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ABSTRACT In contrast to those deployed on land vehicles, the single-beam Laser Doppler velocimeter
(LDV) used for velocity acquisition on airborne vehicles requires a focusing transmitter. The effects of
spherical aberration in focusing transmitters on the distant velocity measurement of single-beam Laser
Doppler velocimeters are demonstrated in this work. The calculations of the numerical simulations based on
the generated theories and the subsequent experiments are in agreement with the theoretical analyses. The
impact of spherical aberration on the signal-to-noise ratio (SNR) of single-beam Laser Doppler velocimeters
is explained. Also illustrated is the generalized analysis for single-beam Laser Doppler velocimeters
equipped with complex optics. An efficient approach for evaluating and advancing the SNR performance
of single-beam Laser Doppler velocimeters used for distant velocity measurement is demonstrated. Works
in this paper pave way for the design of airborne LDV.

INDEX TERMS Aberration, laser Doppler velocimeter (LDV), remote velocity measurement, SNR.

I. INTRODUCTION
Single-beam Laser Doppler Velocimeter (LDV) technology
has advanced significantly, offering high precision, out-
standing dependability, and a broad dynamic range for the
measurement of ground vehicle velocities [1], [2], [3], [4],
[5]. Applications requiring precise velocity measurement
have recently arisen, including the integrated navigation of
unmanned aerial vehicles (UAVs) and the landing navigation
of spacecraft [6], [7], [8]. However, GNSS-denied (global
navigation satellite system) conditions resulting in the loss of
velocity information are frequently experienced by airborne
vehicles because of the occlusion of buildings and trees. The
localization accuracy of air vehicles could be significantly
increased if LDVs are put on them for continuous and precise
velocity monitoring. The low working distance of single-
beam LDVs now in use is a general drawback that makes
it challenging to use them in airborne vehicles for velocity
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collection. So it is desirable to increase the working range of
single-beam LDVs to hundreds or even kilometers.

Single-beam LDVs are ideal for use on low-altitude air
vehicles thanks to research by our group [9] that shows how
the probe beam of LDVs may be focused to the required
distance using a beam transformation device before it illumi-
nates the targets. Figure 1 illustrates the structure of the focus-
ing transmitter. There is an adjustable distance 1 between
the focus points of the two lenses. By manipulating the 1,
the probe beam can be focused on any target. Addition-
ally, the beam is collimated and extended with a ratio equal
to the ratio of the focus of the two lenses when the 1 is zero.

The effect of single-lens aberrations on laser beams has
been covered in several earlier studies [10], [11], [12],
although there are inherent aberrations associated with
lenses, such as spherical aberration, coma, and astigmatism.
Analysing the degree of SNR change in the remote measure-
ment brought on by aberrations in the focusing transmitter
is crucial to ensure effective measurement of the single-
beam LDV as the measurement SNR already decreases with
the increase of working distance. Since the transmitters of
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FIGURE 1. The structure of the focusing optics module.

single-beam LDVs are coaxial, the spherical aberration of
lenses needs to be taken into specific consideration. Astigma-
tism and coma are examples of aberrations that do not pose
any problems because they disappear on the axis [13].

In particular, the influence of the spherical aberration on
the remote measurement of single-beam LDVs is illustrated
in this work. The field intensity distribution formulas for
the output plane of the focusing transmitter are developed in
Section II, accounting for spherical aberration as a phase fac-
tor. Then, in Section III, we present the numerical simulations
for focusing transmitters made up of various lenses. Last but
not least, the experimental results are presented in Section IV
which essentially validates the theoretical approach. Works
presented here provide an efficient approach for improving
the performance of airborne LDV.

II. THEORY
A. THE SNR EXPRESSION FOR SINGLE-BEAM LDVS
The signal-to-noise ratio (SNR) is a commonly used metric
to assess howwell signal measurements are performing. Con-
sider a volume V(x,y,z) of random diffuse scatters at the target
position, the SNR expression is given by [14]

SNR =
η

hνBFh
λ2

∞∫
0

P
(
t −

2z
c

)
T 2 (z) dz

·

∫∫
β (x, y, z)Inx (x, y, z) Inb (x, y, z) dxdy (1)

where η is the optical efficiency of optics in LDVs, Fh and B
are the detector’s noise factor and noise-equivalent bandwidth
in single-beam LDVs respectively, and P and T represent the
output power and the one-way transmission efficiency of the
probe beam of LDVs.

