proper sanitation.

2) AIR POLLUTION

Air pollution is the main cause that makes disturbances and
it is an environmental risk to public health on a global
scale. We breathe in tiny particles that can cause several
health problems, including damage to our lungs, hearts,
and brains. Despite being a global problem, air pollution
disproportionately affects people in developing nations,
particularly the most vulnerable sections of society, such as
women, children, and the elderly.

3) NOISE POLLUTIONS

The World Health Organization (WHO) defines noise
pollution as noise that is louder than 65 decibels (dB).
More specifically, sound becomes hazardous over 75 dB and
unpleasant at 120dB. Unwanted or excessive noise can be
harmful to humans, the environment, and wildlife. Noise
pollution is what we call this. Noise pollution is a common
problem in many industrial settings and other industries, but
it is also brought on by airplane, train, and automobile traffic
as well as by outdoor building projects.

4) LAND POLLUTION

Land pollution is the term used to describe the degradation of
the earth’s land surfaces, both above and below the surface.
The cause is the accumulation of liquid and solid wastes
that contaminate groundwater and soil. The term ““municipal
solid waste” is frequently used to refer to both hazardous
and non-hazardous trash. When waste is placed onto a piece
of land, the permeability of the soil formations underlying
it might increase or lessen the risk of land contamination.
The likelihood of land pollution is directly correlated with
the permeability of the soil.

Here we aim to study these types of pollution that mostly
affect our environment and due to which not only human
beings but also animals and plants are affected directly. The
main cause of complexities in human diseases is these kinds
of environmental pollution. So, we use the developed notions
of P.FS;EWA and P.FS;EWG aggregation operators to
study the worst type of pollution.

6644

Suppose four alternatives are Q7 = Water pollution,
Q5" = Air pollution, 3" = Noise pollution
and Q)" = Land pollution. ~We want to identify
the type of pollution that affects the climate from the
given four alternatives. Let a team of four experts be
invited to give their assessment. Let WVs for experts are
(0.18, 0.24, 0.32, 0.26). Also, assume that experts analyze
these alternatives based on four parameters that are h; =
Increase of diseases, by = Climate change, h3 =
Affetcs on human beings and plants, b4 = Demage of ozone
layer and WVs for these parameters are (0.19, 0.31, 0.22,
0.28). Now use the proposed algorithm for the analysis of
types of pollution.

By using the picture fuzzy soft Einstein weighted
average aggregation operators

Step 1: Assume that the decision analyst proposed their
assessment for each alternative in the form of P.F'Sy data are
given in Table 2 -5.

Step 2: No need to normalize the given data.

Step 3: Utilize the proposed P.FS;EWA aggregation
operators to aggregate P.F Sy Ns for each alternative. We will
get

Gy = (0.1923, 0.1853, 0.1849),
Gy = (0.2241, 0.1824, 0.1698)
Gs = (0.1878, 0.2158, 0.1848),
G4 = (0.2310, 0.2212, 0.1818)

Step 4: Use definition (5) to find out the score value for
each alternative given by

Sc (G1) = —0.1779, Sc(G2) = —0.1281,
Sc (G3) = —0.2128, Sc(Gg) = —0.1720

Step 5: Ranking results for alternatives is given by
Gz > G4 >G 1 > G3

Hence we can see that Q57 = Air pollution that is badly
affecting the environment.

V. COMPARATIVE ANALYSIS

This part of the article contains the comparative study of
established work with some existing notions to reveal the
reliability and dominance of the introduced work.

We compare our work with Wang and Liu’s [28] method,
Rahman et al. [29] method, Riaz et al. [30] method, and
Khan et al. [31] method.

Example 4: Suppose a man wants to get his heart treat-
ment and he assumes three hospitals as an alternatives

