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ABSTRACT In this study, we introduce bisymmetric self-dual codes over the finite field F, of order two. We
developed a method to generate binary bisymmetric self-dual codes from a small-length bisymmetric self-
dual code by increasing its length. Using this method, we produced binary bisymmetric self-dual codes and
discovered that numerous such codes exhibit favorable parameters. Also, we defined the map from binary
bisymmetric self-dual codes to reversible self-dual codes over the ring F» 4+ ulF>. This implies that there exists
a one-to-one correspondence between the bisymmetric code over [F> and the reversible self-dual code over
F» 4+ ulF,. Consequently, using this map on generated bisymmetric self-dual codes, we obtained reversible
self-dual codes over Fy + ulF,, which were difficult to obtain using previously known methods.

INDEX TERMS Code over a ring, reversible self-dual code, eigenvectors, bisymmetric matrix, bisymmetric

self-dual codes.

NOTATION

C A linear code.

C A binary Code.

D A code over Fy + ulf,.

Aut(C) The automorphism group of C.

Sym,, The symmetric group of degree n.

01 1,2n2,2n — 1)---k,2n — 1 + k)
<o-(n,n+1) € Sym,,.

02 (IL,n + D2,n + 2)---(k,n + k)---(n,2n)
€ Sym,,,.

I, The identity matrix of degree n.

R, The column reversed matrix of I,.

AT The transpose of a matrix A.

AF The flip-transpose of a matrix A.

A" The column reversed matrix of a matrix A.

I. INTRODUCTION
In this study, we consider codes over two distinct rings. The
one is [y, the finite field of order two, and a code over F; is
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called a binary code. The other is the ring Fp 4 ulF, =
{0,1,u,v = 1 + u}, which is defined as a 2-dimensional
algebra over F, where u> = 0. We denote this ring R.
Although the coding theory began with binary codes, codes
over the ring R have attracted considerable attention owing
to their usefulness in constructing Hermitian modular forms
[2] and Gaussian lattices [8]. Self-dual codes over the ring R
were introduced by Bachoc [1] and studied intensively in [3],
[71, [8], [12], and [21].

Recently, some researchers found their application on
DNA codes [9], [20]. DNA codes are made of four basic
units which are called nucleotides: Adenine(A), Cytosine(C),
Guanine(G) and Thymine(7). Siap et al. [22] identified
the four symbols A, C,G,T with the elements in R,
and constructed cyclic DNA codes considering the GC-
content(GC-weight) constraint over R and used the deletion
distance. Our previous papers [5], [15] also introduced
efficient and feasible algorithms for designing DNA codes
from reversible self-dual codes over the finite field GF(4).
We could point out that our algorithms take advantage of
the reversibility and self-duality of reversible self-dual codes
over GF(4) in [5], [15]. We expect similar algorithms for
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designing DNA codes to apply to reversible self-dual codes
over the ring F + ulF» as well.

We can determine all self-dual codes over R of length
up to 8 in [8]. All Lee-extremal and Lee-optimal self-dual
codes over R of lengths 9 through 24 with a non-trivial
automorphism of odd order are classified in [11], [12], [13],
[16], and [17]. For the details of codes over the ring R,
we refer [1], [12], [18], and for the details of reversible
self-dual codes and their application on DNA codes, we refer
(51, [14], [15].

In [14], the authors explored reversible self-dual codes and
presented a construction method by augmenting a generator
matrix with one row and two columns. This method is proven
to construct all the binary reversible self-dual codes up to
equivalence. However, this method is only applicable to
binary codes with standard generator matrices in the form
(I, | A), where I,, is the identity matrix. We cannot generalize
this method to codes over a ring: because code over a ring
may not have a generator matrix in the form (Z, | A), up to
equivalence. This is the main motivation of this study.

In this study, we develop the construction method of
reversible self-dual codes over R. First, we determine
the relationship between reversible self-dual codes over R
and binary self-dual codes. Next, we introduce a novel
construction method for orthogonal bisymmetric matrices
and use them to generate bisymmetric self-dual codes, which
mean self-dual codes having generator matrices in the form
(I, | A), where [,, is the identity matrix, and A is a bisymmetric
matrix. Finally, we obtain reversible self-dual codes over R of
length 27 using the relationship between reversible self-dual
codes over R and binary bisymmetric self dual codes.
Furthermore, using this construction method, we obtain
numerous optimal bisymmetric self-dual codes of various
lengths, including the binary extremal bisymmetric self-dual
codes of length 24, and six binary extremal bisymmetric
self-dual codes of length 32, along with their corresponding
reversible self-dual codes over K.

The rest of this paper is organized as follows. In Section II,
we introduce some definitions, some facts, and notations
we need. Also, we describe the necessary and sufficient
conditions for bisymmetric codes. Section III presents the
relationship between reversible codes over R and bisymmet-
ric codes. In Section IV, we introduce a novel construction
method for bisymmetric self-dual codes. In Section V, we list
our computation results obtained using our novel construction
method. We then conclude this study in Section VI. All
computations are performed using MAGMA [4].

IIl. PRELIMINARIES

Let A be a matrix of size m x n denoted by (a;j)mx,. We denote
the transpose of A by AT that is, AT = (@j)nxm- AF is the
flip-transpose of A, which flips A across its anti-diagonal, that
is, AF = (@n—j+1,m—i+1)nxm and A" is the column-reversed
matrix of A, that is, A" = (a; n—j+1)mxn. Let I, be the n x n
identity matrix and A be an n x n square matrix. Subsequently,
a matrix A is called orthogonal if AAT = I,, A is called
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symmetric if A = AT, A is called persymmetric if A = AT
and A is called bisymmetric if A = AT = AT

Let A, B be n x n matrices and R, be the n x n anti-diagonal
matrix whose anti-diagonal elements are all one, thatis, R,, =
I}. The following properties are straightforward:

R =R =R,,R> =1,,A" =R,ATR,,
A" =AR,, AN = A, AT =@HT’,
A+ Bf =aA" + B, (aB)f = BF AT

Let u,v be 1 x n matrices or regard them vectors of
length n by the context. The following properties are also
straightforward:

T F F T F\T T\F
W) =u, @) =u,@) =@) =u,
uvT — lerF ( u-v=u - Vr)7
(llTV)F — uF(VT)F — uFVr, (llFV)T — uT(VF)T — UTVr.

Let Z be a finite ring. A linear code of length n over a ring
Z is a Z-submodule of Z". In particular, a binary code is a
linear code over ;. We call an element of code a codeword
and the number of non-zero components in a codeword is
called weight of the codeword. The space #" is equipped
with the standard inner product, X -y = 27: 1 Xiyi, where
X = (1, ,Xx),y = (1, -,y are vectors in Z". For a
code C of length n over %, the dual code C* is defined by

Ct={ve#Z"|v-w=0forallw e C}.

A code C is called self-orthogonal if C C C* and self-dual if
C = C*. It is obvious that binary self-dual codes are always
even; every codeword has even weight. Binary self-dual codes
that are doubly-even are called Type II codes; otherwise, they
are called Type I codes.

Let Sym, be the symmetric group on {1,---, n}. Two
codes of length n, C and C’ are called monomial equivalent
if there exists an n X n monomial matrix M over & such that
C' = CM. The codes are called permutation equivalent if
there exists P € Sym,, such that C’ = CP. A permutation
P € S, is called an automorphism of C if C = CP. The set
of all automorphisms of C forms the automorphism group
Aut(C) of C.

We use the following notation throughout this paper.