Eq. (1) is a universal formula for the analysis of SNR
in Doppler wind Lidar (DWL). Instead of soft targets like
aerosol particles in DWL, single-beam LDVs are thought
of for the velocity measurement of carriers. Hence, β is
given by

β (x, y, z) = δ (z− L) ρ (x, y) (2)

where ρ is the density of scatters on the target plane. In this
case, the integral is written as

SNR =
η

hνBFh
λ2P

(
t −

2L
c

)
T 2 (L)

·

∫∫
ρ (x, y)Inp (x, y, z) Inb (x, y, z) dxdy (3)

Inp and Inb are the target plane irradiances of the probe
and back propagated beams normalized by their total power
which is given by

Inp (x, y, z) = Inb (x, y, z) =
1
S

(4)

where S is the area of the probe beam on the target plane.
As the beam is focused on the target by the coaxial focusing
transmitter, it is anticipated that the probe beam’s spot will
have a circular shape.

Using

S = π · r2 (5)

where r is the radius of the focused probe beam on the target
plane. Eventually, Eq. (3) is simplified to

SNR =
η

πhνBFh
λ2P

(
t −

2L
c

)
T 2 (L)

ρ

r2
(6)

It is possible to obtain the SNR expression of single-beam
LDVs using a focusing transmitter. It means that for a given
LDV and focused probe beam radius on the target plane at a
given working distance, a measurement with a higher SNR
will be obtained.

FIGURE 2. The process of the probe beam passing through the focusing
optics module.

B. THE INFLUENCE OF SPHERICAL ABERRATION ON THE
PROBE BEAM
LDV probe beams typically focus on the target plane after
passing through two lenses in a focusing transmitter. This
process is depicted figuratively in Fig. 2. Therefore, in the
first step, the probe beam is transmitted from the input plane
of Lens1 to the front plane of Lens2, which is described by the
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diffraction integral relating the fields across these two planes
given by

E1 (r1, d) =
i

λB1
e−ikd

2π∫
0

a1∫
0

E0(r0, 0)

· e−
ik
2B1

(
A1r20−2r1r0 cos(θ1−θ0)+D1r21

)
r0dr0dθ0 (7)

Which is based on the Collins formula and under the Parax-
ial approximation [15]. E1 represents the field distribution at
the front plane of Lens2 as E0 for the one at the input plane of
Lens1. a1 stands for the radius of the input probe beam. k is
the wavenumber of the wavelength λ of the probe beam. d is
the axial optical distance between the two planes written as

d = f1 + f2 + 1 (8)

where 1 is the adjustable distance between the focus points
of two lenses, and f1 and f2 are the focuses of Lens1 and Lens2
respectively. Besides, A1, B1, C1, and D1 are given by [16][

A1 B1
C1 D1

]
=

[
1 −

d
f1
d

−
1
f1

1

]
(9)

These are recognized as the transfer matrix elements
between the input plane and the front plane of Lens2.

Likewise, the integral expression relating the front plane of
Lens2 and the target plane is written as

E2 (r2,L + d) =
i

λB2
e−ikL

2π∫
0

a2∫
0

E1(r1, d)

· e−
ik
2B

(
A2r21−2r2r1 cos(θ2−θ1)+D2r22

)
r1dr1dθ1

(10)

where E1 and E2 are the field distribution at the two planes
mentioned above respectively, L stands for the axial working
distance of single-beam LDVs, the corresponding transfer
matrix is given by[

A2 B2
C2 D2

]
=

[
1 −

L
f2
L

−
1
f2

1

]
(11)

The a2 represents the radius of the transmitted beam on the
front plane of the Lens2. Here, a lens’s effect on a Gaussian
beam is relevant. a2 is provided by [17].

a1 =

√
(f1 · a0)2

f 21 + Z2
0

(12)

Z0 =
π · a20

λ
(13)

a2 = a1 ·

√√√√1 +

(
λ (d − f1)

π · a21

)2

(14)

The a′

1 is the waist radius of Gaussian beam after trans-
formed by the Lens1. Z0 is a parameter corresponding to the
waist of input beam.

Further deductions are conducted by taking the spherical
aberration into account. This influence is quantified to be a
phase factor ϕ given by

ϕ = −ik · SA · r4 (15)

Wherein SA is the spherical aberration coefficient of a lens
written as [13]

SA = −
1

32n0(n0 − 1)f 3

[
n30

n0 − 1
+ (3n0 + 2) (n0 − 1) p2

+
n0 + 2
n0 − 1

q2 + 4 (n0 + 1) pq
]

(16)

where f is the focus of a lens, n0 is the refractive index of a
lens, and p and q are the position and shape factors of a lens
respectively. The two quantities are given by

p = 1 −
2f
s′

(17)

q =
R2 + R1
R2 − R1

(18)

where s′ stands for the image distance from the center of a
lens, R1 and R2 are the curvatures of the first and second
surfaces of a lens respectively.

