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ABSTRACT This research paper has developed a way of roughness of fuzzy substructures by using soft
relations for developing rough fuzzy substructures in Quantale module. Thus, an innovative concept of
fuzzy substructures of Quantale module under rough environment by soft relations, is presented. The lower
and upper approximations of fuzzy subsets of quantale module are defined by aftersets and foresets. This
relationship leads to various characterizations of the rough fuzzy substructures of quantale modules. Besides
of more comprehensive results, soft compatible and soft complete relations are required with foresets and
aftersets. Soft relations are further being used to determine upper (lower) approximation of fuzzy subsets of
quantale module using foreset and afterset. Moreover, several characterizations of rough fuzzy substructures
of quantale module are investigated. Furthermore, the algebraic relations of upper (lower) approximations
of fuzzy quantale submodule and fuzzy quantale submodule ideals are studied with the help of soft relations
under weak quantale module homomorphism. To illustrate that the suggested approach is superior to the
given methods, examples are provided. At last, we describe decision-making methods by using rough fuzzy
substructures of Quantale module under soft relations to deal with uncertainties in the real-world problems.
To demonstrate the validity, applicability, and efficacy of the suggested method, a detailed example of the
decision-making process is provided.

INDEX TERMS Quantale module and its substructures, rough sets, soft sets and fuzzy sets.

I. INTRODUCTION

In 1993, Abramsky and Vickers [1] proposed the Quan-
tale module concept. Quantale modules drew the attention
of many scientists and researchers. The idea of a module
over a ring served as the idea for the quantale module [2].
It substitutes quantales for rings and complete latices for
abelian groups. The quantale module was initially introduced
by Abramsky and Vickers’ for unified treatment of process
semantics [1]. Rosenthal [3] shows that modules over a com-
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mutative unital quantaleas provides a class of full linear logic
models.

The rough set is a formal approximation of a crisp set
in terms of a pair of crisp sets that provide the lower and
upper approximations of the original set, as first proposed
by Pawlak [4] in 1982. In recent years, roughness has been
applied to a variety of algebraic structures. Ali et al. [5]
proposed roughness in hemirings in terms of the Pawlak
approximation space and generalized approximation space.
Quantales were considered universal sets by Yang and Xu [6]
and the concepts of rough (prime, semi-prime, primary) ide-
als and prime radicals of upper rough ideals of quantales were
introduced.
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Qurashi and Shabir [7] introduced the concept of rough-
ness in the Q-module. Some extension of rough set model was
presented by Zhang et al. [8]. The relation among topological
spaces and hyperrings with rough sets was studied by Abug-
hazalah et al. [9]. Yaqoob and Tang [10] rough set theory to
investigate quasi and inner hyperfilters in ordered LA-semi
hypergroups.

Molodtsov [11] presented soft set theory in 1999 as to
generalize fuzzy set theory to deal with uncertainty in a
parametric way. Soft set can be used as a parametrized family
of subsets of a crisp universal set. Numerous authors used
soft set theory to study various algebraic structures. Matrices
in soft set theory and their applications in decision making
problems were presented by Basu et al. [12].

Soft intersection semigroups, soft intersection ideals and
bi-ideals of semigroup was presented by Sezer et al. [13].
The concepts of generalized finite soft equality, generalized
finite soft union and generalized finite soft intersection of two
soft sets were introduced by Abbas et al. [14]. Approximation
of ideals in semigroups by soft relations were proposed by
Kanwal and Shabir [15].

An application of soft vector spaces was discussed by
Ali et al. [16]. The concept of generalized approximation of
substructures in quantales by soft relations was introduced by
Kanwal et al. [17] which is an extended notion of a rough
quantale and a soft quantale. A Multi-attribute decision-
making method in terms of complex g-rung orthopair via
Einstein geometric aggregation operators were studied by
Wau et.al. [18].

Zadeh [19] first proposed the fuzzy set notion in 1965.
Since then researchers have applied this key set in a variety of
fields. Qurashi and Shabir [20] presented generalized fuzzy
substructure in quantale. Yaqoob et al. [21] presented gen-
eralized fuzzy hyperideals, generalized fuzzy bi-hyperideals
and generalized fuzzy normal bi-hyperideals in ordered LA-
semi hypergroups using the concept of generalized fuzzy
sets. Soft binary relations were used by Bilal and Shabir [22]
to approximate pythagorean fuzzy sets over dual universes.
Recently, Fuzzy convexities were investigated via overlap
functions by Pang [23]. Important Hamacher aggregation
operators dependent on the interval-valued intuitionistic
fuzzy numbers related to decision making was proposed
by Liu [24].

Fuzzy formal contexts and fuzzy relations between objects
of different types in the form of fuzzy relational con-
text families were investigated by Boffa [25]. Qurashi and
Shabir ( [26], [27]) studied the roughness of fuzzy sub-
structures in quantales w.r.t generalized approximation space
in the form of (e, € \/¢) and (€,, €, \/gs). Hus-
sain et al. [28] presented the notion of rough pythagorean
fuzzy ideals in semigroups. Malik and Shabir [29] pro-
posed the notion of rough fuzzy bipolar soft sets and its
use in decision-making problems. Rough approximation of
a fuzzy set in semigroups based on soft relations was
presented by Kanwal and Shabir [30]. Different charac-
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terizations of important residual Implications in terms of
Copulas were presented by Ji and Xie [31]. While Fuzzy
Quasi-Normed spaces utilized to express open mapping and
closed graph theorems were studied by Wu and Li [32].
Cubic Bipolar Fuzzy-VIKOR Method dependent on entropy
measures was proposed by Riaz et al. [33]. The character
and applications of aggregating intuitionistic uncertain lin-
guistic variables to group decision making were proposed by
Liu and Jin [34].

Zhan et al. [35] investigated the relationships among rough
sets, soft sets and hemirings. He introduced the concept of
soft rough hemirings, which is an extension of the rough
hemiring notion. Several soft rough set results and topological
structure of soft rough sets were presented by Riaz et al. [36].
Multigranulation roughness of intuitionistic fuzzy sets using
soft relations and their applications in decision making were
suggested by Anwar et al. [37]. Hussain et al. [38] studied
pythagorean fuzzy soft rough sets and their applications in
decision-making. Bera and Roy [39] developed a relation
between rough soft set and fuzzy set and introduced fuzzy
rough soft set. Shabir et al. [40] presented multigranulation
roughness based on soft relations.

The term “‘soft relationship” was first used by Feng et
al. [41]. Considering that soft relations were employed to
more effectively that minimize some types of information was
extended by Shabir et al. [42]. Additionally, decision-making
methods including soft relations were connected to algebraic
structures and gave rise to fascinating new study areas ( [43],
[44], [45], [46]).

Fuzzy logic was introduced by Zadehas a mechanism for
computing with words, fuzzy logic has seen widespread use.
This artificial intelligence method is perfect for effectively
tackling the ambiguity, imprecision, and uncertainty present
in a wide range of scientific and technological domains.
Software systems employ it to make decisions, detect prob-
lems, provide recommendations, and more automatically.
Computer network security system is important in different
software houses and industries. Azam et al. [47] presented
such type of selection dependent on complex intuitionistic
fuzzy setting. Hybridization of fuzzy sets in terms of complex
interval-valued intuitionistic fuzzy decision making problems
including COVID-19 healthcare facilities was introduced
by Khan et al. [48]. Different decision making techniques
of physical and natural phenomena inclusive of orthopair
fuzzy TOPSIS methods with incomplete weight and complex
hesitant fuzzy sets with priority degrees and distance were
explored by Khan et al. ( [49], [50]). Aggregation opera-
tors fermatean fuzzy power Bonferroni in decision making
were proposed by Ruan et al. [51]. Decision making pro-
cess under linguistic g-rung orthopair fuzzy Einstein models
and orthopair fuzzy membership grades were presented by
Akram et al. [52] and Feng et al. [53]. Some algorithm with
trapezoidal picture fuzzy numbers was studied by Akram
et al. [54]. TOPSIS model with complex spherical fuzzy
information was proposed by Akram et al. [55].
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A. COMPARITIVE STUDY AND DISCUSSION
In this study, we have made a comparison between the sug-
gested study and earlier research. First of all we will present
a definition which was presented by Shabir and Kanwal [42].
The definition is as follows

Assume V is the subset of E (S.P) and (JI, V) be a SBIR
from My to My ie, 1 : V — PM; x M,) .Thus, the
LOgp (ﬂM, V) and UP,, (ﬁM, V) w.r.t the afterset of soft
set (M, V) over M, are essentially two soft sets over M are
defined as

J_]M(v) = {y1eM; : B#yI(»S M(v)} and
W) = (neMr : yImNME) #0} .

For foresets the definition is as follows

N0 = {y2eMa : BEN)RENW)}  and
NTAW) = {12€Ma 1 1)y N)#D) ¥ veV .

In fact, in the above definition, equivalence class under
equivalence relation (congruence) is no needed while in the
following [5], [6], and [7], congruence relations are required.
Fuzzification of the above definition was defined in [30] and
equivalence (congruence) is not required in this definition.
It is nothing but the generalization of the definition proposed
by Dubois and Prade [57]. Now we will present comparative
discussion in the form of a Table as follows.

B. DEFICIT AND RESEARCH GAP IN EXISTING LITERATURE
The literature mentioned above highlights the various con-
tributions made by researchers in the fields of fuzzy sets,
rough sets, and soft sets theories. The ideas of roughness
of crisp sets, rough fuzzy sets, and rough soft sets have
been applied to many algebraic structures, and they play
a significant role in decision-making processes. Roughness
dependent on set-valued homomorphism in quantale module
was presented by Qurashi and Shabir [7]. However there
are many open questions and problems which should be
answered and addressed.

