
Received 1 November 2023, accepted 2 December 2023, date of publication 5 December 2023,
date of current version 21 December 2023.

Digital Object Identifier 10.1109/ACCESS.2023.3340138

Bidirectional Selective Detect-and-Forward (DetF)
Multi-Relay Systems With Regularized
WDFDC Receivers
JUNQIAN ZHANG1 AND HARRY LEIB 2, (Life Senior Member, IEEE)
1Analog Devices Inc., Toronto, ON M5G 2C8, Canada
2Department of Electrical and Computer Engineering, McGill University, Montreal, QC H3A 0E9, Canada

Corresponding author: Harry Leib (harry.leib@mcgill.ca)

ABSTRACT In this work, we consider a selective Detect-and-Forward (a symbol based decode-and-forward)
(DetF) multi-relay two-way network employing differential MPSK with regularized Weighted Decision
Feedback Differential Coherent (WDFDC) receivers. Regularized WDFDC receivers based on a regularized
linear predictor (RLP) were proposed for one-way relay networks where it was shown to mitigate the
performance loss due to decision feedback error propagation and intermittent transmission between relay
nodes and the destination.This paper introduces regularized WDFDC receivers for two way selective DetF
relay networks, employing various protocols with and without network coding, and using multiple relays.
For each protocol, an optimal destination threshold is derived to decide if a relay transmits or remains
silent. Furthermore, analytical performance bounds, providing insights to the effects that cause degradation,
are also derived. Extensive simulation results demonstrate that the use of network coding achieves higher
bandwidth efficiency, but suffers an error rate performance loss. Diversity gains can be achieved when the
number of relays increases. However, repeated transmissions from the same relay do not yield extra diversity
gains.

INDEX TERMS Cooperative communication, relaying systems, differential detection, noncoherent
detection, differential modulation.

I. INTRODUCTION
Interest in cooperative communications and relay networks
has increased dramatically over recent years since such
systems provide diversity advantages with relatively low
complexity [1], [2], [3], [4], [5], [6], [7], [8], [9], [10],
[11]. The Two-Way Relay Network (TWRN), where two
terminals exchange information with the assistance of a
relay, has received much attention in the literature [5],
[6], [7], [9], [11] since it achieves higher transmission
efficiency and network throughput than in One-Way Relay
Network (OWRN) [12]. In particular biderectional relaying
has been found of interest to 6G systems [1] and IoT
applications [2]. Based on the number of phases required
for the bidirectional data exchange, TWRN schemes can

The associate editor coordinating the review of this manuscript and

approving it for publication was Mohamed M. A. Moustafa .

be classified into three main categories. With a traditional
transmission scheduling scheme, the data exchange requires
four phases, which is essentially OWRN applied in each of
the two directions [13]. With such a scheme the spectrum
is not used efficiently. Exploiting the broadcast nature of a
wireless channel, the three phases protocol improves spectral
efficiency by employing network coding [14]. With such
a scheme a relay needs only one phase to broadcast the
network-coded signal to both destinations. In [15], a three
phases protocol was proposed also for Decode-and Forward
(DF) relaying in multi-hop wireless networks, where the
bitwise XOR operation is performed at the relay. In [16],
optimal and suboptimal non-coherent detectors are proposed
for three phases Amplify and Forward (AF) TWRN over
fast Rayleigh fading channels. The spectral efficiency can be
further improved by reducing the total transmissions to two
phases, where both terminals transmit simultaneously to the
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relay in the first phase and the relay broadcasts in the second
phase. However, since all nodes work in half-duplex mode,
the two terminals cannot listen to each other in the first phase
and therefore the direct link transmission cannot be easily
exploited. It has been shown that the end-to-end performance
of a relay network depends significantly on the detection
reliability at relay nodes [17]. With imperfect detection, the
diversity gain degrades because of error propagation. In [18],
[19], and [20], selective DF is used for OWRN where the
relay forwards only correctly decoded symbols, and remains
silent otherwise. In [21], selective DF relaying is extended to
TWRN using a three phases protocol.

In a TWRN system it is difficult for terminals and
relay nodes to estimate the channel accurately, especially in
fast fading environments. Hence, differential modulation is
preferred since no CSI is needed with differential coherent
detection. The Decision-Feedback Differential Coherent
(DFDC) detector [22] constitutes a low complexity better
performing technique exploiting feedback from previously
decoded symbols that was originally introduced for AWGN
channels and extended to fading channels in [23] and [24].
The DFDC receiver was also considered for differential
quadrature amplitude modulation (DQAM) in [25]. Iterative
techniques based on DFDC detection were applied in [26]
to massive MIMO systems. Furthermore, the DFDC receiver
has been considered also for cooperative communication
systems. In [27], a DFDC detector was considered for
a TWRN system employing a single-relay AF protocol.
Weighted-DFDC (WDFDC) receivers were considered for
selective DF one-way multi-relay networks in [20], and
shown that over fast fading channels they provide significant
performance gains. In [28] low complexity regularized
WDFDC receivers based on a regularized linear predictor
(RLP) were considered for the relay-destination channel in
OWRN. It was shown that the effect of decision feedback
error propagation and intermittent transmissions are reduced
and the performance of OWRN is significantly improved.

This paper considers a symbol based selective DF
technique termed Detect-and-Forward (DetF) bi-directional
multi-relay TWRN system. This scheme uses the novel
regularized WDFDC receivers of [28] and SNR-dependent
thresholds at the destination. Various transmission protocols
consisting of multiple relays with and without network cod-
ing are considered. For each protocol, an optimum threshold
for a likelihood ratio test that maximizes (Pd −Pf ) is derived
and applied at both destinations. Furthermore, analytical
performance bounds are derived for each protocol. In [29,
App. B], the error probability of multichannel binary signals
is derived assuming independent channels. In this paper,
we extend the analysis to correlated channels, which corre-
sponds to protocols where the destination receives multiple
signals from the same relay in one time slot. Extensive simu-
lation results over fast fading channels are provided to illus-
trate the system performance. The main contributions of this
paper are:

1) The introduction of a novel approach employing
WDFDC receivers in two way DetF relay systems with
differential encoding and hence not requiring channel state
information for demodulation.

2) Consideration and comparison of seven relaying proto-
cols for the above system, with and without network coding.

3) Performance analysis through various novel analytical
bounds to probability of error, as well as extensive computer
simulations.

The rest of this paper is organized as follows. Selective
DetF multi-relay TWRN systems with various protocols and
regularized WDFDC receivers are introduced in section II.
Analytical performance bounds are derived in section III.
Performance simulation results for all protocols are presented
in section IV and the conclusions are drawn in section V. The
appendix provides derivation details for the threshold of the
likelihood ratio test employed in this system.

FIGURE 1. System descriptions of the multi-relay TWRN.

II. DETECT-AND-FORWARD TWO-WAY MULTIPLE
RELAYING WITH WDFDC RECEIVERS
A. GENERALIZED SYSTEM MODEL
Consider a wireless network consisting of N relay nodes
Ri, i = 1, 2, . . . ,N and two terminal nodes A and B with
direct links between them, as shown in Fig. 1. The two
terminal nodes exchange information with the assistance
of bidirectional relays. Differential QPSK modulation and
WDFDC receivers are assumed at all nodes. In our system,
a generalized TWRN model is considered using selective
DetF relaying protocols. Each node has only one antenna and
it works in half-duplex mode. Ideal relays are assumed in the
sense that each relay knows if its decoded symbol is correct or
not. The implication of this assumption and practical methods
to approach such condition are considered in [28] with more
details in [30]. At each destination node SNR-dependent
thresholds ξ are employed to allow only the signal from
the relay that transmits to be combined with the one from
the source. Furthermore, all channels are assumed reciprocal
as in [27], [31], and [32]. Denote the channel coefficient
from node l to node j as flj[k], l, j ∈ {A,B,Ri}. Then
flj[k], fjl[k] are samples from the same fading process flj,jl[·].
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TABLE 1. Different protocols of the generalized TWRN system.

We further assume that all channels experience frequency
non-selective time varying Rayleigh fading following the
Jakes model [33]. Equal power allocation is assumed so that
PA = PB = PR1 = · · · = PRN = P/(N + 2), where P is the
total transmitted power in the system.

With the generalized TWRN model, the overall transmis-
sion is completed during at least N+2 phases. In the first two
phases, each source broadcasts its own signal to relay nodes
and the other terminal. As an example consider terminal A.
During the first phase, it broadcasts the differentially encoded
symbol bA[k] to relays Ri, i = 1, 2, . . . ,N and terminal B.
The corresponding received samples are

yAB[k] ≜
√
PAfAB[k]bA[k] + nAB[k]

yARi [k] ≜
√
PAfARi [k]bA[k] + nARi [k] (1)

where bA[k] = aA[k]bA[k − 1] and k is the index of symbol
transmission time, which is the total number of phases needed
to complete information exchange of two symbols, one for
each direction. Then relay Ri performs WDFDC detection
and decodes the symbol âARi [k] where

âARi [k] = arg max
ãARi [k]

{Re{ãARi [k]g
∗
ARi [k]}

gARi [k] = yARi [k]ŷ
∗
ARi [k] (2)

and the estimated reference of the WDFDC relay receiver Ri
from terminal A is [28]

ŷARi [k] =

L∑
ν=1

pνARi

ν−1∏
µ=1

âARi [k − µ]yARi [k − ν].