The spherical aberration is regarded as a new phase term
of Eq. (7) and Eq. (10). Hence, the substitution of the phase
factor ϕ into Eq. (7) and Eq. (10) produces

E1 (r1, d) =
i

λB1
e−ikd

a1∫
0

E0(r0, 0) · e−ik·SALen1·r
4
0

· e−
ik
2B

(
A1r20+D1r21

)
· 2πJ0

(
k
B1
r1r0

)
r0dr0

(19)

E2 (r2,L + d) =
i

λB2
e−ikL

a2∫
0

E1(r1, d) · e−ik·SALen2·r
4
1

· e−
ik
2B2

(
A2r21+D2r22

)
· 2πJ0

(
k
B2
r2r1

)
r1dr1

(20)

where SALens1 and SALens2 stand for the spherical aberration
coefficients of Lens1 and Lens2, respectively. J0 is the zero-
order Bessel function. It is possible to look at how a focusing
optics module’s spherical aberration affects the field distribu-
tion of the probe beam using Eqs. (13) and (14).

Since the radius of the probe beam is the distance between
the maximum light intensity position and the e−2 light inten-
sity position [16], the radius r of the probe beam on the target
plane is given by

I (r,L + d) = e−2
· E2 (0,L + d) · E∗

2 (0,L + d) (21)

Eq. (21) will be used to determine how the radius of the
probe beam varies on the target plane. As a result, based on
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FIGURE 3. The simulation on the variation of the radius of the probe beam after passing through
focusing transmitters composed of different Lens1 and Lens2 under two working distances. working
distance L = (a)50m and (b)100m.

Eq. (6), more measurable analyses of the effect of spherical
aberration on the detection of LDVs are possible.

III. SIMULATION
In this section, simulations are used to examine how spherical
aberration affects the measurement of single-beam LDVs.
Parameters used in the simulations are listed in the Table 1.

It is assumed that a beam expander collimated and enlarged
the probe beam before it entered the optics module. Numeri-
cal calculations are used since solving the integral expression
of the laser intensity on the target plane analytically is diffi-
cult. The field across the input plane is assumed to be

E0 (r0, 0) = exp

(
−
r20
w2
0

)
(22)
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TABLE 1. Parameters used in simulations.

FIGURE 4. The simulation on three different focusing transmitters with or
without the influence of spherical aberration.

FIGURE 5. Normalized SNR of cases with the spherical aberration.

A. THE VARIATION OF THE RADIUS OF THE PROBE BEAM
AFTER PASSING THROUGH DIFFERENT
FOCUSING TRANSMITTERS
Fig. 3 shows the variation in the radius of the probe beam at
two different working distances. The curve below represents

the ideal state without the influence of the spherical aberra-
tion, whereas the curve above represents the situation where
the spherical aberration is taken into account. It is observed
that there is a striking difference between the radius of the
probe beam affected by spherical aberration on various target
planes and the case without the influence. The spherical aber-
ration effect causes the probe beam’s radius to rise, and this
variation gets more pronounced as the axial working distance
increases.

B. SIMULATION ON LDVS MOUNT WITH SPECIFIC
FOCUSING TRANSMITTERS
Three exemplary focused transmitters are used as an example
for a clearer explanation. The information about lenses comes
from actual specimens in our lab. Simulation results of Fig.4
is based on the parameters listed in Table 2. The three lines
in Fig. 4 show that, while Lens2’s focal length is fixed, the
shorter focus of Lens1 causes the probe beam’s radius to be
narrower at the same working distance. This happens when
the neglect of spherical aberrations is assumed. However,
results that take into account the spherical aberration are
radically opposite. As discussed above, it is demonstrated that
at greater working distances, the optics module with Lens1
that has the greatest focus length tends to generate the lowest
spot size. This trend can be seen in Fig. 3 as well. Three
exemplary focused transmitters are used as an example for
a clearer explanation. The information about lenses comes
from actual specimens in our lab. The three lines in Fig. 4
show that, while Lens2’s focal length is fixed, the shorter
focus of Lens1 causes the probe beam’s radius to be narrower
at the same working distance. This happens when the neglect
of spherical aberrations is assumed. However, results that take
into account the spherical aberration are radically opposite.
As discussed above, it is demonstrated that at greater working
distances, the optics module with Lens1 that has the greatest
focus length tends to generate the lowest spot size. This trend
can be seen in Fig. 3 as well.
If other parameters remain constant, Eq. (6) states that

the SNR falls as the probe beam’s radius increases. This
demonstrates the effects of spherical aberration on LDVs.
Then, for comparison clarity, the corresponding SNR of cases
with spherical aberration is determined. Fig. 5 implies that the
SNR of the optics module containing the Lens1 of the longest
focus length outperforms others. Additionally, it demon-
strates that when spherical aberration is taken into account,
the SNR of the measurement of LDVs suffers significantly
and rapidly with an increase in working distance.

