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ABSTRACT In this paper, we consider an intelligent reflecting surface (IRS)-aided orthogonal time
frequency space (OTFS)-based uplink sparse codemultiple access (SCMA) communications system.Wefirst
conduct performance analysis in terms of pairwise error probability (PEP) and derive an upper bound
on word error probability (WEP). According to this bound, we establish a system design criterion and
propose two IRS phase shifts design algorithms using semidefinite relaxation (SDR) and gradient ascent
(GA) methods. The computational complexity of these algorithms is discussed. Next, we derive an upper
bound on the average bit error rate (BER) and investigate the system performance in terms of diversity
and signal-to-noise (SNR) gains. Further, to recover transmitted information bits, we present a modified
joint iterative Gaussian approximated message passing (MP) detection and SCMA decoding algorithm,
enabling detection and SCMA demapping to occur in each iteration. Finally, simulation results demonstrate
that our proposed IRS design algorithms achieve better error performance compared to the known
approaches.

INDEX TERMS Intelligent reflecting surface (IRS), orthogonal time frequency space (OTFS), sparse code
multiple access (SCMA), word error probability, phase shifts design.

I. INTRODUCTION
With the popularizing of devices in fifth-generation (5G) and
beyond wireless networks, the demand for accommodating
an ever-increasing number of users while improving spectral
efficiency has rapidly grown. Non-orthogonalmultiple access
(NOMA) has drawn much attention as a solution, allowing
multiple users to simultaneously access limited resource
elements (REs), such as frequency bands and time slots [1],
[2]. Among various NOMA solutions, sparse code multiple
access (SCMA), a type of code-domain NOMA, achieves
multiplexing in code domain and is able to effectively
distinguish multiple users by assigning unique sparse code-
books [3], [4], [5].

On the other hand, as high-speed trains and vehicles
become increasingly prevalent, the need for wireless
communications in high-mobility scenarios has led to the
development of a novel technique, orthogonal time frequency

The associate editor coordinating the review of this manuscript and

approving it for publication was Jingxian Wu .

space (OTFS) (see [6], [7], [8], [9], [10], [11], [12], [13]
and references therein). In OTFS, the modulation operates on
delay-Doppler (DD) domain instead of the conventional time-
frequency (TF) domain, enabling it to combat the dynamics
of time-varying multipath channel [8]. To further improve
spectrum efficiency and support massive connectivity in
high-mobility communications, the integration of SCMA
with OTFS has attracted tremendous research attention [14],
[15], [16].

Recently, the introduction of intelligent reflecting surface
(IRS) has been identified as a promising solution to enhance
system performance in 5G and beyond networks (see [17],
[18], [19], [20] and references therein). With the ability to
reshape electromagnetic wave propagation through passive
reconfiguration, IRS presents its potential to create smart
radio environment. By controlling all passive elements at IRS,
we can change the phases of incident radio frequency signals
to support diverse user requirements [17]. Considering the
radio environment reconfigurable feature offered by IRS,
it is expected that the combination of IRS and OTFS-SCMA
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can further enhance overloaded multiuser system under
high-mobility scenarios [21], [22], [23], [24], [25], [26], [27],
[28], [29], [30], [31].

A. IRS-AIDED SCMA
Several research has been conducted to investigate sys-
tem model and performance of IRS-aided SCMA system
(see [21], [22], [23], [24], [25], [26] and references therein).
In [21], the authors demonstrated transmission and detection
scheme for IRS-aided uplink SCMA. In [22], the authors
considered coherent IRS beamforming design and tackled
diversity analysis for uplink IRS-assisted SCMA system,
its extension to downlink can be found in [23]. In [24],
the authors proposed an alternating optimization (AO)-based
algorithm for IRS beamforming design, while in [25], the
authors presented an algorithm with lower computational
complexity. In [26], the authors considered sum-rate maxi-
mization problem for IRS-aided downlink SCMA.

B. IRS-AIDED OTFS
Considering high-mobility communications scenarios, IRS-
aided OTFS has been investigated in [27], [28], [29], [30],
and [31]. In [27], the authors demonstrated the transmission
scheme and input-output relationship of IRS-assisted OTFS
in TF domain and DD domain, respectively. In [28],
the authors considered a single-input single-output (SISO)
system and designed IRS phase shifts by generating a large
number of random sampling to maximize the Frobenius
norm of effective end-to-end DD domain channel matrix.
A follow-up research which considered fractional delay
and Doppler values was demonstrated in [29]. In [30],
the authors investigated OTFS-based IRS-aided space–air–
ground integrated networks (SAGINs) and IRS phase shifts
were designed according to line-of-sight (LoS) path gain.
In [31], the authors investigated an IRS-aided multiple-input
multiple-output (MIMO)-OTFS system under single-user
scenario and proposed a matching-based IRS beamforming
design algorithm, where IRS elements were configured by
matching with the strongest cascaded channel path gain.

C. OUR CONTRIBUTIONS
In this paper, we consider an IRS-aided uplink OTFS-SCMA
communications system, where multiple high-mobile users
simultaneously communicate to a multi-antenna base station
(BS) over a limited number of REs. An IRS is adopted
between users and BS to assist communications. We assume
all users are in high mobility scenarios where the users-IRS
links are time-varying multipath channels. The transmit
information symbols are first mapped to SCMA codewords,
followed by OTFS modulation. At BS, we perform OTFS
demodulation and recover the information bits via joint
detection and SCMA decoding algorithm. The detailed
contributions are summarized below.