At each relay node, only a correctly decoded symbol is
differentially encoded and forwarded to the destinations.
Ideal relays are assumed where each relay knows if its
decoded symbol is correct or not. Let aA[k] = ejθA[k]

and aB[k] = ejθB[k], where θA[k] and θB[k] are phases
of each information symbol. We consider three types of
relays.

Type A: relay Ri serves two destinations in two phases
without network coding.
1. In the first relay phase, the relay decodes the
information symbol from source A. If the decoded
symbol is correct, i.e. âARi [k] = aA[k], then aA[k]
is differential encoded and transmitted to terminal B.
Otherwise the relay remains silent. The encoded symbol
and the received sample at destination B is

bRiB[k] = aA[k]bRiB[k − miB] (3)

yRiB[k] =


√
PRfRiB[k]bRiB[k] + nRiB[k],

if âA[k] = aA[k]
nRiB[k], otherwise

(4)

where k − miB is the last time instant when a symbol
was forwarded to terminal B.

2. In the second relay phase, the relay decodes the
symbol from source B. Similarly to step 1, if the
decoded symbol is correct, then aB[k] is differential
encoded and transmitted to terminal A. Otherwise the
relay remains silent. The encoded symbol and the
received sample at destination A are

bRiA[k] = aB[k]bRiA[k − miA] (5)

yRiA[k] =


√
PRfRiA[k]bRiA[k] + nRiA[k],

if âB[k] = aB[k]
nRiA[k], otherwise

(6)

where k − miA is the last time when a symbol was
forwarded to terminal A.

Type B: the relay Ri serves only one destination in one
phase without network coding.
If Ri serves destination B, it decodes the information
symbol from source A and follows (3) and (4). If Ri
serves destination A, it decodes the information symbol
from source B and follows (5) and (6).
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Type C: the relay Ri serves two destinations in one
phase with network coding.
1. The relay decodes both information symbols from
sources A and B.
2. If both decoded symbols are correct, i.e. âARi [k] =

aA[k] and âBRi [k] = aB[k], the relay performs
network coding by forming a modulo-2π sum of the
two symbol phases. Since the relay Ri transmits only
if both decoded symbols are correct, we denote the
transmission time of previously transmitted symbol as
k − mi with mi ≥ 1, which is also the last time that the
relay correctly decoded both symbols. The differentially
encoded symbol at relay Ri is

bRi [k] = aRi [k]bRi [k − mi]

aRi [k] = ejθRi [k]

θRi [k] = θA[k] ⊕ θB[k] = (θA[k] + θB[k])2π . (7)

Denote the phase of the encoded symbol bRi [k] as
ϕRi [k], then

ϕRi [k] = θRi [k] ⊕ ϕRi [k − mi]. (8)

Then the relay broadcasts bRi [k] to nodes A and B and
stores bRi [k] for subsequent encoding.
If either one of the decoded symbols is incorrect, the
relay remains silent during its phase.
3. The sampled received signals from Ri at both
terminals are

yRiA[k] =


√
PRfRiA[k]bRi [k] + nRiA[k],

if âARi [k] = aA[k] and
âBRi [k] = aB[k]

nRiA[k], otherwise

yRiB[k] =


√
PRfRiB[k]bRi [k] + nRiB[k],

if âARi [k] = aA[k] and
âBRi [k] = aB[k]

nRiB[k], otherwise

These relays have different capabilities. A TypeA relay can
serve two users in two phases where in each phase it operates
similarly to an OWRN system. A type B relay can serve only
one user as in OWRN. Type C relays have the capabilities of
Type A relays with the addition of being able to implement
network coding, and hence requiring only one phase to serve
two users. While in general network coding may add delay
and synchronization requirements, in our work we employ a
very simple form of network coding (XOR combining) and
hence these issues are not significant.

At destination nodes, SNR-dependent thresholds ξ are
employed. If the magnitude of the received signal is above
the threshold, the signal from the relay is combined with
the one received over the direct link. First, we discuss the
transmission without network coding, which corresponds to
Type A and Type B relays. Take terminal A as an example.

We denote the number of signal samples received at
destination A from relay nodes as NA and each signal sample
is denoted by yRiA[k], where i = 1, 2, . . . ,NA. Assuming
equal gain combining we have

gDFA [k] = ŷ∗BA[k]yBA[k] +

NA∑
i=1

Iξ [|yRiA[k]|]ŷ
∗
RiA[k]yRiA[k]

(9)

Iξ [|yRiA[k]|] =

{
1, if |yRiA[k]| > ξ

0, otherwise.

and ŷBA[k], ŷRiA[k] are the estimated references for channels
BA and RiA. With WDFDC receivers we have [28]

ŷBA[k] =

L∑
ν=1

pνBA

ν−1∏
µ=1

âB[k − µ]yBA[k − ν]

ŷRiA[k] =

L∑
ν=1

pνRiA

ν−1∏
µ=1

âB[k − µ]yRiA[k − ν]

where pνBA and pνRiA
are the coefficients of the WDPDC

receivers in the direct and relay to destination links as detailed
in the next subsection. Next, we consider transmission with
network coding, as performed by Type C relay. From (8),
we can see that the information content in the phase of
ŷ∗RiA[k]yRiA[k] is (7). Then, in order to decode θB[k], terminal
A needs to remove its own symbol with phase θA[k].
Therefore, ŷ∗RiA[k]yRiA[k]a

∗
A[k] is the contribution to the

combined signal and (9) becomes

gDFA [k]= ŷ∗BA[k]yBA[k]+
NA∑
i=1

Iξ [|yRiA[k]|]ŷ
∗
RiA[k]yRiA[k]a

∗
A[k]

After signal combing, the information symbol from B is
demodulated for all relay types by using

âB[k] = argmax
ãB[k]

{Re{ãB[k](gDFA [k])∗}}.

FIGURE 2. Transmission diagram of P1.

The use of different relay types results in different
transmission protocols. These protocols are categorized by
the number of phases that the system needs to complete a
transmission round, and are summarized in Table 1. With the
generalized TWRN model, the minimum number of required
phases is three. This protocol, denoted as P1, has been studied
in [15], [32], and [34]. As shown in Fig. 2, during the first
two phases, each terminal broadcast its own symbol to the
other nodes, and a Type C relay forwards the network coded
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FIGURE 3. Transmission diagram of P2.

FIGURE 4. Transmission diagram of P3.

FIGURE 5. Transmission diagram of P4.

FIGURE 6. Transmission diagram of P5.

FIGURE 7. Transmission diagram of P6.

FIGURE 8. Transmission diagram of P7.

message to both destinations in the third phase. The first
two phases are the same for all protocols and hence our
discussion concerns only the difference between the protocols
in subsequent phases. In Table 1, P1 is extended to a two
Type C relays protocol which is denoted as P2. As we can

see from Fig. 3, each relay in P2 consumes one phase to
broadcast its network coded message to both destinations in
the third and fourth phases. When the total number of phases
increases to four, there are four possible protocols in Table 1.
Although both P2 and P3 uses two relays, network coding is
not used in P3 and each relay serves only one destination in
one phase, as shown in Fig. 4. Moreover it is also possible to
use one relay when the overall transmission consists of four
phases. In P4, one Type C relay transmits twice using third
and fourth phases when both decoded symbols are correct,
as shown in Fig. 5. In P5, one Type A relay is used to forward
each decoded symbol to its destination in two phases without
network coding. This protocol is similar to P3, but only one
relay is used in P5, as shown in Fig. 6. In fact, P5 is equivalent
to OWRN in two directions and similar protocols have been
studied in [15] and [34]. Furthermore, we also consider P6,
where P2 is further extended to include three Type C relays.
As shown in Fig. 7, each relay consumes one phase to forward
network coded message to both destinations and thus five
phases are needed to complete the overall transmission for
P6. With the same bandwidth efficiency, P4 is also extended
to allow one relay broadcasts three times to both destinations,
which is denoted as P7 in Fig. 8. Comparing these seven
bidirectional DetF protocols when WDFDC receivers are
used is one important issue in this work.