1. In the quantale module, approximation was performed
using set-valued mapping and congruence relations. There
was no mention of the decision-making process in these kinds
of approximations. So it was necessary to make decision
process in a new type of approximation in quantale module.

2. Numerous contributions to classical quantale module
theory are known yet, its generalization is not discussed
much. There is no discussion of fuzzy substructures or how
to approximate them using set-valued homomorphism and
congruence in quantale module.

3. Literature already in existence studies various crisp
and soft substructures under rough environment of quantale
modules via soft relations ( [43], [44]). Moreover, such type
of roughness via soft relations has also been discussed in
different structures like semigroups and quantale ( [15], [17]).
Given that quantale modules’ fuzzy substructures are a gener-
alization of their substructures, it is necessary to comprehend
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TABLE 1. Comparison Table.

IS\IYO Previous Models Proposed Models

1. | Approximations of fuzzy | Such type of
sets and their fuzzy | approximations is not
algebraic structures by | applied in fuzzy

soft  relations  were
proposed by Kanwal and

substructures in quantale
module. This is first time
Shabir in their core paper | that the authors have used
and further the proposed | to find out different
study was being applied | characterizations of fuzzy
to  semigroups and | soft  substructures in
quantales [30], [58]. quantale module by soft
relations in this paper.

In the proposed model,
neither we are need

2. | Sometimes it seems
difficult to find an

equivalence  relations | equivalence relation nor a
and congruence | congruence. We have
relations. These | much relax condition in
problems has been seen | this case. Moreover, such
while evaluating | type of approximation is

roughness in algebraic
structure [5], [6], [7].

3. | Qurashi et al.,[57],
Kanwal, and Shabir [30]

being applied first time in
quantale module.

In this paper, authors used
soft compatible relations

conducted studies on | by using congruence in
rough  approximations | quantale modules. Then
based on fuzzy | these are applied to fuzzy

subsets of them to find
rough approximations.
The idea is unique and
applied for the first time.

substructures in quantale
and semigroups along
soft  relations  with
respect to aftersets and
foresets.

how these fuzzy substructures are characterized with respect
to soft relations.

4. Roughness of fuzzy sets in semigroups by soft relations
was applied by Kanwal and Shabir [30]. Naturally, one would
wonder how soft relations will handle the roughness of fuzzy
substructures in quantale module. This is a reasonable con-
cern to pose.

5. Some fundamental and important theorems of quantale
module homomorphism and soft quantale module homo-
morphism were discussed in ( [43], [44]). Consequently,
a discussion of these important theorems in the context of
quantale module homomorphism via fuzzy sets is imperative.

The final objective of this study is to close the knowledge
gap in the body of current literature and tackle the aforemen-
tioned remaining issues.

C. MERITS AND LIMITATIONS OF THE PROPOSED MODEL
Intuitionistic fuzzy substructures in quantale modules can
benefit from the results demonstrated in this study. Multi-
granulation roughness of Intuitionistic fuzzy based on soft
relations was presented by Anwar et al. [37], As intuitionistic
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fuzzy substructures in quantale module are easily defined
from fuzzy substructures in quantale modules so present
study can apply to find rough intuitionistic fuzzy substruc-
tures in quantale module by soft relations. It is noted that
roughness in Pythagorean fuzzy sets defined by soft rela-
tions was suggested by Bilal and Shabir [22], so such kind
of Pythagorean fuzzy substructures in quantale module can
be defined in quantale module by soft relations. However,
can we apply soft relations to define picture fuzzy sub-
structures, bipolar fuzzy substructures and q-rung orthopair
fuzzy substructures in quantale module under rough envi-
ronment? For these generalized structures, therefore, inde-
pendent research is advised. This represents our research’s
major limitation. Moreover, decision-making techniques are
used to define rough fuzzy structures in quantale modules
for the first time. These are the merits of the work we have
proposed.

D. MOTIVATION AND GOAL OF THE PROPOSED WORK
Although there have been numerous contributions to the
theory of quantale module, yet its generalization has not
received the appropriate attention or input. That is in the
quantale module, generalization including fuzzy and rough
fuzzy substructures received less attention. There are, as far
as we are aware, a few articles on the generalization of
quantale module. Although roughness with congruence rela-
tions and set-valued homomorphism [7] is available in the
literature yet there is no such attempt to find roughness
which is without the above techniques. More generalized
form of roughness of substructures and soft substructures
were performed in [43] and [44]. But these generalized
models in quantale modules did not contain roughness of
fuzzy substructures. Thus, this is our main motivation to
define roughness of fuzzy substructures in quantale mod-
ule by soft relations without equivalence and congruence
and we are motivated to take help from aftersets and
foresets.

The paper’s specifics are as follows. In introduction, there
are sub headings which specify our targets. The introduction
Section includes comparative study, research gaps, merits
and limitations and finally motivation of the proposed study.
Section II presents some important definitions relating to
fuzzy sets and fuzzy quantale module substructures. Further,
soft sets, soft binary relations, and rough sets are examined.
Section III describes a few characterizations of fuzzy subsets
of quantale modules with the use soft relations. Additionally,
section IV will express several rough fuzzy substructures
with respect to aftersets and foresets using soft relations.
The upper (lower) approximations of fuzzy substructures and
homomorphic images are described in Section V together
with quantale module homomorphism. The section VI helps
us to understand how rough fuzzy substructures are utilized
to have better understanding of decision making problems.
An example for better understanding is also added to under-
stand. At the last section the whole paper is captured in the
conclusion.
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TABLE 2. List of acronyms/abbreviations.

Acronyms Representation
0 Binary operation on quantale
(1) Left action on Quantale module
UPyp Upper approximation
LOyp Lower approximation
Qgy Quantale submodule
Qp Quantale submodule ideal
STBR Soft binary relation
STCR Soft compatible relation
STCMR Soft complete relation

Fogt Fuzzy subset

FSTS Fuzzy soft set
FQgy Fuzzy quantale submodule
FSTQgy Fuzzy soft quantale submodule
FQp Fuzzy quantale submodule ideal
Fuzzy soft quantale submodule
FSTQup ideal
Weak quantale module
WMH homomorphism

Il. PRELIMINARIES
In In this section, we go over some fundamental ideas about
substructures and fuzzy substructures of quantale module,
as well as the conclusions that go along with them. This will
be beneficial for our next work.
Definition 1 [56]: Let Q be a complete lattice. Define an
associative binary operation g on Q satisfying :
1) 9o (Vjes#y) = Vies (Fohy) ;
2) (Vjejg‘j) o = Vjes (g’j e /L) .
Vg, acQand {9}, {4} <Q GeJ).
Then (Q, o) is a quantale. Let F;, F1, F>CQ. Then the
following are defined;

FieFr ={fiefa : fi€ F1, f» € F2};
FivE={ivh ek, ek}

and VieFi = {Vier fi : fi € Fi}.

Throughout the paper, for quantales the symbol Q; and
@ will be used. The top element and bottom element will be
expressed by T and L respectively.

Definition 2 [1]: Let M be a sup-lattice and let Q be a
quantale. Define a left action @ : Q x M —> M. Then M is
called left Q— module over the quantale Q if it satisfies the
following conditions:

D) (Vier#) @4 = Viel (i@ %) ;

2) 2@ (Vi) = Vies (# Q%))

3) Per) @3=70Q (+Q9).
for any 2,7€Q, {#}<cQG €
{4} cMGel).
In this paper, M for left Q— module over the quantale Q
will be used. For a Q— module M, ACQ and meM we
have :

I),9€eM, and

A@m= {a@m|aecA};

VOLUME 11, 2023
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FIGURE 1. (a) Description of Q (b) Description of M.

TABLE 3. Binary operation subject to o.

6 L 38 t T
L L L L L
38 L 38 L 8
t L L t t
T L 38 t T
TABLE 4. Left action subject to Q.
(0] L Y T
L L L L
Y L Y Y
T L Y T

A©@B= {a@b|acA, beB} where BCM.
For A, B, A;ZM (i € I). We write
AVB ={aVvé | €A, 6€B}

and VierAi = {Vieri | i€Ai}.

Example 1: Let Q ={L, s, #, T} be the complete lattice as
shown in Fig. 1(a) and operation g on QQ is shown in Table 3.
Then (Q, p) is a quantale. LetM = {L, %, T} be a sup lattice.
The lattice diagram of M is given in Fig. 1(b) . Let@ : Q X
M — M be the left action on M as shown in Table 4. Then it
is easy to verify that M is Q— module

Definition 3 [1]: Let M be a Q— module. If a sub-
set M;CM satisfies the following axioms for any
weMy, {wi} €M and 1eQ.

1) Vierwi € My Vi e Mp;

2) A@uweM;V2reQ, ¥V weM,.
Then M is called Q— submodule (Qgys) of M.

Definition 4 [1]: Let I be a subset of Q— module M. Then
I is called Q— ideal (Qp) of M if the following hold :

1) A C limplies VA C I;

2) el and d=<e implies de I where deM;
3) ec I implies M@ e< I for all A €

Definition 5: If JJ is a mapping given by J1 : G —P (M)
where G C E (S.0.P), then the pair (J], G ) is called a soft
set over M.

VOLUME 11, 2023

1) (71, G) is called soft Qgp over Mif JJ(u) is a Qgps for all

ueG.

2) (J], G ) is called soft Q;p over M if JJ(u) is a Q;p for all

ueG.

Definition 6 [11]: Let J]: G —P (My x M) where G <
E (S.0.P). Then (J], (G) is called a STBR from a quantale
module My to M;.

