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ABSTRACT Power-Domain NOMA is one of the enabling technologies for future wireless communication
networks of the fifth and sixth generations. This work addresses some key features of Power-Domain
NOMA, including the impact of block fading on interference cancellation (leading to outage events), the
limited channel state information available at the transmitter (consisting in the simple statistic distribution
of the channel state), the fairness of the user achievable information rates (according to the Proportional
Fairness criterion), and the optimization of the outage probability in the presence of a simple or hybrid
ARQ protocol. After recalling some basic results on the achievable outage information rate region, the
Proportional Fairness criterion is used to optimize the power allocation rates required to achieve specific
outage probabilities. This is achieved by properly choosing the outage probabilities in conjunction with
the hybrid ARQ protocol. To this purpose, Maximum Ratio Combining is used to enhance the achievable
rate for multiple retransmissions. The system throughput analysis and optimization resort to a Markov
chain representation of the hybrid ARQ protocol. This allows to assess the impact of retransmissions
on the throughput. The latency involved is assessed by evaluating the average value and the standard
deviation of the packet transmission delay. Numerical results are reported for two different system models:
1) symmetric scenario, where all users have the same average SNR, which varies according to Rayleigh
fading; 2) asymmetric scenario for a single-cell broadcast channel, where the users are uniformly located
over a disk and their average SNR depends on the distance from the transmitting base station at the center.
For the latter scenario, the base station is assumed to know the user distances, which corresponds to a
partial knowledge of the channel state at the transmitter. Both scenarios are thoroughly analyzed, and the
impact of several system factors is discussed in detail. The results show, among other things, that very high
outage probabilities may be required to optimize the throughput in low average SNR conditions, and that
the optimum power allocation at the transmitter may reach a wide dynamic range when the SNR is large.

INDEX TERMS Power-domain non-orthogonalmultiple access, successive interference cancellation, outage
capacity region, proportional fairness, hybrid automatic repeat request.

I. INTRODUCTION
Non-Orthogonal Multiple Access (NOMA) is one of the
enabling techniques envisaged for the deployment of Fifth
and Sixth Generation (5G and 6G) wireless communica-
tion systems to reach their ambitious targets (Tbps data
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rates, microsecond latencies, ubiquitous connectivity, and
so on) [1], [2], [3]. In a nutshell, NOMA is a multiple
access communication strategy that allows multiple users
or devices to share the same time/frequency/code resources
in a non-orthogonal manner, so that signals from different
users can occupy the same resource block (RB). Among
the declinations of NOMA, an important role is played by
Power-Domain NOMA (PD-NOMA), which is addressed
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in this paper. PD-NOMA consists of the allocation of
different power levels to the set of user signal component
sharing the same RB in a broadcast channel, allowing
them to distinguish their signals at the receiver based on
suitable processing methods. Traditional orthogonal multiple
access (OMA) techniques, like time division multiple access
(TDMA), frequency division multiple access (FDMA), and
code division multiple access (CDMA), assign different users
distinct time slots, frequency bands, or spreading codes,
respectively, in order to avoid the presence of interference [4].
However, these techniques may lead to inefficient use of the
available spectrum. On the contrary, PD-NOMA allows users
to share the transmission channel resources by allocating
different power levels to each of their signal components.
As a general rule, under a fairness criterion, users with
lower channel gains (experiencing worse or weaker signal
conditions) are allocated higher power levels, while users
with higher channel gains (experiencing better or stronger
signal conditions) are allocated lower power levels. This is
the opposite of the standard water-filling power allocation,
where throughput instead of user fairness is considered [5].
To achieve these goals, NOMA implements superposition
encoding at the transmitter through the knowledge of the
channel gains of the different users, and the receivers resort
to successive interference cancellation (SIC) [6] in order to
retrieve the information addressed to them.

Even though PD-NOMA addresses the overall sharing of
the available system resources, alternative NOMA techniques
exist focusing on complexity limitation. One of them is
user pairing [7]. This technique divides the user population
into pairs which share common channel resources. Among
the pairing schemes proposed in the literature, it is worth
mentioning the following ones. i) Random schemes [8],
where random pairing is implemented independently of
the channel conditions of the individual users. ii) Adjacent
pairing schemes [9]: in this case, user pairing is based on
the proximity of channel states. iii) Strong-weak pairing
schemes [10], where user pairing is based on the channel state
so that, with an even number of users K sorted according to
their channel state as U1,U2, . . . ,UK , user Ui is paired with
UK+1−i for i = 1, . . . ,K/2.
The background of NOMA is rooted in the information

theoretical degraded Gaussian broadcast channel model [5].
The properties of this communication channel are well
established, and its capacity region is achieved by resorting
to SIC, as illustrated in [11]. With perfect channel state
information at the transmitter (CSIT),1 the outage probability
and the achievable ergodic sum rate were derived in [6]
under the assumption of randomly located terminals inside
a circular area. However, when only the statistic distribution
of the channel gains is available at the transmitter (channel
distribution information at the transmitter or CDIT), ergodic
achievable rates must be replaced by outage rates since SIC

1Throughout this paper, perfect channel state information at the receiver
(CSIR) is always assumed to be available for all users.

