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ABSTRACT In order to analyze and predict the performance of mechanical structure and system, the
tangential contact of solid-liquid interface under normal and tangential loads is studied, and the tangential
stiffness model of rough surfaces is established by analyzing various contact states of the asperity under
normal elastic-plastic deformation and tangential stick-slip. Based on the contact model of closed oil
pits based on the influence of rough surfaces, on the basis of fully considering the influence of gradual
application of load on the number of closed oil pit, and then changing the load distribution of solid-liquid
interface, a liquid tangential stiffness model is established. The tangential stiffness of solid-liquid interface
is obtained by two parts in parallel. Through simulation and experimental analysis, the effects of normal
load, deformation and lubricant viscosity on the tangential stiffness of solid-liquid interface are revealed,
and the tangential stiffness with or without lubricating medium is compared and analyzed. The results show
that the tangential stiffness of solid-liquid interface and solid-solid interface increases nonlinearly with the
increase of normal load and deformation. Due to the contribution of liquid stiffness, the tangential stiffness
of solid-liquid interface is always slightly higher than that of solid-solid interface. The greater the viscosity
of the lubricating medium, the greater the tangential stiffness of the solid-liquid interface. At low load, liquid
contact is dominant, and the tangential stiffness of solid-liquid interface is low. Under moderate and heavy
loads, the solid contact is dominant, and the tangential stiffness of the solid-liquid interface increases rapidly.
Therefore, the tangential contact stiffness of the solid-liquid interface in mixed lubrication can be effectively
improved by increasing the normal load and increasing the viscosity of the lubricating medium.

INDEX TERMS Mixed lubrication, tangential contact stiffness, asperity, closed oil pit.

I. INTRODUCTION
There are a large number of mixed lubrication bonding sur-
faces in the core basic parts of mechanical transmission
represented by gears, bearings and guideways [1], and their
contact stiffness is one of the most important parameters
used to describe the characteristics of the bonding surface.

The associate editor coordinating the review of this manuscript and

approving it for publication was Hassen Ouakad .

The change of contact stiffness directly affects the static
and dynamic characteristics of the joint and the mechanical
equipment system, including contact pressure distribution,
vibration and noise response characteristics, fatigue and wear
characteristics and working stability [2], [3], [4], [5]. There-
fore, the accurate calculation of tangential contact stiffness
of solid-liquid interface under mixed lubrication is very
important for the performance analysis and prediction of
mechanical structure and system.
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At present, the research on the tangential stiffness char-
acteristics of rough contact interface has received extensive
attention, and the statistical model and fractal model based
on rough surfaces have been gradually formed [6], [7], [8],
[9], [10], [11]. However, these models are solid-solid contact
without lubricating media, and the effect of lubricating film
on stiffness is not taken into account. In fact, the contact stiff-
ness of the mixed lubrication interface is obviously affected
by the surface morphology and lubrication performance [12].
Cheng et al. [13] divided the contact area into oil film contact
area and rough contact area by determining the average oil
film thickness and rough contact ratio, calculated the corre-
sponding stiffness respectively, and synthesized the results of
the two parts according to the rough contact ratio to obtain
the normal stiffness of the mixed lubrication joint. Wang.
et al. [14] proposed a method for calculating the time-varying
contact normal stiffness of spiral bevel gears under transient
mixed lubrication. The results show that there is a signifi-
cant difference between transient mixed contact stiffness and
solid-solid contact, indicating the importance of lubrication
and rough contact. Dwyer-Joyce et al. [15] proposed amethod
based on ultrasonic reflection to measure the normal contact
stiffness of lubricated steel balls from static, mixed to full-
film states, and established amixed lubrication process model
including load distribution, rough contact and elastohydro-
dynamic film thickness. The model is used to predict liquid
and rough stiffness components. Subsequently, Xiao et al.
[16] further proposed the normal stiffness calculation model
of hybrid elastohydrodynamic lubrication line contact, and
concluded that the stiffness of lubricating film is much higher
than that of solid contact, and dominates the total stiffness.
Cheng et al. [17] improved Xiao’s stiffness calculation model
and obtained the numerical solution based on the hybrid elas-
tohydrodynamic lubrication model, which better reflects the
influence of rough surfaces and lubrication on gear meshing
stiffness.