Definition 7 [19]: A function 8 : M — [0, 1] is known
as fuzzy subset (Fy) of M. Let 8 and u be two Fyy of M.
Then 8 C w if and only if B8 (m) < u (m) for all meM.
Clearly 8 = pifand only if 8 C pwand u € B. Let 8 and
be two Fys of M. Then the union and intersection of 8 and u
are

(BUR) (m) = Max {8 (m) , u(m)}
(BNw) (m) = Min {8 (m) , u(m)}

for all meM.,
Definition 8: Let 8 be a Fy; of a quantale module M and
a € [0, 1]. Then

Ba = {meM|B (m) = a}; Bu+ = {meM B (m) > o}

are called o—cut and strong o —cut of Fy B, respectively.

Definition 9: Let QQ be a quantale and M; be Q— module
and n be Fy5; of M. Then 7 is said to be fuzzy Q— submodule,
if for any eeM; and ¢€Q, the following conditions hold:

1) n(Vierei) = Nern (e)) VeieM, Vi e I;

2) n(@@ie) = n(e).

Definition 10: A pair (J], G) is called a FSTS over U if J]
is a mapping given by JJ : G— F(U) and G is a subset of E
(the set of parameters) and F(U) is the set of all fuzzy subsets
of U.

Let M be a quantale module and (/], G) be FSTS over M.
Then

(J], G) is called a FSTQgy over Mif JJ(u) is a FQgyy of M
for all ueG with J(u)#.

(I, G)is called a FSTQ;p over M if JJ(u) is a FQp of M
for all ueG with J(u)#d.

Definition 11 [11]: Let M be a finite set ¥ be an equiva-
lence relation on it. So (M, ¢ ) is referred as an approximation
space. Let U represent a subset of M. The union of the
equivalence classes of M then may or may not be written as
U. If U can be expressed as a union of certain equivalence
classes of M, then we say that U is defined. Otherwise, it is
called not definable. The lower and higher approximations of
U are two definable subsets that can be used to approximate U
in the event that it cannot be definable. These approximations
are defined as follows :

?(U) = {meM : [m],CU }
and ¥(U) = {meM : [m],NU#}.
A rough set is a pair (W), F(W)) if (W) # I (W).
Definition 12 [57]: Dubois and Prade introduced rough

fuzzy sets and fuzzy rough sets. Let X be a non-empty finite
set called the universe set and ¥ be an equivalence relation on

145901
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X. Then (X, ¢)is called an approximation space. Let C be a
fuzzy subset of x. If x€X, then

2@ @= A, COMdIC) = Vier, € (2)

Then #(C) is called lower approximation and ¥(C)
is called upper approximation of the fuzzy subset C.
If 9(€)(x) #0(€)(x) . then B (€) = (2(E)x) .P(C)x)))

is called a rough fuzzy set w.r.t 9.

Ill. ROUGHNESS OF FUZZY SET IN QUANTALE MODULE
BY SOFT RELATIONS

This section serve as to initiate the study of the notion of
approximation of fuzzy substructures by soft relation in quan-
tale modules and establish many fundamental aspects of this
phenomena.

Definition 13 [30]: Let (J], G) be a STBR from a quantale
module M, to a quantale module My. ThatisJ] : G —P(M; x
M,). For a Fyy f of My, the UP4p(]' , G) and the LOop(JF, G)
of B w.r.t aftersets are the two fuzzy soft sets (FSTS) over M;
defined as follows;

V .
T = | e enu?© 1Hlwsd
0 if 2 llu) = b
and
A Ble) i rmw#d
'}_]ﬁ(u)()‘l) = c 6)\.]]](1,{)
0 if allu) =

For a Fyg uu of My, the UPAp(*J],G) and the LOsp(*J],G) of 11
w.r.t the foresets, are the two FSTS over M, defined as follows

V .
W) = | ¢ el M€ Tk d
0 lf -}](M))Q: (1)
and
A .
ﬂﬂ(“)(kz) = c e]](u))LzM(C)If Jwyra#d
0 if Jwro= o
for all ueG.
here A1JJ(u) = {A2 € Mz : (A1, A2) €/J(w)} is called the after-

set of A1 and JJ(w)rr, = {11 € M;
the foreset of A;.

Moreover, for each BeJ (K>) J] (u) : G— F(K;) and
TP (w): G— F (K1) and foreach ueF (K1) “J(u): G —F (Ka)
and “JJ(u): G— F (K>) .

Definition 14: A STBR (,G) from M;toM, ie.,
J: G—>P(M;xMy) is called soft compatible relation
(STCR) if forallf € Mj and g € My, {;i} €M, , {g} S M,
forj eJ and forallu € G, we have

D (j, g])eﬂ(u):(ejﬁ jes 8DENwW);
2) (f, & elw= ()»(Qlf 2028) €/1u) A~ 1€Q.

2 (A1, A2) €lJ(w)} is called

145902

Definition 15: A STCR (7], G) from M; to M, w.r.t after-
set is called soft complete relation (STCMR) if for all
v, wreM, AeQ we have :

D vV wlw) = W) J(w);

2) Mw@vJ(u) = (r@1v) J(u).

A STCR if satisfies condition (i) w.r.t the aftersets only,
then we say it is V— complete.

A STCR if satisfies condition (ii) only w.r.t the aftersets,
then we say it is @ — complete.

A STCR (J], G) from M;1oM, w.r.t foreset is called soft
complete relation (STCMR) if for all v, wweM,, LeQ we
have:

D) JepvIww = Jw) vwvaw) ;
2) Jwr@: Jwyv = J(u) (A@2v) .
Theorem 1 [30]: Let (J], G)and (R, G) be two STBR from

a non-empty set M; to M, and B, B2 be non-empty Fy of
M,. Then for all ucG, we have

) i< po= 7]”‘(u) < TJ”Z<u>;
2) pi= fo = IP @ < PGy,

3 (1 G)m(JJ ,G) 77 G,
4) (J]ﬁ' G) m(JJﬁZ,G) JJf‘I”ﬂz,G),
5) (J] .G G) = ’31”’32,@);

6 (47.G)u J_]ﬂz, G) c (2", G);

7 @GR, 6 implies (T",6) < (B,6);

8) (1.6) < (R G) implies (1", G) 2 (B".6).
Theorem 2 [30]: Let (J], G)and (R, G) be two STBR from

a non-empty set M; and M, and 1, o be non-empty Fig of
M, . Then for all ucG, we have:

D) i< 2 = Ml <2y
2) w1=< po = M1 0w) < *2J)(w);
3) (mj_]’@) N (Hz_}_],((}) ) (mﬂuzj_m;,) :
4) Emﬂ’(@) N (Mzﬂ,G) — Emﬂ mﬂ’Gg :
5) Mlﬂ,G) U (Mzﬂ,(@) D (MY sz_],G :
6) (mj_]’(g) U (sz_]’G) — (mU Mz]_]’(g) :
7) (1.G) € (R, G) implies (7.6) < (VR.G);
8) (I, SR, Gimplies (“1],G) 2 (“R,G).
Theorem 3 [30]: Let (J], G) and (B, G) be STBR from M,
to M. If B is a Fyy of M. Then

S

(@®’,c) < (1.6)n (', c);
(AR’ €) 2 (2.6) U (R ©).

Proof: The proof is simple and obtained by parts 4 and 5 of
Theorem 2.

The equality in the preceding Theorem 3 is disproved by
the example that follows.

Example 2: Assume Q; = {L,4,7} and Q, =
{L’ AT } be two complete lattices shown in Fig. 2(a)
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T 7
a 7 £
y> Pl

@ (b)

FIGURE 2. (a) Description of Q; (b) Description of Q2

TABLE 5. Left action subject to (Q;.

QA
IR Y O
SRS I
Qs S(9

TABLE 6. Left action subject to (Q,.

Q, L 7 £ T’
L L L L L
p L p # T
£ L 7 # T’
T’ L 7 £ T’

and Fig. 2(b) respectively where g, and e, on Q1 and Q; are
associative binary operations and defined as :
1) agb=a
2) ae,b = L’
By e, and e,, we have Q; and QQ; are quantales, respec-
tively and M; and M, are quantale modules by Table 5
and Table 6.
Consider G = {uj, w2} and JJ: G —P (M; x My), R:
G —> P (M| x M) be defined by:

N = | (98D, (@9, (T, #), (@7
V1@, (L, #). (d. £). (L. 5)
Raup) = [ &) @ ), (T, D, (@.£), (T, T)
V= L, 8), (L. D), (do D), (d,T)
(RN, @, k), d, 7
Ik = @Tw&mx&@]

The aftersets w.r.t J(u;) and R(uy) are as follows:

L) = {L, 7. £, T} dw) = {7, £, T}
and TJ(u) = {£}.

LR )= (L, 7, &}, dR () = (L, 7, £, T}
and TR (u)) = {7, T'}.

The aftersets w.r.t (JJNR)(u) are as follows :

LJNR) ) = {L, 4, £}, aINR @) = {7, £, T}
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and T (JNR) (u1) = f.
Define B : M, — [0, 1] by,

06 0.7 05 03

ﬂ1=?+7+7+ 7
Then B is a Fyy of M.
J_]ﬂl(ul)zoﬁi-kojj ?
Flan= 5+ 20+ 2
Wﬁl(ul)z%‘i‘odi‘i‘g

This shows that J_]ﬂl (u) N [_{ﬁl (u1) # (J]ﬂR)ﬁl (u1) .
Now, define B, : M, — [0, 1] by,

02 05 07 1

52=F+ 7 +/&+T

Then B; is a Fgy of My |

02 05 07
B2 _ -

ﬂ (uy) = o + 4 + T
02 02 05

52 = —_— _— -

E (uy) T + 2 + 7
0.2 0.5 0

B2 _

) e T B
(INR)Y" (u1) o + 7 + 7

This shows that J% (u1) URP (u1) # (JOR)™ (uy) .