The findings highlight the importance of carefully con-
sidering the impact of spherical aberration while designing
the optics for LDVs, particularly the one for remote velocity
measurement.

IV. EXPERIMENTS
The experimental test of the simulation is demonstrated in this
section. The integrated single-beam LDV structure, which
includes a velocity measurement module and a focusing
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TABLE 2. Parameters used in simulations.

FIGURE 6. Experimental setup.

TABLE 3. Main characteristics of experiments.

transmitter, is shown in Fig. 6. The beam from CW laser
is divided into the probe beam and the reference beam by
the beam splitter. The probe beam is expanded by a beam
expander before focused to a concrete cylinder by the focus-
ing transmitter. The cylinder in motion is the intended target.
The scattered light from rotating cylinder surface mixing
with the reference beam on the detector produces beat signal
containing Doppler information. Table 3 shows the list of the
key traits.

A. PRACTICAL STANDARD FOR THE EVALUATION OF THE
PERFORMANCE OF SINGLE-BEAM LDVS
For convenience, the signal quality factor is used in this
article in place of SNR to quantify the performance of the

measurement of single-beam LDVs. After the target’s scatter-
ing light is identified and transformed into an electrical signal,
FFT is applied to the signal to get the signal’s spectrum.When
the target plane is stationary, the spectrum in this instance is
recorded as the single-beam LDV’s noisy background spec-
trum and normalized across the whole range. Given that the
target plane is moving, it is easy to see a peak in the signal’s
spectrum at the Doppler frequency associated with the tar-
get plane’s velocity. The intensity of the Doppler frequency
divided by the intensity of the corresponding frequency point
in the normalized noise background spectrum is therefore
used to determine the signal quality factor. This factor is
theoretically equivalent to the SNR and has good simplicity
and technical applicability for assessing the measurement of
single-beam LDVs.

FIGURE 7. Setups for the comparison experiment(a)with and (b) without
right-angle prisms.

B. EXPERIMENTAL DEMONSTRATION OF THE INFLUENCE
OF SPHERICAL ABERRATION
If the incident beam is not collimated, a plane-parallel plate
in the optical path also introduces spherical aberration [13].
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Note that the aberration increases linearly with the thick-
ness of the plate. To demonstrate how spherical aberration
affects the measurement of single-beam LDVs, a comparison
experiment is created. A right-angle prism is equivalent to a
plane-parallel plate with a thickness equal to the length of
the optical path in which the incident beam travels in the
prism. As seen in Fig. 7, in comparison to the control group,
a few right-angle prisms are added between the measuring
and optics modules. Prisms reflect the probe beam before
it is collimated and introduce extra spherical aberration. An
adjustable attenuator adjusts the power of the probe beam in
two groups to be equal. Working distance is kept fixed.

The comparison of signal quality factors measured in two
groups is presented in Fig. 8. Additionally, a beam spot
analyzer takes two images of the cross-section of the probe
beam on the target plane in Fig. 9. Due to additional spherical
aberration, the group using right-angle prisms estimates the
target’s velocity with an extended probe beam. When the
other parameters remain fixed, the SNR of LDV rapidly
decreases as the radius of the probe beam increases. It is the
process by which spherical aberration affects how LDVs are
measured.

FIGURE 8. Signal quality factors measured in the comparison experiment.

FIGURE 9. Two pictures of the cross-section of the probe beam on the
target plane (a)without right-angle prisms, and (b) with right-angle
prisms in the optical path.

C. EXPERIMENTS ON LDVS MOUNTED WITH DIFFERENT
OPTICAL MODULES
Fig. 10 is one picture of the experimental site. The axial work-
ing distance between the rotating target and the LDV is fixed

at 100m. Figure 11 shows the signal quality metrics obtained
from the LDV equipped with various optics modules. The
parameters of these modules match simulations.

The greater signal quality is achieved when the focal length
of Len1 is longer when the focal length of Lens2 is kept
unchanged. In other words, it causes the measurement of the
LDV to have a higher SNR.