A code is called reversible if it is invariant as a set under a
reversal of each codeword [14]. In particular, for a code C of
length 2n, C is reversible if and only if C = Cp; for p; =
[Ticik,2n—k+1) = (1,2n)2,2n — 1)---(k,2n — k +
1)---(n,n+ 1) € Sym,,. A self-dual code that is reversible
is called a reversible self-dual code (RSD code in short). The
properties of RSD codes are investigated in [14]. Since any
binary self-dual code has an even length 2n for an integer n,
it is clear that a binary self-dual code is reversible if and only
if the code has p; as an automorphism. In [14], it is proved
that if C is a binary self-dual code with standard generator
matrix (I | A), C isreversible if and only if A is persymmetric:

Lemma 1 [14, Lemma 3.3]: Let C be a binary self-dual
code of length 2n with generator matrix in the standard form
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(In | A), and let p; = [[;_,(k,2n — k + 1) € Sym,,. Then
p1 € Aut(C) if and only if A satisfies one of the following:
(i) A =1,

(i) A is persymmetric.

However, one may consider a self-dual code having p, as
an automorphism where p» = [[;_,(k, n + k) € Sym,,,.

Lemma 2: Let C be a binary self-dual code of length 2n
with generator matrix in the standard form (I,, | A) and let
p2 = [lizi(k,n + k) € Sym,,. Then p, € Aut(C) if and
only if A is symmetric.

Proof: Suppose that p, € Aut(C) for a self-dual code C

and G = (I, | A) is a generator matrix of C. Then,

Gp2 = (A|lv)

generates C as well. Recall that since C is self-dual, A is
orthogonal, that is, ATA = I,. Thus, AT = AL Ttis easy
to verify that A~!G is a generator matrix of C in the standard
form since

AT'G = (A7'A|AT'L,) = (L |A7Y) = (1,]AT).

The row vectors of A~ G and those of (,, | A) generate the
same code C; this implies AT = A, thus A is symmetric. The
reverse argument proves the other direction immediately. W

Symmetric self-dual codes were studied in [6] and [19].
We define a bisymmetric self-dual code in the following
Definition.

Definition 3: If a self-dual code C of length 2n has a
standard generator matrix G = (I, | A), where the matrix
A is bisymmetric, then C is called a bisymmectric self-dual
code.

Proposition 4: There exists a binary bisymmetric self-dual
code for all even length 2n.

Proof: The matrix (1, ‘1,, ) generates a binary bisymmet-
ric self-dual code of length 2n for every positive integer n. Bl

Example 5: There exist two trivial bisymmetric self-dual
codes with generator matrices, (I,, ‘Rn) and (In ‘I,, )

Particularly, when n = 2, there exist only two distinct
bisymmetric self-dual codes in the standard form with
generator matrices,

1001
(12R2)2(0110)’

1010
(’212):(0101)'

We denote these codes by C4 and Cj, respectively.

Henceforth, we discuss the relationship between binary
self-dual codes and self-dual codes over the ring R. Let D be
a self-dual code of length n over the ring R. It is well-known
that the Gray image of D is a binary self-dual code of length
2n with a fixed-point-free automorphism of order two [2],
[11]. The Gray map ¢ is defined as follows [8]:

¢ : R — F3 by ¢(a+ bu) = (a+ b, b),

that is, simply ¢(0) = 00,¢(1) = 10,¢(v) = 01, and
¢(u) = 11. When x is in R", we apply ¢ to each component

and
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of x. This map is [Fp-linear, so ¢(D) is a binary linear code
of length 2n, and ¢(D) is called the Gray image of D.
Moreover, if D is self-dual, then ¢(D) is a binary self-dual
code of length 2n with a fixed-point-free automorphism p =
(1,2)(3,4)...(2n—1, 2n). Conversely, for a binary self-dual
code C of length 2n having a fixed-point-free automorphism
o' = (a1, b1)az, by)...(au, b,) of order two, we can find
an equivalent code C’ by rearranging the coordinates of C in
the order of ay, b1, az, by, ..., au, b,. Subsequently, C’ has
the fixed-point-free automorphism p = (1, 2)(3,4)--- (2n —
1, 2n), and ¢~ 1(C’) is a self-dual code over R. The following
proposition in [2] summarizes the relation between self-dual
codes over R and binary self-dual codes with fixed-point-free
automorphism p.

Proposition 6 [2, Proposition 4.3.]: There is a one-to-one
correspondence between € and 9 given by

[C] = [#(C), 7],

where € denote the set of equivalences of codes of length
n over R, 9 denote the set of equivalences of binary codes
of length 2n with a fixed-point-free involution t, [C] is
an equivalence class containing C, and [¢(C), t] is an
equivalence class containing ¢(C) with T € Aut(¢(C)).

For the details of the relationship between self-dual codes
over R and binary self-dual codes with fixed-point-free
automorphism p, we refer [2], [11].

lIl. THE RELATIONSHIP BETWEEN BISYMMETRIC CODES
AND REVERSIBLE CODES

This section discusses the relationship between bisymmetric
self-dual codes over IF, and reversible self-dual codes over
‘R. First, we consider the relationship between bisymmetric
codes and their automorphisms.

Theorem 7: Let C be a binary self-dual code of length 2n
with generator matrix in the standard form (I,, | A). Let p1 =
[Tisik,2n — k + 1) and pr = [1i_ (k. n + k) € Symy,
Then py and py are in Aut(C) if and only if A is bisymmetric.

Proof: Tt is shown by Lemmas 1 and 2. [ ]

We introduce a permutation map Y, which defines a
correspondence between binary bisymmetric self-dual codes
of length 4n and RSD codes of length 2n over R.

Henceforth, we denote D and C as an RSD code of
length 2n over R and a binary self-dual code of length 4n,
respectively. Recall that the Gray map ¢ on a codeword x € D
as

4
G(X) = (x1,1,X1,2, - -+ , X2,1, X20,2) € "

for xx,1 = ax + by and xx 2 = by where xx = ax + byu is
the k-th coordinate of codeword x. ¢(D) is a binary self-dual
code of length 4n with a fixed-point-free automorphism p =
(1,2)(3,4)...(4n — 1, 4n), since D has length 2n.
We define a permutation map ¥ acting on ¢(x) as follows:
Y(P(X) = (x1,1,X2,1, -+

) xn,l ) xn+l,2, R x2n,2’ x2n,1 )

X1, Xn2, 5 X2,2, X1,2).
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Clearly, C = ¥ (¢(D)) is a binary self-dual code of length
4n which is equivalent to ¢(D). Subsequently, we have the
following theorem.

Theorem 8: Let r and ¢ be maps defined above. Let 0 =
17, k, 4n — k + 1) € Symy, and v = [[7~,(k, 2n + k) €
Symy,,. Assume that D is an RSD code of length 2n over R and
C = Y (¢(D)). Subsequently, o and t are automorphisms of
C.

Proof: Recall that ¢(D) has the permutation p =
1,2)3,4)--- 2k — 1,2k)---(4n — 1,4n) € Symy, as an
automorphism, and the permutation p permutes each pair of
Xk,1 and x 2 for all 1 < k < 2n of every codeword x € D.

The map ¢ is defined to rearrange all the elements x; 1 and
xg2 forall 1 < k < 2n of every codeword x € D such that
o= H,%”:l (k,4n—k+1) € Symy, is to be an automorphism
of Y(¢(D)).