• We present an IRS-aided OTFS-SCMA system and
conduct performance analysis in terms of pairwise error

probability (PEP) conditioned on the channel realization
and union bound on the word error probability (WEP).

• To minimize the union bound on WEP, we design
IRS phase shifts using the following two approaches:
semidefinite relaxation (SDR)-based approach and gra-
dient ascent (GA)-based approach. The computational
complexity is provided. By simulation, we show that
both algorithms can achieve better error performance
compared to the known approaches.

• We investigate the average error performance over all
channel realizations and derive an upper bound on
average bit error rate (BER). We also demonstrate the
diversity and signal-to-noise (SNR) gain provided by the
proposed system.

• We present a joint modified Gaussian approximated
message passing (MP) detection and SCMA decoding
to recover transmit bits of all users. Compared to
the original message passing algorithm (MPA) in [8],
we make several adjustments to the proposed IRS-
aided OTFS-SCMA system. The detailed detection and
decoding procedures are also illustrated.

The rest of the paper is organized as follows. Section II
introduces the system model. Section III presents problem
formulation and system design criterion, followed by design
of IRS phase shifts in Section IV. Section V provides average
BER analysis. Section VI demonstrates joint detection
and SCMA decoding procedure. Simulation results and
conclusions are given in Section VII and Section VIII,
respectively.
Notations: Vectors are boldface letters and matrices are

boldface capital letters. The notation In denotes identity
matrix with size n × n. Then, Fn represents a n-point
discrete Fourier transform (DFT) matrix and FnH represents
a n-point inverse DFT matrix. The notation 1n denotes an
all-ones row vector of size n. The notations tr(·), E[·], Var[·],
Cov(·, ·), ∥ · ∥, and |·| denote trace, expectation, variance,
covariance, norm, and cardinality operators. Superscripts (·)T

represents transpose and (·)H represents conjugate transpose.
The notationsZa×b,Ra×b andCa×b represent space of matrix
with size a × b in integer value, real value and complex
value, respectively. The operators ℜ(·) and ℑ(·) are used
to extract real and imaginary parts, and then arg(·) denotes
phase of complex number. The operators ⊗ and ⊙ represent
Kronecker product and Hadamard product, respectively.
The notation vec(·) represents vectorization operator. Q(·)
denotes Q-function. The operator

(
·

·

)
represents binomial

coefficients, and A [a, c : d] represents a-th row, from c-th to
d-th columns entries in matrix A. The notation Cn represents
n-ary Cartesian power of a set C.

II. SYSTEM MODEL
We consider an IRS-aided multiuser uplink communications
system as shown in Fig. 1. We assumeK single-antenna users
simultaneously communicating to a BS of Nr antennas via
IRS over J < K REs.We assume all users are in a similar high
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FIGURE 1. An illustration of an IRS-aided multiuser uplink
communications system.

mobility environment and the user-IRS link is a time-varying
multipath (P paths) channel with the maximum delay τmax
and Doppler shift νmax. Further, we assume all the user-IRS
links have the same delay and Doppler shifts profiles but
independent complex channel gains.

To support such an overloaded IRS-aided uplink sys-
tem, we adopt an OTFS-based SCMA scheme using
M-quadrature amplitude modulation (QAM) signaling,
where the detailed system block diagram is given in Fig. 2.
For OTFS, we assume that the k-th user, for k = 1, . . . ,K ,
has a bandwidth B = M1f =

M
T and a frame duration Tf =

NT , where 1f =
1
T denotes subcarrier spacing, M ,N ∈ Z

denote delay and Doppler dimonsions, respectively [7]. The
choices of T and 1f should meet the requirements νmax <

1/T and τmax < 1/1f [8].

A. TRANSMITTER SIDE
As shown in Fig. 2, the k-th user transmits the bit sequence

bk =

[
bk1, . . . , b

k
MN
J log2M

]
,

of length MN
J log2M, which is further mapped intoM-QAM

symbol sequence

uk =

[
uk1, . . . , u

k
MN
J

]
,

with cardinality |uk | =
MN
J , where the j-th symbol of k-th

user, ukj , j ∈ [1, MNJ ], k ∈ [1,K ], contains log2M bits.
The symbol sequence uk is further processed by an SCMA
encoder, mapping each symbol to a unique codeword ckj of
length J , i.e., |ckj | = J , taken from a codebook Ck with
cardinality |Ck | = M, leading to a codeword sequence

ck =

[
ck1, . . . , c

k
MN
J

]
.

We then place the sequence ck in the DD domain along
the delay axis1 [14], followed by OTFS modulation. For
simplicity, we assume that M and N are integer multiples of
SCMA codeword length J . Hence, we can place a total MN

J
codewords, each of length J , in an OTFS DD grid of size

1The sequence can also be placed along Doppler axis. It was shown in [14]
that it would result in similar performance.

M × N , yielding

Xk =


ckM
J

· · · ckMN
J

...
. . .