cannot always be implemented in the most efficient way.
In this framework, the outage rate is the rate at which a
communication channel fails to meet a certain predefined
performance criterion or quality of service (QoS) target. This
can be represented by the outage probability, which is a
measure of the system’s reliability in adverse conditions.
By setting outage rate targets, networks and protocols can be
designed to provide an acceptable QoS even in challenging
environments, like those encountered by NOMA systems.
The basic framework for the outage analysis of PD-NOMA
has been studied in [12] and [13]. In particular, the outage
event is defined as the failure of a user to cancel the
interference by SIC or to decode its own data [13].
The occurrence of outages can be overcome by repeating

the transmission of the data packets which have been lost,
and several specific techniques have been proposed in the
literature. Specifically, Hybrid Automatic Repeat reQuest
(HARQ) is a communication protocol used to improve the
reliability of data transmission over unreliable channels, such
as wireless or wired networks. HARQmerges the application
of two techniques: Automatic Repeat reQuest (ARQ) and
Forward Error Correction (FEC) coding. Then, it implements
a hybrid approach which enhances the reliability of data
transmission at the price of increasing the latency of the
transmitted information packets (see, e.g., [14], [15], [16],
[17], [18], [19], [20], [21], [22], [23] for a general description
of HARQ). In a nutshell, HARQ assumes that the data
stream is divided into packets with a unique identification
number, called sequence number. These packets correspond
to codewords generated according to some FEC code. The
receiver attempts to decode them and, if one codeword is
successfully decoded (without any errors), it acknowledges
its reception by sending a positive ACK back to the
transmitter, and then it processes the next packet. Otherwise,
if decoding errors occur, the receiver sends a negative ACK
(NACK) to the sender, indicating that the packet needs to
be retransmitted. After receiving the retransmitted signal,
it combines the portion of received signal corresponding to
this packet with those corresponding to the other previously
received erroneous packets with the same sequence number,
and tries to decode their soft combination [15], [18], [19],
[20]. The process continues until the receiver successfully
decodes the packet or exhausts a predefined number of
retransmission attempts. HARQ has commonly been used in
LTE (Long-Term Evolution) and current 5G wireless systems
and is envisaged for the enhancement of NOMAwhen perfect
CSIT is not available [7], [24], [25].

A. CONTRIBUTIONS
The contributions of this work are summarized as follows.
Though the outage information rate region has been studied
in the literature, the impact of fairness requirements and
the outage probability optimization in conjunction with a
proper retransmission protocol have not yet been analyzed.
Literature results assume that specific outage probabilities
and power allocation are fixed to derive the corresponding
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user information rates. Therefore, there is no attempt
to implement fairness policies by using a retransmission
protocol in the way proposed here. Three main contributions
are claimed for this work. First, for given outage probabilities,
the user information rate satisfying the proportional fairness
(PF) criterion is derived with CDIT. Then, the PF information
rate is optimized by considering the use of a HARQ protocol
modeled by a Markov chain whose transition probabili-
ties depend on the outage probabilities. This optimization
involves the evaluation of the average number of packet
transmissions withHARQ and provides the average value and
the standard deviation of the transmission delay. Finally, the
results are applied to two scenarios of interest. The former
is based on a symmetric user arrangement with a wireless
channel affected byRayleigh block fading. The latter involves
an asymmetric user scenario where the users are uniformly
randomly located in a disk with the transmitting base station
at the center. The average channel attenuation depends on the
distance from the base station and on a certain propagation
exponent. Additionally, block Rayleigh fading also affects
the channel gains. For both scenarios, the ARQ and HARQ
achievable rates are evaluated analytically and illustrated by
numerical results, along with the corresponding optimum
outage probabilities, retransmission delays, and transmitter
power allocations.

B. ORGANIZATION
The paper is organized as follows. Section II introduces
the system model, the concepts of CSIT and CDIT, the
requirement for SIC, and the outage achievable rates derived
in the literature. Section III recalls the PF approach developed
in [26] in the framework of outage achievable rate analysis.
Section IV provides a description of the ARQ and HARQ
protocols through a Markov chain model and the correspond-
ing transition probabilities. This description considers, for
the HARQ protocol, the Maximum Ratio Combining of the
sequential components of the received signal corresponding
to retransmissions, along with the specific assumptions the
protocol is based upon. The average number of transmissions
due to HARQ is then derived, along with the mean and
standard deviation of the delay and its counter-cumulative
distribution function. Accordingly, the optimumPF rates with
ARQ and HARQ are determined. Next, Section V discusses
two scenarios of interest. The former is based on a symmetric
user arrangement and the latter on an asymmetric one, both
assuming that the users are uniformly randomly distributed
over a disk area, and that Rayleigh fading affects the signal
propagation. These scenarios are addressed analytically in
detail, and numerical optimization is employed to obtain
the results illustrated in the section. Finally, Section VI
summarizes the contents and provides some concluding
remarks on this study.

II. SYSTEM MODEL
The system model of the downlink PD-NOMA is described
in this section. There is a base station (BS) transmitting

FIGURE 1. Block diagram of a two-user downlink NOMA scheme
(broadcast channel).

the signals represented by the random variables X1, . . . ,XK
addressing K users with channel gains H1, . . . ,HK . The case
of K = 2 users is illustrated by the block diagram in Fig. 1.
The transmitted signal is a linear combination of the user
signals, which can be implemented by superposition channel
encoding.