The studies above show that lubrication has a significant
effect on the contact characteristics of the joint from the point
of view of load distribution and the proportion of oil film stiff-
ness, but they are all aimed at the normal direction, and there
is little research on tangential contact stiffness under mixed
lubrication. Because the friction performance of lubricating
film is very different from that of solid contact, and varies
with the change of working conditions, the tangential contact
characteristics and normal direction of solid-liquid interface
undermixed lubrication are fundamentally different andmore
complex.

According to the assumption that the surface shear stress
of layered elements is equal, Changjiang Zhou et al. [18],
[19] proposed the tangential stiffness model of oil film of
spur gear under mixed lubrication, and further obtained the
combined stiffness of solid-liquid interface. The effects of
three basic parameters of gear transmission (contact force,
speed and number of teeth) on the combined stiffness of
line contact elastohydrodynamic lubrication are discussed

in detail. However, they study the working conditions of
non-Newtonian elastohydrodynamic line contact, and the key
problems of tangential contact such as the mechanism of
load distribution between solid contact and liquid contact and
the elastic-plastic deformation of solid contact remain to be
solved.

In this article, under the combined action of normal force
and tangential force, the solid-liquid interface under the
mixed lubrication of surface contact based on Newtonian
fluid viscosity theorem is taken as the research object. On
the basis of fully considering the elastic/elastoplastic/plastic
deformation of contact asperity and the influence of the
change of the number of liquid closed oil pits on the mech-
anism of load distribution, the tangential stiffness of solid
contact and liquid contact are established respectively. Then
the comprehensive stiffness model is obtained. The estab-
lished model is simulated and tested, the influencing factors
and laws are clarified and revealed, the correctness of the
theoretical model is verified, and compared with the solid
contact characteristics, and the qualitative comparison con-
clusions are given. The purpose of this article is to provide
a reference for improving the performance of the whole
machine in the process of mechanical equipment design and
manufacturing with lubricating medium.

II. SOLID-LIQUID PARALLEL CONTACT MODEL OF MIXED
LUBRICATION INTERFACE
Based on the assumption of GW [20] model, the contact
between two rough surfaces with lubricating medium is
equivalent to the contact between a rough surface with lubri-
cating medium and a rigid smooth plane, and the microscopic
contact is equivalent as shown in Figure 1.

FIGURE 1. Equivalent diagram of contact of mixed lubrication interface.

When the rigid smooth plane and the rough plane are in
contact with the normal load, according to the Mechanical-
Rheological Model of the contact interface in the mixed state
[21], the top of the asperity on the rough surface first bears the
load to form a solid contact area, while the asperity pits on the
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rough surface have a liquid contact area formed by lubricant,
and the load is borne by both the asperity on the rough surface
and the lubricant in the pit. Therefore, the tangential contact
stiffness Ksum of solid-liquid interface is

Ksum = Kτ s + Kτ l (1)

where Kτ s is the tangential stiffness of the solid contact part,
while Kτ l is the tangential stiffness of the liquid contact part.

III. TANGENTIAL STIFFNESS OF SOLID CONTACT PART
A. NORMAL LOAD AND CONTACT AREA OF SOLID
CONTACT PART
According to the finite element analysis of KKE Model [22],
when two rough surfaces are in contact, the asperity will
undergo elastic, elastic-plastic and plastic deformation under
normal load. When δ < δe, the asperity is in the stage of
elastic deformation; when δe < δ < 110δe, the asperity is in
the stage of elastic-plastic deformation; and when 110δe < δ,
the asperity is in the stage of complete plastic deformation.
δ is the normal deformation of the asperity, and δe is the
critical deformation of the asperity from the elastic stage to
the elastic-plastic stage [23], which can be represented as

δe = (
3πkH
4E

)2R (2)

where k is the critical yield stress coefficient, k =

1.295e0.736ν , H and ν are minimum values of hardness and
Poisson’s ratio of two surface materials, E is the equivalent
elastic modulus of two rough surfaces, and R is the equivalent
radius of curvature of the asperity.