Theorem 4 [30]: Let (JJ, G) and (R, G) be a STBR from a
non-empty set M; to My. If u is a Fy5 of M then,

(“@8).6) € (2.e) 0 (R.6):
(“(INR),G) 2 (*1.6) U (“R.G).

Proof: The proof is simple and obtained by parts 4 and 5
of Theorem 2.

The equality in the preceding Theorem 4 is disproved by
the example that follows.

Example 3: Examine about the quantales from Example 2.
LetG ={u;, up} andJJ : G —P (M; xMp), R : G —P(M; x
M,) be the STBR defined by :

-}](M ) _— (Lvﬁ/)r(d, 7)’ (‘Iy k)»(d,T/)
VT @ T, &, p), (dR)L(L, P
R(u ) —_ ( ’,:‘7 L/)v (d, k)’ (Tv j’), (d,L/), (‘J’v‘I/)
V= L, £), (L, 9, d D, (dT)
(L2 (@ R, (d P
(-}]mB)(LH) - (d,T’), (L,%),( L, 7,) ]

The foresets w.r.t J(#1) and R(uy) are as follows:
T L' ={L}, Ju)7={L.4},
Jupk = {L, &.T}, D) T ={L, d}.
Rwpl' = (L, a4}, Runs=1{£L,4, 7},
Rk = (L, a}, Ru) T ={a.T}.
The foresets w.r.t (JJNR)(u;) are as follows:

UNB)@nL” = (L}, UnB@7 = (L, a},
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AR = {L, a}, (INR) () T = {4} .

Define 11 : My — [0, 1] by,
_ 0.4 n 0.3 n 0.5
M1 = L d T

Then w is a Fgy of My. But,
04 04 05 04

“@W=E+7+z+_
= 04 05 04 05
B
—_— 04 04 04 0 3
HANRY ) = — —+ =

Tttty
This shows that “1JJ(u)N* R(up ) £ (j]ﬂR)(ul)
Define 1y : My — [0, 11by, uo = 5 + &0 + &
Then w is a Fg of M. But,
04 04 0 04

=TT ety

04 0 04 O

R =TT R T

04 04 04 06
AR = —

vrT TR
This shows that #2JJ(u1 )UF2R(u1) #*2 (JNR)(u1 ).

IV. ROUGH FUZZY SUBSTRUCTURES IN QUANTALE
MODULE BY SOFT RELATIONS

By using two distinct quantale modules, we are considering
STCR in the following section. The fuzzy substructures of
quantale module M, are taken and approximated by aftersets
to produce the fuzzy substructures of M;. Furthermore, the
lower and upper approximation of fuzzy substructures of M,
by foresets gives fuzzy substructures of M.

Definition 16: Let Q be a quantale and M| be Q— module
and n be Fyg of M. Then 7 is said to be fuzzy Q— submodule,
if for any eeM; and ¢€Q@Q, the followin hold :

D) n(Vierei) = Niern (ei)
2) n(@@ie) = n(e).

Definition 17: Let Q be a quantale and M| be Q— module
and 1 be Fgg of M, 1 is said to be fuzzy Q— submodule ideal,
if the following conditions hold:

1) f<e=n(e) <n(f);
2) n(eVF) =1 An@);
3) n(@@ie) = n(e) Ve, FeM;, 4eQ.

Definition 18: Let (/], G) be a STBR from M, 10 M, and B
be a non-empty Fy of My. Then B is termed as generalized
upper rough (GUR) fuzzy quantale sub-module (URF Qg7 )

of M; w.r.t aftersets if UP4p(J] , G) is aF Qgpy of M.

Definition 19: Let (/], G) be a STBR from M, 1o M, and B
be a non-empty Fs5 of My. Then 8 is termed as generalized
upper rough (GUR) fuzzy left (right) Q;p (é]uantale sub-
module ideal) of My w.r.t aftersets if UPsp(J]
left (right) Q;p of M.

Definition 20: Let (J], G) be a STBR from M; oM, and
be a non-empty Fy;; of My. Then u is termed as generalized

G) is fuzzy

145904

upper rough (GUR) fuzzy quantale sub-module (URF Qs )
of M, w.r.t foresets if UPAp(*J],G) is F Qgpr of My,

Definition 21: Let (J], G) be a STBR fromM; 1o M, and
be a non-empty of Fyy M. Then w is termed as generalized
upper rough (GUR) fuzzy left (right) Q;p (quantale sub-
module ideal) of M, w.r.t foresets if UPap(*J],G) is fuzzy left
(right) Qip of M.

Theorem 5: Let (J], G) be a STCR and 8 be a FQgy of
M,. Then B is a GUR FSTQgy; of My w.r.t aftersets.

Proof: As B is a FQgy of M. So, we have B (l.\élﬁ,-) >

,-/21,3(271‘) and 8 (G @A) > B(A)VEGcQand A, p; € M,.

Since (J], G) be a STCR so, we have ¢JJ(u)vAa(u) C
@V-A) J(u) for all ucG and ¢, AcM;.
Let 4; € M for some i € I. Then

AT @) )
=T ) AT @ k) ... T @) (ki)
_ V
- (a,lehlfl(mﬁ (“1)) (azeh JwP (“2))
Avevs A (tlieﬁij](u) /3((11))

zalezlj](u) ~aichilw) [B (a1 AB (a2) A, .., AB(ai)]
alvvazv ,,,,, vasetn Tl Al .. vl [le,ﬁ(a,)]

zviezvaie(hlvhzv ..... vAMw) [iezﬂ(ai)]

=Vielva«i€ Vier Al [i/;;ﬂ(au)]

Sviel\éievigl,ﬁi.}](”) ﬂ(i\él(avi))

ZYE Vierhillw) B©)

=] ﬂ(u)(\/ielhi)

Hence J]ﬁ(u) (Vierhi) > i/élf]ﬁ(u)(h,-) Y A; € M and for
all ueG.
As (J,G) be a STCR. So, we have 4J] (W24
Jw) <@ 1 A) ) V4€Q, #eM; and for all ueG.
Consider 4€Q, A€M, and
J] W) (m) = B(A)

B4 @A)

/Lemf]( )

- /ﬁemj]( )

Y

=@ hedemiu P @ QN
Y

= 4@ Ac@Qm))w)

_ Vv
" ce@@im)Jw) A

=T w@wim)

B @A)

Hence J] ) (@ @m) > J] ) (m) Y 3€Q,meM,. Thus,
J] (u) is a FQgys of M. Consequently 8 is a GUR FST Qs
of M; w.r.t aftersets.

Theorem 6: Let (J], G) be a STCR and u be a FQgy of
M;. Then p is a GUR FST Qg of My w.r.t foresets.
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F a
£
P
@ (b)
FIGURE 3. (a) Description of Q1 (b) Description of Q2.
TABLE 7. Left action subject to Q;.
©, L g h T
L L L L L
g L L L L
h L g h T
T L g ) T
TABLE 8. Left action subject to (0,.
(QZ L’ p/ %/ 7! T!
L’ r’ 39, 4/ 7! T!
39/ L’ p/ %/ 7! T!
%r r' {pl %/ 7! T’
7! L’ 30/ Q», 7! T!
T’ r’ z/p, %/ 7! T’

Proof: The proof is obvious.

Now we consider an Example for our better understanding
to show that converse of Theorem 5 and 6 is not true.

Example 4: Assume Q; = {L, ¢, A, T} and Q; =
(L, 7., 4, @ ,7'} be two complete lattices as shown in
Fig. 3(a) and Fig. 3(b), respectively. Then g, and e, on Q;
and QQ; are associative binary operations defined as :

1) ae,b=aAnb

2) agb=L'

Then Q) and @, are quantales by ¢, and e,, respectively
and M; and M, are quantale modules by Table 5 and Table 6.

Consider G = {u, uz} andJJ : G —> P (M; x M;) be
defined by:

(L’L(/) .6.7). (h.4). (L.7). (L.49)

Nur) = L,47), (T9), (£.7), (A, T)
(9.9).,(T.L), (n, L), @.L)
) (T.L), (¢ 7)), /. F), (T4, (h, +)
2= @), (L, ), (L,4), (L,7)

Then (/], G) is a STCR. Aftersets w.r.t J(u1) and JJuy) are as
follows :

L) ={L", 7.4, +, T}, ¢lw) ={L, ¥4},

VOLUME 11, 2023

) ={L, &, T}, THw) ={L, 7}
LINw) ={#". a4, v/}, ¢ ux) ={#'. +'}
Au) =@, '}, T (u2) = {L', #'}.
Let 8 : My — [0, 1] be defined by,
,3 — i + E + % + % + %
Ly q’ 7’ T’
Then B is not a FQgy of M, . However,

—p 11 1 1
Twy=c+o+o+3

_ 05 05 04 1
Ty =2+ 24224 -

L g AT

This shows that J_]ﬁ(ul) and J_]/3 (up) are FQgy of My but 8
is not a FQgys of Mp.

Hence B isgeneralized upper rough FSTQgy of M; w.r.t
aftersets.

Foresets w.r.t J] (1) and JJ (u2) are as follows:

Jw) L' ={L,¢, 4, T}, Jw)? ={L,9}, JuNd =
£, 2, A}, JuD@' = {L}, Ju)T ={L, 4, T}

Jupl' = (T}, Jwyp = {L,9}), Jw)d =
L, A}, Juw)@ ={L,2, 4, T}, Ju) T =1

Letu :M; — [0, 1] be defined by,

1 05 07 03

n = Z+?+I+?