A. DETERMINISTIC CASE WITH PERFECT CSIT
If the channel gains are known at the transmitter (BS), they
can be sorted in nonincreasing order of their magnitudes,
possibly after relabeling the user identifiers, i.e.,

|H1| ≥ |H2| ≥ · · · ≥ |HK |. (1)

The corresponding wireless transmission system is com-
monly referred to as having perfect channel state information
at the transmitter (CSIT), and is a baseline reference
found in classic works like [27] and [28]. The reference
system model is the Gaussian broadcast channel, where
the transmitter implements superposition encoding and the
receivers implement Successive Interference Cancellation
(SIC) to optimally decode their signals. The corresponding
channel equations are, for each user:

Yk = HkX + Zk , Zk ∼ CN (0, 1), k = 1, . . . ,K , (2)

where:

X = X1 + . . . + XK . (3)

Additionally, the available power for the user signal com-
ponents in the transmitted signal is limited by the following
inequalities:

E[|Xk |2] ≤ Pk = αkPx , where
K∑
k=1

αk = 1. (4)

Here, Px represents the total available transmitted power
since the power components are independent with zero mean
values. The optimum decoding order of the SIC receiver
requires that the k-th receiver first decodes the (k−1) stronger
signals X1, . . . ,Xk−1 and then its own signal Xk . Thus, the
following information rates are achievable at the K different
user receivers [5], [27], [28]:

Rk < log2

(
1 +

αk

ρ−1
k +

∑k−1
ℓ=1 αℓ

)
, k = 1, . . . ,K . (5)
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Here, the user Signal-to-Noise power Ratios (SNRs) are given
by:

ρk ≜ |Hk |2Px . (6)

Note that the user SNRs must be ordered by the inequalities:

ρ1 ≥ ρ2 ≥ · · · ≥ ρK (7)

to maximize the sum rate. The capacity achieving distribu-
tions are Xk ∼ CN (0, αkPx), where each αk ∈ SK , defined
as the K -dimensional simplex:

SK ≜ {α : αk ≥ 0, k = 1, . . . ,K ,

K∑
k=1

αk = 1}. (8)

B. UNKNOWN CSIT – KNOWN CDIT
It is of great practical interest to determine the achievable
information rates when the transmitter doesn’t know exactly
the channel gains but only their distribution. In this case,
one can says that there is (perfect or ideal) channel
distribution information at the transmitter (CDIT). This
has been studied in [12] and [13], the latter specifically
for a NOMA communication system with SIC. By this
assumption, the transmitter is unable to sort the channel gains
according to their magnitudes because they are unknown
random variables whose values (characterizing the optimum
sequential ordering of SIC) depend on the realization.

On the positive side, the propagation channels vary slowly
in time (compared to the transmission rate) so that every
transmitted code word is affected (approximately) by a fixed
realization of the channel gains |Hk |2 (this is referred to as the
quasi-static fading channel model). The standard paradigm
for quasi-static fading channels is resorting to the evaluation
of outage probabilities, which are the probabilities that each
user fails to cancel the interference successively or fails to
decode the information for itself in the asymptotic Shannon
decoding regime [13]. Following this approach, an outage
probability vector is defined:2

ϵ ≜ (ϵ1, . . . , ϵK ), (9)

along with the inverse cumulative distribution function
(ICDF) of the SNR realizations ρk = |Hk |2Px , i.e.,3

P(ρk ≤ Gk (ϵk )) = ϵk . (10)

The resulting achievable information rates, satisfying the
outage probability vector ϵ under the assumption that:

G1(ϵ1) ≥ G2(ϵ2) ≥ · · · ≥ GK (ϵK ), (11)

are given by:

Rk ≤ Rk (α, ϵ) ≜ log2

(
1 +

αk

Gk (ϵk )−1 +
∑k−1

ℓ=1 αℓ

)
. (12)

2The outage event corresponds to a single packet transmission.
3In case of discontinuous cumulative distribution function, the definition

can be replaced by Gk (t) ≜ supx {x : P(ρk ≤ x) ≤ t}.

These equations characterize the outage capacity region of
the NOMA broadcast channel [12, Th.1]. The achievability
part of the theorem is easily checked because the occurrence
of an outage for user k corresponds to the event:

log2

(
1 +

αk

ρ−1
k +

∑k−1
ℓ=1 αℓ

)
≤ log2

(
1 +

αk

Gk (ϵk )−1 +
∑k−1

ℓ=1 αℓ

)
, (13)

equivalent to ρk ≤ Gk (ϵk ), whose probability is ϵk , by the
definition of Gk (ϵk ) in (10).

III. FAIRNESS
Optimizing the achievable sum-rate in deterministic
PD-NOMA corresponds to allowing only the strongest user
(with maximum SNR ρk ) to access the transmission channel.
According to the encoding scheme illustrated in the previous
section, this corresponds to setting α1 = 1 and αk = 0 for
all k > 1, by inequality (7). This is considered unfair since
fairness corresponds to the equitable allocation of resources
among the users (or devices) that share a common resource,
like a wireless communication channel [29].