When the height z of the asperity is in the range (d,∞), the
solid contact zone is formed, and the rest is the liquid contact
zone, then the number of contact the asperity N is

N = Anρ

∞∫
d

φ(z)dz (3)

The total actual contact area and normal load of two rough
surfaces can be represented as [24], [25], [26], [27]

As = πRρAn


d+δe∫
d
δφ(z)dz

+
∫ d+110δe
d+δe

δe

[
1.19( δ

δe
− 1)1.1+ 1

]
φ(z)dz

+
∫

+∞

d+110δe
2δφ(z)dz


(4)

Pns =
4
3
ER

1
2 ρAn

∫ d+δe

d
δ
3
2φ(z)dz+

4
3
ER

1
2 δ

3
2
e

∫ d+110δe

d+δe

×

[
1.32(

δ

δe
−1)1.27 + 1

]
φ(z)dz

+ 2πRH
∫

+∞

d+110δe
δφ(z)dz (5)

where An is the nominal contact area of the contact surface,
ρ is the area density of the asperity, d is the distance between
two rough surfaces, z is the height of the asperity, and φ(z) is

the probability density function of the asperity distribution;
therefore the assumption obeys the Gaussian distribution.

B. TANFENTIAL LOAD AND STIFFNESS OF SOLID CONTACT
PART
From the Cattaneo-Mindlin [28], [29] Model, it is known that
the asperity forms a circular contact area with a radius of
r(r = ( 3RPn4E )

1
3 ) under the action of normal load Pn. Suppose

the friction coefficient of the contact area is µ, and the tan-
gential displacement ξ is produced under the application of
tangential static load Pτ . Due to the non-uniform distribution
of contact pressure on the contact area, a viscous zone with
radius c(c = r(1 −

Pτ
µPn

)
1
3 ) and a micro-slip zone with radius

r − c will be formed. These two regions constitute the stable
contact state of the asperity; that is, the stick-slip contact
state of the asperity, as shown in Figure 2. When there is
no tangential load, the viscous area is full of the contact
surface of the asperity. Under the continuous application of
the tangential force, the slip zone expands from the contact
edge to the center of the circle to the whole contact surface,
and the slip zone occupies the whole contact surface. Then the
asperity appears macroscopic movement state. This article
considers the static contact in the mixed lubrication state, that
is, the stick-slip contact state of the asperity.

FIGURE 2. Stick-slip contact model of asperity.

According to theories of Mindlin [29] and Fojimoto [26],
as well as [27], [28], [30], and [31], the asperity is in the
stage of elastic, elastic-plastic and plastic deformations, and
therefore the tangential loads Pτe, Pτep, and Pτp can be
represented as

Pτe =

µPne
[
1 − (1 −

ξ

ξe
)
2
3

]
µPne, ξ > ξe,

ξ ≤ ξe (6)

Pτep =

µP1
[
1 − (1 −

ξ

ξeep
)
3
2

]
+
µP2ξ
ξpep

, ξ ≤ ξeep

µPnep, ξ > ξeep

(7)
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Pτp =


µPnpξ
ξp

, ξ ≤ ξp

µPnp, ξ > ξp

(8)

where G is the equivalent shear modulus of two rough sur-
faces and v is the equivalent Poisson’s ratio. ξe, ξeep and ξp
are the critical displacements of the asperity from the viscous
state to the micro-slip state in the elastic, elastic-plastic and
plastic deformation stages, respectively. Therefore, ξe =

µE(2 − ν)δ/4G, ξeep =
3(2−ν)µP1

16Gr , ξp = µH (2Rδ)
1
2 /2G;

P1 = 2π
∫ a
ap
p(r)rdr , P2 = πa2ppy, p(r) =

3Pnep
2πa2

[
1 − ( ar )

2
] 1
2 ,

a2p = r2 − (πRpy2E )2, r = ( 3RPnep4E )
1
3 , py is yield stress of

interface material, ξpep =
µ
2G (

H
π
)
1
2P

1
2
2 .