...

ck1 · · · ckM (N−1)
J +1

 . (1)

We illustrate an example in Fig. 3, with M = N = 8, J = 4,
and 16 codewords along the delay axis.

Considering all K users transmit a total number of MNK
J

codewords over MN DD domain REs, then the overloading
factor of the OTFS-SCMA system is 0o = K/J .

Assuming rectangular pulse shaping, we performOTFS via
inverse discrete Zak transform (IDZT) to convertXk fromDD
domain to time-domain as [31],

sk =

(
FNH ⊗ IM

)
vec (Xk) =

(
FNH ⊗ IM

)
xk , (2)

where xk = vec (Xk) ∈ CMN is the k-th user’s codewords

vector, taking from set C
MN
J

k containing MN
J codewords in the

DD domain.

B. IRS AND CHANNEL MODEL
An IRS with Q passive reflecting elements is adopted to
assist communication between users and BS. An embedded
controller can control phases and amplitudes of all elements.
Let θ =

[
β1ejθ1 , . . . , βQejθQ

]T denote IRS reflection vector,
where θq ∈ [0, 2π ) and βq ∈ [0, 1], for q = 1, . . . ,Q,
represent reflection phase and amplitude, respectively. For
simplicity, we assume full reflection and βq = 1, ∀q [25].
For the channel setting, we assume all users have the same

delay and Doppler shifts profiles but independent complex

channel gains. We let Rk =

[
R̄T
k1, . . . , R̄

T
kQ

]T
∈ CQMN×MN

be the time-domain channel matrix between k-th user and
IRS, where

R̄kq =

P∑
p=1

γ
p
kq5

lp1kp , (3)

denotes the time-varying channel between k-th user and q-th
IRS element, for k ∈ [1,K ], q ∈ [1,Q], p ∈ [1,P], respec-
tively, γ pkq, lp and kp denote complex channel gain, delay, and
Doppler shift of p-th path, 5 is cyclic-shift matrix related
to delay given in [9] and 1 = diag{z0, z1, . . . , zMN−1

},
where z = ej

2π
MN , is a diagonal matrix related to the Doppler

shifts [9].
The IRS-BS channel links can be assumed to be LoS [25],

[18], since, in practice, the location of BS is usually fixed and
an IRS can be deployed at a desirable location. Specifically,
the channel matrix of IRS to i-th receive antenna is denoted
as Gi =

[
gi1IMN , . . . , giQIMN

]
∈ CMN×QMN , where giq

denotes channel gain between q-th IRS element and i-th
receive antenna. We can write down the cascaded channel
matrix between k-th user and i-th receive antenna at BS as

Hi
k = Gi2Rk , (4)
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FIGURE 2. The block diagram of IRS-aided OTFS-SCMA multiuser uplink communications.

where 2 = diag{θ} ⊗ IMN ∈ CQMN×QMN is the matrix
containing all the IRS reflection phases, for k ∈ [1,K ],
i ∈ [1,Nr ].

C. RECEIVER SIDE
At i-th receive antenna of the BS, for i ∈ [1,Nr ], the
time-domain received signal, ri ∈ CMN , is given by

ri =

K∑
k=1

Hi
ksk + n, (5)

where n is additive white Gaussian noise (AWGN) vector
with each element following CN (0,N0), and N0 is noise
power. We then perform OTFS demodulation via DZT to
convert ri back to DD domain, yielding [31]

yi = (FN ⊗ IM ) ri ∈ CMN . (6)

For the ease of notation, we define

Wt = FNH ⊗ IM , Wr = FN ⊗ IM , (7)

and

W̃r = INr ⊗ Wr , W̃t = IK ⊗ Wt . (8)

Based on (2), (5), (6), the received signal at BS can be
expressed as

y =

[
(y1)T , . . . ,

(
yNr

)T ]T
= W̃rHeffW̃t︸ ︷︷ ︸

Hall

xall + n, (9)

where

Heff =

H1
1 · · · H1

K
...

. . .
...

HNr
1 · · · HNr

K

 ∈ CNrMN×KMN . (10)

In (9), xall =
[
xT1 , . . . , xTK

]T
∈ CKMN is a collection

of all users’ codewords in DD domain and is taken from

codewords set C̄ =

{
C
MN
J

1 × . . . × C
MN
J

K

}
. Assuming channel

state information (CSI) is available at the BS [10], [32], [33],
we perform log-domain MP detection at BS to obtain the
estimated bit sequence

[
b̂1, . . . , b̂K

]
of length KMN

J log2M.