Different types of fairness for NOMA communication
systems have been proposed in the literature (see [26], [29],
[30] and references therein). One of the most flexible is
proportional fairness (PF) [30], where the users with better
channel conditions are allowed to transmit more data, but not
to the extent that it completely starves the other users. In other
words, the goal is to strike a balance between maximizing
system throughput and ensuring that all users have some level
of service. More precisely, PF aims at the maximization (over
the possible power allocations) of the minimum ratio between
the user achievable rates Rk and certain user target rates Tk .
To that purpose, the following minimum-ratio function is
defined:

9min(α, ϵ) ≜ min
{
R1(α, ϵ)

T1
, . . . ,

RK (α, ϵ)
TK

}
. (14)

The target rates may consider the channel conditions and
be higher for stronger users and lower for weaker users but
nevertheless should follow a tempered dynamic distribution.
When Tk = 1 for all k = 1, . . . ,K , PF reduces toMAX-MIN
fairness, consisting of the maximization of the minimum
achievable rate. The power allocation corresponding to PF is
obtained by solving the following optimization problem [31]:

max 9min(α, ϵ)
s.t. αk ≥ 0, k = 1, . . . ,K

K∑
k=1

αk = 1
(15)

This is a nonconvex optimization problem which has been
addressed, for the deterministic case, in [26]. By [26, Th.1],
the solution is equivalent to solving the following set of
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equations:

R1(α, ϵ)
T1

= · · · =
RK (α, ϵ)

TK
. (16)

If Tk = 1 (MAX-MIN fairness), these equations are
equivalent to a polynomial equation of degree K in α1 [26].
More generally, an efficient iterative algorithm is proposed
in [26, Algorithm 1], which allows to solve the optimal power
allocation problem for any combination of target rates.
Remark 1: The application of PF to a wireless scenario

depends very much on the user SNR dynamics. If the SNR
range is limited, PF can be implemented by setting Tk =

1 (or any constant), which leads to MAX-MIN fairness.
Otherwise, in case of a very wide SNR range, MAX-MIN
fairness implies that all users achieve a very low rate. Then,
the stronger users may be exceedingly damaged by the
presence of weaker users. A simple alternative (see [26] for
the perfect CSIT case) is setting the target rates Tk equal to the
achievable rates in the case of single user transmission, i.e.,
Tk = log2(1 + ρk ). A generalization of this approach may
consist of setting Tk = {log2(1 + ρk )}β for some exponent
β ∈ [0, 1]. This corresponds to a continuous shift from
MAX-MIN fairness (β = 0) to single-user achievable rate
PF (β = 1).

The previous developments and most of the literature are
based on the selection of specific values for the outage
probabilities, which determine the outage achievable rates.
However, it is not clear from the literature how one should
choose these parameters, i.e., the vector ϵ, and the following
sections shed a light on the subject.

IV. ARQ AND HYBRID ARQ
This section considers the use of ARQ and hybrid ARQ
(HARQ) to recover transmission losses due to decoding
errors. This is done by using the automatic retransmission
scheme discussed in Section I and in the references cited
therein. Within this framework, assume that retransmission
occurs whenever any user is unable to decode the cor-
responding codeword by using the current and (possibly)
previous received signals. Assume that the current time slot
corresponds to the first transmission of the codewords and
that the codeword symbols are represented by the random
variables Xk , k = 1, . . . ,K . Then, if r transmissions occur,
the following channel equations hold (independent replicas
of eqs. (2)):

Yk,i = Hk,i(X1 + . . . + XK ) + Zk,i, (17)

for i = 1, . . . , r, k = 1, . . . ,K . Here, the channel gains Hk,i
and the noise samples Zk,i are independent, and the SNRs

ρk,i ≜ |Hk,i|2Px (18)

are defined. The different characteristics of the ARQ and
HARQ schemes are summarized in following.

In both cases, ARQ and HARQ, retransmission occurs
whenever any user is unable to decode its codeword and
affects all the transmitted user codewords. However, with

ARQ, decoding considers only the current received signal and
ignores the previous ones. Therefore, retransmission occurs if
any of the following inequalities holds:

Rℓ > log2

(
1 +

αℓ

ρ−1
k,i +

∑ℓ−1
m=1 αm

)
, (19)

for 1 ≤ ℓ ≤ k ≤ K .
On the other hand, with HARQ, decoding also takes into

account the signal fragments received during the previous
time slots corresponding to the same codewords. By assum-
ing that there have been r retransmissions, exploiting the
perfect CSIR assumption, and applying Maximum Ratio
Combining (MRC) [18] to the r received signal blocks at each
of the K receivers, the equivalent channel equations are:

Ỹk,r =

∑r
i=1H

∗
k,iYk,i

H̃k,r
= H̃k,r (X1 + . . . + XK ) + Z̃k,r . (20)

Here, the equivalent channel gains

H̃k,r ≜

{ r∑
i=1

|Hk,i|2
}1/2

(21)

are obtained by applying MRC and the equivalent noise
components, denoted by Z̃k,r , are independent circularly
symmetric complex Gaussian random variables distributed
according toN (0, 1). The transmission of multiple copies of
the same codeword reduces the error probability because it
increases the SNR after MRC. Meanwhile, it increases the
latency and reduces the system throughput. If r transmissions
of the same codeword occurred and setting

ρ̃k,r ≜ |H̃k,r |2Px . (22)

the codeword is still retransmitted if any of the following
inequalities holds:

Rℓ > log2

(
1 +

αℓ

ρ̃−1
k,r +

∑ℓ−1
m=1 αm

)
, (23)

for 1 ≤ ℓ ≤ k ≤ K . That is, if any user k fails to decode the
codeword intended for another user ℓ with 1 ≤ ℓ < k or to
decode its own codeword, according to the definition in [13].
This definition extends the previous one given in eq. (18). The
random process is described by the state diagram illustrated
in Fig. 2. In this representation, each state is labeled by
the number of transmissions which have occurred at a
given time. This number includes the first transmission and,
possibly, the number of retransmissions of the same codeword
obtained by superposition encoding. State 1 is the initial
state corresponding to the first transmission. A state labeled
by r (corresponding to the first transmission plus (r − 1)
retransmissions) has two possible transitions: i) to the state
labeled r+1 because for at least one user the SNR afterMRC,
ρ̃k,r , is not sufficiently large for some user, i.e., ρ̃k,r < Gk (ϵk )
for at least one index k with 1 ≤ k ≤ K ; ii) to the state
labeled ∞ when the opposite condition ρ̃k,r > Gk (ϵk ) for all
k with 1 ≤ k ≤ K occurred. Since ρ̃k,r grows monotonically
with the number of transmissions r , eventually the state ∞ is
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FIGURE 2. Markov chain description of the HARQ error probabilities. The
state labels represent the number of transmissions. The state labeled
‘‘∞’’ corresponds to the eventual correct reception of all the user
codewords (after a sufficient number of transmissions).

reached. Then, the evolution of the HARQ random process is
derived by using the following probabilities:

πk,r (ϵ) ≜ P(ρ̃k,r > Gk (ϵk )), (24)

where πk,1(ϵ) ≡ 1 − ϵk . Since the equivalent random gains
H̃k,r (and hence the SNR’s after MRC ρ̃k,r ) are independent
for different user indexes k , the HARQ process continues
with probability4

pr (ϵ) ≜ 1 −

K∏
k=1

πk,r (ϵ) (25)

Denoting by N (ϵ) the number of HARQ transmissions
(including the first one, hence ≥ 1), the average transmission
rate with HARQ is reduced by the average value of N (ϵ),
which can be calculated as follows:

ν(ϵ) ≜ E[N (ϵ)] =

∞∑
r=1

r(1 − pr (ϵ))
r−1∏
i=1

pi(ϵ)

=

∞∑
r=1

r[qr (ϵ) − qr+1(ϵ)] =

∞∑
r=1

qr (ϵ), (26)

where qr (ϵ) ≜
∏r−1

i=1 pi(ϵ) and q1(ϵ) = 1. Accordingly, the
achievable rate with HARQ for the k-th user becomes:

Rk,HARQ(α, ϵ) =
Rk (α, ϵ)

ν(ϵ)
. (27)

Since the scaling factor ν(ϵ) is independent of k ,
the PF-HARQ optimization problem is equivalent to
determining:

max
ϵ∈(0,1)K

{
1

ν(ϵ)
max
α∈SK

[
min

1≤k≤K

Rk (α, ϵ)
Tk

]}
. (28)

The previous analysis can be simplified by using an upper
bound on the average number of packet transmissions ν(ϵ).
By the definition from eq. (24), πk,r (ϵ) ≥ πk,1(ϵ) = 1 − ϵk .
Thus,

pr (ϵ) ≤ 1 −

K∏
k=1

(1 − ϵk ). (29)

4Though it is not immediately clear by the definition, these probabilities
are conditional on the originating state since the conditioning clause is
embedded in the definition of the SNR ρ̃k,r .

Then, the average number of HARQ transmissions can be
upper bounded as:

ν(ϵ) ≤

∞∑
r=1

{
1 −

K∏
k=1

(1 − ϵk )
}r−1

=

K∏
k=1

1
1 − ϵk

. (30)

Therefore, the achievable rate with HARQ for the k-th user is
lower bounded by:

Rk,HARQ(α, ϵ) ≥ Rk,ARQ(α, ϵ)

≜ Rk (α, ϵ)
K∏
k=1

(1 − ϵk ). (31)

The lower bound is the achievable rate with ARQ, according
to which the earlier received signal components are not used
to improve the chances of correct decoding. The variance of
the number of HARQ transmissions N (ϵ) can be of interest,
too, and can be obtained in a similar way as the average value.
Then,

E[N (ϵ)2] =

∞∑
r=1

r2(1 − pr (ϵ))qr (ϵ)

=

∞∑
r=1

r2qr (ϵ) −

∞∑
r=1

r2qr+1(ϵ)

=

∞∑
r=1

[r2 − (r − 1)2]qr (ϵ) =

∞∑
r=1

(2r − 1)qr (ϵ).

(32)

Hence, the variance is

σ 2(ϵ) = 2
∞∑
r=1

rqr (ϵ) − ν(ϵ) − ν(ϵ)2. (33)

The mean and variance of N (ϵ) provide an estimate of the
HARQ delay range. Additionally, the counter-cumulative
probability distribution is given by the probabilities:

P(N (ϵ) ≥ r) =

∞∑
i=r

(1 − pi(ϵ))
i−1∏
j=1

pj(ϵ)

=

∞∑
i=r

(qi(ϵ) − qi+1(ϵ)) = qr (ϵ). (34)

This result can also be derived by inspection of the Markov
chain in Fig. 2.