Kτe =
∂Pτe
∂ξ

=

2
√
Rδ

3
2µ

√
1 −

ξ
ξe

ξe
(9)

Kτep =
dPτep
dξ

=
8Gr
2 − ν

√
1 −

ξ

ξeep
+

2
3
G

√
P2

√
π

H
(10)

Kτp =
dPτp
dξ

= 2
√
2πG

√
Rδ (11)

In the micro-slip state, the tangential stiffness is zero.
By extending the above single asperity stiffness model to the
whole solid interface, it is obtained that the tangential total
stiffness Kτ s of the solid contact part is

Kτ s = N (Kτe + Kτep + Kτp) (12)

IV. TANGENTIAL STIFFNESS OF LIQUID CONTACT PART
The pits in the liquid contact area will form two different
forms: open oil pits and closed oil pits. The open oil pit is
connected with the boundary of the contact interface, and
with the increase of load, the lubricant in the open oil pit
is extruded to form hydrodynamic pressure, which is a load
balance process before the static state of the joint, which gen-
erally does not need to be considered. The closed oil pits are
not connected with the boundary of the contact interface, and
when squeezed, the lubricant is trapped in these pits, resulting
in hydrostatic pressure to bear part of the normal load. With
the increase of normal load, the asperity will gradually expe-
rience elastic deformation, elastic-plastic deformation and
plastic deformation, and the solid contact area will gradually
increase and begin to connect with each other, thus forming
a new closed oil pit. Therefore, the appearance of closed oil
pits at the contact interface is the main factor to change the
load distribution mechanism on the solid-liquid interface.

A. TANGENTIAL SINGLE CLOSED OIL PIT MODEL
As shown in Figure 3, the closed oil pit contact model makes
the following assumptions:

(1) The closed oil pit is a hemisphere with a radius of R1.
(2) After loading, the average height of the surround-

ing asperity decreases, the closed oil pit becomes a semi-
ellipsoid, and the contact area of the upper end face remains

unchanged; that is, the radius of curvature R1 on the end face
remains unchanged.

(3) After being extruded by the normal rigid plane, the
volume of the closed oil pit becomes smaller, the distance in
the normal direction becomes shorter, and the shorter distance
is δl .
(4) Under general working conditions, most lubricants,

especially mineral oils, belong to Newtonian fluid properties.
That is to say, the lubricant in the closed oil pit is Newtonian
fluid and compressible fluid, and the temperature change is
not obvious after loading; that is, the viscosity-temperature
relationship is not considered.

FIGURE 3. Closed oil pit contact model.

1) VISCOSITY-PRESSURE RELATIONSHIP
According to the Reference [32], we can use the Reoland
viscosity-pressure relationship, and compared with the
Barus viscosity-pressure relationship, the Reoland viscosity-
pressure relationship is more related to the actual situation,
that is:

ηp = η0 exp
{
(ln η0 + 9.67)

[
−1 + (1 +

P
P0

)z
]}

(13)

where ηp is the viscosity at pressure P; η0 is the viscosity
at the standard atmospheric pressure P0 = 5.1 × 10−9; for
general mineral oil, the value of z can usually be up 0.68.

2) DENSITY-PRESSURE RELATIONSHIP
By considering the variation of lubricating oil density with
pressure, Dowson and Higginson regressed the following
experience formula of density-pressure [33].

ρp = ρ0(1 +
D1Pnli

1 + D2Pnli
) (14)

where ρ0 and ρp are the densities at P0 and Pnli. D1 and D2
are the constants, 0.6 GPa−1, 1.7 GPa−1 respectively. These
two constants are basically applicable to all lubricants.

Before extruded, the closed oil pit is hemispheric and its
volume is:

Vs =
2
3
πR3l (15)

Ve =
2
3
πR2l (Rl − δl) (16)

In the absence of leakage, the mass before and after
extrusion by normal force can be obtained from the mass
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conservation of lubricant, that is

ρ0Vs = ρpVe (17)

By substituting Equations 14-16 into Equation 17, the
relationship between the normal pressure and the deformation
of the closed oil pit can be obtained.