III. PROBLEM FORMULATION AND SYSTEM DESIGN
CRITERION
Based on channel models in (3) and (4), let γ k =

{γ
p
kq}

Q,P
q=1,p=1 ∈ CPQ be the channel gain vector of the k-th

user-IRS link, and gi = {giq}
Q
q=1 ∈ CQ be the channel gain

vector of the IRS-ith antenna link.
Following the similar derivation to [34], we can rewrite the

received signal in (9) as

y = 4all(xk )hall + n, (11)

where 4all(xk ) ∈ CNrMN×NrPQK and hall ∈ CNrPQK are
given by

4all(xk ) = INr ⊗ [41(xk ), . . . ,4K (xk )] ,

hall =

[
(h11)

T , . . . , (h1K )
T , . . . , (hNr1 )T , . . . , (hNrK )T

]T
,

with

4k (xk ) =
[
1Q ⊗ (81xk) , . . . ,1Q ⊗ (8Pxk)

]
,

8p = Wr5
lp1kpWt ,

hik =

( [
1P ⊗ (gi ⊙ θ)T

]
⊙ γ T

k

)T
, (12)

for k ∈ [1,K ], i ∈ [1,Nr ].
Next, we analyze the error performance of the system in

terms of the PEP and union bound. Assuming maximum
likelihood (ML) detection is used,2 we can write the
estimated xall as

x̂all = arg min
xall∈C̄

||y − 4all(xk )hall||2. (13)

For a given channel realization hall, the WEP is bounded
by [34]

Pe(hall) =
1
α

∑
xall∈C̄

Pe (xall|hall)

≤
1
α

∑
xall∈C̄

∑
xall ̸=x̂all
xall,x̂all∈C̄

Pe
(
xall → x̂all|hall

)
, (14)

where α = M
MNK
J .

2ML detection is considered only for PEP analysis. In practice, receiver
can use a standard MPA detection. In this paper, we utilize Gaussian
log-MPA detection as demonstrated in the Section VI.
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FIGURE 3. An illustration of placement of SCMA codewords of k-th user
over DD plane to form DD domain matrix Xk ∈ CM×N , where J = 4,
M = 8 and N = 8.

Let us define the set of all codeword difference vectors as

L = {δ = xall − x̂all|xall ̸= x̂all, xall, x̂all ∈ C̄}. (15)

Let

4all(δ) = 4all(xk ) − 4all(x̂k ).

Then the PEP for a given channel realization hall is

Pe
(
xall → x̂all|hall

)
= Q

√ ||4all(δ)hall||2

2N0

 , (16)

which represents the probability of detecting x̂all ̸= xall, when
xall is transmitted, for xall, x̂all ∈ C̄.
Observing that

||4all(δ)hall||2 = hHallA(δ)hall, (17)

with A(δ) = 4H
all(δ)4all(δ) denoting delay-Doppler shifted

codeword distance matrix. We have the following Proposi-
tion.
Proposition 1: For a given channel realization hall and a

pre-defined SCMA codebook, we obtain the upper bound on
the WEP as

Pe(hall) ≤
1
α

∑
xall∈C̄

∑
δ∈L

Q

√hHallA(δ)hall
2N0


≤

1
α

∑
xall∈C̄

∑
δ∈L

exp

(
−
hHallA(δ)hall

4N0

)

≤
−η

4αN0

∑
xall∈C̄

(
hHall

[∑
δ∈L

A(δ)

]
hall + 1

)
, (18)

where η is a small positive real number.
Proof: See Appendix A.

Based on Proposition 1, we have the following system
design criterion.

Remark 1 (System Design Criterion): To minimize WEP
of proposed IRS-aided communications system for a given
channel realization, we need to minimize upper bound in (18)
by designing IRS phase shifts vector θ associated with
cascaded channel vector hall.

For notation simplification purpose, we let

9 =

∑
xall

∑
δ∈L

A(δ).

According to the design criterion, given pre-defined
SCMA codebook and fixed channel condition hall, we can
formulate the objective problem as follows,

(P1): max
θ

hHall9hall

s.t. θ =

[
ejθ1 , ejθ2 , . . . , ejθQ

]T
(19)

IV. DESIGN OF IRS BEAMFORMING
In this section, we provide two optimization algorithms aimed
at addressing IRS beamforming design problem (P1).

A. SDR-BASED APPROACH

Let γ kp =

[
γ
p
k1, . . . , γ

p
kQ

]T
∈ CQ denote the complex path

gains vector between all IRS elements and k-th user on p-th
channel path. Based on (11), the cascaded channel link vector
hall can be re-expressed as

hall = h̃θ , (20)

where

h̃ =

[
B1
1
T
, . . . ,B1

K
T
, . . . ,BNr1

T
, . . . ,BNrK

T ]T
, (21)

with Bik =

[
(Bik,1)

T , . . . , (Bik,P)
T
]T

∈ CPQ×Q, for k =

1, . . . ,K , i = 1, . . . ,Nr , where

Bik,p = diag{gi ⊙ γ kp}, (22)

for p = 1, . . . ,P.
From (19) and (20), we can obtain the objective function

as follows:

(P2): max
θ

θH h̃H9h̃︸ ︷︷ ︸
W

θ

s.t. θ =

[
ejθ1 , ejθ2 , . . . , ejθQ

]T
(23)

Let 2 = θθH , which is a positive semidefinite matrix with
rank one. Since rank(2) = 1 is a non-convex constraint,
we apply SDR to relax this constraint and problem (P2)
reduces to

(P3): max
2

tr(W2)

s.t. 2q,q = 1, q = 1, 2, . . . ,Q,

2 ⪰ 0 (24)

The semidefinite problem (P3) can then be solved by existing
convex optimization solver, such as CVX [35]. Generally, the
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solution generated by CVX solver does not meet the rank
one constraint. Thus a low-rank approximation needs to be
conducted. We first apply eigenvalue decomposition on CVX
solver solution on problem (P3) as 2̂ = U3UH , where U
is unitary matrix and 3 is diagonal matrix, both with sizes
Q × Q. Then we generate rank-one approximation by using
Gaussian randomization technique [36]. We can construct

2̃ = (U3
1
2w)H (U3

1
2w), (25)

where w ∈ CQ follows w ∼ CN (0, IQ). By generating a
large amount of realizations of w, the optimized IRS phase
shift vector

θ∗

SDR = exp
(
j · arg(U3

1
2w)

)
. (26)

is chosen to maximize problem (P3) among all w’s.