V. APPLICATIONS
This section reports two selected applications of the pre-
vious results. First, a symmetric scenario is considered,
where all users have the same average gain and outage
probability requirements. The outage achievable rates are
derived explicitly in the case of iid Rayleigh fading with
Hk ∼ CN (0, 1). Next, the HARQ gain is obtained by
optimizing the outage probability.
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FIGURE 3. Fractional power allocation versus SNR optimizing the outage
achievable rate with MAX-MIN fairness criterion for K = 2 users with
Rayleigh fading and outage probability ϵ = 10−1.

A. SYMMETRIC USER SCENARIO
This case assumes that all users have the same channel gain
distribution, i.e.,

P(|Hk |2 ≤ x) = F̃(x) (35)

Therefore, Gk (t) = PxG̃(t), where G̃(t) is the ICDF of |Hk |2.
Since the noise powers and the average channel power gain
are all equal to 1, Px is also the SNR. The ICDF G̃(t) can be
evaluated analytically in some cases, as illustrated in Table 1
on page 2334. For fixed outage probabilities, i.e., ϵk = ϵ for
k = 1, . . . ,K , the rate functions become

Rk (α, ϵ) = log2

(
1 +

αk

G(ϵ)−1 +
∑k−1

ℓ=1 αℓ

)
. (36)

When Tk = 1 (MAX-MIN fairness), the optimum power
allocation derives by solving the following set of nonlinear
equations, for k = 1, . . . ,K − 1:

αk

G(ϵ)−1 +
∑k−1

ℓ=1 αℓ

=
αk+1

G(ϵ)−1 +
∑k

ℓ=1 αℓ

. (37)

The solution of these equations yields the optimum power
allocation coefficients:

αk,opt =
[1 + G(ϵ)]

k
K − [1 + G(ϵ)]

k−1
K

G(ϵ)
(38)

for k = 1, . . . ,K . Correspondingly, the outage MAX-MIN
achievable rate per user is:

1
K

log2[1 + G(ϵ)]. (39)

Figs. 3 and 4 illustrate the optimum power allocation with
Rayleigh fading, K = 2 and 4 users, respectively, and outage
probability ϵ = 10−1. It can be noticed that the optimum
power allocation dynamics (the ratio αK/α1) increases with
the SNR and decreases with the number of users K .

FIGURE 4. Same as Fig. 3 but for K = 4 users.

The following optimization step requires to determine the
outage probability ϵ maximizing the achievable HARQ rate.
To this purpose, the probabilities pr (ϵ) are required. In the
case of Rayleigh fading, G(ϵ) = PxG̃(ϵ) = −Px ln(1 − ϵ)
and5

P(H̃2
k,r > x) = γ̃ (r, x) ≜

0(r, x)
0(r)

. (40)

Hence,

πk,r (ϵ) = γ̃ (r, − ln(1 − ϵ)), (41)

pr (ϵ) = 1 − πk,r (ϵ)K , (42)

qr (ϵ) =

r−1∏
i=1

pi(ϵ), ν(ϵ) =

∞∑
r=1

qr (ϵ). (43)

By using this result, the HARQ MAX-MIN throughput per
user is given by:

RHARQ =
1
K

max
0≤ϵ≤1

log2(1 − Px ln(1 − ϵ))
ν(ϵ)

. (44)

With ARQ,

RARQ =
1
K

max
0≤ϵ≤1

(1 − ϵ)K log2(1 − Px ln(1 − ϵ)). (45)

Plainly,RARQ ≤ RHARQ.
Fig. 5 shows the HARQ and ARQ MAX-MIN throughput

for the Rayleigh fading symmetric user scenario considered
with K = 4 users. The optimum outage probabilities are
shown in Fig. 6 for ARQ and HARQ. As a simple optimality
check, Fig. 5 also reports the throughput corresponding to
the fixed outage probabilities ϵ = 0.2, 0.9 for HARQ and
ϵ = 0.1, 0.2 for ARQ. The throughput curves corresponding
to these outage probabilities are all below the optimal curves.
For example, considering an SNR ≈ 0 dB, the optimum
outage probability is ≈ 0.9 so that the optimal curve and the

5The function γ (r, x) ≜
∫ x
0 u

r−1e−udu is the incomplete Gamma
function [33, 8.35].
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TABLE 1. ICDF for different random fading processes. Here, Q(x) ≜
∫ ∞
x e−u2/2 du

√
2π

, 0(m, x) ≜
∫ ∞
x um−1e−udu, and 0(m) ≜ 0(m, 0) [33, 8.35].

FIGURE 5. Plot of the MAX-MIN throughput with HARQ and ARQ for the
symmetric Rayleigh fading user scenario with K = 4. Curves at
non-optimum outage probabilities are also reported.

FIGURE 6. Plot of the optimum outage probabilities with K = 4 users.

one for ϵ = 0.9 are very close at the lower SNR values but
tend to diverge as the SNR increases. Similar considerations
hold for the other cases.

Notice that the large outage probabilities required to
maximize the MAX-MIN throughput entail the occurrence
of large transmission delays. This is illustrated, for example,
in Fig. 7, which shows that the transmission delay can reach

FIGURE 7. Plot of the normalized delay with optimum outage
probabilities with K = 4 users.