Regarding 7, we use the reversibility of D. Since D is
reversible, the permutation p; = szl(k, 2n —k +1) €
Sym,,, is an automorphism of D, which means that for every
codeword X = (x;) € D, x" = (x,,(;)) is also a codeword
in D. The transposition of two elements x; and xp,—_;4+1 in X
corresponds to two different transpositions under the map ¢,
the transposition of x; 1 and xp,—;+1,1 and the transposition
of x; 2 and x2,,—;41,2 of ¢(x). It is easy to verify that the map
Y rearranges elements x; 1 and x; o forall 1 < k < 2n of
every codeword x = (x;) € Dsothatt = Hi"zl(k, 2n+k) €
Symy, is to be an automorphism of ¥ (¢(D)). [ |

Corollary 9: For any bisymmetric self-dual code C
over o, there exists a reversible self-dual code D =
A ()

Proof: It is straightforward, as evident from Theo-

rem 7, 8, and Proposition 6. [ |
Example 10: (i) From the trivial bisymmetric self-dual

code C4 with the generator matrix

1001

0110)°
we obtain qb*l(t/f*l(Cz;)), a reversible self-dual code
over R with the generator matrix

(52)

whereas from the trivial bisymmetric self-dual code Cj
with the generator matrix

1010
0101)”

we obtain ¢~ (Y ~1(C})), a reversible self-dual code
over R with the generator matrix

(11).

(it) Let & and &; be equivalent extremal bisymmetric
self-dual codes with the generator matrices

10001110
01001011
00101101 |°
00010111

1120

and
10001110
01001101
0o101011 |’
00010111
respectively.

We verify that the RSD code ¢_1(w_1(53)) over R has

the generator matrix
10uv
011u)’

whereas the RSD code ¢_1(1ﬂ_1(5{3)) over R has the
generator matrix

111v
OuOul,
00uu

which shows that ¢~ (Y ~1(s)) and ¢~ (W ~1(&})) are
neither permutation equivalent nor monomial equiva-

lent.
Remark 11: We highlight that the map ( o ¢)~! does

not preserve the equivalence. As we can see in Example 10,
even if two bisymmetric self-dual codes C and C' in
Example 10 are (permutation) equivalent to each other,
reversible self-dual codes ¢~ (¥ ~1(C)) and ¢~ (y~1(C"))

are neither monomial nor permutation equivalent.

IV. CONSTRUCTION OF BISYMMETRIC SELF-DUAL CODES
Proposition 12: Let X be a binary vector of length 2n, and
let A be a 2n x 2n bisymmetric matrix. Subsequently,

(i) ARy = RppA.

(ii) xxf = x"xT =0.

(iii) xx! = x"xF, that is, xx! +x"xF =0

(iv) if X is an eigenvector of A (AX! = x!), then XA =
x, Ax" = xF', and x'A = x".

(v) if x is an eigenvector of ARy, (ARy,xT = xT), then
AxF =xT xA = x", AxT =xF, and X' A = x.

Proof:

(i) Since A is bisymmetric, A = Af = R,,ATR,, =
R>,AR»,,. Therefore, ARy, = Ry,A.

(i) xxf =x'xT =32 xixon_i41 =22 Xixon_iv1 = O.

(i) xxI + x"xF = xxT + xRy, Ropx! = 2xx7 =0

(iv) Since x is an eigenvector of A, Ax = x!.If we
transpose both sides, XA = x. AxX/ = ARpx =
RopAXT = Ryx! = xF'. x"A = xRyA = xXARy, =
XRy, = x".

(v) Since x is an eigenvector of ARy, ARy xT = xT.
Therefore, Ax” = ARy,xT = xT. If we flip both sides,
xA = XD = x". AXT = ARy, R2,XT = RopARyXT =
Ryx! = xF, and XA = X'Ry,RA = XARy, =
xRy, = X. u

Theorem 13: Let A be a bisymmetric(symmetric and
persymmetric) matrix and (I, | A) be a generator matrix
of a binary bisymmetric self-dual code of length 4n.
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Subsequently, the matrix

a X b
Dpo| X |A+ E|xF
b| X' |a

(Ing2|A") =

generates a binary bisymmetric self-dual code of length
4n + 4 where a, b and a vector x and a matrix E are decided
as follows:
(1) If A has an eigenvector x of eigenvalue one with odd
weight, then

a=b=0E=x"x+xx".

(i) If A has an eigenvector x of eigenvalue one with even
weight such that x = x”, or if x is the zero vector, then
set

a=1,b=0,E = 0.

(iii) If AR has an eigenvector x of eigenvalue one with odd
weight, then

a=b=1E=x"x+x"x".

(iv) If AR has an eigenvector x of eigenvalue one with even
weight such that x = x", or if x is the zero vector, then

a=0,b=1,E=0.

Proof: By the assumption, we have that AA = Iy,.
It is easy to check that E is bisymmetric, therefore A" is
also a bisymmetric matrix. Thus, we only to show that A’ is
orthogonal, that is. A’(A") = A’A" = I,45.

Case (i) Since x has an odd weight, we have xx! = 1 and
x"xf" = 1. Since x is an eigenvector of A, we know that Ax” =
xI' AxF = xF xAT = x, and x"AT = x".
A+x"x+xFx) A+ xTx + xFx")

= AA + Ax"x + AxF'x" + xTxA + xF'x"A
+ x'x + xFx"H)xx + xF'x")
=Dy +x x+xI'x" +xTx +xFx"
+ x'x + xFx"H)xx + xF'x")
=Dy + x'xx!x + xxxx" + xFx"x"x + xFx"xF x"
= Iy + x'xx'x + x70x" + xF0x + xF x"xF'x"

=Dy +x x+xx".

Therefore,
0 x 0\°
AANT = | xT|A+x"x + xFx" [xF
0 x" 0
xx! AT + xxTx + xxF'x" xx!
= . xXTx+ Uy +xIx+xFx) +xFx[ ...
1 X + 1x 4+ 0x” 0
= .. xTx+ Uy +xIx+xFx") + xFx"]. ..

VOLUME 12, 2024

1lo]0
= | OT|n,|OF
0 [OR] 1

= Dupy2.

Here, ‘...” means that the block does not need to be
calculated, because of the bisymmetricity of the matrix
A'(A)T . Indeed, the only four blocks we calculated determine
the whole matrix A’(A)T.

Case (ii) By the assumption, x = x", thus xI = xT. Since
x has an even weight, we have xx! = 0 and xX'x" = 0.
Since x is an eigenvector of A, Ax” = x!, Ax"'xf', xAT =x,
x"AT = x". Therefore,

1(x|0 1(x|0
AT = [ xT[A[xF xT A |xF

0|x"|1 0|x"|1

1 4+ xxT X + XA xxt’

= o XTx+AA +xFx| ..

1 X + X 0
=1... Izn—l—xTx—i—xTx

1|lo]o
= | oT|n,|0F
001

= Dpyo.

Case (iii) Since x has an odd weight, we have xx! =1 and
x"x/" = 1. Since x is an eigenvector of AR, Ax" = x”, Ax” =
x' xAT =x" XA =x.

A+x"x+xx)A + x"x + x'x")

= AA + AX"x + AXFX" + xTxA + xF'x'A
+ &x"x 4+ x"x"Hx"x + xFx")

=Ly +x"x+x'x" +x"x" +xFx
+ xI'x + xFxH)xTx + xFx")

=Dy 4+ 0+ x"xx"x + x"xx/'x" + xF'x"x"x
+xFx"xFx"

= Dy + X xx! x + xT0x" + xF0x + xFx"xF x"

=Dy, +x'x+xx".

Therefore,
1 x 1\?
AANT = | xT|A+xTx + xFx" [xF
1 x" 1

xx7| x4+ xAT + xxTx + xx'x" + x" |xx
= .. [xXTx+ Uy +xIx+xFx) +xFx"] ...

1 x+x" 4+ Ix+ 0x" + x" 0
= .. IxTx+ Uy +xIx+xFx") + xFx"]. ..
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1|lo]o
= | OT|h,|OF
001

= Duyo.