Next, we derive an analytical method for threshold
setting at destinations. Following [20], the threshold detector
operation can be formulated as a binary hypothesis testing
problem

H1 : Y is zero mean CSCG with variance PR + N0

H0 : Y is zero mean CSCG with variance N0

where Y is a received signal sample at destination from the
relay, and hypothesisH1 corresponds to the relay being active,

while H0 to the relay being silent. Then the test |y[k]|
H1
≷
H0

ξ

is equivalent to a likelihood ratio test, and the threshold ξ

can be derived such that (Pd − Pf ) is maximized, where Pd
is the corresponding probability of detection and Pf is the
probability of false alarm. In the Appendix, we extend this
approach to a general setting where multiple signal samples
are observed at the destination. For P4 and P7, since the same
relay transmits multiple times consecutively in one time slot,
the received signal samples at destination are correlated. The
decision rule is given by (68) showing that the test statistic
for a relay is a quadratic form in the received signal samples
and the threshold is given by (69). For other protocols, since
all the samples received at the destination from different
relays are independent, each WDFDC receiver compares the
magnitude of its received sample to the threshold in (71) and
makes a decision according to (70).

B. REGULARIZED WDFDC RECEIVERS
In [28], regularized WDFDC receivers have been considered
for relay-destination channels in OWRN. It has been shown
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that such receiver significantly reduces the effects of feedback
decision error propagation and intermittent transmissions,
resulting in substantial improvement over the non-regularized
WDFDC receiver. In this paper, we consider a TWRN system
employing regularized WDFDC receivers over RiA and RiB
channels, and non-regularized WDFDC receivers over AB,
BA, ARi and BRi channels.

According to [24], for a non-regularizedWDFDC receiver,
the feedback coefficients pν ,1 1 ≤ ν ≤ L, are obtained by
minimizing the mean-square error (MSE)

σ 2
mse = E

{∣∣y[k] − a[k]ŷ[k]
∣∣2}

= E


∣∣∣∣∣c[k] −

L∑
v=1

pνc[k − ν]

∣∣∣∣∣
2
 (10)

where c[k] ≜
√
Pf [k] + n[k]/b[k]. The coefficients pν can

be obtained by solving the Yule-Walker equations

8cp∗
= ϕc (11)

where p ≜ [p1 p2 · · · pL]T , ϕc ≜ [Rc[−1] Rc[−2] · · ·

Rc[−L]]T and the autocorrelation matrix (ACM) of c[·] is
defined as:

8c =


Rc[0] Rc[1] · · · Rc[L − 1]
R∗
c [1] Rc[0] · · · Rc[L − 2]
...

...
. . .

...

R∗
c [L − 1] R∗

c [L − 2] · · · Rc[0]


where Rc[λ] ≜ E{c[k]c∗[k − λ]} = PRf [λ] + N0δ[λ].
Here, Rf [λ] is the autocorrelation function (ACF) of the
fading process f [·], and δ[·] is the discrete delta function.
For Rayleigh fading following the Jake’s model, we have
Rf [λ] = J0(2πBf Tλ).
It has been shown in [28] that a mismatch exists

between the calculated feedback coefficients and the actual
coefficients due to decision feedback errors in the WDFDC
receiver. Therefore, to reduce such mismatch, regularized
receivers were proposed that include a penalty function R =

pTXp∗ to the MSE of (10), resulting in the new cost criterion
CR = σ 2

mse + R = σ 2
mse + pTXp∗ where X = diag(SNRα

R −

1, · · · , SNRα
R − 1) is a L × L diagonal matrix. For TWRN,

SNRR = (P/(N + 2))/N0 and α is a parameter which
determines the influence of SNRR on the penalty function.
Then the feedback coefficients of a regularized WDFDC
receiver are obtained by solving

(8c + X)p∗
= ϕc (12)

When α = 0, the penalty function is zero and (12) is
equivalent to (11). In [28], based on simulation results, the
parameter α is fitted to a logistic function and calculated by
αf =

0.5
1+e−p2(SNRR,dB−p3)

where p2 = 0.119878295501326,
p3 = 47.802208775435666 and SNRR,dB is the SNR at the
relay. For TWRN, SNRR,dB = 10 log10((P/(N + 2))/N0).

1In this section, we omit subscripts for simplicity.

III. ANALYTICAL PERFORMANCE BOUNDS
In this section, we derive an analytical BER Ideal Lower
Bound (ILB) and Ideal Tighter Lower Bound (ITLB) for
different protocols of a generalized TWRN system, shown in
Table 1. From the simulation results presented in section IV,
we observe that for all protocols, the performance of terminal
A and B is almost the same. Also, as shown in Fig. 2 to
Fig. 8, for each protocol all channels experience the same
Doppler frequency and the transmissions in both directions
are symmetrical. Therefore, the analytical results of terminal
A are the same as those for terminal B and hence only the
derivation for terminal A is presented. The number of relays
in the network is denoted by N and the size of the WDFDC
receiver memory is denoted by L. For ILB and ITLB genie
WDFDC receivers that do not include decision feedback
errors are assumed. The ILB further assumes that the relay
does not make detection errors and it transmits the correctly
detected symbols continuously, while the ITLB assumes the
relay could make detection errors. The ITLB also assumes
that adjacent detection errors at the relay are spacedmore than
L symbols. With this assumption, the content of the memory
of the WDFDC receiver at the destination will be loaded with
consecutive symbols and the calculated optimum feedback
coefficients pν can be used.

A. ILB AND ITLB FOR P3 AND P5
As shown in Table 1, both P3 and P5 consume four phases
to complete a transmission cycle and no network coding is
employed. The relay forwards the signal to a terminal only
if it successfully detects the symbol from the other terminal.
First, we consider a general case where the transmission
from terminal B to A is assisted by N relays. Since the ILB
assumes a relay transmits continuously, during each time slot
the destination receives N + 1 samples. A sample from the
m-th channel is

ym[k] =

√
Pmfm[k]bm[k] + nm[k], m ∈ {0, 1, . . . ,N }

which corresponds to BA,R1A, . . . ,RNA channels, and
the differentially encoded information symbol is given by
bm[k] = aB[k]bm[k − 1]. The combined decision variable
is

gDFA [k] =

N∑
m=0

ym[k]ŷ∗m[k]

where ŷm[k] is the reference signal calculated by theWDFDC
receiver for them-th channel. Assuming no decision feedback
errors, i.e. âB[k − µ] = aB[k − µ], then

ŷm[k] =

L∑
ν=1

pνm

ν−1∏
µ=1

aB[k − µ]ym[k − ν].

We assume QPSK symbols aB[·] ∈ Aφ = {ej(πν/2+π/4)
|ν ∈

{0, 1, 2, 3}} and the source transmits aB[k] = ejπ/4. Then the
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BER is given by [28]

Pb = Pr{Re{gDFA [k]} < 0} = Pr{D < 0} =

∫ 0

−∞

p(D)dD

= −
1
2π j

∫ j∞−ϵ

−j∞−ϵ

φD(z)
z

dz (13)

D ≜ gDFA [k] + gDF∗
A [k] =

N∑
m=0

(ym[k]ŷ∗m[k] + y∗m[k]ŷm[k])

(14)

where φD(z) is the characteristic function of D. In fact, D
can be expressed as a Hermitian quadratic form D ≜ vHQv
in Circular-Symmetric Complex Gaussian (CSCG) random
variables where v of size 2(N + 1) and Q of size 2(N + 1)×
2(N + 1) are given by

v =
[
y0[k] ŷ0[k] y1[k] ŷ1[k] · · · yN [k] ŷN [k]

]T
(15)

Q = diag(M, · · · ,M) where M =

[
0 1
1 0

]
. (16)

Since E{fm[k]} = 0 we have

E{ym[k]} = E{

√
Pmfm[k]bm[k] + nm[k]}

=

√
PmE{fm[k]}E{bm[k]} + E{nm[k]} = 0 (17)

E{ŷm[k]} = E{

L∑
ν=1

pνm

ν−1∏
µ=1

a[k − µ]ym[k − ν]}

=

L∑
ν=1

pνm

ν−1∏
µ=1

a[k − µ]E{ym[k − ν]} = 0 (18)

and also E[v] = 0. Then the covariance matrix L is
given by L = E{(v − v̄)(v − v̄)H } = E{vvH }. Since
the N + 1 channels are assumed independent, we have
E{ym[k]yn[k]∗} = E{ŷm[k]ŷn[k]∗} = E{ym[k]ŷn[k]∗} =

0 where m, n ∈ {0, 1, . . . ,N } and m ̸= n. Hence

L = diag(C0, · · · ,CN ) (19)

Cm ≜

[
E{ym[k]ym[k]∗} E{ym[k]ŷm[k]∗}
E{ŷm[k]ym[k]∗} E{ŷm[k]ŷm[k]∗}

]
≜

[
µmxx µmxy
µ∗
mxy µmyy

]
(20)

where

µmxx = Pm + N0, µmxy = ejπ/4Pm
L∑

ν=1

p∗
νm
Rf [ν] (21)

µmyy = Pm
L∑

ν=1

L∑
µ=1

pνmp
∗
µm
Rf [µ − ν] + N0

L∑
ν=1

|pνm |
2 (22)

with Pm = P/(N + 2) for TWRN and P denotes the total
power allocated in the network.

