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ABSTRACT This paper analyzes electromagnetic scattering from a microstrip array with a homogeneous
dielectric substrate in two symmetry cases. In the first case, the entire structure has discrete rotational
symmetry, and the discrete bodies of revolution method is employed for a comprehensive analysis. In the
second case, the ground and substrate have discrete rotational symmetry, whereas the patches and feeding
lines do not. Therefore, the discrete bodies of revolution method is used to analyze the ground and substrate,
the traditional moment method is applied to the patches and feeding lines connected to them, and the domain
decomposition method combines the results obtained from these two solutions. As a result, the discrete
bodies of revolution method is applied only to one sector of the microstrip array, which reduces the memory
requirements and computational time in comparison with the traditional moment method. Consequently, for
a structure with Ns symmetric sectors and the total number of unknowns N , the memory requirements and
simulation time are reduced by factors of N 2

s and N 3
s , respectively, in comparison to the traditional moment

method. Finally, numerical results are presented to validate the accuracy and efficiency of the proposed
method. The results are compared with those obtained from commercial FEKO software and the traditional
moment method to show how the proposed method reduces computation time and memory requirements.

INDEX TERMS Discrete bodies of revolution (DBOR), domain decomposition method (DDM), traditional
method of moment (MoM).

I. INTRODUCTION
Various methods are available for calculating the scattering of
electromagnetic waves, including asymptotic and full-wave
methods. Asymptotic methods like Physical Optics (PO) and
Geometrical Optics (GO) are efficient, but they have weak
accuracy when dealing with structures that have dimensions
smaller than the wavelength, especially in structures that
include dielectrics. PO and GO are sufficiently accurate at
high frequencies due to the shallow penetration depth of
electromagnetic fields and the consideration of structural
details. However, PO and GO fail to provide satisfactory
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solutions at low frequencies, where the penetration depth
is significantand the structural details are comparable with
the wavelength. Therefore, full-wave methods are primarily
employed to achieve the desired accuracy in scattering field
calculations. Several full-wave methods can be utilized for
calculating the scattered field [1], [2], [3], [4], [5].

Because the electromagnetic scattering fields for a homo-
geneous structure can be obtained by calculating the surface
current density of the structure, it is advantageous to use
methods based on a surface mesh. Methods based on surface
meshing, such as the method of moment (MoM), have
significantly fewer unknowns compared to methods based on
volume meshing, such as the Finite Difference Time Domain
(FDTD) and Finite Element Method (FEM) [6], [7], [8], [9].
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In the MoM, each observational element is interconnected
with every source element. Hence, for the number of
unknowns N , the complexity order of solving the matrix
equation using conventional methodologies such as Gaussian
elimination is O(N 2) for memory and O(N 3) for com-
putation time [6], [9], [10]. Consequently, as the size of
the structure increases, the calculation time and required
memory drastically increase. An approximation can be used
to address this issue, and observation and source elements
are boxed and grouped in several different levels. Instead
of calculating the relationship between each element of
observation and source, it is sufficient to determine the
relationship between elements within each box. Calculating
the relationship between the boxes can solve the problem
using an iterative method. This technique is known as
the Multilevel Fast Multipole Method (MLFMM) [6], [9].
The MLFMM significantly reduces the required memory to
an order of O(N logN ), substantially reducing calculation
time and memory requirements compared to the traditional
MoM.

However, the MLFMM has some drawbacks. In structures
incorporating dielectrics, the wavelength inside the dielectric
is lower than that in free space, leading to reduced box
dimensions and an increased number of boxes. This increase
in the number of boxes decreases the convergence rate
in problem-solving and significantly prolongs calculation
time. Additionally, in the case of monostatic scattering,
the iterative nature of the method necessitates solving the
problem again for each radiation angle, further increasing
calculation time [11].

Several methods have been proposed in recent years to
overcome these limitations, most of which simplify the
problem by applying approximations [12], [13], [14], [15],
[16]. One such method is the finite array approximation
with an infinite periodic array, which examines a single
cell of the structure and assumes an infinite number of
similar single cells in the array. While these methods offer
high-speed solutions, they do not consider the edge effects
of the finite array, resulting in inaccurate scattering fields
at non-perpendicular angles. To achieve calculations with
high accuracy and speed using low memory, utilizing the
traditional MoM and exploiting the existing symmetry in the
problem is recommended simultaneously.

One technique to reduce memory requirements in the FEM
method is the use of the discrete bodies of revolution (DBOR)
method, which has been employed in recent years to solve
electromagnetic problems with discrete rotational symmetry
[17], [18]. If the structure of the rotating body is discrete,
calculations can be reduced proportionally to the number
of discrete parts. Therefore, the more discrete parts with
rotational symmetry, the greater the reduction in calculations.
However, due to the volume meshing nature of the FEM
method, it is not advisable to use this method alone to analyze
the scattered fields of the structures. This method is mostly
used with other methods to analyze the scattering field of
complex structures, such as the air intake duct of a fighter

engine [17], [19]. Hence, solving the problem using integral
equation methods with surface meshing is preferable.

The use of the DBOR method in solving problems with
integral equations has gained attention in recent years [20],
[21], [22], [23], [24], [25], [26]. To employ this method, it is
necessary to have sectors in the structure that are completely
similar in terms of element shape, current distribution, and
distance between elements. The formation of the block
circulant matrix in the matrix equations of the DBORmethod
requires these structural characteristics. In this method, for
an array with Ns symmetrical sectors, the required memory
and calculation time are reduced by the ratio of N 2

s and
N 3
s , respectively [20], [22], [23], [24], [25], [26]. However,

in practice, lower ratios are achieved due to overhead
calculations in the implementation of the proposed method.
Nevertheless, up until now, the DBOR method has only
been utilized to calculate the field scattering of metallic
structures [20], [22], [23], [24], [25], [26]. In [21], the
problem of scattering from a structure with a dielectric
material is solved. However, for two reasons, this paper’s
proposed method is ineffective. First, this paper employs the
volume equivalence theorem (VET) and volume meshing
for dielectric modeling. Second, the analysis is limited to a
cylindrical waveguide, and the cylindrical waveguide dyadic
Green’s function is used to analyze the problem.