B. GA-BASED APPROACH
It can be observed that (23) can be regarded as a
multi-variable function of IRS phase shifts θ , which can be
maximized by updating parameters in the direction of positive
gradient. DefineF(θ ) = θHWθ .With an initial set of θ (1), the
parameters of F(θ ) are updated according to

θ (n+1)
= θ (n) + δ∇F(θ ), (27)

where δ ∈ R represents updating step size and ∇F(θ )
represents gradient of function, which is given by

∇F(θ ) = −2ℑ
(
�tT

)
, (28)

where

� =


ω1

ω2
. . .

ωQ

 ∈ CQ×Q(Q−1) (29)

is composed of block submatrix ωq ∈ C1×(Q−1),
which is transpose of q-th column of W without
diagonal elements for q ∈ [1,Q]. Also, tT =

{ej(θa−θb)}
Q
a,b=1,a̸=b ∈ C1×Q(Q−1), where ej(θa−θb), a ̸= b,

are placed in vector tT according to a and b’s ascending
order. For example, with Q = 3, we have tT =

[ej(θ1−θ2), ej(θ1−θ3), ej(θ2−θ1), ej(θ2−θ3), ej(θ3−θ1), ej(θ3−θ2)]. The
above parameter updating process is repeated until reaches
convergence, i.e., the difference of objective function values
in (23) between two consecutive iterations falls below
threshold ς . During each iteration, the step size δ is selected to
ensure that values in (23) increase as θ updates. This indicates
that (23) converges to at least a local maxima.

C. COMPLEXITY ANALYSIS
In Table 1, we compare computational complexity among
our two proposed IRS design algorithms and matching-based
algorithm in [31], where ε denotes threshold for SDR
algorithm and It denotes iteration number of GA-based
approach until reach convergence.

TABLE 1. Comparison of computational complexity.

FIGURE 4. Convergence behavior of GA-based approach.

Specifically, the semidefinite problem (P3) can be solved
by CVX solver based on interior point method, which has
worst-case complexity O(Q6

+ Q3) during each iteration
and requires a total number of O

(√
Q log( 1

ε
)
)

iterations

to generate ε-optimal solution [37]. The complexity of
GA-based approach mainly comes from calculating ∇F(θ )
in (28) when updating IRS phase shifts, which requires
O
(
Q2
)
due to sparsity of matrix �. For matching-based

approach in [31], each IRS phase shift, θq, for q ∈ [1,Q],
is determined by exhaustively searching all NrPK pairs of giq
and γ

p
kq, for i ∈ [1,Nr ], k ∈ [1,K ], p ∈ [1,P], to identify the

cascaded channel pairs with largest gain.
In Fig. 4, we demonstrate the convergence behavior of

GA-based algorithm. It can be seen that the GA approach
reaches convergence within about It = 100 iterations
among different values of IRS elements number. From
Table. 1, we observe that matching-based approach has the
lowest complexity. However, it also exhibits worse error
performance compared to our proposed IRS beamform-
ing design, as demonstrated in Section VII. In addition,
although SDR-based approach has the highest complexity,
the semidefinite problem (P3) can be efficiently solved by
well-developed CVX solver without the need to determine
step size δ [35].

V. AVERAGE BER ANALYSIS
In this section, we analyze the average error probability of the
proposed system with optimized IRS beamforming. We also
derive the diversity of the system and SNR gain.

Since the link between k-th user and each IRS element
in (11) is associated with the same 8pxk , for p ∈ [1,P], k ∈

[1,K ], we can simply consider this link as the one between
user and the entire IRS and rewrite (11) as

y = 4̌all(xk )ȟall + n, (30)
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where 4̌all(xk ) ∈ CNrMN×NrPK and ȟall ∈ CNrPK are given
by

4̌all(xk ) = INr ⊗

[
4̌1(xk ), . . . , 4̌K (xk )

]
,

ȟall =

[
(ȟ11)

T , . . . , (ȟ1K )
T , . . . , (ȟNr1 )T , . . . , (ȟNrK )T

]T
,

with

4̌k (xk ) = [81xk , . . . ,8Pxk ] ,

ȟik =

 Q∑
q=1

gi ⊙ θ ⊙ γ k1, . . . ,

Q∑
q=1

gi ⊙ θ ⊙ γ kP

T ,

for k ∈ [1,K ], i ∈ [1,Nr ].
To simplify notation, we let

Q∑
q=1

gi ⊙ θ ⊙ γ kp =

Q∑
q=1

Sq, (31)

where random variable Sq = giqγ
p
kqe

jθq , for q ∈ [1,Q].
Given the large number of IRS reflecting elements and
based on central limit theorem (CLT) [38], we can approx-
imate

∑Q
q=1 Sq follows complex Gaussian distribution as∑Q

q=1 Sq ∼ CN (0,Ns).
Applying Chernoff bound on Q-function and using (18),

we can express the average PEP as

P̄e
(
xall → x̂all

)
= Eȟall

Q
√ ȟHallǍ(δ)ȟall

2N0


≤ Eȟall

[
exp

(
−
ȟHallǍ(δ)ȟall

4N0

)]
, (32)

where Ǎ(δ) = 4̌
H
all(δ)4̌all(δ). We define SNR = 1/N0.