From [35], the characteristic function of D is

φD(z) =

2N+2∏
n=1

1
1 − zλn

(23)

where λn are the eigenvalues of LQ. From (16) and (19),
we have LQ = diag(C0M, · · · ,CNM) showing that the
eigenvalues of LQ are the eigenvalues of CmM, m ∈

{0, 1, . . . ,N }. Denote the two eigenvalues of CmM by λ1m,
λ2m. Solving det(λI − CmM) = 0, we have

λ1m =
1
2

[
(µmxy + µ∗

mxy)

−

√
(µmxy + µ∗

mxy)2 + 4(µmxxµmyy − |µmxy|
2)

]
(24)

λ2m =
1
2

[
(µmxy + µ∗

mxy)

+

√
(µmxy + µ∗

mxy)2 + 4(µmxxµmyy − |µmxy|
2)

]
(25)

From Cauchy–Schwarz inequality, we have µmxxµmyy >

|µmxy|
2, hence λ1m < 0 and λ2m > 0. Based on (24) and (25),

the characteristic function in (23) becomes

φD(z) =

N∏
m=0

1
(1 − zλ1m)(1 − zλ2m)

(26)

and the BER in (13) can be expressed as

Pb = −
1
2π j

∫ j∞−ϵ

−j∞−ϵ

φD(z)
z

dz

= −
1
2π j

∫ j∞−ϵ

−j∞−ϵ

N∏
m=0

λ−1
1mλ−1

2m

z(z− λ−1
1m)(z− λ−1

2m)
dz (27)

For a TWRN with regularized WDFDC receivers, the
coefficients calculated from (12) are used for RiA, i ∈

{1, 2, . . . ,N } channels and the ones for BA channel are
calculated from (11). Therefore, C0 and Ci, i > 0 in (19) are
different, resulting in LQ having 4 eigenvalues, λ1B < 0 and
λ2B > 0 with order 1 and λ1R < 0 and λ2R > 0 with order N .
Hence, (26) becomes

φD(z) =
1

(1 − zλ1S )(1 − zλ2S )(1 − zλ1R)N (1 − zλ2R)N
.

(28)

and the BER in (27) becomes

Pb = −
λ−1
1S λ−1

2S λ−N
1R λ−N

2R

2π j

×

∫ j∞−ϵ

−j∞−ϵ

1

z(z− λ−1
1S )(z− λ−1

2S )(z− λ−1
1R )

N (z− λ−1
2R )

N
dz

(29)

143218 VOLUME 11, 2023



J. Zhang, H. Leib: Bidirectional Selective DetF Multi-Relay Systems With Regularized WDFDC Receivers

As in [28], using contour integration, the ILB of TWRN with
P3 and P5 becomes

Pb =
1

(1 + v2S1S )(1 + v1R1S )N (1 + v2R1S )N

+
1

(1 + v1S1R)(1 + v2S1R)(1 + v2R1R)N

×

∑
k2≥0

∑
k3≥0

∑
k4≥0

k2+k3+k4≤N−1

(
N + k4 − 1

k4

)( 1
1 + 1/v2R1R

)k4

×

( 1
1 + 1/v2S1R

)k3( 1
1 + 1/v1S1R

)k2
(30)

with

v2S1S ≜ −
λ2S

λ1S
, v1S1R ≜ −

λ1S

λ1R
, v1R1S ≜ −

λ1R

λ1S
,

v2S1R ≜ −
λ2S

λ1R
, v2R1S ≜ −

λ2R

λ1S
, v2R1R ≜ −

λ2R

λ1R

For ITLB, since each relay only forwards the correctly
decoded symbol, not all relays are active at each time instant.
Hence, we denote by na the number of active relays. Then the
BER at the destination can be expressed as

Pb =

N∑
na=0

Pb|naPa(na) (31)

where Pa(na) is the probability that the number of active
relays is na,

Pa(na) =

(
N
na

)
(1 − Pb,SR)naP

N−na
b,SR (32)

and Pb,SR = 1/(1 + v2S1S ) is the BER of a single link non-
regularizedWDFDC receiver at the relay. Then (32) becomes

Pa(na) =

(
N
na

)(
v2S1S

1 + v2S1S

)na 1
(1 + v2S1S )N−na

=
1

(1 + v2S1S )N

(
N
na

)
vna2S1S . (33)

The term Pb|na in (31) is the conditional BER at the
destination when the number of active relays is na, which
is essentially (30) replacing N by na. Overall, from (30)
and (33), (31) becomes

Pb =
1

(1 + v2S1S )N

×

N∑
na=0

[
1

(1 + v2S1S )(1 + v1R1S )na (1 + v2R1S )na

+
1

(1 + v1S1R)(1 + v2S1R)(1 + v2R1R)na

×

∑
k2≥0

∑
k3≥0

∑
k4≥0

k2+k3+k4≤na−1

(
na + k4 − 1

k4

)( 1
1 + 1/v2R1R

)k4

×

( 1
1 + 1/v2S1R

)k3( 1
1 + 1/v1S1R

)k2](
N
na

)
vna2S1S

(34)

For P3, the system consists of two relays and thus Pm =

P/4 is used in (21) and (22). Compared to P3, only one relay
is considered in P5 and thus we have Pm = P/3. For both
P3 and P5, the ILB and ITLB are (30) and (34) with N = 1,
since with P3, while having two relays, only one is used to
service a terminal, and P5 employs only one relay.

B. ILB AND ITLB FOR P1, P2 AND P6
Unlike P3 and P5, all relay nodes in P1, P2 and P6 employ
network coding. The network coded symbol is forwarded
to both terminals only if both symbols from A and B are
detected correctly. For ILB, we follow the derivation in sub-
section III-A and assume aB[k] = ejπ/4. Then the differential
encoded symbol received at terminal A can be expressed as

bm[k] =

{
aB[k]bm[k − 1], m = 0
aC [k]bm[k − 1], m = 1, 2, . . . ,N

(35)

where m ∈ {0, 1, . . . ,N } corresponds to BA,R1A, . . . ,RNA
channels and

aC [k] ≜ aA[k]aB[k] (36)

is the network coded symbol. At destination A, the signal is
combined as

gDFA [k] = y0[k]ŷ∗0[k] +

N∑
m=1

ym[k]ŷ∗m[k]a
∗
A[k] (37)

where ym[k] and ŷm[k] are

ym[k] =

√
Pmfm[k]bm[k] + nm[k] (38)

ŷm[k] =



L∑
ν=1

pνm

ν−1∏
µ=1

aB[k − µ]ym[k − ν],

m = 0
L∑

ν=1

pνm

ν−1∏
µ=1

aC [k − µ]ym[k − ν],

m = 1, 2, . . . ,N

(39)

and Pm = P/(N + 2). Then D of (14) becomes

D ≜ gDFA [k] + gDF∗
A [k]

= y0[k]ŷ∗0[k] + y∗0[k]ŷ0[k]

+

N∑
m=1

(ym[k]ŷ∗m[k]a
∗
A[k] + y∗m[k]ŷm[k]aA[k]).

We see that D can be expressed as the quadratic form D ≜
vHQv,with v defined as

v =
[
y0[k] ŷ0[k] y1[k] ŷ1[k]aA[k]

· · · yN [k] ŷN [k]aA[k]
]T
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and Q the same as in (16). From (17) and (18), we have
E{ym[k]} = E{ŷ0[k]} = 0. For m ̸= 0,

E{ŷm[k]aA[k]}

= E{

L∑
ν=1

pνm

ν−1∏
µ=1

aC [k − µ]ym[k − ν]a[k]}

=

L∑
ν=1

pνmE{

ν−1∏
µ=1

aC [k − µ]a[k]}E{ym[k − ν]} = 0 (40)

and E[v] = 0. Since the N + 1 channels are independent, the
structure of the covariance matrix L in (19) is maintained and
C0 is the same as in (20). However, for m = 1, 2, . . . ,N ,

C′
m =

[
E{ym[k]y∗m[k]} E{ym[k]ŷ∗m[k]a

∗
A[k]}

E{ŷm[k]aA[k]y∗m[k]} E{ŷm[k]ŷ∗m[k]}

]
≜

[
µmxx µ′

mxy
µ′∗
mxy µmyy

]
(41)

whereµmxx andµmyy are the same as in (20). From (35), (36),
(38) and (39), we have

µ′
mxy = E{ym[k]ŷ∗m[k]a

∗
A[k]} = aB[k]Pm

L∑
ν=1

p∗
νm
Rf [ν]

= ejπ/4Pm
L∑

ν=1

p∗
νm
Rf [ν]. (42)

which is same as µmxy in (21). Therefore, for all m ∈

{0, 1, . . . ,N }, Cm
′ is identical to Cm of (20) and hence a

TWRN employing network coding has the same covariance
L as without network coding. Then eigenvalues of LQ are
essentially (24) and (25). Thus, the ILB of TWRNwith P1, P2
and P6 are (30) with N = 1, N = 2 and N = 3 respectively.
Next, we consider the ITLB of (31). For P1, P2 and P6,

since network coding is employed, a relay transmitts only if
it decodes both symbols correctly. Therefore, Pa(na) of (32)
becomes