Pnli =
δl

1.7δl − 0.6Rl
(18)

3) FRICTION FORCE OF CLOSED OIL PIT
When According to Newton’s Law of Viscosity [32], the
friction force Pτ li on the upper end of the closed oil pit is

Pτ li = τAti (19)

where Ati is the area of the upper end of the closed oil pit,
whose value isπR2l ; τ is the viscous shear stress of Newtonian
fluid on the upper face of the closed oil pit, and the equation
is

τ = ηp
du
dz

(20)

where du
dz is the gradient of the flow velocity of the lubricating

film along the direction of the fluid thickness. In this article,
the research object is in the state of stick-slip contact in
tangential direction, and there is onlymicro-slip displacement
ξ . If the time experienced is t , the velocity of lubricating film
on the upper end face of the closed oil pit is u = ξ/t , the
velocity at the lower end face is zero, and the thickness of
lubricating film hl is very thin, then the Equation (20) can be
equivalent to

τ = ηp
u
hl

(21)

By substituting the Equations (21), (13) and (18) into
Equation (19), the friction force Pτ li on the upper end of the
closed oil pit can be obtained as follows:

Pτ li = πη0R2l exp

{
(ln η0 + 9.67)

×

[
−1 + (1 +

δl
P0(0.6R−2.3δl )

)z
] }

u
hl

(22)

The tangential stiffness Kτ li of the closed oil pit can be
derived from the tangential friction Pτ li versus its tangential
displacement ξ , which can be represented as

Kτ li =
dPτ li
dξ

= πη0R2l exp

{
(ln η0 + 9.67)

×

[
−1 + (1 +

δl
P0(0.6R−2.3δl )

)z
] }

/hl t

(23)

According to Reference [12], under the static contact state
of mixed lubrication, the thickness of oil film can correspond
to the equivalent deformation of rough surfaces.

B. MODEL OF INTEGRAL CLOSED OIL PIT ON ROUGU
SURFACE
The area of liquid contact area on rough surfaces is the sum
of all closed oil pits, which can be represented as

Al = An − As (24)

In the process of gradually applying the normal load, the
distance between the two rough surfaces gradually reduces,
and the relatively shallow open oil pit at the bottom will be
closed by extrusion pressure, so the number of closed oil pits
will gradually accumulate with the application of the normal
load.

Suppose the normal deformation be ε when all the normal
load Pn is applied, that is, the normal deformation 0 ≤ δ ≤ ε.
That is to say, the average height plane of the applied asperity
is df ; that is, d = df + ε, where ε = λi (λ is the step size, i is
the loading stage when the asperity is gradually subjected to
normal load, and the i = 1, 2, . . . . . . n).

M =
Al(df + ε) − Al(df )

At
=
Al(d) − Al(df )

πR2l
(25)

By substituting the Equation (4) into Equation (25),M can
be calculated.

The normal load of all closed oil pits is

Pnl = MPnli =

[
Al(d) − Al(df )

]
δl

πR2l (1.7δl − 0.6Rl)
(26)

The tangential friction of the liquid contact part is the joint
action of all closed oil pits, which is shown as follows:

Pτ l = MPτ li = η0
[
Al(d) − Al(df )

]
× exp

{
(ln η0 + 9.67)

×

[
−1 + (1 +

δl
P0(0.6R−2.3δl )

)z
] }

u
hl

(27)

The tangential stiffness of the liquid contact part is

Kτ l = MKτ li = η0
[
Al(d) − Al(df )

]
× exp

{
(ln η0 + 9.67)

×

[
−1 + (1 +

δl

P0(0.6R− 2.3δl)
)z

]}
/(hl t) (28)

The tangential contact stiffness Ksum of solid-liquid inter-
face can be obtained by bringing Equations (12) and (28) into
Equation (1).