This paper aims to analyze the homogeneous scatter-
ing problems for microstrip arrays with discrete rotating
symmetrical sectors, such as microstrip antenna arrays and
frequency selective surface (FSS) absorbers. The microstrip
arrays utilize a homogeneous dielectric substrate. Therefore,
the description of the surface integral equations and the
formulation of PMCHW (Poggio, Miller, Chang, Harrington,
Wu) are used. It is important to note that the number of arrays
with feeding lines and patches exhibiting discrete rotational
symmetry is limited. Therefore, in this paper, we utilize
the Domain Decomposition Method (DDM) [27] to enhance
the capacity of the proposed method in analyzing a more
significant number of structures.

The rest of the paper is organized as follows. The analysis
of the scattering problems is described in Section II. Applying
the DBOR method to integral equations is expressed in
Section III. Combining the DBORmethod and the traditional
MoMbyDDM is represented in Section IV. The accuracy and
validity of the proposed method are examined in Section V,
where it is compared with commercial FEKO software
and the traditional MoM. Concluding remarks are given in
Section VI.

II. ANALYSIS OF SCATTERING PROBLEMS WITH
DISCRETE ROTATIONAL SYMMETRY
Analyzing wave scattering through full-wave methods neces-
sitates significant memory usage and time consumption.
However, by leveraging the problem’s symmetry and employ-
ing the DBORmethod, it is possible to streamline the analysis
and reduce the computational workload. Consequently,
the DBOR method simplifies structures exhibiting such
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symmetry, allowing for analyzing only one symmetry sector
using the abovementioned method. The subsequent sections
outline the process of problem-solving and applying the
DBOR method to it.

A. ANALYSIS OF SCATTERING PROBLEMS
USING THE MOM
Numerous numerical methods exist for solving scattering
problems, including those based on volume and surface
meshing. In wave scattering problems, the area under con-
sideration is often extensive. Consequently, employing volu-
metric meshing methods increases the number of unknowns,
resulting in slower calculations and greater computational
memory requirements. To address these challenges, methods
based on surface meshing are commonly utilized. One
such approach for solving scattering problems involves
formulating integral equations and employing the MoM to
solve them. Obtaining the matrix representation of these
equations using the MoM after formulating the integral
equations is necessary to accomplish this. Subsequently, the
matrix equation [Z ]{I } = {V }, where [Z ] represents the
impedance matrix, {I } denotes the unknown vector, and {V }

represents the excitation vector, is solved.
Initially, the problem is solved by assuming that the main

problem of a perfect electric conductor (PEC) object has
an unknown N without utilizing symmetry. Establishing the
connection between each element on the structure’s surface
is necessary to achieve this. Consequently, the electric field
integral equation (EFIE) is discretized with theMoM, and the
following linear system is obtained [6].

Z11 Z12 · · · Z1N
Z21 Z22 · · · Z2N
...

...
. . .

...

ZN1 ZN2 · · · ZNN



I1
I2
...

IN

 =


V1
V2
...

VN

 (1)

with

Zpq =−jωµ0

∫
fp
fp(r)·

[
1+

1

k20
∇∇·

] ∫
fq
fq(r′)G0(r, r′)dr′dr

(2)

Vp = −

∫
fp
fp(r) · Ei(r)dr (3)

In these relations, fp and fq are the basis functions related
to observation area fp and source area fq, respectively.
In addition, k0 = 2π/λ is the free space wave number, and
G0(r, r′) is the free space Green’s function, which is defined
as follows:

G0(r, r′) =
e−jk0|r−r′|

4π |r − r′|
(4)

It has been demonstrated that the MoM requires memory and
calculation time of the order O(N 2) and O(N 3), respectively,
to solve this problem.

Another approach for solving full-wave scattering prob-
lems is utilizing the MLFMM method, which boxes the

FIGURE 1. Discrete bodies of revolution object with Ns symmetric sectors.

structure and reduces the number of nodes. With this method,
the memory requirement for the number of unknowns N
decreases from approximately O(N 2) in the MoM to about
O(N logN ) in the MLFMM method. However, as mentioned
in the introduction, this method has limitations and loses its
efficiency when dealing with dielectric structures and solving
monostatic scattering.

B. SOLVING SCATTERING PROBLEMS USING
THE DBOR METHOD
Based on the issues mentioned above, it is necessary to
employ efficient methods for analyzing these structures.
In structures analyzed using the DBOR method, the memory
requirements and computational time decrease by factors of
N 2
s and N 3

s , respectively, where Ns represents the number
of discontinuities in the structure. However, as shown in
Section V, lower ratios are obtained. The reason for this is
the need to use intermediate variables in the program codes
related to the DBOR method and the overhead computations
that need to be repeated multiple times.

The structure under investigation is shown in Fig. 1. It is a
discrete rotating body with Ns symmetric sectors. In order to
employ efficient methods for analyzing these structures, it is
necessary first to obtain the impedance matrix between each
sector and then form the total impedance matrix as follows:

[Z ] =


Z (0) Z (1)

· · · Z (Ns−1)

Z (Ns−1) Z (0)
· · · Z (Ns−2)

...
...

...
...

Z (1) Z (2)
· · · Z (0)

 (5)

The matrix consists of submatrices, each representing
the relationship between different sectors. Specifically, the
submatrix Z (0) represents the impedance matrix associated
with the source and observation elements in sector zero.
Similarly, the submatrix Z (1) corresponds to the impedance
matrix of the source and observation elements in sectors zero
and one, respectively. Equation (5) demonstrates that this
matrix is a block circulant matrix with unique symmetry,
resulting in significantly reduced calculations compared
to (1).
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C. THE METHOD OF SOLVING MATRIX EQUATIONS WITH
BLOCK CIRCULANT
The matrix equation of the MoM for a discrete bodies of
revolution can be written in the form [23]:

Z (0) Z (1)
· · · Z (Ns−1)

Z (Ns−1) Z (0)
· · · Z (Ns−2)

...
...

. . .
...

Z (1) Z (2)
· · · Z (0)




{I }(0)

{I }(1)
...

{I }(Ns−1)

 =


{V }

(0)

{V }
(1)

...