Pa(na) =

(
N
na

)
((1 − Pb,SR)2)na (1 − (1 − Pb,SR)2)N−na

(43)

where Pb,SR = 1/(1 + v2S1S ), and then we have

Pa(na) =

(
N
na

)(
v2S1S

1 + v2S1S

)2na( 1 + 2v2S1S
(1 + v2S1S )2

)N−na

=
(1 + 2v2S1S )N

(1 + v2S1S )2N

(
N
na

)
v2na2S1S

(1 + 2v2S1S )na
(44)

Since the ILB of a TWRNwith P1, P2 and P6 is (30), thePb|na
in (31) is (30), with N replaced by na. Then from (30), (31)
and (44), the BER at the destination is

Pb =
(1 + 2v2S1S )N

(1 + v2S1S )2N

N∑
na=0

(
N
na

)
v2na2S1S

(1 + 2v2S1S )na

×

[
1

(1 + v2S1S )(1 + v1R1S )na (1 + v2R1S )na

+
1

(1 + v1S1R)(1 + v2S1R)(1 + v2R1R)na

×

∑
k2≥0

∑
k3≥0

∑
k4≥0

k2+k3+k4≤na−1

(
na + k4 − 1

k4

)( 1
1 + 1/v2R1R

)k4

×

( 1
1 + 1/v2S1R

)k3( 1
1 + 1/v1S1R

)k2]
(45)

and the ITLB of a TWRN with P1, P2 and P6 is (45) with
N = 1, N = 2 and N = 3 respectively.

C. ILB AND ITLB FOR P4 AND P7
As shown in Table 1, Type C relays are used with protocols
P4 and P7 where network coding is employed. Compared to
protocols P2 and P6 where the system consists of multiple
relays and each relay transmits once over independent chan-
nels, in P4 and P7, the same relay transmits multiple times
resulting in correlated samples received at the destination.
We denote by Nr the number of phases that the same relay
transmits consecutively. Hence we have Nr = 2 for P4 and
Nr = 3 for P7. The total number of phases in one time slot is
Nr+2 and the time slot is indexed by k . We index the received
signal at phase i over the RD channel by m = 1 as y1[k, i],
i ∈ {1, 2, . . . ,Nr }, and the corresponding estimated reference
signal of WDFDC receiver is denoted as ŷ1[k, i]. Therefore
we have

y1[k, i] =

√
P1f1[k, i]b1[k] + n1[k, i]

ŷ1[k, i] =

L∑
ν=1

pν

ν−1∏
µ=1

aC [k − µ]y1[k − ν, i]

where P1 = P/3, b1[k] is given in (35) and aC [k] in (36).
Also, the same coefficients pν , 1 ≤ ν ≤ L are used for all Nr
transmissions. Then the combined signal at A is

gDFA [k] = y0[k]ŷ∗0[k] +

Nr∑
i=1

y1[k, i]ŷ∗1[k, i]a
∗
A[k]

where y0[k] is the received signal over channel BA of (38) and
ŷ0[k] is the corresponding estimated reference signal of (39)
with m = 0. Then D of (14) becomes

D ≜ gDFA [k] + gDF∗
A [k] = y0[k]ŷ∗0[k] + y∗0[k]ŷ0[k]

+

Nr∑
i=1

(y1[k]ŷ∗1[k, i]a
∗
A[k] + y∗1[k]ŷ1[k, i]aA[k]).

and the corresponding v in the quadratic form D ≜ vHQv
becomes

v =
[
y0[k] ŷ0[k] y1[k, 1] ŷ1[k, 1]aA[k]

· · · y1[k,Nr ] ŷ1[k,Nr ]aA[k]
]T

where Q is the same as in (16). From (17), (18) and (40),
we have E[v] = 0. Furthermore, since Nr transmissions
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over the RA channel are correlated, the covariance matrix
L = E{vvH } is

L =

[
C0 0
0 CR

]
,

CR =


D11 D12 · · · D1Nr
D21 D22 · · · D2Nr
...

...
. . .

...

DNr1 DNr2 · · · DNrNr



=


D11 DH

21 · · · DH
Nr1

D21 D22 · · · DH
Nr2

...
...

. . .
...

DNr1 DNr2 · · · DNrNr

 (46)

where the covariance C0 is defined in (20) with m = 0. The
covariance matrixCR corresponds to theNr samples from the
relay and Dij is

Dij =

[
E{y1[k, i]y∗1[k, j]} E{y1[k, i]ŷ∗1[k, j]a

∗
A[k]}

E{ŷ1[k, i]aA[k]y∗1[k, j]} E{ŷ1[k, i]ŷ∗1[k, j]}

]
≜

[
µ1xixj µ1xiyj
µ1yixj µ1yiyj

]
. (47)

where

µ1xixj = E{y1[k, i]y∗1[k, j]} = E{(
√
P1f1[k, i]b1[k]

+ n1[k, i])(
√
P1f ∗

1 [k, j]b
∗

1[k] + n∗

1[k, j])}

= P1E{f1[k, i]f ∗

1 [k, j]} + E{n1[k, i]n∗

1[k, j]}

= P1Rf
[ i− j
Nr + 2

]
+ N0δ(i− j) (48)

with Rf [λ] = J0(2πBf Tλ). Since T is the period of one
time slot and each time slot consists of Nr + 2 phases,
the normalized Doppler frequency between two adjacent
phases is Bf T/(Nr+2) and the corresponding autocorrelation
function is J0(2πBf T/(Nr+2)) = Rf [1/(Nr+2)]. In general,
the number of phases between two fading samples f [k − s, i]
and f [k − t, j] is (t − s) · (Nr + 2) + (i− j) and therefore we
have E{f [k− s, i]f ∗[k− t, j]} = J0(2πBf T ((t− s)(Nr +2)+
(i− j))/(Nr +2)) = Rf [t−s+(i− j)/(Nr +2)]. Thus, we have

µ1xiyj = ejπ/4P1
L∑

ν=1

p∗
νRf

[
ν +

i− j
Nr + 2

]
(49)

µ1yixj = e−jπ/4P1
L∑

ν=1

pνRf
[

− ν +
i− j
Nr + 2

]
(50)

µ1yiyj = P1
L∑

ν=1

L∑
µ=1

pνp∗
µRf

[
µ − ν +

i− j
Nr + 2

]

+ δ(i− j)N0

L∑
ν=1

|pν |
2 (51)

We can see that when i = j, (48), (49) and (51) are equivalent
to (21) and (22) respectively and µ1xiyj = µ∗

1yixj. Therefore
Dii is same as Cm in (20) with m = 1 and in (46), we have

D11 = D22 = · · · = DNrNr = C1. In fact, the correlation
between the multiple received samples is taken into account
inCR of (46). If the received Nr samples are uncorrelated,CR
will be diagonal and L of (46) will be equivalent to (19).
Since the destination A receives Nr + 1 signals, the

characteristic function φD(z) is (23) where N is replaced by
Nr and the ILB in (13) becomes

Pb = −
1
2π j

∫ j∞−ϵ

−j∞−ϵ

φD(z)
z

dz

= −
1
2π j

∫ j∞−ϵ

−j∞−ϵ

1
z

2Nr+2∏
n=1

1
1 − zλn

dz (52)

where λn are the eigenvalues of LQ. From (16) and (46),
we have

LQ =

[
C0M 0
0 LQ

]
where LQ of size 2Nr × 2Nr is given by

LQ =


C1M DH

21M · · · DH
Nr1

M
D21M C1M · · · DH

Nr2
M

...
...

. . .
...

DNr1M DNr2M · · · C1M


Therefore, the eigenvalues of LQ are the eigenvalues ofC0M
and LQ. We denote the two eigenvalues of C0M as λ1 and
λ2, which are (24) and (25) respectively with m = 0. We
denote the eigenvalues of LQ as λ3, λ4, . . . , λ2Nr+2 that are
calculated numerically. For P4 and P7, we observe that each
eigenvalue has order 1 and for all SNR, half of eigenvalues
are on the left plane and the other half on the right plane.
Therefore, for both protocols, we denote λ2x+1 < 0 and
λ2x+2 > 0 where x = 0, 1, . . . ,Nr . Then the BER in (52)
becomes

Pb = −

∏2Nr+2
n=1 λ−1

n

2π j

∫ j∞−ϵ

−j∞−ϵ

1

z
∏2Nr+2

n=1 (z− λ−1
n )

dz

≜ −

∏2Nr+2
n=1 λ−1

n

2π j

∫
C1

h1(z)dz (53)

where the anticlockwise oriented contour C1 is closed to
include the left-half plane, and exclude the pole at the origin.
According to the Residue Theorem [36, p. 89],

∫
C1

h1(z)dz = 2π j
Nr∑
x=0

res(h1(z), z = λ−1
2x+1) (54)

where the residue at λ−1
2x+1 is given by [36, p. 90]. Since the

pole λ−1
2x+1 has order 1, we have

res(h1(z), z = λ−1
2x+1)

= (z− λ−1
2x+1)h1(z)|z=λ−1

2x+1
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=
1

λ−1
2x+1(λ

−1
2x+1 − λ−1

1 ) · · · (λ−1
2x+1 − λ−1

2x )

×
1

(λ−1
2x+1 − λ−1

2x+2) · · · (λ
−1
2x+1 − λ−1

2Nr+2)
(55)

From (54) and (55), ILB in (53) becomes

Pb

=

Nr∑
x=0

1

(1 −
λ1

λ2x+1
) · · · (1 −

λ2x
λ2x+1

)(1 −
λ2x+2
λ2x+1

) · · · (1 −
λ2Nr+2
λ2x+1

)
.