V. SIMULATION ANALYSIS OF TANGENTIAL STIFFNESS
OF SOLID-LIQUID INTERFACE
The mechanical property parameters of contact surface are
E1 = E2 = 2.07 × 1011Pa, Poisson’s ratio ν1 = ν2 = 0.29,
yield strength of material py = 18 GPa, standard deviation of
height distribution of rough surfaces σ = 1.89×10−6, radius
of curvature R = Rl = 6.89 × 10−4, nominal contact area
An = 7.07 × 10−4 m2, rough surface topography parameter
β = 0.14, asperity density ρ = 100 × 1011 m−2, time taper
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t = 0.2 s, normal deformation δ = δl , lubricating oil dynamic
viscosity parameters ηp1 = 80 mPa · s, ηp2 = 150 mPa · s,
and ηp3 = 210mPa · s. The parameters in the simulation
diagram are dimensionless and expressed by ∗.

A. RELATIONSHIP BETWEEN CONTACT LOAD AND
NORMAL DEFORMATION OF CLOSED OIL PIT
Figure 4 shows the relationship between the contact load and
the normal deformation of closed oil pit when the plasticity
index is ψ3 = 2.5. It can be seen from the figure that the
normal load of the closed oil pit increases with the increase
of deformation. This is because the normal deformation
increases, the contact area of the solid contact part increases,
the bearing proportion of the asperity increases, and the area
of the liquid contact part decreases, so the load-bearing spe-
cific gravity of the closed oil pit decreases. However, the total
load is still increasing, so the load of the closed oil pit is still
increasing, which is qualitatively consistent with the results
of Reference [34]. In addition, when the normal deformation
is the same, the higher the viscosity is, the greater the load of
the closed oil pit is.

FIGURE 4. Relationship between normal load and normal deformation of
closed oil pit.

B. RELATIONSHIP BETWEEN VISCOSITY AND NORMAL
DEFORMATION OF CLOSED OIL PIT
Figure 5 shows the relationship between the viscosity of the
closed oil pit lubricant and the normal deformation. It can
be seen from the figure that the viscosity of the lubricant
increases with the increase of normal deformation, which is
due to the increase of normal deformation. From the conclu-
sion of Figure 5, it can be seen that the normal load of the
closed oil pit increases, so the viscosity increases.

C. RELATIONSHIP BETWEEN TANGENTIAL CONTACT
STIFFNESS AND NORMAL DEFORMATION
Figure 6 shows the relationship between tangential contact
stiffness and normal deformation under different plasticity
index and lubricant viscosity. It can be seen from the diagram
that the tangential contact stiffness of solid-solid interface and
solid-liquid interface increases nonlinearly with the normal
deformation, and the increase is accelerated after the normal
deformation δ∗ is 3.5. When the normal deformation is the
same, the tangential contact stiffness of solid-liquid interface

FIGURE 5. Relationship between lubricanting oil viscosity and normal
deformation of closed oil pit.

is larger than that of solid-solid interface, and the larger
the plasticity index is, the greater the tangential stiffness
of solid-solid interface is, and the greater the viscosity of
lubricant is, the greater the tangential contact stiffness of
solid-liquid interface is. This is because with the increase
of normal deformation, the contact area of the solid contact
part increases, and more asperity bodies will contact on the
bonding surface, and the number of asperity bodies resisting
deformation increases under the same tangential load. There-
fore, the ability to resist deformation is enhanced; that is, the
tangential contact stiffness of solid-solid interface and solid-
liquid interface increases. For the solid-liquid interface, when
the normal deformation is small; that is, under light load,
the contact area of the solid contact part is smaller, and the
liquid contact area is larger, at this time, the liquid contact
is dominant, but the viscous friction force of the lubricant
is still very small compared with the solid, so the overall
tangential stiffness of the solid-liquid interface is slight. With
the gradual application of normal load, the amount of normal
deformation increases. Under medium and heavy load condi-
tions, there are more and more asperity contact. At this time,
the contact characteristics of solid-liquid interface are mainly
dominated by solid contact, so when the normal deformation
δ∗ > 3.5, the tangential contact stiffness of solid-liquid inter-
face increases rapidly. The normal deformation continues to
increase, and there aremore andmore contact asperity bodies,
almost all of which are solid contact, so the stiffness variation
curves of solid-solid interface and solid-liquid interface are
gradually close to coincidence.