{V }
(Ns−1)

 (6)

Equation (6) describes an impedance matrix that possesses
the specifications outlined in (5). When dealing with a
matrix equation involving an impedance matrix with a block
circulation property, it is possible to employ more straight-
forward methods for solving the equation than conventional
approaches. Most of the time and cost associated with solving
matrix equations are typically attributed to the construction
and inversion of the impedance matrix.

Considering the matrix equation mentioned above, if we
multiply the k th row by the term exp(−jmkϕs) and subse-
quently sum all the rows, we obtain the following result [23],
[28]:

[Z ]m {I }m = {V }m (7)

where

[Z ]m =

Ns−1∑
k=0

Z (k)ejmkϕs (8)

{I }m =

Ns−1∑
k=0

{I }(k) e−jmkϕs (9)

{V }m =

Ns−1∑
k=0

{V }
(k) e−jmkϕs (10)

with ϕs = 2π/Ns. Equations (9) and (10) define the
Discrete Fourier Transform (DFT), and its inverse is defined
as follows:

{I }(k) =
1
Ns

Ns−1∑
m=0

{I }m e
jmkϕs (11)

{V }
(k)

=
1
Ns

Ns−1∑
m=0

{V }m e
jmkϕs (12)

The formulation provides an efficient solution for (6).
Initially, by knowing the excitation values {V }

(k) for k =

0, 1, ,Ns−1, we can calculate the Fourier modes of {V }m for
m = 0, 1, ,Ns − 1 using (10). Subsequently, by solving (7),
we obtain {I }m form = 0, 1, ,Ns−1. With the values of {I }m
determined, we can utilize (11) to obtain the response vector
{I }(k) for k = 0, 1, ,Ns − 1.

The dimension of (7) is Ns times smaller than the
dimension of (6). Consequently, compared to the direct
method of solving the matrix equation, the required memory
and calculation time decreases with ratios of N 2

s and N 3
s ,

respectively.

D. MATRIX EXTRACTION WITH BLOCK
CIRCULANT PROPERTY
To demonstrate the derivation of (5) and (6), we refer to
Fig. 1. Assuming that each sector contains Q elements and
the total number of elements is N , the vector representing the
unknown current associated with sector ns can be expressed
as follows [20], [21]:

{I }(ns) =

[
I (ns)0 , I (ns)1 , · · · , I (ns)q , · · · , I (ns)Q−1

]T
(13)

where the unknown current I (ns)q corresponds to the qth

element of the nths sector. Similarly, the mths sector of the
excitation vector can be expressed as follows:

{V }
(ms) =

[
V (ms)
0 ,V (ms)

1 , · · · ,V (ms)
q , · · · ,V (ms)

Q−1

]T
(14)

where the excitation V (ms)
q corresponds to the qth element

of the mths sector. The sectors ns and ms represent a sector
where the source point is located and a sector where the
observation point is located, respectively. Consequently, the
surface current distribution of the structure can be expressed
as follows:

J (r) =

Ns−1∑
m=0

Q∑
q=1

Imq fq
(
R
m
r0

)
; r0 ∈ S0 (15)

Referring to Fig. 1, we relate the vector rn, whose tail-end
is in the nth sector, to the vector r0, whose tail-end is in the
zeroth sector. To achieve this objective,

rn = R
n
r0 (16)

R (ϕs) =

cos (ϕs) − sin (ϕs) 0
sin (ϕs) cos (ϕs) 0

0 0 1

 (17)

In these relations, R is the rotation matrix with the following
properties:

R
−1

(ϕs) = R
T

(ϕs) (18)

R
n
(ϕs) = R (nϕs) (19)

Hence, if Rao-Wilton-Glisson (RWG) basis functions are
used, based on the linear property of these functions [29],
we obtain

fq
(
R
n
r
)

= R
n
fq (r) (20)

According to the obtained properties, the elements of the
impedance matrix for the EFIE case can be obtained as
follows:

Z (ms,ns)
pq = −jωµ0

∫
fp0

fp(r)R
−ms

·

[
1 +

1

k20
∇∇·

]
∫
fq0
R
ns
fq(r′)G0(R

ms
r,R

ns
r′)dr′dr (21)

In this equation, Z (ms,ns)
pq represents an element of the

impedance matrix, where the source point is located in the
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nths sector and the observation point is in the mths sector.
Additionally, fp0 and fq0 denote the observation and source
areas, respectively, in the zeroth sector. Here, ms = 0 to
Ns − 1 and ns = 0 to Ns − 1. The submatrix corresponding to
the interaction between the elements of themths and nths sectors
can be expressed as follows:

[Z ](ms,ns) (22)

Therefore, (1) can be recast in this form:
Z (0,0) Z (0,1)

· · · Z (0,Ns−1)

Z (1,0) Z (1,1)
· · · Z (1,Ns−1)

...
...

. . .
...

Z (Ns−1,0) Z (Ns−1,1)
· · · Z (Ns−1,Ns−1)




{I }(0)

{I }(1)
...

{I }(Ns−1)



=


{V }

(0)

{V }
(1)

...

{V }
(Ns−1)

 (23)

Now, simplifying (21) yields the following expression:

Z (ms,ns)
pq = −jωµ0

∫
fp0

fp(r)R
ns−ms

·

[
1 +

1

k20
∇∇·

]
∫
fq0

fq(r′)G0(r,R
ns−ms

r′)dr′dr (24)

This relation demonstrates that the matrix Z (ms,ns)
pq remains

unchanged as long as the difference between ms and ns is the
same [18]. Thus, by introducing ks

.
= ns−ms and considering

the periodicity of R with a period of Ns, we can observe that

[Z ](ks) = [Z ](Ns+ks) (25)

so, for ns ≥ ms

[Z ](ms,ns) = [Z ](ks) (26)

and for ns < ms

[Z ](ms,ns) = [Z ](Ns+ks) (27)

The linear system (6) can be finally obtained from (23) by
using properties (26) and (27).