Following steps in [34], we have the following Proposition.
Proposition 2: For the proposed IRS-aided communica-

tions system and given SCMA codebook, the theoretical
average PEP and average BER are respectively given by

P̄e
(
xall → x̂all

)
≤

(
R∏
r=1

λr

)−1 (
Ns
4N0

)−R

, (33)

and

P̄b ≤

∑
xall∈C̄

∑
δ∈L

d (δ) J
αMNK log2M

P̄e
(
xall → x̂all

)

≤
J

αMNK log2M
∑
xall∈C̄

∑
δ∈L

d(δ)

(
R∏
r=1

λr

)−1 (
Ns
4N0

)−R

∝

(
Q2

4N0

)−Rmin

, (34)

where d (δ) represents the number of non-zero elements in
δ, λr ’s are non-zero eigenvalues of Ǎ(δ), R is the rank of
Ǎ(δ), and Rmin is the lowest rank representing the diversity of

the system. The second step in (34) holds for very high SNR
values.

Proof: See Appendix B.
Remark 2: Since Ǎ(δ) is a Gram matrix [39], which can

have full rank NrP only when 8p(δ), for p ∈ [1,P], are
linearly independent. This implies that our considered system
can have diversity Rmin ranging from Nr to NrP subject to
channel conditions and delay-Doppler grid resolutions.
Remark 3: In logarithm scale, the last step in (34)

becomes −20Rmin log10(Q) + 10Rmin log10(4N0). To achieve
the same average BER performance (i.e., same P̄b), increas-
ing IRS element from Q to τQ, τ ∈ Z leads to an SNR gain
of 20 log10(τ ).

VI. JOINT DETECTION AND SCMA DECODING
In this section, we present a modified iterative Gaussian
approximation-based MP detection and SCMA decoding
algorithm to directly estimate the bit log-likelihood ratios
(LLRs). We start from the Gaussian approximation-based
MPA in [8], where the interference terms (see (35)) are
approximated as complex Gaussian random variable to avoid
the exhaustive search used in the exact MPA in [40]. Other
variants of the Gaussian approximation based MPA for
SCMA systems can be found in [15], [41], and [42] and
references therein. Our modifications on [8] are given below.

• We compute the likelihood functions of SCMA code-
words instead of those of QAM symbols when passing
messages from variable nodes (VN) to function nodes
(FN). In particular, given that SCMA codewords have
different real and imaginary values, the mean and vari-
ance of the interference term are computed separately
for the real and imaginary parts.

• In the termination stage, we compute bit LLRs based on
likelihoods of SCMA codewords.

In addition, different from [15] and [42], we compute the
likelihoods from VN to FN rather than approximating them
as Gaussian, without incurring significant computational
complexity. Further, our method directly calculates bit LLRs
estimate at each VN, without extra SCMA demapping used
in [15].

Next, we present our modified joint Gaussian approxima-
tion based MP detection and SCMA decoding method.

SinceHall in (9) is a sparse matrix, y has length NrMN and
xall is a vector consisting of a total number of MNK

J transmit
SCMAcodewords of all users.We consider a factor graph that
hasNrMN FNs and MNK

J VNs. Let Id andJa denote the set of
indexes of non-zero elements in the d-th row and a-th column
of the factor graph, respectively, for d = 1, . . . ,NrMN , a =

1, . . . , MNKJ . In this factor graph, each FN yd , is connected to
the set of VNs {xa, a ∈ Id }. Each VN xa, is connected the set
of FNs {yd , d ∈ Ja}. The modified message-passing process
is given below.

Step 1: Initialization. For a-th VN with associated SCMA
codebook, Ca, we assume each codeword has equal prior
probability, i.e., Pxa (cam) =

1
M , where cam ∈ Ca represents

m-th codeword in codebook Ca for m = 1, . . . ,M. Since we
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consider log-MPA detection, all messages are computed in
logarithm scale. The initial message passed from VN to FN,
ηinixa→yd (cam) are equally likely.
Step 2: Message passing from FNs to VNs. Similar

to [8], for each FN yd , a VN xa is isolated from the
interference terms, which can be approximated as Gaussian
noise. Consider

yd = hdaxa(cam) +

∑
e∈Id ,e̸=a

hdexe(cem) + nd︸ ︷︷ ︸
ξde

,

for cam ∈ Ca, for cem ∈ Ce, (35)

where hda = Hall [d, (a− 1)M+ 1 : aM] ∈ C1×M with
Hall given in (9), and xa(cam) represent complex channel gain
and codeword associated with VN xa, respectively. Similarly,
hde and xe(cem) are channel gain and codeword associated
with VN xe, respectively. Also, nd ∼ CN (0,N0) is AWGN
noise.