Then w is not a FQgys of M. However,

W 1 1 1 1 1
ﬂ(”1)23+27+6?+47+?

This shows that #JJ(u1) and #JJ(u,) are FQgys of M but p is
not a FQgy of My.

Hence u is GUR, FSTQgys of My w.r.t foresets.

Definition 22: Let (J], G) be a STBR from M to M, and 8
be a non-empty Fy5 of Mp. Then B is termed as generalized
lower rough fuzzy quantale sub-module (LRF Qg ) of M;
w.r.t aftersets if LOAP(ﬂﬁ, G) isaF Qgpy of My.

Definition 23: Let (J], G) be a STBR from M; to M, and 8
be a non-empty Fy of My. Then B is termed as generalized
lower rough (GLR) fuzzy left (right) Q;p (quantale sub-
module ideal) of M; w.r.t aftersets if LOAp(ﬂﬂ , G) is fuzzy
left (right) Q;p of M.

Definition 24: Let (J], G) be a STBR from M, to M, and

u be a non-empty Fys of My. Then p is termed as gener-
alized lower rough (GLR) fuzzy quantale sub-module (LRF
Qsm ) of My w.rt foresets if LOop(*J],G) is F Qs of M.

Definition 25: Let (J], G) be a STBR fromM; 1o M, and
be a non-empty of Fyy M. Then w is termed as generalized
lower rough (GLR) fuzzy left (right) Q;p (quantale sub-
module ideal) of Mp w.r.t foresets if LOAp("J],G) is fuzzy left
(right) Q;p of M.

Theorem 7: Let (J], G) be a STCMR and B be a FQgy of
M,. Then B is a GLR FSTQgys of My w.r.t aftersets.
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Proof: As B is a FQgy of M. So, we have B (l-\élﬂ?i) >

A By and B@@h) > B(A)VIEQandh, #; € M.
Since (], G) be a STCMR. So, we have ¢JJ(u)vA(u) =
@VA) JJ(u) forall ucG and g, A€M;. Letw; € M, for some,
i € I. Consider

2w (L )
_ A
— eeVierwi)J(u) ple)
= ecurn ) v wJw) v, ...,V will(u) ple)
Since ecw W) V w W)V, . .., VariJJ(u) so there have

el € willw,es € w2 Jw),...,ei € wi/lu) such that

€ =i i Hence,

1w (i%0)

=L e eV, ...,V wdul B, e
= i\él ei € willu) v wJJwv, ..., v Wiﬂ(u,-/é\\lﬂ(ei)
:gle,i\mj](u) eIl Bl ABE)A, ..., A Ble)l
- (EIEWI-}](u)ﬂ(el)) (52€w2ﬂ(u)/3 (62))

Ao A (e,Ewl-]](u)'B(el )
= 1P () () AP ) () A AP ) (i)
= i/él'}_]ﬂ(u)(wi)

Hence ﬂﬂ(u) Vietwi) = i/é]j_]ﬁ(u)(uri) Y wi € M; and for
all ucG. As (J], G) be a STCMR. So, we have 4@, w/J(u) =
(4@ w)(w) ¥34€Q, weM; and for all ueG.

Consider 4€Q, neM; and

B _ A
Fw@an) T we@@n)w plw)

_ A
T wred@ nw plw)

As wed@s nl)(u), so there have £en/J(u) such that ¢ =

Q2 k.

B A
NP () @@in) = = guped@nllw B@@2#)

>g QAcdnllw)/\B(k)

_ A _nB
= el BE=100 (n)

Hence, ﬂﬂ(u) @n) > ﬂﬂ(u) (n) V4€Q,neM;. Thus,
ﬂ’s(u) is a FQgys of M. Consequently, B is a GLR FST Qg
of M w.r.t aftersets.

Theorem 8: Let (], G) be a STCMR and 1 be a FQgyy of
M;. Then w is a GLR, FST Qgys of My w.r.t foresets.

Proof:The proof is obvious.

Now we consider an Example for our better understanding

to show that converse of Theorem 7 and 8 are not true.
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Example 5: Consider the quantale modules in Example

IV9.Let G = {u1, up} and JJ : G —PM; x My) be defined
by,
(L.L), (£.2). (La). (L), (L),
T = @.7).@.9), @+ AL, hP),
VT (ad), (), (L), (TH), (T4),
(T,7)
(L.L) (L.a), (Lor). (2.L),
Juw)=13 9.9). (@), A L), (AT,

Aor), (T.LN, (T.4), (T, #)
Now, aftersets w.r.t JJ(u1) and JJ(u,) are given below;

L) ={L", #.4, +'}, ¢lu)={L, #.4, +}
Al ={L", 7.4, +}, Tu) =1{L, 7.4, +)
L) ={L', &', '}, ¢w) = (L, 4, +'}
Aluy) =L, a4, +'}, THw) ={L". 4, +}.
Then (J], G) is a STCMR w.r.t aftersets.
Define 8 : M, — [0, 1] by,
1 07 05 03 0.8
Pevty T Tty
Then B is not a FQgys of M. But
03 03 03 03
B e T T T
L
0.3 n 0.3 n 0.3 n 0.3
L g N T
This shows that ﬂﬂ(ul) and ﬂﬂ(uz) are FQgyy of M.
Hence B is generalized lower rough FST Qg of M| w.r.t

aftersets.
Now define J] : G —PM; x My). Then

TP (u2) =

B = | ©AD @2, (£.0), (L.r), (L.T)
V=0 @), @.2), @.9), @), @.T)

g = | CAD E2), (L., (L), (£.T)
2T L), (2, (R, (hr), (R.T)

Now, foresets w.r.t I'(u;) and I'(up) are as follows :
Jw)l' = {L.g}), Jw)? = {L.g}, Tu)ad =
{(L,¢}, Judr' ={L,4}, Ju)T ={L,9)
Ju)l' = (L4}, Jw)p = {L.4), Ju)d =
{L.4), Ju)r' ={ L4}, Tuw)T ={L,A4}.
Then (J], G) is a STCMR wr.t foresets.
Define i : M; — [0, 1] by,

_ 1,04 05 03
=T "7

Then w is not a FQgys of M. But

u 04 04 04 04 04
=+ tatots
u 05 05 05 05 05
J](uz)—?—i— +¢,+7+?
Thus #JJ(u1) and “JJ(uz) are FQgp of M. Hence,  is GLR,
FSTQgp of My w.r.t foresets.
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Proposition 1: Let (J], G) be a STCR. Let B be a Fyy of

M,. Then for each a€[0, 1], the following hold:

A e = T

AP w)e = P (w);
Proof: 1. Let fme(j_]ﬂ(u))a = J_]ﬁ(u)(/n’L)Ea —
Ble)=a = Be)>a for some eem(u)—=

e emJlw L
mAwN\Pu#f = m el ().

2. Let mePw)e = Fwm=ze
é\emﬂ(u)ﬂ(a)za = Ble)>a forall eem/(u)= mu)

Cho == me* ().
Remark 1: The Proposition 1 also holds w.r.t foreset.
Theorem 9: Let B be a FQgy of My and (J], G) be a
STCMR. Then JP(u), [ ()] is a FSTQsy of M; w.rt

aftersets if and only if for each «€l0, 1], ﬂﬂ *(u), [J_]ﬂa (u)
where By #¢], is a FQgy of M for all ueG.

Proof:1. Let I (u) is a FSTQgy of My and p; € JP(u)
for some i € I. Then ﬂﬁ(u) (pi) > a Vi e I.But J_]ﬁ(u) isa
FSTQsp. So, we have P (w) (1, 01) = 2,0° ) (o) > « this
implies that J_]ﬂ (u) (;2; i) = . Consequently, ;. p; € J_]ﬁ “(u).

2. Letp € J_]ﬁ“(u) and ¢€Q, then J_]ﬂ(u) (p) > a. Since
1 (uyisa FST Qs . So, we have JI (u) (a@1 p) = I (u) (p) =
o= J_]ﬂ(u) (9@1 p) > a. Consequently, 4Q;p0 € ﬂﬁ"(u).
Hence, ﬂﬁ’l (u) is a FQgys of M; for all ueG.

Converse part is obvious.

Theorem 10: Let (J], G) be a STCMR and  be a FQyp of
M,. Then B is a GUR, FSTQ;p of M; w.r.t aftersets.

Proof: 1. As B is a FQp of M. So, we have B (evf) =
B A B(f) and B(G@e) > PB(e)V4eQ, e, FeM,.
Since (J], G) be a STCMR. So, we have mJJ(w)vanll(u) =
(mVn) JJ(u) for all ueG and m, neM;. Consider,

3w tmvn) de\{fmvn)j](u) Ald)

Tde mﬂ(u)vw](u) Ald)

Since demJw)vnl(u), so there is eemJl(w)and Fenl(u)
such that £ = eVv#. Consequently,

I () (mvn) = o Femwvnw Bevh)
_ VvV
_eV#EmJ](u)an]( ) [/3(6)/\,3(15")]

_ V
I:eemj](u)ﬂ (6)] [#enj](u)ﬁ (#)i|

= ) (m) AT ) ()
Hence I (u) (mvn) =1 () (m) ATT ) () ¥ 1, meMy
and ¥ ueG.
2. As (J], G) be a STCMR. So, we have J(u)@2 mJJ(u) =
@1 m) J(u) VaeQ, meM; and V ueG.
Consider 4€Q, meM1 and

f] () (m) = B(d)

“de J](u)
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v
< e TP @@ D)

Y
=a@dedemlu P04

_ V
=a@sde@@ mlw P02

Y, =B
:ce(@((hm)]]( ) Bo=T w@aim)

Hence J] w) @m) > J] () (m) V34€Q, meM,. Thus,
J] (u) is a FQp of M. Consequently, 8 is a GUR, FSTQyp
of M; w.r.t aftersets.