Case (iv) x has an even weight, that is, xx! = 0andx"xF =

0. Since x is an eigenvector of AR, Ax"' = x, Ax” = xF,

AT =x",x'A = x.

0|x|1 0lx |1
AT = | xT[A|xF x! |AT [xF

1(x"|0 1[{x"]10

xx! +1 xAT +x" xx*

= o IXTx+ AAT +xFx”

xx! + 1|x" + x" |xxF
= AAT

11o]o0
= | OT|n,|0F
0 |01

= Dnto.

|
The following examples illustrate our construction meth-
ods of binary bisymmetric self-dual codes and RSD codes
over R.
Example 14: The extremal bisymmetric self-dual code
&g in Example 10 has the generator matrix

I
(I4A)=(0 0 1L 0 1 1 0 1),
0 0 0 I o0 1 1 1

and it is easy to check that eigenspaces of matrix A
and AR corresponding to one are both generated by
{(1,0,0, 1), (0, 1, 1,0)}. Therefore, A and AR have only
even weight eigenvectors of eigenvalue one. If we take the
eigenvector x = (1,0,0, 1), then x = X" and applying the
method (ii) in Theorem 13, we obtain a generator matrix of a
bisymmetric [12, 6, 4] code

1 0 0 0 0 0 1 1 0 0 1 0
0 1 0 0 0 O 1 1 1 1 0 1
0o 0 1 o 0 0 0 1 0 1 1 0
0o 0 0 1 0 0 0 1 1 0 I 0
0O 0 0 0 1 0 1 0 1 1 1 1
o 0 0 0 O 1 0 1 0 0 1 1

If we proceed to apply the map ¢~" o =" on this [12, 6, 4]
code, we obtain a RSD code of length 6 over R having the
generator matrix

0 1 0O 0 1 u)
0 0 1 v 0 u

Example 15: The matrix

(16‘A):

[=lel lelele]
[=lelelelw]
i =lelelele]

1
1
0
1
1
1

—_O = —O O
[ Y

1
1
1
0
1
1

Soocoo—
Sooo—O
[=leleliele)
[= Y
oo~ O—

is a generator matrix of a bisymmetric self-dual [12, 6, 4]
code. The eigenspaces of matrix A corresponding to one is

1122

generated by row vectors of

1 0 0 1 1
0 1 0 1 1
0 0 1 1 0]f-
o 0 0 O 1

If we take the odd weight eigenvector x = (1,0,0, 1,0, 1)
to apply the method i) in Theorem 13, we obtain the matrix

==t

0 0 1 1 0 0
S A RERR
J— r_
E=x'x+xx =7 5 o 1 o 1]
0 0 0 0 0 0
0 0 1 1 0 0

we consequently obtain a generator matrix of an extremal
bisymmetric self-dual [16, 8, 4] code

1000000001001 010
010000001010000°1
001000000101 1000
0001000000100T1O01
0000100010100100
000001000001 10T10
00000010100001O0°1
000000010101 0010

If we proceed to apply the map ¢~ o Yy~ on this extremal
[16, 8, 4] code, we obtain a RSD code of length 8 over R
having the generator matrix

0

1)‘

v

1

1 0 0 0 1
( o 1 0 0 v
o o0 1 0 1
o 0 o0 1 0
V. EXTREMAL BISYMMETRIC SELF-DUAL CODES AND
REVERSIBLE SELF-DUAL CODES OVER R
A binary self-dual code is called type II if the weight of all
its codewords is divisible by 4. Otherwise, it is called type
I. In [10], it was reported that there exists unique extremal
self-dual type II codes of length 24 over [F,. Using the
bisymmetric construction method, we obtain the type II self-
dual code of length 24 over I, in bisymmetric form.
Theorem 16: There exists the extremal bisymmetric
self-dual type II [24, 12, 8] code with a generator matrix,

—< o<
= O< =

1000000000001 001101010T1°1
01000000000000111100110°1
001000000000O00O11010101110
0001000000001 100110001T1°1
0000100000001 11111100000
00000100000001011011010°1
0000001000001 01011011010 ]}
0000000100000000O01 111111
0000000010001 110001100T1°1
000000000100011101010110
0000000000101 01100111100
0000000000011 10101011001

whose weight enumerator is
2+ 759x10y8 + 2576x 12912 4 750x8y10 4 24,

We denote this code by 4.

In Table 1, we illustrate a chain of self-dual codes
constructed by using Theorem 13, successively from a [4,2,2]
code C4 to a [24,12,8] code Epq.

We give generator matrices of all the bisymmetric self-dual
codes in the building-up chain from Cy4 to €4 in Table 1.

o A bisymmetric self-dual [4,2,2] code C4 with

(67%0)-
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. 8312 is an extremal type I self-dual code which has the

TABLE 1. Construction of the extremal code £,,.

generator matrix in the bisymmetric form:

CO—O0O0O0O—O—O———O—O
O OO —OO A= O — O —
A O OO OO O = — O
OO OO A e A OO O
OCOO0O—O O —O——O—O O ——
OO0 riri = O
OO A O et e 1t e e et e O e ©
OO O et i O et e et et © et
O A A A A O A A A O = O D
O Ot e e et e e e © et e © D 7t
T O A A O OO OO — O
—_—OO—O—=—O—O0O—OOO
OO A A A A O O = OO
O O OO O OO i i
OO A~ OO~ OO —~—O
OO~ —O—O—O00O0—OO
o000 —
OO0 O—O
[Slolololelololololfelelelet oY)
[elslelelelelelelelelelelolelo ]
[slslslslslslslelelelelolelelele)

[slelslslslslslelijelelelelelele)
[slslslslslslelijslslelalelelele)
[elelelelelelijelelelelelelelele)
[eslelslslellslslslslelelelelele)
[slslslellslslslslelalalelelele)
[elelellelslslslalelelelelelele]
[elellelololelelelelelelelelele)
(el slslelelslelelelelelelelelele)
=l =lslelelelelelelelelelele)

=
=
g -
]
= O O———
z —
2 <t
= - —— O —
Bl || = | <
%)
. — -
S <
_EE| § —--o
ISISS =
SBEEl %
— == coco
® 4100mm © -
—
g
< g oo-o
k= o
Sll.vialalzlale o o—oo
S| =|=E=E Q
2 coco
] 5 T
Mo b5 N—"
by ool =)
A<t foo |— [= & | m
>
w2
A
e
L]

X2 4

364x24y8 +2048x22y10 4 6720x20y12 + 14336x18y14 +

whose weight enumerator is Wj(x,y)

o A bisymmetric self-dual [12,6,4] code with

18598x 10y164+14336x'4y!84+6720x12y20+2048x 1022+

364x8y* 4 32,
. 5322 is an extremal type I self-dual code that has the

generator matrix in the bisymmetric form:

P RS

co——o—
cCoO———o
P e =
—_— O — — —
oO———oo
—o——oo
coococo—
cooco—o
coco—oco
co—ococo
o—ocooco
—~ococococo

S~—

O O—OO0O——O—OO O
B il =l = il = bl =] =Y =Y =
OO A O OO i = O O
O OO A A A A et O O O et =t ©
OO0 O —0 O —OO——O
O A A O A O OO O O i
O—O—O0O0—O0OO0——OOO——
O = OO0 —— OO —0O0O
COO—OOO—— OO ————O
imialelelelolojelelofelelo el )
O A OO OO — O — — O —
OO0~ OO0 —OCOO———O
O OO0~~~ — O OO —
SO~ OO0 —O—— OO ——
OO~ Ot = O Dt i
OO —O——OO0O—O———O
[slslslslslslslelelelelelelelel)
slelelelslelelelelelelelelalle)
[elslelelelelelelelelolelelojelo)
[elslelslelelelelelelelelolele i)
[slelslslslslelelelelelolelelele)