D. RELATIONSHIP BETWEEN TANGENTIAL CONTACT
STIFFNESS AND NORMAL CONTACT LOAD
Figure 7 shows the relationship between tangential contact
stiffness and normal contact load in the case of different
plasticity index and lubricant viscosity. It can be seen from the
figure that the tangential contact stiffness of the solid-solid
interface increases nonlinearly with the normal contact load,
which is consistent with the results of the [35] and [36],
and the solid-liquid interface also shows the same trend.
The tangential contact stiffness of solid-solid interface is
always lower than that of solid-liquid interface. The higher
the plasticity index and the higher the lubricant viscosity,
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FIGURE 6. Relationship between tangential contact stiffness and normal
deformation.

the greater the tangential contact stiffness of the solid-liquid
interface. With the increase of normal contact load, the
distance between bonding surfaces decreases gradually, the
contact area of solid contact increases, the number of contact
asperityity increases, and the ability to resist deformation
increases, so whether it is solid-solid interface or solid-liquid
interface, tangential contact stiffness will gradually increase.
In addition, when the normal load is small, due to the contri-
bution of the stiffness of the closed oil pit in the liquid contact
part, the tangential stiffness of the solid-liquid interface is
always larger than that of the solid-solid interface, and with
the increase of the normal load, the solid contact gradually
occupies the whole interface, so the tangential stiffness curve
of the solid-liquid interface is gradually close to that of the
solid-solid interface.

FIGURE 7. Relationship between tangential contact stiffness and normal
load.

VI. EXPERIMENTAL VERIFICATION
In this article, based on the experimental platform built by
Fu et al. [25], [37], the tangential contact characteristics of
solid-liquid interface are experimentally analyzed. As shown
in Figure 8, the tangential joint is composed of the left and
right specimens in contact with the intermediate specimens.

By rotating the normal force screw, the normal load in the
horizontal direction is given. Then the tangential force screw
is rotated and the tangential load is applied step by step in the
vertical direction. the tangential plane pressure and tangential

relative displacement signals are obtained according to the
tangential static force sensor and eddy current displacement
sensor. Then the normal load is applied step by step in the hor-
izontal direction, and the previous tangential loading mode
is repeated, and the normal surface pressure and tangential
relative displacement signals are obtained according to the
normal static force sensor and eddy current displacement
sensor. These signals are transmitted to the test and analysis
system through the amplifier, and finally realize the data
acquisition of the static force and deformation of the joint
surface.

FIGURE 8. Experimental device of the tangential contact stiffness.

From the test system, we can read a series of normal static
load values Pn1,Pn2, · · · · · ·Pnn and tangential static load
values, as well as the tangential relative displacement average
(average value of two eddy current displacement sensors)
λτ1, λτ2, · · · · · · λτn corresponding to Pτ1,Pτ2, · · · · · ·Pτn.
Then the normal contact surface pressure of the bonding

surface is:

pn =
4Pn
πd2

(29)

where is the diameter of the contact surface of the left and
right specimen, its value is 30 mm; the tangential contact
surface pressure of the bonding surface is:

pτ =
4Pτ /2
πd2

(30)

As a result, a set of experimental values (pτ1, λτ1), (pτ2,
λτ2), · · · · · · (pτn, λτn)can be obtained. The tangential stiff-
ness can be calculated to be

kτ =
1pτ
1λτ

(31)

According The experiment adopts the same system con-
ditions as the simulation, the upper/lower specimen test
material is 45 steel, milling, the material property parameter
is E1 = E2 = 2.07×1011 Pa, Poisson’s ratio ν1 = ν2 = 0.29,
the yield strength of the material is py = 18 GPa. Using the
method of taking the surface parameters of the test specimen
in Reference [38], it is found that the statistical parameter of
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the micro-morphology of the contact surface is dd, plasticity
index ff. It is assumed that the height of the asperity is a
Gaussian distribution. Kunlun engine oil is selected as the
lubricating medium of solid-liquid interface. Its SAE vis-
cosity is 5W-40 and its dynamic viscosity is 82.4 mm2/s at
40 ◦C. Under the above conditions, the tangential stiffness
experiments of solid-liquid bonding surface with and without
lubricating medium were carried out respectively.