Theorem 11: Let (J], G) be a STCMR and . be a FQyp of
M;. Then p is a GUR, FSTQ;p of M, w.r.t foresets.

Proof:The proof is obvious.

Now we consider an Example for our better understanding
to show that converse of Theorem 10 and 11 is not true.

Example 6: Consider the quantale modules in Example
1.7 Let G = {u1, up} and JJ: G —PM; x M) be defined
by :

(T, L), (T, ), (T, £)(T,T)

(L. L7 (£.7). (L. #). (L),
JJ(u1)=[ (@ L), (a.7), d.£) . @7T), ]

Ny) = [ (L, L, (/L, #), (%,‘T'), (d. L), /(d, ) ]
@7, (T, L), (T, £), (T,T)

Now, the aftersets in terms of JJ(#1) and JJ(u») are as follows;
LAw) = (L, 7, £, T}, Jw) = (L, # £, T}
Tw) = (L, #, £, T}

L) ={L, £, T}, D) ={L, £, T}

TN ) ={L', £. T'}.
Then (J], (G) is a STCMR w.r.t aftersets.
Let 8 : My — [0, 1] be defined by,
5 04,07 06 02
L’ 7 o T’
Then B is not a FQp of M .But

—B 07 07 07
=g+ *s
—B 06 06 0.6
Ty=Fr7+7

This shows that JJ ﬁ(ul) and JJ ﬂ(uz) are FQp of M but 8 is
not a FQp of M.

Hence B is GUR, FSTQ;p of M; w.r.t aftersets.

Now define JJ: G —P(M; x Mp) by :

Nuy) = (L, LN L), (L, ), (d. F)
V=@, ), @ £), (LT, d,T)

j](l/l ) . (dv L/)v ((‘T’L/)v (dv })v (77 7)
Y= @ ). (T 8). T, (T.T)

Now, foresets w.r.t JJ(u1) and JJ(uy) are as follows :

N ={L,ay, Jw)i ={L,a}, Juk =L, d}
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and J(u)T = {L, d}

Nuw) & ={d, T}, Nw)d=1{a. T}, Ju)k
={ad, TYand T (up) T ={&,T}.
Then (J], G) is a STCMR wr.t foresets.
Letu :M; — [0, 1] be defined by,
06 04 1
=Tt tT
Then p is not a FQp of M. But

06 06 0.6 0.6

Mj](ul)_g-i-?-f-l-i-y
11 1 1
M-]](ul)—g-l- it T

This shows that # J_](ul) and # J](uz) are FQ;p of M, but u is
not a FQp of M.

Hence, u is GUR, FSTQ;p of M, w.r.t foresets.

Theorem 12: Let (J], G) be a STCMR and B be a FQyp of
M,. Then B is a GLR, FSTQyp of M; w.r.t aftersets.

Proof: 1. As B is a FQip of M,;. So, we have
BevH)>BeABH)and B (% (Qzﬁ') > B (f) VgeQ,e, FeM,.
Since (], G) be a STCMR. So, we have sJ(u)Vv£]Ju) =
(svt) JJ(w)forallueGand s, M, . Consider

TP (w) (sve) = B ()

_ A
“d e swvtIw pld)

Since, de &J(u)Vvt(u), so there is ecs/l(u) and Fet/I(u)
such that £ = ev#. Consequently

1P () (svt)

A
d € vt Jw

_ A
= ovfe el @D

_ A
eve swvtw [B~B®)]

T A A
N [e e 8w 'B(e)] a |:ﬁe tJw 'B(#)i|
=P ) (&) A BP () (£)

Hence, J’(u) (svt) = NP (9 n D) (#) Vs €M
and V ueG.

2. As (], G) be a STCMR. So, we have 4@, sJ(u) =
(9@ 8)J(w) V4€Q, seM; and V ueG.

Consider 4€Q, seM; and

B
W @9 =l g0 on, B

_ A
T d <4, 8w Ald)

As d€d@> s1(n), so there have ﬁeM(u) such that 4 = 4@, 5.
TP ) @ @ie) = B(a@b)

_q{Qz’ﬁ'e 70 5.]](14) (#)
=4. 5,]( : BE=1P ) (s)

"7)(02# 4Q; &Jw)
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Hence, JP(u) @ @18) > J1P(u) (8) V4€Q,5€M,. Thus,
JPw)is a FQyp of M. Consequently, 8 is a GLR, FSTQ;p
of M, w.r.t aftersets.

Theorem 13: Let (], G) be a STCMR and u be a FQyp of
M;. Then w is a GLR, FSTQ;p of M, w.r.t foresets.

Proof: The proof is clear.

Theorem 14: Let B be a FQip of My and (J], G) be a
STCMR. Then ﬂ’s (u) [J_]ﬂ (w)]is a FSTQyp of M w.r.t aftersets
if and only if for each ¢ €[0, 1], JjPa (u), [J_]ﬁa (u) where By #¢]
is an FQyp of M; for all ueG. a

Proof: Let JJP (u) is a FSTQyp of M.

1. Let 2, g@el1P (u). Then JJ (w)(#)>a and P (u) @) >
a. Since ﬂ‘g(u) is a FSTQp of M;. So, we have
Ywevae = Yw@ A Yw@ = o« =
J_]ﬁ () (#Vva) > a. Consequently, #?VCLeﬂ’s *(u).

2. Letp € ﬂﬁ“(u) and 4€Q, Then ﬂﬂ(u) (p) > a. Since
TP () is a FSTQqp, So, we have JJP (u) (@@ p) = 1P (w) (p) >
o0 = J_]ﬂ(u) (9@; p) > oa. Consequently, gQip €
J_]’3 “(u). With similar arguments, we have ,0(016561_]’3 “(u).
Hence, ﬂﬂ“ (u) is a FQ;p of M; for all ueG.

Conversely, let J_]’g “(u)is a FQqp of My.

1. Let 5, £€M;.

Consider

TPy (svi) = B(d)

“de (5W)J](u)

Tde M(u)vd](m ).

Since, de s/1(uw)V+/(u), so there have ec s/l(u)and #<+Jl(u)
such that 4 = eV¥.
Consequently,

2w (sve) = #Q Blevh)

Syt w
ev#e sawvtJw) [,B(e)A/S(#)]

_[ A
- [e e sl P (e)] A [#e e ” (#)}
=P w @A P

Hence, JPu) (s Vv 1) = JPys)n JPu)(1) Vs, +eM, and
Y ueG. 2. As (J], G) be a STCMR. So, we have 4@, s/J(u) =
(@@ 8)J(u) YVacQ, seM; and V ueG.

Consider 4€Q, s€M; and

P w) @ @ie) =

“de (4(0 8)Jaw pa)
A

“ded@ s P@
As d€d@; &/J(u), so there is #€8/](u) such that 4 = G@s 7.

B _ A
P (w) (9@ 8) =g tedn, sl Ba@xf)

> ©2Fed@ ) B§)
:#G/}Sj](u) ’8(#) - ﬂﬂ ()

Hence ﬂﬂ(u) @ Q18 > -’_]ﬁ(u) (8) VY 3€Q,5€M;. Thus, ﬂﬁ(u)
is a FSTQ[D of M] .
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V. HOMOMORPHISM PROBLEMS ON GENERALIZED
ROUGH FUZZY SUBSTRUCTURES

Some interesting problems on homomorphism of quantale
module are introduced here by using rough fuzzy soft sub-
structures of quantale modules.

Definition 26 [1]: Consider (M; ,@;) and (Mz,@z) be
two Q— modules. A map H : M; — M, is called a weak
Q- module homomorphism (WM,H) if

D H@vh=H@ Vv HDh;

2) H(@9) = 2@ H (@)
for all eQ and ¢, M.

We say a weak quantale homomorphism H : M| — M,
is said to be an epimorphism if  is on to M, if H is one-one
then it is called called a monomorphism. If J is bijective,
then it is called an isomorphism.

Lemma I: Let H : M; —> M, be a surjec-
tive WMH and ( J,G) be a STBR on M,. Set
Tiw = {#.2 eM xM: (H®), H(z) € hw)}
for all ueG. Then for all ueG :

1) (1, G)is STCR if (J],, G) is STCR.

2) (J]1 , (G) is STCMR w.r.t aftersets (w.r.t foresets)if (
J>, G) is STCMR w.r.t aftersets (w.r.t foresets)and JH is
one-gne.

3) H, (w) = }Z (u)for RCM;.

4) J{(J]R(u))CJ] & )(u) for all ueG andif H is one —
one, then H (ﬂfR(u)) = P w).

5) Le:%ﬂ{ - My —):R M, be one-one. Then H (x) €

Proof: 1 and 2 are obvious.

3) Let yei]{(]_]?z(u)) for some y € M,. Then
there exists deMl such that del]l ) and H(d) =

y. Since, def]l ) = aJi(wNR#£H. Thus, there
exists €4/ (u)NR such that («£,€) € Jj(u) and €R.
This shows that (FH(4), H () € Jow= H{) €
H (d) TIr(u). Moreover, H (£) €eH (R). Thus, H (£)
3 (@) To @) (R) =3 (@) Jo@NH (R) #¢. Hence, y
H) € J_]2 ( )(u). Consequently, 3‘((]_]1 (u))§7]2 ( )(u).