[slelslslslslslelolelelelelelele)
[slslslslslslallelelelelelelele)
[slslslelelelijelelelelelelelele)
[slelslalelolslslelelelelelelele)
[slslsleljslslelalelelelelelele)
[=lslelilslslalelolelelelelelele)
[elellslslslelelelelelelelelele)
=l slslelelelelelelelelelelelele)
=i lelelalelelelelelelo o)

whose weight enumerator is Wi (x, y).
. 5;2 is an extremal type I self-dual code that has the

generator matrix in the bisymmetric form:

Soo———00o—~—000——3
[ el e T e Ly . Ry p—]
CO—~O—~O—~—O000—~OO ——
00000 —~000—~—O
OO A~ O OO OO
CO—~— OO0~ O ——
— et O OO~ O et vt O vt O vt vt el O
et O e e ek O O O Ot = OO
COCOO A~ OO ——
OO0 —~000OO ————
OO~ OO~ O = OO ——
OO0 —~—~O—0—OO
ot O e vt vt (O et e vt (O et vt vt (O vt O
OO0~ —~OO0—~——OOD
cocoocooocoooooOO—
coocoococoocococoooO—O
coococococooo000O—~0O
cCoo00o00o00O—~000
cocoCcoooooOo—~0000

[slelslslslslalelolelelelelelele)
[slslslslslslallelelelelelelele)
[slslslslelelijelelelelelelelele)
[slslslslelojslelelelelelelelele)
[slslslalijslslslalelelelelelele)
[=lsleljslslalelelelelelelelele)
[elellslslelelelelelelelelelele)
=l slslelelslelelelelelelelelele)
=i lelelalelelelelelelo o)

—

O O — O —
—o——o000
co—oco—~oo—
O —— OO
OO O
—co—~oo—o
cCooO——O—
OO O ——
cocococococo—
coocococo—o
cocococo—oo
cococo—ocoo
coo—~ocooo
co—~ocococoo
o—~ococococoo
—cooc0c0o00

S~————

o A bisymmetric self-dual extremal [16,8,4] code with

o A bisymmetric self-dual [20,10,4] code with

—_

O—O—OO—O——
A O O~ O
(=l olelol e lelelelelw)]
—O—O0O0—O O ——
O~ O—=—=—O OO
OO~~~ O——O
—_,— oo —OoOo—O—
SO O——O—O
—_—_ OO~ O~ ——
—_— O —OOo—O—O
[elelelelelelelelelo)
[elelololelelelelole}]
[elelelelelelelolelw)]
[elelelelelelolelele)]
[elelelelelolelelele}]
[elelelellelelelelw}]
[lelelolelelelelele)]
[lelololelelelelele}]
[=lolelelelelelelelw)]
inl=l=lelelelelelele]

~——

o A bisymmetric self-dual extremal [24,12,8] code with

—_

O OO OO —
O OO == OO
OO~ —~O—~—O
O OO OO —
OO —
OO OO —= O
OO O~ O~ O —
N Y =Y =1=1=
OO O OO —
OO OO O
COr e OO —— O —
OO OO~ O ——
coocococococoooo~
cocococococococoo—~o
cocococococococo—~o0
cococococococo—oo0
cocococococo—oooo
cococococo—~ocoooo
coococo—~ooo00o
cococo~ocococoooo
coco—~ocococococooo
co—~ocoocococoocoo
o—~ococococococoocoo
—~—coococ0000000

~————————

whose weight enumerator is Wi(x, y).
. 5;*2 is an extremal type II self-dual code that has the

e Do =¢ Ly 1(Ew)):

generator matrix in the bisymmetric form:

X—— 20—
—O—— X A
o—a>33>
—o—o0o—
— X =
SO
——oOo— 3
cooco—~o
——— 300
co—ocoo
oco—ococoo
—ococooo

isininielelelojelelelelolelelolyl
—O0OO0O0O0O— OO0 ——— OO —O—
—OO0O0O—~OO0O—~——O—O—O
SOOI O~ —O——O—O—OO
OO O—— OO0 —O—O—OO—
OO i et e et e O e e © et =t ©
—OO0O—O— OO0 —OO———O
OO — OO —O—r————O
O~ == O — OO0 —O0O0OoOO
OO0 —~O0O0O0—O—OO—
Ot A O et e O et e et ek et et D =t O
—OoOO0—O—O—0OO0——O— OO
OO~ O~ O—~—O——O—OO0O
OO~ O—~—— OO0 —OOO—
—O— OO ———OO—O0OoO0O—
—H—OO—OOOO—OOO — ——
[elelelelelelelelelelelelelelel)
[slelelelelelelelelelelelalell]
[slelelelelelelelelolelolelolel)
[slelaleleleleleleloleleblfe o]
[elelelelelelelelelelelolelelele]

[elelelelelelelelolelelelelelele]
[elelelelelelelolelelelelelelele]
[elelololelelolelelelelelelelele]
[elelelelelolelelelelelelelelele]
[elelelelolelelelelelelelelelele]
[elelelolelolelelelelelelelelele]
[elelololololelelelelelelelelele]
[elolvlelololelelelelelelelelele]
il lelalalelelelelelolo o)

In [10], it was reported that there exist eight inequivalent
extremal self-dual codes of length 32 over F,. Among
them, three codes are type I and five are type II. Using

Theorem 17: There exist at least six extremal bisymmetric

inequivalent type I and three inequivalent type II self-dual
self-dual codes of length 32 over [, and we denote each

the bisymmetric construction method, we found all the
codes of length 32 over F> in bisymmetric form.

+

[
)
=

whose weight enumerator is Wa(x,y)

620x2%y8 +13888x20y12 4+ 36518x10y104+13888x 1220 +

620)(8_)724 + y32.

2
32>

&

1
32’

< 6. Among them,
52, 8363 are type II

o
.ln”.
<t
IRAY
il
2§
o
.
82
2
wp
..mW
3 2
.n|a.a
£ o
(5]
b= o]
2 g
O <

1123
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o A bisymmetric self-dual [20, 10, 4] Code over GF(2)

. 5352 is an extremal type II self-dual code that has the

_

co——o—oo0oo
CO—O——O——O
= OO = — O
isl=iolelelojelelele)
O O et e = O
O A S = O = — O
OCOOCO—O0O—O—
Ot OO et et
O O——O—OO
SO O—O——OO
[sleleleleleleleleho)
[eleleleleleleleloje)
[elelelelelelelolele)
[slelelelelelolelele)
[elelelelelojelelele)
[elelelellelelelele)
[sleleljslelelelele)
[=lelolelelelelelelo)
(=i alelelelelelelela)
inl=lelelelelelelele)

~—

—_

— e O e e e O e O
O OO O —= D
O—OO—~OO——OO—
O OO ——O—=—O
O OO0 — O —
O OO == OO —
OO0~ —O OO ——
OO OO — O —
SO ——OO—O——
—OoOO——O0OO—O0Oo—O
OO O O et D
O A = O
[=lelelelelelelelelelol]
=lelslslslelelelelelole]
[elelelelelelelelellel]
[slelslslslelolelolelele]
SOOOOOO—=OOOO
[=lelslslslelylelelelele]
[elelelelelolelelelelo ]
[elelelelojelelelelelel]
[elslelolelelelelelelo ]
(=l lelelelelelelelel]
=lolslslslelelelelelele]
iplelelelelelelelelelol]