Then we approximate both ℜ(ξde) and ℑ(ξde) follow
Gaussian distribution with different mean and variance as

E [ξde] =

∑
e∈Id ,e̸=c

M∑
m=1

hdexe(cem) exp
(
ηxe→yd (cem)

)
,

E [ℜ(ξde)] = ℜ (E [ξde]) , E [ℑ(ξde)] = ℑ (E [ξde]) (36)

and

Var [ℜ(ξde)]

=
N0

2
+

∑
e∈Id ,e̸=c[M∑

m=1

ℜ (hdexe(cem))2 exp
(
ηxe→yd (cem)

)
−

M∑
m=1

ℜ (hdexe(cem)) exp
(
ηxe→yd (cem)

)2]
,

Var [ℑ(ξde)] =
N0

2
+

∑
e∈Id ,e̸=c[M∑

m=1

ℑ (hdexe(cem))2 exp
(
ηxe→yd (cem)

)
−

M∑
m=1

ℑ (hdexe(cem)) exp
(
ηxe→yd (cem)

)2]
,

for cem ∈ Ce. (37)

Then the message passed from FN yd to VN xa is given by

ηyd→xa (cam) = −
(ℜ (yd − hdaxa(cam)) − E [ℜ(ξde)])2

2Var [ℜ(ξde)]

−
(ℑ (yd − hdaxa(cam)) − E [ℑ(ξde)])2

2Var [ℑ(ξde)]
,

for cam ∈ Ca. (38)

Step 3: Message passing from VNs to FNs. With
normalization, the message passing from each VN is given
by

ηxa→yd (cam) = log
(

1
M

)
+

∑
f ∈Ja,f ̸=d

ηyf →xa (cam)

− log

M∑
m=1

exp

 ∑
f ∈Ja,f ̸=d

ηyf →xa (cam)

 ,

for cam ∈ Ca. (39)

In addition, we apply damping factor on message updating
to control convergence speed [8]. The message passing from
VNs to FNs at n-th iteration with damping factor, ζ , can be
expressed as

ηxa→yd (cam)(n) = log
[
ζ exp

(
ηxa→yd (cam)(n)

)
+ (1 − ζ ) exp

(
ηxa→yd (cam)(n−1)

)]
,

for cam ∈ Ca. (40)

Step 4: Termination and bit decision. After repeating
step 2 and step 3 for several times, the final belief at each
VN, xa, is given by

Pxa (cam) = log
(

1
M

)
+

∑
d∈Ja

ηyd→xa (cam) ,

for cam ∈ Ca. (41)

Then we can calculate bit LLR for each VN, xa, as

LLRta = log
(
P(bt = 0)
P(bt = 1)

)
(42)

for t = 1, . . . , log2(M), where P(bt = 0) and P(bt =

1) represents the probability of t-th bit of transmit symbol
associated with VN xa is equal to 0 and 1, respectively.
Remark 4: (Complexity analysis of our modified MP

detection and decoding algorithm) During each iteration,
we compute mean and variance at each FN in step 2
(i.e., message passing from FNs to VNs), which has
computational complexity of O(NrMN |Id |M). The com-
plexity in step 3 (i.e., message passing from VNs to FNs)
is O

(MNK
J |Ja|M

)
. Thus the overall complexity can be

described asO
(
IgMNM

(
Nr |Id | +

K
J |Ja|

))
, where Ig repre-

sents the maximum iteration number of Gaussian log-MPA.

VII. SIMULATION RESULTS
In this section, we simulate the error performance
of IRS-aided uplink OTFS-SCMA system. We con-
sider Extended Vehicular A (EVA) channel model for
users-IRS channel links with simulation parameters given
in Table 2 [43]. We consider K = 6 users simultaneously
communicate to BS via J = 4 REs. The SCMA codebook is
generated according to [44]. We also set Nr = 4 andM = 4.

In Table. 3, we first investigate the impact of damping
factor, ζ , on the performance of the detection and decoding
algorithm in Section VII, where Imp is average number of
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TABLE 2. Simulation parameters.

TABLE 3. BER performance comparison among different values of
damping factor ζ in modified MP detection and decoding algorithm,
where SNR = −40dB, J = 4, K = 6, Q = 32 and IRS phase shifts are
designed based on GA-algorithm.

iterations required to reach convergence. We set SNR =

−40dB and IRS element number Q = 32 with GA-algorithm
IRS phase shifts design. It can be seen that BER performance
remains unchanged for small values of ζ and deteriorates
for large values. Also, given the detection and decoding
algorithm reaches convergence within an average of 5 iter-
ations, damping factor will not have a significant impact
on detection convergence speed for the proposed IRS-aided
OTFS-SCMA system. Thus, we choose ζ = 0.2 in the
following simulations.

In Fig. 5, we demonstrate BER versus SNR among
different MP detection algorithms. It can be seen that our
modified iterative MP detection and decoding algorithm
achieves error performance similar to that of MPA in [8]
at low SNR values, which demonstrates the effectiveness of
our modifications to the proposed IRS-aided OTFS-SCMA
system. At high SNRs, our modified MPA achieves better
error performance. This can be attributed to the increasing
discrepancy in variances between real and imaginary parts of
interference term in (35) as SNR values increase. The equal
variance assumption in [8] will lead to a degradation of error
performance.