Conversely, let wej_]z 92)(u). Then wJ] (w)NH (R) #£¢,
so, there exists £€wJJo(u)NFH (R) such that (wr, £) € Jo(u)
and zeH (R). Since, H is onto so there is meXR and
neM; such that £+ =H (m) and v = H (n). Thus,
(H(n), Hm) = (w.t) € h(w) = (n,m) € i(w).
This implies that menl; ()R-

So, we have nef_]:R(u). e w = H(n) e W)
(u)gﬂi(f]?(u)). Hence, }C(J]iR(u)) =

I m

— H(
Cconsequently, J,

J] (u) for all ueG

4. Let veﬂ-f(}] (u)) for all ueG. Then there exists
deJ]fR(u) such that Jiw)CR and H(d) = wv. Let
ﬁevﬂz(u) Then there is geM; such that H(g) =
p, and H (@) eH (@) hw), ie, (H@),H@) e
J(w). Hence, (d,4) € Ji(w). ie, a€i(w)SR and
so H (@) eH (R) andvJlr(u)SH (R). This shows that
wel TP w). Hence, HIXw)SIHE® ) for all ueG.
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Now vel_]j;(m). Then there exists ¢€M; such that

H) = v and H @) Th@WHR). Let Getl];w),
ie, (¢,9) € Ji(w. Then (H(0),H @) e . ie.,
H (@) €H (&) Jo(u)SH (R), and so g€R Thus, £J]; (u)CR,
which gives £/ (u). Hence v = 3 (¢) (I (u)). Conse-
quently, JJ, (R)Cﬂ{(ﬂm(u)) for all ueG.

5. Let xel]gf(u) for all ueG. Then H (x) GU'C(J] 1 () for
all ueG. Conversely, suppose that H (x) ei]-C(J] 1(w). Then
there is &’ € J]1 (u) such that H (x) = ( ) . Since H is
one-one, we getx = x’ € 1_]1 (u).

Theorem 15: Let K be a surjective WMH and (/],, G) be
a STCR w.r.t aftersets on M,. Set

T ={#2eM xM: (H®), Hz) <l w}
for all ueG. Then for all pFARCM; and ueG, the following
hold;

=R
1) JJy (w)is Qsprof My
of Myfor all ueG.

=R —=H
2) Ty (wjis Qupof M if and only it JJ 5"
M, for all ueG.

=R
Proof: 1. Let JJ| (u) is Qsp of My for all ueG. Then we
=K
have to show that JJ , (u) is Qsy of M2 for all ueG. By

Lemma 1(5), we have J'C(J] L) = J]2 (u) for RCM; and
for all ueG.
(1) Let )/JGJ-C(J] (u)) and for all ueG and for all j e J.

Then p; € 1]1 (u) be such that H(u;) = ;. Since J]l ()
is Qsyr. So, we have \éj,u] € J]?(u) Then by Lemma
1(5), we have J{( EJ/LJ) eﬂ{(f]l(u)) Slnce H is WMH.
So, we have le]f}f(,u,)—ﬂ-f(lejﬂj) eﬂ{(f]l(u)) Hence,
L€ () eH(T ) (u)). Consequently, p e ).

(ii) Let ecQ and #G}C(J]R(u)) Then there is wel]l (u)
such that H () = #. Since J]l (u) is an Qgpr of M.
So, we have e(Qlwef]l (u). By Lemma 1(5), we have
H(e (Q]w)ef}((f_]jlz(u)). Since H is WMH. So, we have
c@H (w) = He@uw)eHd w). This implics that
e @ f = e @H)eHT ). Hence ¢ @ FHT | w).
Wlth similar arguments we have # @ eeiH(J] 1 (). Thus,
U{(J] 1w) = 1]2 (u) is Qgpr of My from (1)-(ii) for all ueG.

Conversely, let fH(J]iR(u)) = J]f (u) is an Qgps of M, for
all ueG.
(1) Let w; € J]l (u) for all ueG. Then H( wj)ef}{(f] L (W)).

Since H(J] 1 @) is Qspr. So, we have j\éﬂ-f(w,)ei}f(f]jf(u)).
H is WMH. So, =j\éj
H (w)) efJ-C(J]l (u)). Hence, H(; ejw])ef}{(f]l (u)). Then by
Lemma 1(5), we havej\éja)j € J]?(u).

(i) Let ecQ and #ell, (w). Then by Lemma 1(5),
we have I{ (f) e%(T]?(u)).Since 9{(71?(14)) is Qgy of

=H (R
if and only if  J] 2( )(u)is Qsm

R
)(u) is Q[D of

Since, we have %(\éj wj)
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M,. So, we have e@% (f) G}C(T]?(u)). Since H is
WMH. So, we have H (e ¥) = e(Qsz(#)EfH(J_]?(M))
(e © 1f') EU{(T]?(M)) Then by Lemma 1(5),
we have e((n #61]1 (u) With similar arguments, we have

# (Qleej]l (u). Thus, }]1 (u) is Qg of M from (i)-(ii) for all
ucG.
2. Let J]1 (u) is Qp of M; for all ucG. We have to show

that f] 2 (u) is Qip of M, for all ueG. By Lemma 1(5),
we have U{(J]?(u)) = J];{ @ () for RCM; and V ueG.

@) Let 2, %GJ{(T]?(M)) for all u€G. Then e, f'ej_]?(u) be
such that H(e) = 2, fH(f) = ¢. Since, J_]]y(u) is Qip
and H is WMH. So, we have pvg = H(e) VH () =
H (e vF) eJ{(T]iR(u)). Hence, pv%eﬂ{(f_]?(u)).

(ii) Let e<feH(J| (u). Then there exist @; € M,
and w, € J_]?(u) such that e = H (»1) and £ = H (w2).
Since H (w1) <H (w2). So, Wﬁimhave H(w V) =
H(w1) VH(@2) = H(w2)eH{J, (w)). By Lemma 1(5),
we have w; V wy € J_]?(u). Since J_]:lR(u) is Qip and w; <
w1 V w2, we have ;€ T (u) and & = 3 (1) €K (w)).
Hence, eeﬂ-C(J]iR(u))

(iii) Let eeQ and #eﬂ-((f]l (u)). Then there is wef]l (u)
such that H (w) = #. Since j]1 (w) is Qpp of
M;. So, we have e(Qlwef_]ly(u) By Lemma 1(5),
we have U—C(e((zlw)eﬁ{(f]?(u)) Since H 1s WMH. So,
H (e @w) GJ‘C(JJI (v)). This
implies that e @ f = e @K (w) Gﬂf(f]?z(u))-
e@ ¥ 69‘[(-’_]?2(14)). With similar arguments,

£ @ eeH (T, ). Thus, KA, @) = T () is Qpp of
M, from (i)-(iii) for all ueG.
Conversely, let J’C(J_]?(u)) = J_];H e
ueG. 2
(i) Let, w> € J]; (w) for all ueG. Then H (wr1) , H (w2)

eﬂ-f(f_]?(u)). Since J-C(J_]?(u)) is an Q;p. So, we have
H(wr V aw2) = K (wr1) VI (wra) €KL, (). Then by
Lemma 1(5), we have Vqy € J_]l (u).

(i_igzLet m1 < ngge T} (w), then H (m1) <H (ma) €
HJ, (w)). Since H(JJ; (w)) is Qp. So, we have H (m)) €
H(, (). Thus, by Lemma V. 2(5), we have m; €
T{w). i) Let ecQ and #ell; (). Then by Lemma V.
2(5), we have 3 (f) eﬂ{(T]?(u)). Since U-C(J_]?(u)) is Qi
of Mp. So, we have e @ () eiH(J_]iR(u)).
WMH. So, we have H (e ¥) = e(szH(#)Eﬂ'C(-’_]?Q(M))
Hence, H (e @i #) EU‘C(J_]iR(u)) Then by Lemma 1(5),
we have e((n #el]l (u). With similar arguments, we have
# (Qleef]l (u)

Thus, j]1 (u) is Qpp of M from (i)-(iii) for all ucG.

Hence,

we have e @H () =
Hence,

we have

(u) is Qpp of M, for all

Since H is

145910

Proposition 2: Let H be a surjective WMH and (7], G)
be a STCR on M,. Set Jy (w) = {(’yv, z) €My x My :
(Hw), H(z) el (u)}

For all ueG. Then for all $z£ARCM; and for all ueG, we
have

1) JR@w) is Qsar of My if and only if J7 ™ @) is Qom
of Mz.
2) JRwyis Qup of My ifandonly it J% ™ w) is Qmp
of M,.
Proof: The proof is simple and like Theorem 15.
Theorem 16: Let F : M; — M, be a surjective WMH
and (/l2, G) be a STCR on M, and y be a Fyy of M. Set

Tiw ={(s 6 €My xM; : (F(3), Ft) € hw)
Then following hold for all ueG :

- —F
1) J]f(u) is FQyp of My if and only if J] 2(/3)
of My;

b —F
2) 7 (wyis FQsy of My if and only if T 5"
of M,. where

(w)is FQp

() is FQsy

if J(¥)#¢VyeM,

V r@

F() (@) = 1 xe571(¥%)
0 otherwise
Proof: 1. Note that (F (8)),+ = 3"(,3a+) for each @ €
[0, 1], also (T]’lS (u)) £ ifand only if T 7" (). Let

J]l (u)is a FQp of My, then 1](2 Pt T w)#f 1fJ_]/f“+ (u)#® for

alla € [0, 1].By Theorem I'V.26, we have J_]/f“+ (w)isaFQpp
of M;. Also, by using Proposition 1, we obtain (J_]f (u)) . isa
FQyp of M;. Now by Theorem 15 and Proposition 1, Wg have
75 P T = (]]2 (ﬂ)( ))a+ = J_Jf(ﬂ”)(u) is FQp of My.