~————

—OO0O0OoOO—OO0O——O—
O O A A A A et © A © — O
O—O— 00O ———OO—
CO—OO — O et e et i
O~ O—O0O0——O——OO
OO0 A D
—_—O— OO0 —O——O0O—O
O~ OCO——O—OO—O——
At O OO OO — D
OO~ —O—~— OO~ ——O
e O A OO — OO
OO A OO —— O — O
OO O A A A = O et = O
ial=liolalelelelolelelelelol]
[elelelelelelelelelelelelal]
[slelelelslslslslelelelelole)
[slelelelelelelelelelelolel]
[=lelelelelelelelelellelolw]
[slelelelslslelelelolelelelie)
[slelelelelelelelojelelelel]
[elelelelelelelolelelelelo ]
[slelelslslalolslelelelelele)
[slelslsleljslslelelelelele)
[=lelelelolelelelelelelele ]
[=lelelojelelelelelelalelol]
[=lellslslslelslelelelelele)
[=ilelelelelelelelelelelel]
jpl=lelelelelelelelelolelo ]

generator matrix in the bisymmetric form:

o A bisymmetric self-dual [24, 12, 6] code over GF(2)

e e e e e e D D D O O
—o0o0Oo—~0OO0O——— OO0 —O—
—OO0O—~O0O—~O0O0——O—OO0—O
Aal=inialelsleleoljelelelelelel]
—OoO0—~—O—O——00O0—0OO
il = Ll ===
—OO0O0O—~O0O0O0O———O——O
OO0 O—~OO0O—O—————O
[kl il lelolelelolelelelele)
(=l eialel ol sinlelelelelolelelel]
O OO et et et O 7t O e e
CO—~O0OO0O—~—O—O——OO—
—FOOOOOO—~ OO ————O—
O—O0O0—~O—— OO0 —O—OO—
Iai=ialelelolollelelolelelelelol
el = = === R R e R ]
[elelelelelelelelelelelelelelel]
[elelelelslslelelelelelelelelole)
[elolololelolelelelelelelelylele)
[elelelelelelelelelelelelolelele)
[elelelslslslslelelelelojelelele)
[elolololelelelelelelolelelelele)
[elololololelelelelolelelelelele)
[eleleleleleleleljelelelelelele]

[elelelelelolelolelelelelelelele)
[elelelellelelelelelelelelelele)
[elelelolelelelelelelelelelelele)
[elelolelelolelelelelelelelelele)
[=lolvlolololelelelelelelelelele)
il lelalalelelelelelelole o)

whose weight enumerator is Wa(x, y).
. 5362 is an extremal type II self-dual code which has the

generator matrix in the bisymmetric form:

o A bisymmetric self-dual [28, 14, 6] code over GF(2)

OO~ O~ OO0 —~—O—
CO—O—~ OO —~—O00OD
OO~ O~ OO~ —
—FO— OO OO0 —
e et o Yo o e e () e e et (OO O O
O et O et vty vt o e (O vt vt (O vt vt O
O~ OO0 O~
OO0 —~0O0—O——r———O
OO~ OO —~000OD
COCO—~O—O00O ——O———
O et et O et vt (O v e v v v et O et O
Ot OO O vt vt vt (O v vt v o o oy,
—O0000O—0OO ————O—
—O0000—~0O—0O—O—~—O—O
COCO—~ OO A= O— OO
—FO—~ OO0 —O—~—OO —
o000 —
COoO000000OOOOOO—D
o000 —~OD
OO0 —~OOD
CO0O00000O0O—00OD
o000 —~000OD
[Sl=l=l=t=lol=t=l-tlt=Y=l=Y=T=
CO00000O—O00000O

[elelolelelelelslslslelelelelele)
[elolslelelslslslslelelelelelele)
=l =lwlelelelelelelelelelolo)

whose weight enumerator is Wa(x, y).
In the following, we illustrate the chain of bisymmetric

o A bisymmetric self-dual code 5332.

oo~ OO~ ——
OOt e O et e O e e = D
OO0~ O~ —OO0O—~O O m— ™
—— OO~ O — OO —O—O
O OO0 00— OO0 ——O
O A O A A A A A A OO OO D
OO O OO i e e = O et
O~ O—O——O— 00O ——
—,—_O OO~ O O A = — O
OO OO — O —— OO
OO0~ A== O~ O ——
OO0 O—0OO0OOO — i
OO OO O A i O O et
——OO0O—O0OO0O0——O—O—OO
O At A O A A O A A = D = D
O~ OO0 O—— OO0 ———OOO
[elelelelelelslslelelelelelelel]
[slelelalelelelelelelelelelel ]
[slelelslelelelelelelelelelolel]
[slelelsleleleleleloleleb el ]
[elelelelslslslslslelelojelelele)
[slelelslelelelelelelojelolele ]
[slelelelelelelelelolelelolelel]
[elelelelelelelelijelelelelelele)
[slelelelelelelolelelelelelele ]
[slelelelelelolelelolelelolelol]
[elelelelelojelslslslelelelelele)

i =l =lwlelelelelelelelelelele)

« We provide examples of reversible self-dual codes over
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R made from extremal bisymmetric self-dual codes,

using Corollary 9. D%

8

11000110011100

i)

32

L ———
— N—— A= 33
A SOOI~ ~
— I 3X— >0 >
—— 300 > 3O
SO—— 2O— 3
SAErEI—=22>
OO O — O
RO r0OC0
[=lelelelelelel]
O—OO—— IO
[slelelelelolelw)
[elelelelolelelw}]

ial=lelelelelelw}]

~—————

)

O i

—_——

—_O —

—O

o

S
—_o

—_———

oo~

So—O

[=ialelw)

—o oo

o A bisymmetric self-dual [12, 6, 4] Code over GF(2)

o A bisymmetric self-dual [4, 2, 2] Code over GF(2)
o A bisymmetric self-dual [8, 4, 4] Code over GF(2)

VI. CONCLUSION

In this study, we introduced bisymmetric self-dual codes and

F> + ulF», where

their construction method and investigated their relationship
= 0. Using this construction method, we succeeded

with reversible self-dual codes over R

ﬁ

P RS

—— OO —O
O
S—=—O—O
OS—O——O
— e e ©
OS—OO——
SOoOOoOO—
SOoOOoOo—O
SOoOo—OO
[slelolelele]
(=l alelelelie]

—O0000O

S~—

in constructing numerous extremal bisymmetric self-dual
codes, and we consequently obtained reversible self-dual
codes over Iy + ulF,, which were difficult to obtain using

previously known methods.

o A bisymmetric self-dual [16, 8, 4] Code over GF(2)

We point out that there are two well-known methods of
constructing self-dual codes over R as far as we know. The

=

OO D
—_—,—eo—O —
OO =D
—O O — O —
—o—O—~—O —
O = OO
OO O ———
——o——o—0o
cocococococo—
cococococo—~o
cocococo—~oo
cococo—~ocoo
coco—~ococoo
co—~ocococoo
co—ococococoo
= l=l=t=Y=t=Y=}

S~———
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o A bisymmetric self-dual [20, 10, 4] code over GF(2)

first is Proposition 4.3 in [2], and this method can generate
all self-dual codes over a certain length. However, to use this

—_
Ot e = O OO —~ O
—_—— O - — O OO — O
—_—_ O - O — O OO
OO ™ — O O ™
coo—~—0—~—0O —
O~ O OO =t O v
—_—— O OO0 —~ O —~
O~ O OO e = O
coocococococoO~
coocococococo—o
coococococo—~oo
coocococo—~o0o0o
coococo—~ocooo
cooco—~ocococoo
coo—~ococococoo
co~ocoo0o00O0O0
oc—~ococococococoo
—~—cococococococoo

~———

method, we must have all binary self-dual codes with a fixed-

point-free involution. Also, we need to collect and classify

only the reversible codes among all the generated codes

to get the reversible self-dual codes. Hence, computational

complexity gets much higher than our method as the code’s

length increases. The second is the decomposition method
introduced in [12]. It is the method of constructing self-dual

codes with an automorphism of odd order over R. However,

o A bisymmetric self-dual [24, 12, 6] code over GF(2)
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every reversible self-dual code has an automorphism of

even order. Therefore, our method is novel and efficient in

generating reversible self-dual codes over R, which is our

paper’s main contribution.