III. APPLYING THE DBOR METHOD TO INTEGRAL
EQUATIONS
To apply the DBORmethod to the integral equations, we first
need to extract the expressions related to these integral
equations regularly and then apply the method to them.
To illustrate the process of extracting these expressions,
we begin with (2). By performing mathematical operations
and simplifications, the resulting impedance matrix can be
expressed as follows [6]:

Zpq = −jωµ0

∫
fp

∫
fq
fp(r) · fq(r′)G0(r, r′)dr′dr

+
jωµ0

k20

∫
fp

∇ · fp(r)
∫
fq

∇
′
· fq(r′)G0(r, r′)dr′dr

(28)

For simplicity and to avoid repetition, the expressions
Av(fp, fq) and Bv(fp, fq) are defined as follows:

Av(fp, fq) = jω
∫
fp

∫
fq
fp(r) · fq(r′)Gv(r, r′)dr′dr (29)

Bv(fp, fq) = jω
∫
fp

∇ · fp(r)
∫
fq

∇
′
· fq(r′)Gv(r, r′)dr′dr

(30)

In this relation, v is the index related to the environment,
which is considered zero for free space. Therefore, the
relationship between the elements of the impedance matrix
can be written in the following simplified form:

Zpq = µ0

[
−A0(fp, fq) +

1

k20
B0(fp, fq)

]
(31)

Hence, according to the PMCHW formulation, it can be
shown that the following relations are used to create the
impedance matrix of a dielectric structure or a structure
containing dielectric and PEC.

Z
EJq
fp =

∑
v

µv

[
−Av(fp, fq) +

1
k2v
Bv(fp, fq)

]
(32)

Z
EMq
fp =

∑
v

Cv(fp, fq) (33)

Also using duality

Z
HJq
fp = −Z

EMq
fp (34)

Z
HMq
fp =

ϵv

µv
Z
EJq
fp (35)

In these relations, Z
EJq
fp represents an element of the

impedance matrix where the current related to the source
area fq creates an electric field E on the observation area fp.
There are similar interpretations for the terms Z

EMq
fp , Z

HJq
fp ,

and Z
HMq
fp .

Also, according to (33), the expressionCv(fp, fq) is as follows:

Cv(fp, fq) =
1
4π

∫
fp
fp(r) ·

∫
fq

[
(r − r′) × fq(r′)

][
1

+ jk0
∣∣r − r′

∣∣ ]e−jk0|r−r′|

|r − r′|
3 dr′dr (36)

Now, if the RWG basis functions are used for fp(r) and
fq(r ′), the expressions Av(fp, fq), Bv(fp, fq) and Cv(fp, fq) can
be written as follows:

Av(fp, fq) = jω
lplq

4A±
p A

±
q

∫
T±
p

ρ±
p (r)

·

∫
T±
q

ρ±
q (r

′)G±
v (r, r

′)dr′dr (37)

Bv(fp, fq) = jω
lplq
A±
p A

±
q

∫
T±
p

∫
T±
q

G±
v (r, r

′)dr′dr (38)

VOLUME 11, 2023 143735



H. Mohammadzadeh et al.: Scattered Field Calculation From Microstrip Arrays Using the Combination of DBOR and DDM

Cv(fp, fq) =
lplq

16πA±
p A

±
q

∫
T±
p

ρ±
p (r) ·

∫
T±
q

[
(r − r′) × ρ±

q (r
′)
]

×
[
1 + jk0

∣∣r − r′
∣∣ ]e−jk0|r−r′|

|r − r′|
3 dr′dr (39)

where T±
p and T±

q are the RWG triangle pairs corresponding
to the observation and source edges, respectively, and located
in one sector or two sectors. Additionally, lp represents the
length of the common edge between the RWG triangle pairs
T±
p , Ap signifies the area of the triangle Tp, and ρ±

p (r) is a
position vector, which is described in [29]. Finally, the DBOR
method is applied to the solution of the integral equation by
using properties (18) to (20), as follows:

A(ms,ns)pq,v = jω
lplq

4A±
p A

±
q

∫
T±

p0

∫
T±

q0

[
R
ms

ρ±
p (r)

]
·
[
R
ns

ρ±
q (r

′)
]

× G±±
v

(
R
ms
r,R

ns
r′

)
dr′dr

= jω
lplq

4A±
p A

±
q

∫
T±
p

∫
T±
q

ρ±
p (r) ·

[
R
ks

ρ±
q (r

′)
]

× G±±
v

(
r,R

ks
r′

)
dr′dr (40)

B(ms,ns)pq,v = jω
lplq

4A±
p A

±
q

∫
T±

p0

∫
T±

q0

G±±
v

(
R

ms
r,R

ns
r′

)
dr′dr

= jω
lplq

4A±
p A

±
q

∫
T±

p0

∫
T±

q0

G±±
v

(
r,R

ks
r′

)
dr′dr

(41)

C (ms,ns)
mn,v =

lmln
16πA±

mA
±
n

∫
T±

m0

∫
T±

n0

[
R
ms

ρ±
m(r)

]
·

[ (
R
ms
r − R

ns
r′

)
×

(
R
ms

ρ±
n (r

′)
) ]

×
[
1+jk0

∣∣∣R ms
r−R

ns
r′

∣∣∣ ]e−jk0
∣∣∣R ms

r−R
ns
r′

∣∣∣∣∣∣R ms
r−R
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r′
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n

∫
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∫
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ρ±
m(r) ·
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)

× ρ±
n (r

′)
] [

1+jk0

∣∣∣∣r−R ks
r′

∣∣∣∣] e
−jk0

∣∣∣∣r−R ks
r′

∣∣∣∣∣∣∣∣r−R ks
r′

∣∣∣∣3
dr′dr

(42)

IV. COMBINING THE DBOR AND DDM METHODS
Because few microstrip arrays have discrete rotational
symmetry and most of them do not have this symmetry, the
applicability of the DBOR method needs to be expanded.
The analysis of such structures can be divided into two parts
using the DDM to address this. The microstrip lines and
their associated patches occupy a significantly smaller area
in these structures than the dielectric substrate and ground
plane. Consequently, the traditional MoM can be employed
to analyze the microstrip lines and patches, while the DBOR
method is utilized to analyze the ground plane and dielectric

FIGURE 2. Schematic representation of the use of DDM in the separation
of symmetric and asymmetric parts of a microstrip antenna.

substrate. Combining these two methods using the DDM
technique can obtain the desired solution. As depicted in
Fig. 2, we can apply the DDM technique to investigate the
problem of a microstrip array. The figure illustrates two
distinct structures. The structure on the left comprises the
ground and substrate, and only one sector is analyzed using
the DBOR method due to its symmetry. On the other hand,
the structure on the right pertains to patches and feed lines,
which is analyzed using the traditional MoM.