FIGURE 8. Same as Fig. 5 but with K = 10 users.

an average value of ≈ 3.3 packet times and a standard
deviation of ≈ 1.0 packet times.6

The scaling of these results with the number of users is
illustrated in Figs. 8 to 10, which report the HARQ and
ARQ achievable sum-rates, optimum outage probabilities,

6The total delay may further increase because of the scheduling policy
of the retransmission protocol. The delay considered here assumes that the
packets are retransmitted immediately after the decoding failure, without any
processing, propagation, or scheduling delays.
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FIGURE 9. Same as Fig. 6 but with K = 10 users.

FIGURE 10. Same as Fig. 7 but with K = 10 users.

and normalized delays, respectively, with K = 10 users.
Notice that the sum-rates are lower than with K = 4 users
(Fig. 8 versus 5) because of the greater number of constraints
to be satisfied during the SIC. Notice that, as the number of
users increases, the advantage of using HARQ rather than
ARQ increases as well. The optimum outage probabilities are
similar (Fig. 9 versus 6). The optimum delays are worse with
K = 10 than with K = 4 (Fig. 10 versus 7).

B. SINGLE-CELL SCENARIO
This scenario follows from [6], under the assumption that
the base station knows only the user distances and not the
fading channel gains (so that only CDIT is available instead
of CSIT). The base station is located at the center of a disk
D of ray RD and K users are uniformly distributed over the
disk area. The k-th user gain is characterized by:

Hk | dk ∼ CN
(
0,

1

1 + dµ
k

)
, (46)

where dk is the (random) distance from the base station at
the center and µ is the path loss exponent. Accordingly, since
d2k is uniformly distributed over (0,R2

D), the channel gain
CDF is given by:7

F|H |2 (x) = 1 −
1

R2
D

∫ R2
D

0
e−x(1+uµ/2)du

= 1 −
2e−x

µR2
Dx

2
µ

γ

(
2
µ

,Rµ

Dx
)

, (47)

where γ (r, x) is the incomplete Gamma function [33, 8.35].
Then, the average SNR over the cell area can be calculated
by using [33, 6.455.2]:

SNR = PxE[|H |
2] = Px

∫
∞

0
[1 − F|H |2 (x)]dx

= Px

∫
∞

0

2e−x

µR2
Dx

2
µ

γ

(
2
µ

,Rµ

Dx
)
dx

=
Px

1 +Rµ

D
2F1

(
1, 1;

2
µ

+ 1;
Rµ

D
1 +Rµ

D

)
. (48)

Now, SIC can be implemented by considering the average
user SNR, which decreases with the user distance. Then, SIC
proceeds from the strongest user (at minimum distance) to
the weakest (at maximum distance), so that it is convenient to
arrange the distances dk , k = 1, . . . ,K in increasing order,
i.e., d(1) ≤ . . . ≤ d(K ), where d(k) denotes the k-th ordered
random distance. Accordingly, by using the method of order
statistics (see, e.g., [32]),

Fd2(k)
(x) ≜ P(d2(k) ≤ x)

=

K∑
ℓ=k

(
K
ℓ

)
[F|d |2 (x)]

ℓ[1 − F|d |2 (x)]
K−ℓ

=

K∑
ℓ=k

(
K
ℓ

)(
x

R2
D

)ℓ(
1 −

x

R2
D

)K−ℓ

(49)

for x ∈ (0,RD). To evaluate the transition probabilities
pr (ϵ) of the Markov chain describing the HARQ random
process, it is assumed that the user positions are fixed
throughout the successive codeword transmissions (quasi-
static assumption). Then, the k-th user normalized ICDF
G̃(ϵk ) is found by solving eq. (10):

ϵk = 1 −

∫ R2
D

0
e−G(1+xµ/2)dFd2(k)

(x) (50)

with respect to G. Here,

dFd2(k)
(x) = k

(
K
k

)(
x

R2
D

)k−1(
1 −

x

R2
D

)K−k dx

R2
D

. (51)

Moreover, by definitions (22) and (24),

πk,r (ϵ) =

∫ R2
D

0
γ̃ (r, G̃(ϵk )(1 + xµ/2))dFd2(k)

(x) (52)

7A closed form of this distribution is used here, instead of its numerical
approximation considered in [6].
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FIGURE 11. Plot of the HARQ MAX-MIN user throughput versus the
average SNR over the cell SNR (in dB) for the single-cell scenario with
K = 4 users, path loss exponent µ = 3, and cell rays = 1, 5, 10
(normalized units). The solid lines correspond to the optimum HARQ rates
obtained by calculating (14) for constant Tk = 1 (MAX-MIN fairness),
including the simultaneous optimization over the power allocation vector
α and the outage probability ϵ.

FIGURE 12. Plot of the optimum outage probabilities corresponding to
the single-cell scenarios described in Fig. 11.

for k = 1, . . . ,K and r = 1, 2, . . ., yield the full set of
Markov chain probabilities pr (ϵ) defined in eq. (25).