In future work, we aim to investigate the application of

reversible self-dual codes over R over DNA codes.

APPENDIX.

o A bisymmetric self-dual [28, 14, 6] code over GF(2)

CONSTRUCTION OF EXTREMAL SELF-DUAL CODES OF

LENGTH 32
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In Table 3, we summarize constructions of bisymmetric self-
dual codes, starting from the code C4 up to the extremal

codes 312 using Theorem 13. We then illustrate the chain of

bisymmetric generator matrices consecutively constructed.

TABLE 3. Construction of the extremal code 6‘;2.
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o A bisymmetric self-dual [12, 6, 4] code over GF(2)

In Table 4, we summarize constructions of bisymmetric

self-dual codes, starting from the code C4 up to the

extremal codes 5322 using Theorem 13. We then illustrate

o A bisymmetric self-dual [16, 8, 4] code over GF(2)
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o A bisymmetric self-dual code 5322

TABLE 4. Construction of the extremal code S;Z.
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In Table 5, we summarize constructions of bisymmetric self-

dual codes, starting from the code C; up to the extremal
codes 5?2 using Theorem 13. We then illustrate the chain of

bisymmetric generator matrices consecutively constructed.

TABLE 5. Construction of the extremal code 8‘3‘2.
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o A bisymmetric self-dual [12,6,4] code over GF(2)

o A bisymmetric self-dual [16,8,2] code over GF(2)

o A bisymmetric self-dual [8,4,4] code over GF(2)
o A bisymmetric self-dual [20,10,4] code over GF(2)
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o A bisymmetric self-dual [4, 2, 2] code over GF(2)

o A bisymmetric self-dual [24,12,6] code over GF(2)
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o A bisymmetric self-dual [8, 4, 2] code over GF(2)
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o A bisymmetric self-dual [12, 6, 4] code over GF(2)
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o A bisymmetric self-dual [16, 8, 4] code over GF(2)
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o A bisymmetric self-dual [28,14,6] code over GF(2)
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TABLE 6. Construction of the extremal code 8352.

o A bisymmetric self-dual [20, 10, 4] code over GF(2)
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o A bisymmetric self-dual [24, 12, 6] code over GF(2)

o A bisymmetric self-dual [12, 6, 4] code over GF(2)
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o A bisymmetric self-dual [16, 8, 4] code over GF(2)
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o A bisymmetric self-dual [20, 10, 4] code over GF(2)
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« A bisymmetric self-dual code 8;‘2.
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In Table 6, we summarize constructions of bisymmetric
self-dual codes, starting from the code C; up to the extremal
codes 352 using Theorem 13. We then illustrate the chain of

bisymmetric generator matrices consecutively constructed.

o A bisymmetric self-dual [28, 14, 6] code over GF(2)

OO~~~ OO~ —O OO
—000000—O—O——O
COoO—O——O——O—O—O
— O Ot et et (O vt O v vt et O
et O vt vt ot et e o (O v vt (O v v
OO O00000—=OO
OO OO ™ O e vt vt e 7
O OO~ 000D
COoO—~000o0O———O—
et et et et ) et el e e e el
O A A A O A O A A O O —
OO~ OO~ O—=OD
O~ —O—O—O0000oO—
OO i Ot O et e e O = O
coococococococo0cooO—~
coocococococooco0o—O
coocococococococoo—~0O
coococococococoo—~00O
coococoocoO0o—OooO
coococoococo—~0000oO
coococococo—ocooo0oo
cCocoCOoo—Oo000OO
coococo—~0c0oo0ooO
cooco—ocoocoooo0oo
coo~ocooo00000O
co—~ocooo0oo0ooO
oco—ocoocoococ0o00cooO
—o00c000000000O

/N
coo—
—_— co—o
o — o—oco
—o l=l=t=}
o coo—
—o co—o
~ o—oo
—ooo
N

o A bisymmetric self-dual [4, 2, 2] code over GF(2)
o A bisymmetric self-dual [8, 4, 2] code over GF(2)
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o A bisymmetric self-dual [20, 10, 4] code over GF(2)

o A bisymmetric self-dual code 8;2.
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o A bisymmetric self-dual [24, 12, 6] code over GF(2)
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o A bisymmetric self-dual [28, 14, 6] code over GF(2)

—
A AR PO~
O r—— X~ X
AP~ 333 >0
R R A —— X

OO~~~ O~~~ OO
—o0000O—~0O—~0O——O
CO—O—~ O~ O —O—O
— O O et vt vt (O vt (O vt et vt (O vt
Tt O o ot ot o ot et () vt et (O v vt
—FO—~ 00000 O—~OO
COCO—~OO— O —
O~ OO —~0 00O
CO—~00CO0O—~——O—
—_ O e O et et et el e = O
O A A A O O A OO —
OO~ O~ O——O—OO
OO~ O~ O00O0O —
COO—~—O—O———O—O
coocococococooocOooO—
cocococooOooOOo—O
CoO0CO0OCOo0OoO—~OO
cCooocoOooOooO—~000
CO00O0COoO—O00O
CO000COO—~OO00O
CO00CooO—~0000OO
CO0COO—~OOo000O
OO —~0000O00O
CO0O—~0000oO0OO
coo—~oco0o00o000O
CO—~00COoOCOOOO
Sttt ol ottt}
=l l=l=let et Y )

« A bisymmetric self-dual code 5362

min. wt.

X

Method

Length

—O0 O —— O~ ——O—
OO O———O—O——O0O0O0O
OO O O—O—O00O0O—
—O— == OO — O OO0 —
—_— et O A OO O — D
OO i et e et e O et e © et =t ©
OO OO —O— OO OO
OO0 — OO —O—r————O
Ot~ == O — OO0 —O0O0OO0O
OO0 —~O—~OO0O——O———
Ot O et el O et et et et et et © i ©
OO OO — et = O et el et et e
—OO0O0O0OO—~OO————O—
—OOo0Oo0Oo—O—O—O——O—O
OO O —O—O———O—O0O
—HO—— OO0 —O——OO—
[elelelelelolelelelelelelelelel]
[slelelelelelelelelelelelalell]
[slelelelelelelelelolelolelolel]
[slelslelelelelelelolelelle o]
[elelelelelslelelelelelolelelele]

[eleleleleleleleljelelelelelele]
[elelelelolelelolelelelelelelele]
[elololelelelolelelelelelelelele]
[elelelelelolelelelelelelelelele]
[elelelelolelolelelelelelelelele]

|
[elelelolelolelelelelelelelelele] <

[elelololololelelelelelelelelele]
[elolvlelolelelelelelelelelelele]
il lelalalelelelelelelolelo)

)
N
N—"
S
[
o
>
e < [~ < o |\ [oo W
g
=3
S Q
== —
o= N
===
— | — o
S N
SZ=EB -
zlziglzlElR =
ol==8=3= —
Sl=lele|=IS|e =
=
7
Y
—
Lo—|=l=l= ~ Q2
VlE|E & |E == [E
- Q
=
=
£
A0 (O [ (00 | m
<[00 [— [= |Q | | |en
P
w
N4
el
L]