(56)

For a TWRN with regularized receivers, λ1 and λ2 are
calculated from (24) and (25) using the coefficients derived
from (11). However, the eigenvalues of LQ, λn, n =

3, 4, . . . , 2N2 + 2, are calculated using regularized feedback
coefficients derived from (12).

For ITLB, since the number of relay employed in the
TWRN with P4 and P7 is N = 1, the ITLB in (31) becomes

Pb = Pb|na=0Pa(na = 0) + Pb|na=1Pa(na = 1) (57)

where the conditional probability Pb|na=1 is essentially (56)
and Pb|na=0 is derived by substituting Nr = 0 into (56),
resulting in Pb|na=0 = 1/(1 − λ2/λ1). The probability of a
relay is active Pa(na) is the same as the one for P1, which
is (43) with N = 1. Therefore we have

Pa(na = 0) = 1 − (1 − Pb,SR)2 = 2Pb,SR − P2b,SR
Pa(na = 1) = (1 − Pb,SR)2.

Therefore, the ITLB for P4 and P7 in (57) becomes

Pb =
1 − 2λ2

λ1

(1 −
λ2
λ1
)3

+
(λ2
λ1
)2

(1 −
λ2
λ1
)2

Nr∑
x=0

1

(1 −
λ1

λ2x+1
) · · · (1 −

λ2x
λ2x+1

)

×
1

(1 −
λ2x+2
λ2x+1

) · · · (1 −
λ2Nr+2
λ2x+1

)
(58)

IV. SIMULATION RESULTS AND COMPARISONS
In this section, we present simulation results of a TWRNwith
various protocols. In all simulations, we assume WDFDC
receivers with Pilot Initialization (PI), where L pilot symbols
are transmitted at the beginning of the frame and the receiver
starts to decode with fully loaded memory. The Hold-
and-combine (HC) technique from [20] is employed for
WDFDC receivers over RD channels where the transmission
between the relay and the destination is assumed continuous.
Destinations A and B, employ calculated thresholds as in the
Appendix. In all simulations, Rayleigh fading with Bf T =

0.05 is assumed using Jake’s model IV of [33], where T is
the period of one time slot, i.e. the total number of phases
needed to complete one transmission. We assume a frame
size of NI = 50 information symbols and generate at least
107 channel realizations. For each SNR, at least 500 bit errors
are accumulated at each terminal A and B, and the results are
presented as a function of SNR = P/N0.

FIGURE 9. Simulated and calculated BER for a TWRN with P1, employing
regularized WDFDC with fitted αf , NI = 50, L = 4 and Bf T = 0.05.

FIGURE 10. Simulated and calculated BER for a TWRN with P3, employing
regularized WDFDC with fitted αf , NI = 50, L = 4 and Bf T = 0.05.

Firstly, we present a comparison of protocols P1, P3 and
P5, whose simulation results are shown in Fig. 9, Fig. 10
and Fig. 11. In all figures, analytical ITLB and ILB are also
plotted. For these three protocols, each terminal node receives
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FIGURE 11. Simulated and calculated BER for a TWRN with P5, employing
regularized WDFDC with fitted αf , NI = 50, L = 4 and Bf T = 0.05.

two independent signals, one from the other terminal and one
from the relay.We see from these figures that the performance
of these protocols is very close. Also, we observe that the
performance at the two terminals is close, and hence we focus
on the performance of terminal A. For P3 and P5, the relay
forwards the signal to one terminal only if it correctly decodes
the symbol from the other terminal, which is equivalent
to OWRN in two directions. Thus, we first compare the
performance of P5 and that of OWRN with N = 1, which
is considered in [28]. Comparing Fig. 11 with [28, Fig. 12],
we can see that for simulated LB and LB with genie, P5 has a
performance that is parallel to OWRN when P/N0 < 56 dB.
This is because in P5, two terminals transmit and the power
allocation follows PA = PB = PR = P/3, while for OWRN
we have PS = PR = P/2. Therefore, in theory, P5 loses
10log10(3/2) = 1.76 dB. In Table 2, the required P/N0 to
achieve a specific BER is shown for OWRN with N = 1 and
TWRN with different protocols. Note that the calculated ξ is
not considered for OWRN in [28], and hence we do not have
corresponding simulation results.We observe that at a BER of
5·10−5, the performance loss of P5 over OWRN is 1.83 dB for
LB, 1.78 dB for LBwith genie, 1.73 dB for ITLB and 1.76 dB
for ILB, which match the theoretical value. Similarly, since
two relays are used in P3 and the power allocated to each
node is P/4, the performance difference between P3 and P5
is 10log10(4/3) = 1.25 dB. Thus, from Table 2, at the BER
of 5 ·10−5, P3 performs 1.27 dB worse than P5 for the system
with calculated ξ , 1.19 dB for LB, 1.27 dB for LB with genie,
1.26 dB for ITLB and 1.24 dB for ILB.

Next, we compare P5 and P1, where both protocols employ
one relay. Since in P1, symbols from A and B are network

TABLE 2. P/N0 (dB) required to achieve BER of 5 · 10−5 and 5 · 10−7 for
OWRN with N = 1 and TWRN with P1, P3 and P5 at destination A.

coded followed by broadcasting to both terminals at the same
time, only one phase is needed for the relay to complete the
transmission in both directions. Compared to P1, the relay in
P5 serves one destination at a time, and hence two phases are
needed. Therefore, P1 achieves higher bandwidth efficiency
than P5. However, since the relay in P1 broadcasts only if
both symbols are correctly decoded, the relay in P5 transmits
more frequently than the one in P1 and therefore P5 provides
performance advantages. As shown in Table 2, at a BER of
5·10−5, the performance degradation of P1 over P5 is 0.65 dB
for the system with calculated threshold, 0.88 dB for LB,
1.06 dB for LBwith genie and 0.68 dB for ITLB.Note that the
ILB curves for P1 and P5 are the same since in the derivation
of ILB the relay is assumed to transmit continuously.

When P/N0 > 56 dB, similarly to the simulation results of
OWRN from [28, Fig. 12], no BER increase phenomenon is
observed in Figs. 9, 10 and 11 when regularized receivers are
used. It is also seen that the fitted parameters of regularized
receivers derived for OWRN are applicable to TWRN as
well. Furthermore, since the same regularized parameters
are used, by comparing the results of LB and LB with
genie in Table 2, we can see that the effects of decision
feedback error propagation are almost the same for OWRN
and TWRN with P1, P3 and P5 protocols. At a BER of
5 ·10−5, the performance difference between genie simulated
results (where all feedback symbols are forced to be correct),
and results obtained in real operational conditions (where
decision feedback symbols could suffer from errors) is
3.92 dB for OWRN, 3.97 dB for P5, 3.89 dB for P3 and
3.79 dB for P1.When P/N0 increases and the BER is 5·10−7,
the difference increases to 15.55 dB for OWRN, 16.16 dB for
P5, 15.9 dB for P3 and 15.81 dB for P1. This confirms our
observation in [28] that the effect of decision feedback error
becomes more significant at high P/N0 also for TWRN.

We compare now protocols P1, P2 and P6, where network
coding is employed in TWRN and the number of relays is
N = 1, N = 2 and N = 3 respectively. At each relay,
the network coded symbol is formed and transmitted to both
terminals only if both symbols from A and B are correctly
detected. For N > 1, transmissions of the N relays are
independent. In Figs. 12 and 13 we present the performance
of protocols P2 and P6. Compared to the performance for
N = 1 in Fig. 9, we can see that as N increases, higher
diversity gain is achieved. From these three figures, we see
that the performance of the system with calculated ξ reaches
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FIGURE 12. Simulated and calculated BER for a TWRN with P2, employing
regularized WDFDC with fitted αf , NI = 50, L = 4 and Bf T = 0.05.