1) NUMERICAL RESULTS
Fig. 11 shows the HARQ MAX-MIN throughput versus
the average SNR over the cell, denoted by SNR, for the
single-cell scenario described in this section with K =

4 users, path loss exponent µ = 3, and cell rays = 1, 5, 10
(normalized units). The figure reports the HARQMAX-MIN
throughput (derived by calculating (14) for constant Tk = 1)
when all users have the same outage probabilities ϵk = ϵ.
The unoptimized HARQ MAX-MIN user information rates
corresponding to a fixed outage probability ϵ = 0.1 are
also reported for comparison. It can be noticed that the

FIGURE 13. Plot of the average HARQ delay corresponding to the
optimum outage probabilities reported in Fig. 12 and the single-cell
scenarios described in Fig. 11.

FIGURE 14. Plot of the optimum power allocation for the single-cell
scenarios described in Fig. 11 with RD = 1.

outage probability optimization is effective in the lower end
of the average cell SNR range considered. The optimum
outage probability (common to all users) is reported versus
the average cell SNR in Fig. 12. It can be noticed that,
in the lower end of the average cell SNR range considered,
the optimum outage probabilities are noticeably different
from 0.1, which justifies the performance gap illustrated in
Fig. 11. The corresponding HARQ transmission delay is
reported in Fig. 13 for RD = 1, 5, and 10. The higher
outage probabilities required to optimize the information
rates imply the higher delays in the lower end of the average
cell SNR range considered. Nevertheless, it is worth noticing
that these delays are much shorter than what they would be
with ARQ, i.e., 1/(1 − ϵ)K . Finally, Figs. 14 to 16 illustrate
the optimum power allocation with RD = 1, 5, and 10,
respectively. As expected, the stronger users are assigned a
progressively lower power at the transmitter in order to attain
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FIGURE 15. Same as Fig. 14 but with RD = 5.

FIGURE 16. Same as Fig. 14 but with RD = 10.

the MAX-MIN fairness condition. This may be tempered
by turning to PF optimization (see Remark 1), which
limits the dynamics of the different user power allocation
factors.

2) SCALABILITY WITH THE NUMBER OF USERS
The diagrams reported in this section extend the previous
analysis from K = 4 to K = 10 users to illustrate
the scalability of the results. Fig. 17 shows the HARQ
MAX-MIN user throughput versus the average SNR over
the cell SNR for the single-cell scenario described in this
section with K = 10 users, path loss exponent µ = 3, and
cell rays equal to 1, 5, 10 (normalized units), Fig. 18 reports
the optimum outage probability (common to all users), and
Fig. 19 reports the corresponding HARQ transmission delay.
Figs. 20 to 22 illustrate the optimum power allocation with
RD = 1, 5, and 10, respectively with K = 10 users.
All results are in line with those relevant to the 4-user

scenario, except, possibly, for the nonmonotonic behavior

FIGURE 17. Same as Fig. 11 but for K = 10.

FIGURE 18. Same as Fig. 12 but for K = 10.

FIGURE 19. Same as Fig. 13 but for K = 10.

of some power allocation fractions with respect to the
cell-average SNR.
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FIGURE 20. Same as Fig. 14 but for K = 10.

FIGURE 21. Same as Fig. 15 but for K = 10.

FIGURE 22. Same as Fig. 16 but for K = 10.

VI. CONCLUSION
In this work, PD-NOMA has been investigated focusing on
a block fading scenario where transmission outages play a

basic role for reliability. Many analytic results have been
obtained capitalizing on earlier literature works. Specifically,
the optimum information rates with PF have been derived
in [26], and the outage rates have been derived in [30].
These analytic results have been used to optimize the system
throughput by leveraging on the outage level design and the
power allocation at the transmitter. By allowing an optimum
number of outages, the throughput is maximized at the
expense of an increased transmission delay, evaluated in
terms of average, standard deviation, and counter-cumulative
probability distribution. The scenarios considered provide an
extensive illustration of possible wireless networks.

In the first one (symmetric user scenario), Rayleigh fading
determines the instantaneous path loss of each user but
the average gain is fixed for all them. This assumption
implies that the transmitter has only CDIT and not CSIT.
This symmetry allows for several analytic simplifications,
like the independence of the ICDF from the user and the
outage probabilities. A closed form expression for the power
allocation coefficients has been obtained. Numerical results
illustrate the power allocation in some cases, depending on
the outage probability, the HARQ and ARQ MAX-MIN
information rates, the optimum outage probabilities, and the
mean and standard deviation of the transmission delays.

The second scenario follows the from the literature [6]
and consists of a set of users uniformly located over a disk
area where the base station is placed at the disk center. Each
user’s path loss depends on the distances from the base station
and on a given propagation exponent, with superimposed
Rayleigh fading. The base station is assumed to know the
user distances but not the realization of the Rayleigh fading
components. In this setting, the MAX-MIN throughput is
studied in conjunction with the use of a HARQ protocol.
The optimum outage probabilities, the average transmission
delays, and the optimum power allocation at the transmitter
are illustrated by an extensive set of numerical examples. The
effectiveness of optimizing the outage level is emphasized by
comparing the optimum results against those corresponding
to sub-optimum outage probability values. These results are
reported versus the average SNR over the cell area, which has
been calculated analytically.

Possible extensions of this work may address more
sophisticated scheduling techniques for the HARQ protocol,
aimed at maximizing the exploitation of the received
signal fragment by reducing the number of retransmissions.
Moreover, an analysis based on actual FEC codes may
provide additional insight on the actual throughput which can
be achieved in a real system, in consideration of the fact that
this study is based on information theoretical results.
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