s

7> 57 and Q3. Assume that four parameters are

h1 = Doctors skills,

h1 = Caring Staff,

h3 = Very kind hospital management,
ha == Affordable Hospital Charges
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TABLE 2. PcFSg data for Q7.
)}t b2 b3 B4
o (0.22,0.21,0.19) | (0.11,0.20,0.29) | (0.32,0.11,0.10) | (0.12,0.13,0.14)
oy (0.14,0.25,0.17) | (0.21,0.24,0.28) | (0.20,0.11,0.18) | (0.17,0.18,0.19)
oy (0.18,0.11,0.43) | (0.20,0.19,0.17) | (0.21,0.23,0.17) | (0.16,0.15,0.14)
ol (0.20,0.21,0.12) | (0.20,0.22,0.16) | (0.24,0.25,0.19) | (0.23,0.24,0.18)
TABLE 3. PcFSy data for Q5
by b2 b3 D4
o7 (0.21,0.11,0.16) | (0.41,0.30,0.20) | (0.30,0.10,0.20) | (0.13,0.14,0.17)
oy (0.24,0.22,0.19) | (0.25,0.26,0.18) | (0.24,0.11,0.16) | (0.27,0.28,0.13)
oy (0.17,0.10,0.13) | (0.10,0.17,0.16) | (0.21,0.22,0.15) | (0.26,0.25,0.14)
ol (0.23,0.25,0.42) | (0.24,0.12,0.15) | (0.27,0.11,0.17) | (0.13,0.28,0.19)
TABLE 4. PcFSg data for 93~
by b2 b3 D4
oy (0.23,0.27,0.26) (0.16,0.10,0.19) (0.12,0.31,0.17) (0.13,0.16,0.13)
oy (0.11,0.21,0.19) (0.11,0.23,0.27) (0.24,0.35,0.10) (0.11,0.13,0.29)
o5 (0.17,0.31,0.33) (0.22,0.16,0.13) (0.21,0.26,0.12) (0.26,0.35,0.24)
ol (0.30,0.12,0.18) | (0.24,0.25,0.26) | (0.12,0.23,0.13) | (0.20,0.21,0.13)
TABLE 5. PcFSg data for 9,
5 b2 b3 D4
o] (0.12,0.11,0.15) (0.21,0.10,0.19) (0.31,0.14,0.13) (0.13,0.15,0.16)
oy (0.16,0.27,0.27) | (0.21,0.34,0.18) | (0.12,0.31,0.29) | (0.27,0.28,0.29)
oy (0.28,0.21,0.33) | (0.30,0.29,0.15) | (0.20,0.23,0.15) | (0.12,0.13,0.14)
ol (0.28,0.24,0.22) | (0.40,0.32,0.15) | (0.25,0.27,0.17) | (0.21,0.22,0.13)
TABLE 6. PcFSg data for Qr
by b2 b3 D4
o7 (0.21,0.11,0.17) | (0.13,0.21,0.23) | (0.12,0.13,0.18) | (0.15,0.17,0.18)
oy (0.24,0.20,0.18) | (0.23,0.24,0.25) | (0.23,0.25,0.29) | (0.27,0.28,0.33)
o5 (0.15,0.14,0.13) | (0.22,0.16,0.13) | (0.27,0.28,0.13) | (0.36,0.10,0.12)
or (0.27,0.26,0.22) | (0.23,0.26,0.17) | (0.20,0.23,0.29) | (0.33,0.20,0.13)
TABLE 7. PcFSg data for Q;
5 b2 B3 L)
o] (0.13,0.24,0.24) (0.26,0.13,0.29) (0.13,0.11,0.27) (0.15,0.16,0.17)
oy (0.21,0.22,0.29) | (0.14,0.43,0.17) | (0.20,0.15,0.13) | (0.21,0.33,0.39)
oy (0.16,0.11,0.13) | (0.21,0.26,0.33) | (0.24,0.25,0.22) | (0.36,0.15,0.14)
ol (0.32,0.34,0.12) | (0.14,0.15,0.16) | (0.12,0.13,0.16) | (0.10,0.51,0.12)

Let WVs for experts are (0.18, 0.24, 0.32, 0.26) and that 1.
the parameters are (0.19, 0.31, 0.22, 0.28). We will utilize
the data given in Table 6 -8 and the overall results for
comparative analysis are given in Table 9.

The overall discussion of the comparative analysis
is given by
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As data given by the experts consists of picture fuzzy
soft numbers. We can see that the picture fuzzy soft
structure can discuss the parametrization tool as well as
it can discuss the AG along with MG and NMG with
the condition that the sum (MG, AG, NMG) must belong
to [0, 1]. Now notice that Wang and Liu’s [28] method,
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TABLE 8. PcFSg data for 5.

by b D3 D4
o7 (0.17,0.14,0.15) (0.11,0.18,0.17) (0.21,0.15,0.17) (0.16,0.17,0.19)
oy (0.13,0.25,0.27) (0.29,0.14,0.17) (0.14,0.21,0.23) (0.17,0.28,0.19)
o5 (0.22,0.31,0.33) (0.32,0.39,0.10) (0.22,0.24,0.25) (0.14,0.15,0.16)
ol (0.21,0.34,0.22) (0.30,0.31,0.13) (0.21,0.24,0.27) (0.11,0.12,0.13)

TABLE 9. Results for comparative analysis. TABLE 10. Characteristic analysis of proposed work with existing