Based on Fig. 2, we assume that the unknown currents
in the symmetrical part are Jd and Md , while the unknown
current in the asymmetrical part is Jm. To solve this problem
using the traditional MoM, the following matrix equation is
formed: 

ZEJdd ZEMd
d ZEJmd

ZHJdd ZHMd
d ZHJmd

ZEJdm ZEMd
m ZEJmm


 Jd
Md
Jm

 =

VE
d

VH
d

VE
m

 (43)

where VE/H
fp is a component of the excitation vector that

shows the effect of Electric/Magnetic field incident on the
fp area. The unknown currents in both parts are determined
upon solving this matrix equation. However, to address this
problem using a combination of the traditional MoM and
DBOR, the following equations can be derived from (43) for
symmetric and asymmetric parts.

Zdd {Id } + ZdmJm = {Vd } (44)

Zmd {Id } + ZEJmm Jm = VE
m (45)

where

Zdd =

ZEJdd ZEMd
d

ZHJdd ZHMd
d

 (46)

Zdm =

[
ZEJmd ZHJmd

]T
(47)

Zmd =

[
ZEJdm ZEMd

m

]
(48)
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{Id } =
[
Jd Md

]T (49)

{Vd } =
[
VE
d VH

d

]T (50)

Based on (44) and (45), it is evident that the symmetric and
asymmetric parts of the structure are coupled to each other.
Consequently, to address this issue, we derive the unknown
current {Id } from (44) and incorporate it in (45) as follows:

{Id } = Z−1
dd {Vd } − Z−1

dd ZdmJm (51)

Jm =

[
ZEJmm − ZmdZ

−1
dd Zdm

]−1 {
VE
m − ZmdZ

−1
dd {Vd }

}
(52)

While (52) can be readily solved through traditional matrix
equation-solving techniques; we opt to utilize the DBOR
method to leverage the symmetry property associated with
the symmetric part. As such, certain parts of this equation are
solved using the DBOR method. Consequently, we consider
the following intermediate equations:

{Jd } = Z−1
dd {Vd } (53)

A = Z−1
dd Zdm (54)

Given that Zdd is a block circulant matrix, (53) and (54) can be
solved by section II-C using the DBOR method. To facilitate
this, we restructure these equations as follows:

Zdd {Jd } = {Vd } (55)

ZddA = Zdm (56)

By employing the DBOR method to solve (55) and (56)
and subsequently determining {Jd } and A, we can derive the
response associated with the unknown current in the asym-
metric part using (52). On the other hand, by determining
Jm, the unknown current in the symmetrical part is obtained
by (51), and the problem is completely solved.
Notably, in (56), A and Zdm are matrices. Therefore,

to effectively solve this equation, wemust consider the matrix
Zdd in conjunction with the columns of A and Zdm. For
instance, let’s assume that the matrices A and Zdm take the
following form:

A =

[
{a0}, {a1}, · · · , {ai}, · · · , {aM−1}

]
(57)

Zdm =

[
{z0}, {z1}, · · · , {zi}, · · · , {zM−1}

]
(58)

where {ai} and {zi} represent the vectors of the ith column
of matrices A and Zdm, respectively; also, M represents the
number of unknowns in the asymmetric part. Consequently,
to effectively solve (56), it becomes necessary to solve the
following M equations utilizing the DBOR method.

Zdd {ai} = {zi}; i = 0, 1, · · · ,M − 1 (59)

The approach to solving each of these equations is similar
to that of solving (55). However, since the coefficients
matrix Zdd remains consistent across all these equations, the
computational effort required for solving (56) exceeds that
of (55) solely in M operations for matrix multiplication,

FIGURE 3. Implementation of the DDM for scattering analysis of a
microstrip array.

DFT, and Inverse DFT (IDFT). Consequently, the problem
is resolved with remarkable speed.

As evident from (52), it comprises two distinct sentences.
The first sentence solely incorporates the impedance matrix
of both symmetric and asymmetric parts and their interaction
impedance matrix. In contrast, the subsequent sentence relies
on the excitation vectors VE

m and {Vd }. Consequently, the
first sentence exclusively depends on the structure and
remains invariant across all radiation and scattering angles.
Furthermore, given the larger area of the symmetric part
compared to the asymmetric part, applying the proposed
method significantly reduces the computation time and
memory requirements for problem-solving relative to the
traditional MoM. A notable advantage of this method over
iterative methods is the simultaneous and direct solution
of (44) and (45), thereby substantially accelerating the
problem-solving process.

To form the matrix equation of the original problem that
includes both symmetric and asymmetric parts and apply the
traditional MoM to it; we consider Fig. 3. The electric and
magnetic surface currents depicted in the figure are defined
as follows:

J1 =

N1∑
n=1

anfn(r) ; M1 =

N1∑
n=1

bnfn(r) (60)

J2 =

N2∑
n=1

cnfn(r)︸ ︷︷ ︸
current (I)

=

N2∑
n=1

cn (P1 + P2) (r)︸ ︷︷ ︸
current (II)

(61)

J3 =

N3∑
n=1

dnfn(r) ; J4 =

N4∑
n=1

enfn(r) ; J5 =

N5∑
n=1

hnfn(r)

(62)

In these equations, fn represents the RWG-type basis
function, while P1 and P2 denote the half-triangles of the
RWG basis function. By combining the half-triangles forms a
pair of RWG triangles. Additionally, Ni specifies the number
of triangle pairs in surfaces with index i = 1 to 5. In (61),
the current (I) corresponds to the surface current J2 in the
D1 region, while the current (II) corresponds to the surface
current J2 in the D0 region. Thus, the corresponding matrix
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equation is as follows:

ZEJ1f1
ZEM1
f1

ZEJ2f1
ZEJ3f1

ZEJ4f1
ZEJ5f1

ZHJ1f1
ZHM1
f1

ZHJ2f1
ZHJ3f1

ZHJ4f1
ZHJ5f1

ZEJ1f2
ZEM1
f2

ZEJ2f2
ZEJ3f2

ZEJ4f2
ZEJ5f2

ZEJ1f3
ZEM1
f3

ZEJ2f3
ZEJ3f3

[
0
] [

0
]

ZEJ1f4
ZEM1
f4

ZEJ2f4

[
0
]
ZEJ4f4

ZEJ5f4

ZEJ1f5
ZEM1
f5

ZEJ2f5

[
0
]
ZEJ4f5

ZEJ5f5




J1
M1
J2
J3
J4
J5

 =



VE
1

VH
1

VE
2
0
VE
4

VE
5



(63)

Referring to Fig. 3 and (63), the combinedmethod has divided
the problem-solving process into two parts. One part is related
to patches and feeding lines, while the other is related to the
ground and the dielectric substrate.