Considering the signal quality factor varying with the
working distance, a group of signal quality factor data is mea-
sured by the LDVmounted with an optical module composed
of Lens1 -100mm and Lens2 1100mm. Data are measured
every ten meters. The results are shown in Fig. 12, and
the falling trend corresponds to what Eq. (20) predicted. It
is also confirmed that the expression of SNR for LDVs is
correct.

FIGURE 10. The picture of the field campaign.

FIGURE 11. Signal quality factors measured by the LDV exploiting
different optics modules; The average for every group is listed next to the
figure.

All these experimental results are virtually in agreement
with the simulations in section III and verify the validity of
the theory developed in this paper. All of these experimental
findings essentially concur with the simulations in section III
and support the hypothesis put out in this work.

VOLUME 11, 2023 142389



L. Chen et al.: Influence of Spherical Aberration on the SNR in Single-Beam LDV

FIGURE 12. Signal quality factors measured by the LDV vary with the
working distance.

FIGURE 13. The case that the focusing optics are composed of more than
two lenses.

V. GENERALIZATION ANALYSIS
In general, it is noted that either Lens1 or Lens2 in the
focusing optics can be replaced in function by a set of lenses
if the equivalent focal length is the same as Lens1 or Lens2.
Fig. 13 depicts the case that the focusing optics are composed
of more than two lenses. It is suggested to adapt the analysis
technique presented in section II to complex optics. Given
below is a generalization of the field distribution on Lens i’s
front plane.

Ei (ri, d1 + · · · + di)

=
i

λBi
exp(−ikdi)

∫ ai

0
Ei−1(ri−1, d1 + · · · + di)

× exp(−ik · SALens i · r4i−1)exp[
−ik
2Bi

(Air2i−1 + Dir2i )]

· 2πJ0

(
k
Bi
rir i−1

)
r i−1dr i−1 (i ≤ n− 1) (23)

where n is the total amount of lenses in the focusing optics,
ai represents the radius of the transmitted beam on the front
plane of Lens i, di stands for the distance between Lens
i+1 and Lens i, SALensi represents the spherical aberration
coefficient of Lens i, the corresponding transfer matrix is
given by [

Ai Bi
Ci Di

]
=

[
1 −

di
fi
di

−
1
fi

1

]
(24)

where fi is the focal length of Lens i. the field distribution and
light intensity distribution on the target plane are given by

En (rn, d1 + · · · + dn−1)

=
i

λBn
exp(−ikL)

∫ an

0
En−1(rn−1, d1 + · · · + dn)

× exp(−ik · SALens n · r4n−1)exp[
−ik
2Bn

(Anr2n−1 + Dnr2n )]

· 2πJ0

(
k
Bn
rnrn−1

)
rn−1drn−1 (25)

I (rn,L + d1 + · · · + dn−1)

= En (rn,L+d1+· · ·+dn−1) · E∗
n (rn,L+d1+· · ·+dn−1)

(26)

where L is the working distance of single-beam LDVs,
SALensn represents the spherical aberration coefficient of Lens
n, an represents the radius of the transmitted beam on the front
plane of the Lens nwhich is calculated like a2 in section II,the
corresponding transfer matrix is written as[

An Bn
Cn Dn

]
=

[
1 −

L
fn
L

−
1
fn

1

]
(27)

Fig. 14 demonstraes the summary of the approach provided
in this paper for evaluating and optimizing the performance
of single-beam LDV used for distant velocity measurement.
Consequently, regardless of how complex the optics in single-
beam LDVs are, the radius of the probe beam on the target
plane is easily studied while the performance of LDVs is also
assessed.

FIGURE 14. Diagram of the approach provided in this manuscript for
evaluating and enhancing the SNR performance of single-beam LDV
utilized for long-range velocity measurements.

VI. DISCUSSION
As was previously stated, whether in theoretical analysis
or actual test, the spherical aberration of optics has a sub-
stantial impact on the measurement of single-beam LDVs.
These findings are explained by the fact that light rays that
illuminate the lens surface off-center are refracted more or
less than those that do so near the center. This distortion
prevents the LDVprobe beam from being sufficiently focused
on the target plane. Consequently, the SNR of single-beam
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LDVs is reduced. The SNR in this instance for the remote
velocity measurement is significantly lower than that for the
measurement for near working distances. The spherical aber-
ration of optics will deteriorate measurement results further.
So it is crucial to take spherical aberration into account while
building the LDVs’ focusing transmitter for remote velocity
measurement.
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