FIGURE 13. Simulated and calculated BER for a TWRN with P6, employing
regularized WDFDC with fitted αf , NI = 50, L = 4 and Bf T = 0.05.

the steepest negative slope for 2 · 10−5
≤ BER ≤ 2 ·

10−1, which is termed as ‘‘waterfall region’’ in [20]. The
achievable diversity order is calculated from the steepest
slope estimated in this region and presented in Table 3.
We see that as N increases, the achievable diversity order
increases because of the increasing number of independent
copies of the signal received at the destination. Compared to

the achievable diversity in OWRN presented in [20, Table 2 ],
we see that our results for TWRN match the ones for OWRN
and we can conclude that TWRN achieves almost the same
diversity gain as OWRN. However, since network coding is
employed, relays in TWRN transmit less frequently than in
OWRN. As a result, a performance loss is observed for all
three protocols. Table 4 presents the SNR needed to achieve
a BER of 10−3 when comparing the simulation results of
the TWRN with calculated ξ in Figs. 9, 12 and 13 and
the OWRN with SNR-dependent thresholds of Figs. 10, 14
and 15 of [20]. We see that the performance loss of TWRN
decreases asN increases. In fact, the loss is due to two effects,
power allocation and network coding. In TWRN, the power
allocated to each node is P/(N + 2), while it is P/(N + 1)
in OWRN. Therefore, the loss caused by power difference is
10 log10((N + 2)/(N + 1)) and the remaining performance
difference results from network coding, as shown in Table 4.

TABLE 3. Diversity order based on simulation results of the system with
calculated thresholds in a TWRN with regularized WDFDC receivers.

TABLE 4. P/N0 (dB) required to achieve BER of 10−3 for TWRN with
ξ = cal in Figs. 9, 12 and 13 and OWRN with SNR-dependent ξ in
Figs. 10, 14 and 15 of [20].

Next, we consider the performance in the higher
P/N0 range. Table 5 presents the required P/N0 to achieve
BER of 5 · 10−7 for TWRN with P1, P2 and P6 in Figs. 9, 12
and 13. The results for OWRN in Figs. 12, 17 and 18 of
[28] are also presented. From Table 5 we can see that with
calculated ξ , due to the high diversity order, P6 performs
the best among the three protocols. Protocol P6 achieves
7.94 dB performance gain over P2 and 23.12 dB over P1 at
a BER of 5 · 10−7, which is larger than the corresponding
gain of 1.78 dB and 5.80 dB at a BER of 10−3 from Table 4.
Comparing the results of LB with LB- genie in Table 5,
we see that the performance loss due to decision feedback
errors is 15.81 dB for P1, 11.24 dB for P2 and 7.17 dB
for P6 in TWRN. For OWRN, similar results are observed,
which are 15.55 dB for N = 1, 11.61 dB for N = 2 and
7.19 dB and N = 3. This shows that the degradation due
to decision feedback errors is similar for OWRN and TWRN.
Furthermore, we see that asN increases, the effect of decision
feedback errors is reduced. This is because with a larger
number of relays a lower BER is achieved at the destination,
and therefore the decoding errors that are fed back to the
memory ofWDFDC receiver are less. As explained in [28] for
OWRN, also in TWRN systems the performance difference
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between calculated ITLB and simulated LB with genie is
due to the mismatch of WDFDC coefficients caused by
intermittent transmissions between relays and the destination.
In Table 5, we see that the difference is 3.26 dB for P1,
4.03 dB for P2 and 5.69 dB for P6, and these are similar to
the results of OWRN, which are 3.2 dB, 4.3 dB and 6.13 dB
respectively.We observe that for bothOWRNandTWRN, the
effect of intermittent transmissions increases as N increases.
This is because as N increases, more samples from relays are
combined at the destination. Since each sample suffers from
intermittent transmissions and they are combined with equal
gain, it leads to a larger influence as N increases.

TABLE 5. P/N0 (dB) required to achieve BER of 5 · 10−7 for OWRN with
N = 1, 2, 3 and TWRN with P1, P2 and P6 at destination A.

We consider now protocols P1, P4 and P7, where all three
protocols use one relay with network coding. From Table 1
we see that both protocols P2 and P4 achieve same bandwidth
efficiency and use a Type C relay. As shown in Fig. 3, in the
third and fourth phase of P2, each destination receives two
samples from independent links. However, for P4 in Fig. 5,
we see that the two received samples at each terminal are
from the same link and they experience the same fading
channel. Therefore, the received samples at the destination
are correlated. This is the same when comparing P6 in Fig. 7
and P7 in Fig. 8. We denote Nr as the number of phases
that the same relay transmits consecutively. Then we have
Nr = 1 for P1, Nr = 2 for P4 and Nr = 3 for P7.
With a selective DF protocol, the relay either keeps silent or
transmits Nr times. When the relay transmits, Nr correlated
samples are received from the relay at the destination, and
the decision rule that compares the absolute value of one
received sample to a threshold is not suitable for P4 and P7.
In this case, Nr samples can be used to make a better decision
regarding whether the relay transmits or not. In the Appendix,
the decision rule and the corresponding threshold for P4 and
P7 are derived and shown in (68) and (69).

Simulation results for protocols P4 and P7 are presented in
Figs. 14 and Fig. 15. When compared to the performance of
P1, we see that at low SNR, the system with calculated ξ in
both figures performs worse than the one in Fig. 9. According
to the decision rule of (68), the receiver at the destination
either includes Nr samples from the relay in the combined
detection process or does not include any. Thus, even if the
threshold test passes, it is possible that some samples are only
noise and are still included in the detection process. Also,
it is possible that the relay transmits, but the threshold test
fails and all Nr samples are discarded despite the possibility
that the relay actually transmitted. Therefore, for P4 and
P7, the overall performance becomes worse, especially at
low SNR. We observe that at high SNR, the difference

FIGURE 14. Simulated and calculated BER for a TWRN with P4, employing
regularized WDFDC with fitted αf , NI = 50, L = 4 and Bf T = 0.05.

FIGURE 15. Simulated and calculated BER for a TWRN with P7, employing
regularized WDFDC with fitted αf , NI = 50, L = 4 and Bf T = 0.05.

between LB with genie and ITLB increases as Nr increases
in Figs. 9, 14 and 15. As shown in [28] for OWRN, this
difference is due to the intermittent transmissions between
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the relay and the destination, which is s source of loss also
in TWRN. Since each RD sample suffers from the mismatch
ofWDFDC coefficients caused by intermittent transmissions,
when the samples are combined at the destination with equal
gain, the intermittent transmission effect is emphasized as Nr
increases.

FIGURE 16. Comparison of a TWRN with P1, P4 and P7, employing
regularized WDFDC with fitted αf and calculated ξ , NI = 50, L = 4 and
Bf T = 0.05.

To further investigate the effect of intermittent transmis-
sions, Fig. 16 presents simulation results of the system
including the case when a relay always transmits (RalwTX).
This case is compared with the results of normal operation
for P1, P4 and P7. We observe that at high SNR, the
performance illustrated by solid lines (normal operation)
degrades asNr increases. The dashed curves assume the relay
always transmits the correct symbols, i.e. no intermittent
transmissions between the relay and the destination. Under
this condition, we see that at high SNR, the performance of
the system improves as Nr increases. Therefore, increasing
the number of correlated transmissions achieves a better per-
formance when the relay transmits all the time. Furthermore,
when we compare the paired solid and dashed curves for
each protocol, we can see that the difference between them
becomes larger when Nr increases. Hence we see that the
effect of intermittent transmissions becomes more significant
as Nr increases.

We observe that the diversity orders of P4 and P7 are
similar to P1 in Fig. 16. This shows that correlated samples
transmitted using protocols P4 and P7 do not provides
extra diversity. Hence increasing the number of correlated
transmissions from relays do not increase diversity. From

Table 1, we see that both P4 and P2 involve two transmissions
from the relay to the destination, and P7 and P6 both involve
three. However, since the RD transmissions in P2 and P6 are
independent, higher diversity is achieved when the number of
transmission increases, as shown in Table 3.

V. CONCLUSION
This paper considers TWRN systems with regularized
WDFDC receivers employing several protocols shown in
Table 1. These protocols make use of three type of relays
operating in DetF mode. For each protocol, we derive
the optimum threshold at user terminals to detect if a
relay transmits. Performance over fast fading reciprocal
channels is analyzed through analytical bounds to BER,
and extensive computer simulations. When protocols P3
and P5 are compared, where both are equivalent to using
OWRN in two directions, we find that similar performance
to OWRN is obtained. When comparing protocols P5 and
P1, since P1 employs network coding reducing the number
of phases required to complete a transmission cycle, we have
that P1 achieves higher bandwidth efficiency than P5.
However, because the relay in P1 transmits less frequently,
a performance degradation over P5 is observed. Next, P2,
P4, P6 and P7 are compared where all protocols use network
coding, and some employ multiple transmissions from same
relay. When independent signals are received at destinations
from different relays, resulting in P2 and P6, then higher
diversity gains are achieved as the number of relays increases.
With protocols P4 and P7 multiple correlated signals are
received at the destination because of multiple transmissions
from same relay, resulting in no extra diversity gains. Also,
a performance degradation is observed compared to P1
because of amplification of the intermittent transmission
effect. In general these protocols when used with WDFDC
receivers provide low error rates (without error control
coding), not suffering from any error floors above a BER of
5 × 10−8.