——
SOOI A——
O— 22 I »r—0
ocorOoO0 I~
orOoOrA—2 X
SII>AIO0O——
PN = =]
—_—— R A O —
—_O A RAO ——
[=lelelelolelely]
[elslslelelelole]
[slelelelelojele)
[=lelelelolelele)

—Oooooooo

S~———

S —
—O
o~
—

o A bisymmetric self-dual [8, 4, 2] code over GF(2)
0
0
1
0

ACKNOWLEDGMENT

The authors would like to thank to the reviewers for helpful
suggestions, which help to improve the clarity of this article.

o A bisymmetric self-dual [12, 6, 4] code over GF(2)

[1] C. Bachoc, “Applications of coding theory to the construction of modular

REFERENCES

Abhandlungen Mathematischen Seminar der Universitdt

Hamburg, vol. 73, no. 1, pp. 13-42, Dec. 2003.
[3] R. A. L. Betty, and A. Munemasa, “Classification of self-dual codes of

2

“Type II codes over F, + ulF> and applications to Hermitian mod-
IMA Int. Conf. Cryptogr. Coding (IMACC), in Lecture Notes in Computer

length 20 over Z4 and length at most 18 over [F2 + ulF2,” in Proc. 17th
Science, vol. 11929, 2019, pp. 64-77.

lattices,” J. Combinat. Theory A, vol. 78, no. 1, pp. 92-119, Apr. 1997.
[2] E. Bannai, M. Harada, T. Ibukiyama, A. Munemasa, and M. Oura,

ular forms,

—
O — O O
= e ==
—_— O OO — i
OO O ——
OO O ——
—_— O OO —
OO O
OO A = O —
coocoocoo~
coocococo—o
[=lelelelelolele)
SO O—=OOO
[sleleljelelele)
SO—OOOOO
[=kalelelelolele)
ipl=l=lelelelelie)

~———

o A bisymmetric self-dual [16, 8, 4] code over GF(2)

VOLUME 12, 2024

1128



H. J. Kim, W.-H. Choi: Reversible Self-Dual Codes Over the Ring F, + uF,

IEEE Access

[4]
[51

[6]

[71

[8]
[91

[10]

[11]

[12]
[13]
[14]

[15]

[16]

[17]

[18]

[19]

[20]

W. Bosma and J. Cannon, ‘“The Magma algebra system. I. The user
language,” J. Symbolic Comput., vol. 24, pp. 235-265, 1997.

W.-H. Choi, H. J. Kim, and Y. Lee, “Construction of single-deletion-
correcting DNA codes using CIS codes,” Designs, Codes Cryptogr.,
vol. 88, no. 12, pp. 2581-2596, Dec. 2020.

W. H. Choi and J. L. Kim, ““An improved upper bound on self-dual codes
over finite fields GF(11), GF(19), and GF(23),” Designs, Codes Cryptogr.,
vol. 90, no. 11, pp. 2735-2751, Nov. 2022.

S. T. Dougherty, P. Gaborit, M. Harada, A. Munemasa, and P. Sole, “Type
IV self-dual codes over rings,” IEEE Trans. Inf. Theory, vol. 45, no. 7,
pp. 2345-2360, Nov. 1999.

S. T. Dougherty, P. Gaborit, M. Harada, and P. Sole, “Type II codes over
F» + ulFy,” IEEE Trans. Inf. Theory, vol. 45, no. 1, pp. 3245, Jan. 1999.
T. Abualrub, A. Ghrayeb, and X. N. Zeng, “Construction of cyclic
codes over for DNA computing,” J. Franklin Inst., vol. 343, nos. 4-5,
pp. 448-457, Jul. 2006.

W. C. Huffman, “On the classification and enumeration of self-dual
codes,” Finite Fields Appl., vol. 11, no. 3, pp. 451-490, Aug. 2005.

W. C. Huffman, “On the decomposition of self-dual codes over F, + ulF'»
with an automorphism of odd prime order,” Finite Fields Appl., vol. 13,
pp. 681-712, Jul. 2007.

W. C. Huffman, *“Self-dual codes over F, + ulF; with an automorphism of
odd order,” Finite Fields Appl., vol. 15, pp. 277-293, Jun. 2009.

H.J. Kim, “Lee-extremal self-dual codes over F, + ulF, of lengths 23 and
24, Finite Fields Appl., vol. 29, pp. 18-33, Sep. 2014.

H. J. Kim, W.-H. Choi, and Y. Lee, “Construction of reversible self-dual
codes,” Finite Fields Appl., vol. 67, Oct. 2020, Art. no. 101714.

H.J. Kim, W.-H. Choi, and Y. Lee, “Designing DNA codes from reversible
self-dual codes over GF(4),” Discrete Math., vol. 344, Jan. 2021,
Art. no. 112159.

H. J. Kim and Y. Lee, “Construction of extremal self-dual codes over
F» + ulF, of an automorphism of odd order,” Finite Fields Appl., vol. 18,
pp- 971-992, Sep. 2012.

H.J. Kim and Y. Lee, “Hermitian self-dual codes over Fy + ulf»,” Finite
Fields Appl., vol. 25, pp. 106-131, Jan. 2014.

H.J. Kim, H. Lee, J. B. Lee, and Y. Lee, “Construction of self-dual codes
with an automorphism of order p,” Adv. Math. Commun., vol. 5, no. 1,
pp. 23-36, 2011.

J.-L. Kim and W.-H. Choi, “Self-dual codes, symmetric matrices, and
eigenvectors,” IEEE Access, vol. 9, pp. 104294-104303, 2021.

J.-L. Kim and D. E. Ohk, “DNA codes over two noncommutative rings
of order four,” J. Appl. Math. Comput., vol. 68, no. 3, pp. 2015-2038,
Jun. 2022.

VOLUME 12, 2024

[21] M. Shi, Y. Liu, and P. Sole, “Optimal two weight codes from trace codes
over o + ulFy,” IEEE Commun. Lett., vol. 20, no. 12, pp. 2346-2349,
Oct. 2016.

[22] 1. Siap, T. Abualrub, and A. Ghrayeb, “Cyclic DNA codes over the
ring based on the deletion distance,” J. Franklin Inst., vol. 346, no. 8,
pp. 731-740, Oct. 2009.

HYUN JIN KIM received the B.S. degree in
mathematics from the University of Seoul, Seoul,
South Korea, in 2001, and the M.S. and Ph.D.
degrees in mathematics from Yonsei University,
Seoul, in 2011. From 2011 to 2013, he was a
Postdoctoral Fellow with Ewha Womans Univer-
sity, Seoul, where he was a Research Professor,
from 2013 to 2016. He has been an Assistant
Professor with the University College, Yonsei

— - University, since 2016. His research interests
include error-correcting codes and designing DNA codes related to DNA
computing.

WHAN-HYUK CHOI received the B.S. degree
in mechanics and aerospace engineering from
Seoul National University, Seoul, South Korea,
in 2000, and the M.S. and Ph.D. degrees
in mathematics from Kangwon National Uni-
versity, Chuncheon-si, South Korea, in 2017.
From 2018 to 2021, he was a Research Professor
with Kangwon National University and then
a Research Associate with Sogang University,
Seoul. From 2021 to 2023, he was a Visiting
Professor with the Department of Biomedical Engineering, UNIST, Ulsan,
South Korea. He is currently an Assistant Professor with the Department of
Mathematics, Kangwon National University. His research interests include
error-correcting codes over finite fields, designing DNA codes related to
DNA computing and DNA data storage, and bio-informatics.

1129