Figure 9 (a-b) reveals the relationship between tangential
plane pressure and tangential displacement of solid-solid
interface and solid-liquid interface under different normal
plane pressure, respectively. It can be seen from the figure that
the relationship between the tangential plane pressure and
the relative displacement of the joint plane is approximately
straight line. The greater the normal surface pressure, the
smaller the slope of the straight line, because the greater the
normal surface pressure, the more asperity bodies in contact
with the bonding surface, and the stronger the ability to resist
deformation under the same tangential load, the smaller the
relative displacement.

FIGURE 9. Relationship between tangential surface pressure and
tangential displacement.

Figure 10 indicates the relationship between tangential
static contact stiffness of solid-solid interface and solid-liquid
interface with normal surface pressure, and the experimen-
tal data are fitted by power approximation. It can be seen
from the diagram that the tangential static stiffness of the
solid-solid and solid-liquid interface increases nonlinearly
with the normal surface pressure, and the tangential static
stiffness of the solid-liquid interface is larger than that of the

solid-liquid interface at low normal surface pressure. With
the increase of normal surface pressure, the two gradually
coincide. This is because when the normal surface pressure
is low, the lubricant still exists in the contact interface, and
because of its stiffness contribution, the solid-liquid interface
is higher than the solid-solid interface, and with the increase
of the normal surface pressure, the lubricant is extruded from
the interface, the liquid contact area becomes smaller, and
the contact area is almost completely occupied by asperity
bodies, so the two are gradually equal.

Figure 11 shows the comparative analysis of the theoretical
model curve and the experimental data point of the static
tangential contact stiffness of solid-liquid interface and solid-
solid interface with normal surface pressure. It can be seen
from the figure that the changing trend of the experimental
data points of the static contact model is the same as that of
the theoretical model, and the static tangential contact stiff-
ness increases nonlinearly with the normal surface pressure,
indicating the correctness of the theoretical model.

FIGURE 10. Variation of tangential stiffness with normal surface pressure.

FIGURE 11. Theoretical and experimental comparison of the relationship
between tangential contact stiffness and normal surface pressure.

VII. CONCLUSION
In the state of mixed lubrication, the tangential contact
characteristics of the bonding surface are affected by the
lubricating medium. In this article, a tangential contact stiff-
ness model of mixed lubrication considering elastic-plastic
deformation of asperities is established based on solid
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elasto-plastic theory and liquid closed oil pit theory. The
effects of normal load, normal deformation and lubricating
oil viscosity on the tangential contact stiffness of mixed
lubrication interface are analyzed, and the contact charac-
teristics of solid-solid interface and solid-liquid interface are
compared. The validity of the theoretical model is verified by
experiments.

The main results are summarized as follows:
(1) The tangential contact characteristics of solid-liquid

interface and solid-solid interface are similar, and both
increase nonlinearly with the increase of normal load and
deformation. Due to the contribution of liquid contact stiff-
ness, the tangential stiffness of solid-liquid interface is always
slightly higher than that of solid-solid interface.

(2) When the normal deformation is the same, the greater
the viscosity of the lubricant, the greater the tangential contact
stiffness of the solid-liquid interface.

(3) When the normal load or deformation is small, the
tangential contact stiffness of the liquid closed oil pit is dom-
inant, and the overall tangential stiffness of the solid-liquid
interface is very small.With the gradual application of normal
load, the contact characteristics of solid-liquid interface are
mainly dominated by the solid contact part, and the tangential
contact stiffness of solid-liquid interface increases rapidly.
The normal load continues to increase, and the stiffness vari-
ation curve of solid-solid interface and solid-liquid interface
gradually approaches to coincidence. Therefore, the static
tangential contact stiffness of the solid-liquid interface under
mixed lubrication is mainly determined by the solid-solid
contact state, and the influence of lubricating film is limited.
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