Equation (63), derived through the application of the
traditional MoM, can be solved using standard matrix
equation-solving techniques, yielding solutions that represent
surface currents. However, to employ the DDM in addressing
this problem, (63) can be viewed as corresponding to (43) and
solved accordingly. As a result, we modify (44) and (45) to
suit this problem as follows:

Zdd {Id } + ZdmJ5 = {Vd } (64)

Zmd {Id } + ZEJ5f5
J5 = VE

5 (65)

where

Zdd =



ZEJ1f1
ZEM1
f1

ZEJ2f1
ZEJ3f1

ZEJ4f1

ZHJ1f1
ZHM1
f1

ZHJ2f1
ZHJ3f1

ZHJ4f1

ZEJ1f2
ZEM1
f2

ZEJ2f2
ZEJ3f2

ZEJ4f2

ZEJ1f3
ZEM1
f3

ZEJ2f3
ZEJ3f3

[
0
]

ZEJ1f4
ZEM1
f4

ZEJ2f4

[
0
]
ZEJ4f4


(66)

Zdm =

[
ZEJ5f1

,ZHJ5f1
,ZEJ5f2

,
[
0
]
,ZEJ5f4

]T
(67)

Zmd =

[
ZEJ1f5

,ZEM1
f5

,ZEJ2f5
,
[
0
]
,ZEJ4f5

]
(68)

{Id } = [J1,M1, J2, J3, J4]T (69)

{Vd } =

[
VE
1 ,VH

1 ,VE
2 , 0,VE

4

]T
(70)

Now, we can consider (64) and (65) as corresponding to (44)
and (45), and solve them as we did previously. Therefore,
wemodify (51) and (52) according to this problem as follows:

{Id } = Z−1
dd {Vd } − Z−1

dd ZdmJ5 (71)

J5 =

[
ZEJ5f5

− ZmdZ
−1
dd Zdm

]−1 {
VE
5 − ZmdZ

−1
dd {Vd }

}
(72)

By solving these equations like before, we obtain the
unknown currents in both the symmetrical and asymmetrical
parts, thereby completely solving the problem.

V. SIMULATION RESULTS
In the previous sections, we explained how to analyze the
scattering from objects with discrete axial symmetry using
the DBOR and DDM methods. In this section, we explore
specific examples of microstrip arrays with discrete axial
symmetry characteristics. To validate the precision and
accuracy of the results obtained through our proposed
method, we compare them with those obtained from the
numerical method of FEKO software.

Additionally, we compare the DBOR and the combined
DBOR+DDM methods with a traditional MoM to assess
their speed and memory requirements for analyzing a
microstrip array. Throughout this comparison, we keep the
effective parameters consistent, including the programmer,
software, programming language, hardware used, and the
manner and mesh size of the structure. Therefore, the DBOR
and the combined DBOR+DDM methods only affect the
calculation time and the required memory.

In the following sections, firstly, we examine the asymp-
totic method for analyzing wave scattering from microstrip
arrays. This study highlights the limitations of the asymptotic
method when analyzing structures that include dielectric
materials.

Finally, we investigate wave scattering from various
antennas and microstrip absorbers.

A. ASYMPTOTIC METHODS IN SCATTERING ANALYSIS OF
MICROSTRIP ARRAYS
Asymptotic and numerical methods are employed to calculate
the scattered field of a structure. Asymptotic methods are
widely used under the following conditions [1], [2], [3], [4],
[5], [6]:

• Objects with dimensions larger than the wavelength.
• PEC objects.
• The main lobe of the scattering field.

To investigate this matter, we analyze the array antenna
depicted in Fig. 4 using the asymptotic and theMoMmethods
available in the CST commercial software. However, it should
be noted that the asymptotic method in the CST software
cannot analyze lossy dielectrics. Consequently, it becomes
necessary to analyze the scattered field of the array antenna
shown in Fig. 4 for two scenarios. One with a lossy substrate
and the other with a loss-free substrate, using the MoM.
The dielectric material employed in the substrate possesses
a loss tangent of 0.025. By subjecting this antenna to analysis
using both the asymptotic and moment methods, we obtain
the graphs presented in Figs. 5 and 6. As depicted in the
figures, the scattering field obtained through the asymptotic
method differs from the result obtained through the MoM for
all angles to be examined. Consequently, it is not appropriate
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FIGURE 4. A square microstrip array antenna with 140mm length, 2.4mm
height, 36.19mm patch length, 27.88mm patch width, FR4 dielectric
substrate with ϵr = 4.7 and loss tangent of 0.025.

FIGURE 5. Comparison of the scattered fields from square array antenna
at 2.4GHz frequency, using the MoM and asymptotic methods for V-Pole
by the CST commercial software.

FIGURE 6. Comparison of the scattered fields from square array antenna
at 2.4GHz frequency, using the MoM and asymptotic methods for H-Pole
by the CST commercial software.

to use asymptotic methods in structures containing dielectric
whose thickness is comparable to wave penetration depth.

B. THE DBOR METHOD IN SCATTERING ANALYSIS OF
MICROSTRIP ARRAYS
This section considers three examples to demonstrate the
effectiveness of the DBORmethod in analyzing the scattering
of structures with DBOR symmetry. In all the following
examples, an FR4 dielectric substrate with ϵr = 4.7 and a
loss tangent of 0.025 is utilized. Also, we utilize three colors
for each structure’s parts. Blue, green, and red represent the
ground plane, substrate, and patches, respectively.