T

=F(B) .
Thus, by Theorem IV.26, we have /], "(u) is a FQqp of M,.
) is a FQup of Mo. By The-

orem IV.26 and Proposition 1, we have J] ) e ) =

(J]{;(ﬂ)( )) j]?(ﬂ +)(u) is an FQp of M. Thus, from

—=F
Conversely, suppose JJ 2(ﬂ

Theorem V. 3, we have J]l (u) is a Qpp of M;. Hence by

Theorem 14, we have J]l (u) is a FQyp of M;.

Theorem 14 provides a proof for 2 that is similar.

Theorem 15 provides similar proof for the following
Proposition.

Proposition 3: Let (1]2, (G) be a STCR w.r.t aftersets on M,
and B8 be a Fyy of My, Let § :M; —> M, be a surjective
WMH. Set

Jiw) ={(s.£) eMi xM; : (F(5). F(#) € h(w)}
Then following hold for all ueG;

D j_]f (w) isan  FQp of M, if and only if J_]S;(m(u)
isa FQup of My;
2) ]_]/13(“) isan FQgy of M, if and only if J_](J;(ﬁ)(u)

isa FQguy of M.
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VIi. APPLICATION IN DECISION-MAKING PROBLEM
In this section, soft binary relations-based decision-making
techniques are suggested. They are based on fuzzy soft rough
set theory. With this method, decision-makers’ data can be
used and no more information is needed. As a result, the
outcomes should avoid the paradoxical outcomes.
Algorithm 1:
Here, with respect to aftersets, is a description of an
algorithm for the solution of a decision-making problem.
Following is the decision-making algorithm:

1) Determine the lower fuzzy soft set approximation ﬂﬂ

and upper fuzzy soft set approximation J 4 of the fuzzy
set B w.r.t aftersets ;

2) Determine the sum. That is sum of lower approxima-
3

tion > J_]ﬁ (u;) (y;) and the sum of upper approximation

i=1
?: 1 J_] P (u;) (y;) corresponding to each i w.r.t aftersets

3) Determine the value that is choice value o =

3
> ﬂﬂ (u) Op) + 2?21 ] g (u;) (), y;€U w.r.t aftersets;
i=1

4) The best decision is yx = max; (aj) ;

5) The worst decision is yy = min; (¢}) ;

6) If k has more than one value, then select any one of yy,
and yy, .

Algorithm 2:

Here, with respect to foresets, is a description of an
algorithm for the solution of a decision-making problem.
Following is the decision-making algorithm:

1) Find the approximation that is the lower fuzzy soft set
approximation *JJ and upper fuzzy soft set approxima-
tion # JJ of the fuzzy set u w.r.t foresets ;

2) Find the sum. That is sum of lower approximation

?: 1 *JJ (u;) (yj) and the sum of upper approximation
21‘3:1 ©J] (u;) (y;) corresponding to each i w.r.t foresets

’

3) Determine the value that is choice value o', =
S M @) Op) + Sy M T ) (3, €U wirt fore-
sets ;

4) The best decision is yx = max; (a/ j) :

5) The worst decision is yx = min; (a/j) ;

6) If k has more than one value, then select any one of yy,
and yy, . by:

Example 7: Suppose Mr. Z wants to buy a refrigerator
for his house. Let M; = {£1, £», €3, €4} = the sets of all
available colors and My, = {1, 72, #3, 4, 5, 76} =
the models of all colors available and the set of attributes
G = {uy, up, uz} = the set of brands = u; = haier, ur =
dawlance, uz = pel}. DefineJ] : G — P (M1 X M2)

T (ur)
&1, r1), Ca, 73), U3, 72) , L3, r6) , (L2, 5) ,

=1 U, r5), La, 74), L1, 73), L1, 72), (L1, 76),
(L1, 75), (€3, 75), (L1, 74), (L2, 74) , (€3, 74)
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JJ (u2)

(La, 76) , L4, 74) , (L2, r4) , (3, 75) , (L3, 72) ,
=1 C,73), L1, 76), La, 1), L2, 1), (L1, 75),
1, 72), U3, r1), L1, 1)

JJ (u3)
| Cs), (G 1) s (B, 13) 5 (B 6) 5 (81, 12)
| ) @) (s r6) s (B2, 2 L (82, )

which represents the relation between colors and models
available in brand u; for 1<i<3. Then

I () = {1, 72, 73, 74, 75, 76}
O (u1) = {r3, a4, 75}y, GBI wr) = {2, 74, 75, 176}

L4) (u)) = {r4, rs},

O () = {r1, r2, 73, 75, 16}, 1 (w2) = {r1, 74},

G (u2) = {1, 72, rsh, Lall 2) = {r1, 74, 76},

6 (u3) = {r1, 72, 3, 75, 776} »

0 (u3) = {1, 74, 75, 76}, €30)(u3) = & and €47] (u3) = §,

where ¢;J] (u]) represents the models of the colors ¢; available
in brand u;.
Also,

T = {1}, T 2 = {4, 43},
N ) r3 = 1{€1, 2}, D (ur) s = {€1, L2, €3, La},
Ny rs ={€1, €2, €3, L4}, (1) 76 = {£1, €3},
N (w2) 1 = {€1, €2, €3, L4}, J(u2) 12 = {£1, L3},
Nw2) 3 = {1}, J(u2) 4 = {€2, la}

T (u2) b5’ = {1, €3}, T (u2) 76 = {€1, s},
T =1{1}, T 2 = {1, L2},
N rs =1}, J)re={€1, 02},
N @) rs =1{€1, €2}, J(ur) 6 = {1, L2},

where J] (u]) i represents the colors of the models 4~; avail-
able in brand u;.
Define 8 : My — [0, 1] which represents the preference
of the models given by Mr. Z such that
B(r1) =05, B(r2) =08, B(r3) =1,
B(r4) =02, B(rs) =09, B(re) =0.

Define 1 : My — [0, 1] which represents the preference
of the colors given by Mr. Z such that

(€)= 0.6, u(l) =07, () =0.5, (s =0.3.

After using the algorithm, take a look at the following table.
Here the choice value o = > J% ) () +

?: 1 J_]ﬂ (u;) (yj) is calculated w.r.t aftersets and the choice
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TABLE 9. The decision algorithm’s outputs with regard to aftersets.

W) B B 7w T ) 17w e

value @;
£, 0 0 0 1 1 1 3
£, 02 0.2 0 1 0.5 0.9 2.8
45 0 0.5 0 0.9 0.9 0 2.3
£, 0.2 0 0 0.9 0.5 0 1.6

TABLE 10. The decision algorithm’s outputs with regard to foresets.

Choice

) D0 M) ) "Tew) T e o,
1 0.6 0.3 0.6 0.6 0.7 0.6 3.4
75 0.5 0.5 0.6 0.6 0.6 0.7 35
73 0.6 0.6 0.6 0.7 0.6 0.6 3,7
7, 03 0.3 0.6 0.7 0.7 0.7 3.3
75 03 0.5 0.6 0.7 0.6 0.7 3.4
75 0.5 0.3 0.6 0.6 0.6 0.7 3.3

value o' = Z?:l R (u) (vj) + 2?21 HJJ (u;) () is calcu-
lated w.r.t foresets.

Since the maximum choice value is « h= 3 = w1 so, the
decision is in favour of choosing the color £, Furthermore,
the color ¢4 is totally ignored. Hence, Mr. Z will select the
refrigerator of color £ for his house and he won’t select the
color £4 w.r.t the aftersets. Similarly, the maximum choice
value is o/j = 3.7 = a3, so the decision is in favor of
choosing model @3. Furthermore, the model @4 and @¢ are
totally ignored. Hence Mr. Z will select the refrigerator of
model @3 for his house.

VII. CONCLUSION WITH BENEFITS AND
DISADVANTAGES

In this paper, a novel concept of rough fuzzy subsets (sub-
structures) are proposed which is based on soft relations with
the aid of aftersets and foresets. The new planned study has
numerous fuzzy algebraic properties which are also thor-
oughly affirmed. A new approximation technique in quantale
module is employed and is based on soft compatible relation
and further soft complete. According to Section V, connec-
tions under homomorphism problems are totally affirmed,
sufficient conditions of rough fuzzy sub-modules and rough
fuzzy sub-module ideals are obtained, and they are all
thoroughly proved. Hence, the innovative generalization’s
approximation processing structure may be applied to differ-
ent algebraic data fields. The main advantages are

(a) A new definition of roughness of fuzzy subsets in quan-
tale module is proposed. This type of approach is not
applied before in quantale module.

(b) The rough fuzzy substructures are introduced and many
related examples are given to make the sense more clear.

(c) These rough fuzzy structures are presented under quan-
tale module homomorphism and discussed their rela-
tions.

(d) The proposed model are then subjected to decision mak-
ing problems to solve real word problems.

145912

During the study of the proposed model, we have taken
the left action. If we consider the same model but with
right action then it will be difficult to proceed. This is
the main disadvantage of our work.

However, the following topics could be taken into consid-
eration for future scope as an extension of current work:

(1) Constructing rough fuzzy sets under soft relations to
other algebras, including groups, rings, hyperrings, and so
forth, that are connected to aftersets and foresets;

(2) Examining soft relations to study soft rough fuzzy
submodules. In other words, we can explore various charac-
terizations of soft rough fuzzy quantale module under soft
relations and swap out quantale module substructures for
fuzzy substructures in quantale module;

(3) Looking at several approaches to decision-making
based on fuzzy rough sets that have soft relationships to other
algebraic structures;
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