In Fig. 6, we demonstrate BER versus SNR for differ-
ent IRS beamforming design algorithms. It can be seen
that both SDR-based approach and GA-based approach
can achieve similar error performance, whereas GA-based
approach has lower computational complexity compared to
SDR-based approach as discussed in Section IV. Although
matching-based IRS phase shifts design in [31] has lower
complexity compared to GA-based algorithm, it has much
higher BER values. For example, with Q = 64 and at BER
of 10−3, GA-based approach outperforms matching-based
approach by about 2.5dB. We can also observe that higher
values of IRS element number, Q, will lead to lower BER
values. At BER of 10−3, increasing Q from 32 to 64 implies
an SNR gain of around 5.5dB, which closely matches with

FIGURE 5. BER versus SNR for the proposed IRS-aided uplink OTFS-SCMA
system among different MP detection algorithms, where M = 64, N = 16,
M = 4, J = 4, K = 6 and IRS phase shifts are designed based on
GA-algorithm.

FIGURE 6. BER versus SNR among different IRS design algorithms, where
M = 64, N = 16, M = 4, J = 4, K = 6.

FIGURE 7. BER versus SNR among different overloading factors with
GA-algorithm IRS design, where M = 64, N = 16, M = 4, J = 4.

theoretical result 20 log10(τ ) = 6.02dB, as explained in
Section V.

In Fig. 7, we demonstrate BER performance of the
proposed IRS-aided uplink OTFS-SCMA communications
system with different overloading factors, 0o, which is
equal to K

J as discussed in subsection II-A. We consider
J = 4 and compare BER performance among two scenarios,
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FIGURE 8. BER versus SNR among different number of receive antennas
at BS with GA-algorithm IRS design, where M = 64, N = 16, M = 4,
J = 4, K = 6.

0o = 150% (i.e., K = 6) and 0o = 200% (i.e. K = 8).
The IRS phase shifts are designed based on the GA algorithm.
From Fig. 7, it can be seen that higher overloading factors will
lead to BER performance deterioration due to the increased
number of users superimposed on each RE.

In Fig. 8, we demonstrate BER versus SNR for different
values of receive antenna at BS, i.e., different Nr . We adopt
the GA-algorithm for IRS phase shift design. It can be seen
that higher values of Nr lead to better BER performance and
higher diversity gain, which validates the analysis in (34).

VIII. CONCLUSION
In this paper, we considered an IRS-assisted uplink
OTFS-SCMA communications system. We derived an upper
bound on WER, based on which we designed SDR-based
and GA-based algorithms to minimizeWER.We investigated
average BER performance, demonstrating that our consid-
ered IRS-aided OTFS-SCMA system can achieve diversity
gains ranging from Nr to NrP. We also showed an SNR
gain achieved by increasing the number of IRS elements.
To recover information bits of all users, we presented a
modified joint iterativeMP detection and decoding algorithm.
Numerical results demonstrated that our proposed GA-based
optimization algorithm can achieve significantly better error
performance compared to the known approach without incur-
ring high computational complexity. Our modified detection
and decoding algorithm demonstrated its effectiveness for
the proposed IRS-aided OTFS-SCMA system. An interesting
direction for future research involves exploring the design
and performance analysis of IRS-aided communications
networks under practical constraints, such as imperfect
CSI acquisition and/or discrete phase-shift control of IRS
reflections.

APPENDIX A
PROOF OF PROPOSITION 1
Substituting (16) and (17) into (14) yields the first upper
bound, and using Q(x) ≤ exp

(
−
x2
2

)
yields the second upper

bound.
Assuming inequality 0 < x < 1

η
− ϵ such that exp(−x) <

−ηx + 1 holds, where η and ϵ are small positive real

number [25], we have

Pe(hall) ≤
1
α

∑
xall

∑
δ∈L

(
−ηhHallA(δ)hall

4N0
+ 1

)
. (43)

The final step in (18) can then be obtained.

APPENDIX B
PROOF OF PROPOSITION 2
Since we approximate ȟall follows complex Gaussian distri-
bution, (33) can be easily obtained based on the theory of
probability distributions [34].

From (31), we can express Ns as

Ns =

Q∑
q=1

Var
[
Sq
]
+

Q∑
q,q′=1,q̸=q′

Cov
[
Sq, Sq′

]
=

Q∑
q=1

Var
[
Sq
]
+

Q∑
q,q′=1,q̸=q′

ρ

√
Var

[
Sq
]
Var

[
Sq′

]
, (44)

where ρ represents correlation coefficient between Sq and Sq′ ,
for q, q′

= 1, . . . ,Q. We assume that Sq and Sq′ have similar
distribution and we can obtain Cov

[
Sq, Sq′

]
≈ ρVar

[
Sq
]
and

approximate

Ns ∝ Q+ Q(Q− 1) = Q2. (45)

The first step in (34) is obtained based on the definitions
of PEP and BER [45]. At very high SNRs, it can be observed
that Ǎ(δ) with the lowest rank will lead to dominant values
in (34). Then the results in (34) can be obtained based on (33)
and (45).
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