APPENDIX
THRESHOLD SETTING AT DESTINATIONS
In this section, we derive the optimum threshold λ for a
likelihood ratio test that maximize (Pd − Pf ), where Pd
is the probability of detection and Pf is the probability
of false alarm. The observation vector is denoted by
Y ≜ [Y [1] Y [2] · · · Y [m]]T and the binary hypothesis
testing problem is formed as:

H1 : Y ∼ pY|H1 (y|H1) (59)

H0 : Y ∼ pY|H0 (y|H0). (60)

Then the likelihood ratio is

3 =
pY|H1 (y|H1)
pY|H0 (y|H0)

H1
≷
H0

λ (61)

and the corresponding Pd and Pf are

Pd = Pr{3 > λ|H1} Pf = Pr{3 > λ|H0}
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The problem is to find the optimum threshold λ such that
(Pd − Pf ) is maximized.

FIGURE 17. The ROC curve for the likelihood ratio test.

According to properties I and II in [37, p. 44], all
continuous likelihood ratio tests have a Receiver Operating
Characteristic (ROC) curve that is concave downward, above
the Pd = Pf line and contains the points (Pf = 0, Pd =

0) and (Pf = 1, Pd = 1), as shown in Fig. 17. Denote the
slope of the ROC curve at (0, 0) as k00 and the one at (1, 1)
as k11. Then we have k00 > 1 and k11 < 1 and the slope
decreases as the curve moves from (0, 0) to (1, 1). Consider
a straight line Pd = Pf + d with slope k = 1, then the
problem ofmaximizing (Pd−Pf ) is equivalent to maximizing
the value of d , which is the interception between the line and
Pd axis. In Fig. 17, three lines a, b and c are presented with
interceptions da > db > dc. Compared to line b, line a is not
achievable since there is no interception with the ROC and
line c is not optimum since dc < db. Therefore, the maximum
d is achieved when the line is tangential to the ROC curve,
as line b indicates. Property III of [37, p. 44] indicates that
the slope of an ROC curve at a particular point is equal to the
value of the threshold λ required to achieve the Pd and Pf of
that point. Therefore, the optimum threshold that maximizes
(Pd − Pf ) is the slope of line b, and we have λ = 1.
Next, we derive optimum thresholds for two special

cases. In the first case, the observation vector Y =

[Y1 Y2 · · · Ym]T consists of Circular-Symmetric Com-
plex Gaussian (CSCG) random variables. In TWRN, Y
corresponds to the received samples at the destination from
the same relay in m consecutive phases. The received signal

Yi at phase i, 1 ≤ i ≤ m, is

Yi =

{ √
PRfR[k, i]bR[k] + nR[k, i], if the relay transmits

nR[k, i], otherwise

(62)

where fR[k, i], nR[k, i] are defined as the fading and noise
sample of i-th phase in k-th time slot. The fading process fR[·]
is modelled as a correlated zero-mean CSCG random process
with normalized power 1 and the noise process nR[·] is an
uncorrelated zero-mean CSCG random process with variance
N0. Furthermore, f [·] and n[·] are mutually uncorrelated.
With the assumption of Rayleigh fading following Jake’s
model, the autocorrelation function is Rf [λ] = J0(2πBf Tλ).
Hence, for transmissions at phase i and j, 1 ≤ i, j ≤ m, in the
kth time slot we have

E{fR[k, i]f ∗
R [k, j]} = J0(2πBf T (i− j)/Np)

= Rf [(i− j)/Np]

where Np is the number of phases in one time slot and Np =

m+ 2 for TWRN with P4 and P7.
In TWRN, the hypothesisH1 corresponds to the case when

the relay transmits and the hypothesis H0 corresponds to
the case when the relay remains silent. Then (59) and (60)
become

H1 : Y ∼ pY|H1 (y|H1) = π−mdet[C1]−1e−YHC−1
1 Y (63)

H0 : Y ∼ pY|H0 (y|H0) = π−mdet[C0]−1e−YHC−1
0 Y (64)

with correlation matrix C0 specified by (65), shown at the
bottom of the page, where Im is the m × m identity matrix
and

C1 = E{YYH
|H1}

=


E{Y1Y ∗

1 |H1} E{Y1Y ∗

2 |H1} · · · E{Y1Y ∗
m|H1}}

E{Y2Y ∗

1 |H1} E{Y2Y ∗

2 |H1} · · · E{Y2Y ∗
m|H1}

...
...

. . .
...

E{YmY ∗

1 |H1} E{YmY ∗

2 |H1} · · · E{YmY ∗
m|H1}


where for 1 ≤ i, j ≤ m,

E{YiY ∗
j |H1}

= E{(
√
PRfR[k, i]bR[k] + nR[k, i])

× (
√
PRf ∗

R [k, j]b
∗
R[k] + n∗

R[k, j])}

= PRE{fR[k, i]f ∗
R [k, j]} +

√
PRbR[k]E{fR[k, i]}E{n∗

R[k, j]}

C0 = E{YYH
|H0} =


E{nR[k, 1]n∗

R[k, 1]} E{nR[k, 1]n∗
R[k, 2]} · · · E{nR[k, 1]n∗

R[k,m]}
E{nR[k, 2]n∗

R[k, 1]} E{nR[k, 2]n∗
R[k, 2]} · · · E{nR[k, 2]n∗

R[k,m]}
...

...
. . .

...

E{nR[k,m]n∗
R[k, 1]} E{nR[k,m]n∗

R[k, 2]} · · · E{nR[k,m]n∗
R[k,m]}


= N0Im (65)
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+

√
PRb∗

R[k]E{f ∗
R [k, j]}E{nR[k, i]} + E{nR[k, i]n∗

R[k, j]}

= PRRf [(i− j)/Np] + N0δ(i− j).

Therefore, the covariance C1 becomes

C1 =


PR + N0 PRRf [−1

Np
] · · · PRRf [ 1−mNp ]

PRRf [ 1
Np
] PR + N0 · · · PRRf [ 2−mNp ]

...
...

. . .
...

PRRf [m−1
Np

] PRRf [m−2
Np

] · · · PR + N0


= N0Im + C1 = C0 + C1 (66)

where

C1 ≜ PR


1 Rf [−1

Np
] · · · Rf [ 1−mNp ]

Rf [ 1
Np
] 1 · · · Rf [ 2−mNp ]

...
...

. . .
...

Rf [m−1
Np

] Rf [m−2
Np

] · · · 1

 . (67)

The likelihood test in (61) can be expressed as

pY|H1 (y|H1)
pY|H0 (y|H0)

H1
≷
H0

λ

π−mdet[C1]−1e−YHC−1
1 Y

π−mdet[C0]−1e−YHC−1
0 Y

H1
≷
H0

λ

eY
HC−1

0 Y−YHC−1
1 Y

H1
≷
H0

λ
det[C1]
det[C0]

YH (C−1
0 − C−1

1 )Y
H1
≷
H0

ln λ + ln
det[C1]
det[C0]

≜ ξ. (68)

Since λ = 1 when (Pd − Pf ) is maximized, the optimum
threshold ξ becomes

ξ = ln
det[C1]
det[C0]

= ln
det[C0 + C1]

det[C0]
= ln det[C0 + C1]det[C

−1
0 ]

= ln det[(C0 + C1)C
−1
0 ] = ln det[Im + C1C

−1
0 ]

= ln det
[
Im +

1
N0
C1

]
(69)

In the second case, we considerm = 1, i.e. only one CSCG
random variable Y is observed. The sampled received signal
is the same as (62). From (65) and (66), we have the variances
E{YY ∗

|H1} = PR + N0 and E{YY ∗
|H0} = N0. Then the two

hypothesis in (63) and (64) become

H1 : Y ∼ pY |H1 (y|H1) = π−1(PR + N0)−1e
−

|Y |
2

PR+N0

H0 : Y ∼ pY |H0 (y|H0) = π−1N−1
0 e

−
|Y |

2
N0

The likelihood test in (61) becomes

pY |H1 (y|H1)
pY |H0 (y|H0)

H1
≷
H0

λ

π−1(PR + N0)−1e
−

|Y |
2

PR+N0

π−1N−1
0 e

−
|Y |2
N0

H1
≷
H0

λ

e
( 1
N0

−
1

PR+N0
)|Y |

2 H1
≷
H0

λ
PR + N0

N0

PR
N0(PR + N0)

|Y |
2
H1
≷
H0

ln λ + ln
PR + N0

N0

|Y |
2
H1
≷
H0

N0(PR + N0)
PR

(ln λ + ln
PR + N0

N0
)

|Y |

H1
≷
H0

√(
N0+

N 2
0

PR

)(
ln λ+ln

(PR
N0

+1
))

≜ ξ.

(70)

Since λ = 1 when (Pd −Pf ) is maximized, then the optimum
threshold in (70) becomes

ξ =

√(
N0 +

N 2
0

PR

)
ln

(PR
N0

+ 1
)

(71)
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