For the first example, we consider a quarter of the
microstrip antenna, as shown in Fig. 7. These antennas are
widely used to produce circularly polarized electromagnetic

FIGURE 7. A quarter of the meshed square microstrip array antenna with
70mm length, 2.4mm thickness, 36.19mm patch length, 27.88mm patch
width, FR4 dielectric substrate with ϵr = 4.7 and loss tangent of 0.025.
(a) without continuity of boundary meshes. (b) with the continuity of the
boundary meshes.

waves [30]. Based on the figure, the antenna under con-
sideration exhibits DBOR symmetry, making it suitable for
analysis using the DBOR method. The complete antenna has
dimensions of 140mm in length and width, with a substrate
thickness of 2.4mm.

Since the basis functions used in solving this problem are
of the RWG type, the unknown currents are assigned to the
common edges of triangle pairs. Therefore, it is necessary
to consider all the edges shared between two triangles in the
complete structure of the microstrip array to form a triangle
pair as common edges in the DBOR method and include
them in the calculations. However, as shown in Fig. 7a, the
edges located on the y-axes are considered as the boundary
edges of the triangles and are not included in the calculations.
It is necessary to rotate the boundary triangles located on the
x-axes by an angle of 90 degrees counterclockwise and place
them on the y-axes [15] to compensate for this deficiency.
By doing this and somemodifications, the boundary triangles
on the y-axes are treated as triangle pairs, and their edges are
considered as common edges of a triangle pair and included
in the calculations. This process is illustrated in Fig. 7b. So,
the microstrip array shown in Fig. 7b can be analyzed using
the DBOR method to determine the scattered fields.

To analyze this antenna, we first obtain its scattered field
using the DBOR method and then compare it with the
results obtained from FEKO software and the traditional
MoM regarding accuracy, speed, and required memory,
respectively. The Radar Cross Section (RCS) of this antenna
at a frequency of 2.4GHz, in the φ = 0 plane for V and H
polarizations, are shown in Figs. 8 and 9, respectively.

For the second example, we consider a quarter of the FSS
absorber depicted in Fig. 10. This absorber also possesses
DBOR symmetry, enabling the DBOR method for analysis.
The complete FSS has dimensions of 72mm in length and
width, with a substrate thickness of 0.75mm [31]. The RCS
of this absorber at a frequency of 10.85GHz, in the φ = 0
plane for V and H polarizations are shown in Figs. 11 and 12,
respectively.

As a third example, we examine a cylindrical microstrip
antenna array with seven symmetrical sectors, as depicted
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FIGURE 8. Comparison of the scattered field related to the DBOR
microstrip antenna array at the frequency of 2.4GHz and in φ = 0 plane
with V-Pole for the traditional MoM (Full Structure), the DBOR method,
and the obtained results from the commercial FEKO software.

FIGURE 9. Comparison of the scattered field related to the DBOR
microstrip antenna array at the frequency of 2.4GHz and in φ = 0 plane
with H-Pole for thr traditional MoM (Full Structure), the DBOR method,
and the obtained results from the commercial FEKO software.

FIGURE 10. A quarter of the meshed square FSS microstrip array with
36mm length, 0.75mm thickness, 5.6mm patch length, FR4 dielectric
substrate with ϵr = 4.7 and loss tangent of 0.025. (a) without continuity
of boundary meshes. (b) with the continuity of the boundary meshes.

FIGURE 11. Comparison of the scattered field related to the DBOR
microstrip FSS array at the frequency of 10.85GHz and in φ = 0 plane with
V-Pole for traditional MoM (Full Structure), the DBOR method, and the
obtained results from the commercial FEKO software.

in Fig. 13. These antennas are flexible and have various
applications, especially in phased array radars [32], [33]. The

FIGURE 12. Comparison of the scattered field related to the DBOR
microstrip FSS array at the frequency of 10.85GHz and in φ = 0 plane with
H-Pole for traditional MoM (Full Structure), the DBOR method, and the
obtained results from the commercial FEKO software.

FIGURE 13. A seventh of the meshed cylindrical microstrip array antenna
with 240mm height, 2.4mm thickness, 100mm radius, 40mm patch
length, FR4 dielectric substrate with ϵr = 4.7 and loss tangent of 0.025.
(a) and (c) without continuity of boundary meshes. (b) and (d) with the
continuity of the boundary meshes.

FIGURE 14. Comparison of the scattered field related to the cylindrical
microstrip array at the frequency of 2.4GHz and in φ = 0 plane with
V-Pole for traditional MoM (Full Structure), the DBOR method, and the
obtained results from the commercial FEKO software.

complete antenna has a height of 240mm, a radius of 100mm,
and a substrate thickness of 2.4mm.

The RCS of this antenna at a frequency of 2.4GHz, in the
φ = 0 plane for V and H polarizations, are shown in Figs. 14
and 15, respectively.

These figures show that the scattered field obtained using
the DBOR method has excellent agreement with the results
obtained from the traditional MoM and the FEKO software
moment method.
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FIGURE 15. Comparison of the scattered field related to the cylindrical
microstrip array at the frequency of 2.4GHz and in φ = 0 plane with
H-Pole for traditional MoM (Full Structure), the DBOR method, and the
obtained results from the commercial FEKO software.

FIGURE 16. A quarter of the meshed square microstrip array antenna
with 80mm length, 1.575mm thickness, 37.5mm patch length, 29.06mm
patch width, FR4 dielectric substrate with ϵr = 4.7 and loss tangent of
0.025. (a) without continuity of boundary meshes. (b) with the continuity
of the boundary meshes.

To assess and compare the speed andmemory requirements
of the proposed method against the traditional MoM, the
calculation time and necessary memory for each of these
two methods are provided in Table 1 for all the examples.
According to the table, the proposed method significantly
improves required memory and calculation speed compared
to the traditional MoM.