approaches.
Methods Score values Rankin Methods Consider Consider
. g parametrization | fuzzy
Wang and Liu's [28] | Cannot work No tool structure
method result Wang and Liu's [28] | No Yes
Rahman et al. [29] | Cannot work No method
method result Rahman et al. [29] | No Yes
Riaz et al. [30] method | Cannot work No method
result Riaz et al. [30] method | No Yes
PFEWA operator Se(Qr) = PFEWA operator No Yes
Khan et al. [31] =—0.1472,5¢(Qy)| > Q7 Khan et al. [31]
= —0.1668,5¢(Q3) | > Q3 PFEWG operator No Yes
= —0.3228 Khan et al. [31] method
PFEWG operator Sc(QY) Q7 P.FS, WA Yes Yes
Khan et al. [31]|=—0.1696,5¢(Qy)| > QY o st e Teos Tos
method =—0.2098,5¢(Q7)| > Q7 o
— —0.3465 P.FS;tEWA  operators | Yes Yes
PFS; WA sc(Qy) Qy (Proposed)
= —0.1355,5¢(2y)| > QY P.FS;{tEWAG operators | Yes Yes
=-0.2026,5¢(QY)| > Q3 (Proposed)
=—0.1917
P.FS; WG Sc(Qy) Q7
=—0.1732,5¢(Qy)| > Q7 structure. It means that the introduced work has both
= —0.2759,5¢(Q3)| > 27 characteristics in one structure.
= —0.2388 . Also as far as data analysis we can see that Wang
P.FS;EWA operators | Sc(Q7) Q and Liu’s [28] method, Rehman et al. [29] method and
(Proposed) = —0.1393,5¢(Q37)| >3 Riaz et al. [30] methods are restricted notions due to
= —0.2099,5¢(Q3)| > Q7 their condition that sum (MG, NMG) € [0, 1] for Wang
= —0.1966 and Liu method [28], sum (MG2, NMG?) €[0, 1] for
PFS; EWAG operator | Sc(Qy7) o Rehman et al. [29] method and sum (MGY, NMGY)
s (Proposed) = —0.1684,5 C(Qi) > Df} € [0, 1]for g>1.In these situations, the experts are bound
i _g' %g;’é’ Se(R3)| > to take their data in the form of MG and NMG. While

Rehman et al. [29] method and Riaz et al. [30] can only
deal with MG and NMG. Also, all these above-given
methods lack the property to discuss the parametrization
tool as well. It means that the existing methods have
some drawbacks. Also, we can see that if the decision
makers tried to construct their data in the form of picture
fuzzy soft numbers then the existing method can never
tackle that kind of information. On the other hand, if we
discuss the proposed aggregation operator, we can see that
initiated aggregation operators have both characteristics.
The developed aggregation operators not only discuss
the parametrization tool but also handle the AG in their
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proposed approach provides more space for decision
makers to take their data in the form of picture fuzzy
soft numbers that have the extra feature to discuss the
AG along MG and NMG. This unique property makes the
delivered approach more dominant to existing notions.

. Now if we compare our work with the Khan et al. [31]

method then we can see that although the Khan et al. [31]
method can discover the AG but this structure lacks the
property to discuss the parametrization tool. If we use
only one parameter in the developed aggregation operators
of P.FSGEWA and P.FSzEWG then we can observe
that these developed notions degenerate into PFEWA
and PFEWG aggregation operators that are developed in
Khan et al. [31] approach. It means that the approaches
developed by Khan et al. [31] are all special cases for the
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introduced work, so the delivered work is again dominant
to the existing notion.

4. Also, note that the best alternative in both cases when we
apply the proposed aggregation operators and aggregation
operators given by Khan et al. [31] is the same that is Q7.
This shows the reliability of the developed work.

5. Moreover, to show the characteristic analysis of the
delivered approach with the existing notion we have
provided the data in Table 10.

VI. CONCLUSION

When researchers face some issues regarding any structure
in existing literature they try to develop a theory that must
fit according to the situation and that theory can cover
all previous drawbacks of the literature. If we discuss the
structure of the picture fuzzy soft set then we can observe
that the picture fuzzy soft set is a full package of different
characteristics. For example, the picture fuzzy soft set can
discuss the parametrization tool. Moreover, this structure
can discuss the AG in its structure which is a remarkable
characteristic. Because when decision-makers provide their
assessment in the form of a picture fuzzy soft set. many
hybrid structures like IFS;S, PyFS;S and g — ROFFS;S
can never discuss such kind of data. That basic property
ranks the notion of picture fuzzy soft set more dominant
than that of the existing theory. Also, Einstein’s t-norm
and t-conorm are great substitutes for algebraic sum and
product. So based on a more advanced structure of picture
fuzzy soft and FEinstein t-norm and t-conorm, we have
established first of all operational laws rules. Then based on
these newly developed operational laws we have delivered
the notion of picture fuzzy soft Einstein weighted average
and geometric aggregation operators. Moreover, we have
discussed the properties of these delivered aggregation
operators. Keeping in view the utilization perspectives of
the developed approach, we have provided an algorithm
for the introduced notions and illustrated an example to
show the working of the initiated work. We have applied
the developed approach to study and make an analysis of
the types of pollution that mostly affect the environment.
Furthermore, we have delivered a comparative analysis of
the initiated work to show the advancement of introduced
notions.

In the future, we can extend this work to the T-spherical
fuzzy set [32]. Moreover, we can extend these notions to
spherical fuzzy soft rough sets [33] and interval-valued T-
spherical fuzzy soft sets [34]. Also, we can introduce some
new terminologies like bipolar complex fuzzy set based on
this developed work as given in [35].
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