As mentioned in the previous sections, in theory, the
reduction in memory requirements and calculation time of
the DBOR method compared to the traditional MoM is
proportional to N 2

s and N 3
s , respectively. However, these

ratios may not be achieved due to the need to use interface
variables in the program codes related to the DBOR method,
creating matrix Zm, and the overhead calculations that need
to be repeated several times.

C. THE DBOR+DDM METHOD IN WAVE SCATTERING
ANALYSIS OF MICROSTRIP ARRAYS
To assess the effectiveness of the combined DBOR+DDM
method for analyzing scattering in composite structures,
we investigate a specific case where one section of the
structure exhibits discrete symmetry while the other does not.
This section presents two examples for analysis.We utilize an
FR4 dielectric substrate with ϵr = 4.7 and a loss tangent of
0.025 in each example. As before, we utilize the three colors
for each structure’s parts.

FIGURE 17. Comparison of the scattered field related to the non-DBOR
microstrip antenna array at the frequency of 2.4GHz and in φ = 0 plane
with V-Pole for traditional MoM (Full Structure), the DBOR method, and
the obtained results from the commercial FEKO software.

FIGURE 18. Comparison of the scattered field related to the non-DBOR
microstrip antenna array at the frequency of 2.4GHz and in φ = 0 plane
with H-Pole for traditional MoM (Full Structure), the DBOR method, and
the obtained results from the commercial FEKO software.

FIGURE 19. Comparison of the scattered field related to the non-DBOR
microstrip antenna array at the frequency of 2.4GHz and in φ = 90◦ plane
with V-Pole for traditional MoM (Full Structure), the DBOR method, and
the obtained results from the commercial FEKO software.

FIGURE 20. Comparison of the scattered field related to the non-DBOR
microstrip antenna array at the frequency of 2.4GHz and in φ = 90◦ plane
with H-Pole for traditional MoM (Full Structure), the DBOR method, and
the obtained results from the commercial FEKO software.

To analyze these examples, we first employ the combined
DBOR+DDM method to obtain the scattered field. We then
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TABLE 1. A comparison of calculation time and memory requirements for the traditional mom and the DBOR method.

FIGURE 21. The meshed square FSS microstrip array with 50mm length,
0.75mm thickness, 6.67mm patch length, FR4 dielectric substrate with
ϵr = 4.7 and loss tangent of 0.025.

compare these results with those obtained from FEKO
software and the traditional MoM regarding accuracy, speed,
and required memory.

As a first example, we focus on a microstrip antenna
depicted in Fig. 16. The patches and feeding lines lack

FIGURE 22. Comparison of the scattered field related to the non-DBOR
microstrip FSS array at the frequency of 9.85GHz and in φ = 0 plane with
V-Pole for traditional MoM (Full Structure), the DBOR method, and the
obtained results from the commercial FEKO software.

discrete rotational symmetry, while the dielectric substrate
and ground plane possess such properties. Consequently,
we analyze the patches and feeding lines using the traditional
MoM, and the dielectric substrate and ground plane using the
DBOR method. Finally, we combine both results using the
DDM technique. This linearly polarized antenna operates at
a central frequency of 2.4 GHz, with dimensions of 160mm
in length and width, and 1.6mm in thickness. The RCS of
this antenna at a frequency of 2.4GHz, in the φ = 0 and
φ = 90 planes for V and H polarizations, are shown in
Figs. 17 to 20.

For the second example, we consider an asymmetric
FSS absorber as depicted in Fig. 21. The absorber lacks
DBOR symmetry, making it suitable for analysis using
the combined DBOR+DDM method. The absorber has
dimensions of 50mm in length and width, with a substrate
thickness of 0.75mm [34]. The RCS of this absorber at a
frequency of 9.85GHz, in the φ = 0 and φ = 90 planes for
V and H polarizations, are shown in Figs. 22 to 25.

The results obtained by the DBOR+DDM method are
consistent with those obtained by both the traditional MoM
and the FEKO software MoM, as evident in the figures.
Additionally, we compare the speed and required memory
of the proposed method with the traditional MoM. Table 2
presents the calculation time and required memory for both
methods across all examples. The table demonstrates that
the proposed method significantly improves the required
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TABLE 2. A comparison of calculation time and memory requirements for the traditional mom and the DBOR+DDM method.

FIGURE 23. Comparison of the scattered field related to the non-DBOR
microstrip FSS array at the frequency of 9.85GHz and in φ = 0 plane with
H-Pole for traditional MoM (Full Structure), the DBOR method, and the
obtained results from the commercial FEKO software.

FIGURE 24. Comparison of the scattered field related to the non-DBOR
microstrip FSS array at the frequency of 9.85GHz and in φ = 90◦ plane
with V-Pole for traditional MoM (Full Structure), the DBOR method, and
the obtained results from the commercial FEKO software.

FIGURE 25. Comparison of the scattered field related to the non-DBOR
microstrip FSS array at the frequency of 9.85GHz and in φ = 90◦ plane
with H-Pole for traditional MoM (Full Structure), the DBOR method, and
the obtained results from the commercial FEKO software.

memory and calculation speed compared to the traditional
MoM.

Based on the two presented tables, it is evident that the
necessary memory and calculation speed have significantly
improved for all examples. However, further enhancements
are contingent upon the choice of programming language and
the approach taken in writing the code.

VI. CONCLUSION
This paper analyzed the scattered fields from various flat
and cylindrical microstrip arrays using the DBOR and
the DBOR+DDM methods. The simulated arrays exhibit
discrete rotational symmetry throughout the entire structure
or a portion of it. In cases where the structure lacks complete
symmetry, we employed the DDM method to integrate
symmetric and asymmetric parts. These microstrip arrays
include antenna arrays, FSS absorbers, and similar structures.

The proposed method offers a distinct advantage over
the traditional MoM by significantly reducing calculation
time and memory requirements by factors of Ns3 and Ns2,
respectively. However, it is essential to acknowledge that
achieving these ratios is unattainable due to the inherent
overhead calculations associated with implementing the pro-
posed method. Nevertheless, the proposed method effectively
minimizes calculation time and memory demands compared
to the traditional MoM. Further enhancements depend on the
choice of programming language and the approach taken in
writing the code.

In future investigations, we will employ the proposed
method to determine the radiation pattern and reflection
coefficient S11 in the microstrip array antennas.
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