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ABSTRACT In this paper, we investigate hybrid beamforming and resource allocation design problems
for uplink millimeter wave (mmWave) multi-user (MU) massive multiple-input-multiple-output (MIMO)
orthogonal frequency-division multiplexing (OFDM) systems. We propose three hybrid beamforming
designs with dynamic streams assignment (DSA) integrated into the solution for the formulated resource
allocation problem to maximize spectral efficiency. In the analog beamforming stage, three different designs
are developed to maximize the channel gains of the equivalent baseband channel at each subcarrier, while
the number of data streams is also determined for each mobile station (MS). Specifically, for the first design,
the analog beamformers are designed to match the corresponding channel across the entire band for each
MS. In the second one, to significantly reduce the complexity of the first design, we can completely avoid
the matrix decomposition by selecting the appropriate set of array response vectors. The last design only
performs singular value decomposition (SVD) on the channel of the center subcarrier to find the analog
beamformers. In the digital beamforming stage, for the interference cancellation, the digital precoder and
the combiner are obtained at each subcarrier using the block diagonalization (BD) and the coordinated
transmit-receive processing method. We also develop fully-digital beamforming and another three hybrid
beamforming schemes based on the existing algorithms as performance benchmarks. By being verified
through numerical simulations, the spectral efficiency of the proposed schemes can be significantly improved
after dynamically assigning the number of data streams for eachMS. Moreover, simulations indicate the first
and the third proposed hybrid beamforming designs can achieve a very competitive performance and even
outperform the fully-digital design in some situations.

INDEX TERMS Resource allocation, hybrid beamforming, multiple user access, multiple-input-multiple-
output (MIMO), orthogonal frequency-division multiplexing (OFDM), spectral efficiency.

I. INTRODUCTION
Millimeter wave (mmWave) communication has been
regarded as a promising solution for the fifth-generation (5G)
mobile network as it can support gigabit-per-second data
rates [1], [2], [3]. However, the mmWave bands have severe
propagation path loss [4], [5], [6], [7] while being compared
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to the traditional frequency bands. Due to the small wave-
length of mmWave signals, a large number of antennas can
be placed in a small volume to combat the poor propagation
characteristics [8], [9]. Thus, mmWave systems and massive
multiple-input-multiple-output (MIMO) technology can be
integrated into future wireless communications, resulting in
what are known as mmWave massive MIMO systems. For
traditional MIMO systems, fully-digital beamforming is per-
formed entirely in the digital domain, allowing for control
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TABLE 1. Comparison with prior work.

over both the magnitude and the phase of the signals [10].
However, it requires a dedicated radio frequency (RF) chain
per antenna [11], [12], [13], leading to significant hardware
costs and power consumption, especially when deploying a
large number of antennas, particularly at high frequencies
[14]. To address the above issues, a new type of hybrid
beamforming structure which only requires a small number
of RF chains interfacing between a high-dimensional analog
beamformer and a low-dimensional digital beamformer has
been proposed for the mmWave massive MIMO systems
[10]. In this structure, the analog beamformer is implemented
via a low-cost phase shifter network with constant ampli-
tude constraints, while the digital baseband beamformer is
implemented by the digital signal processor (DSP), allowing
for spatial multiplexing through multiple RF chains. Thus,
hybrid beamforming structures enable a flexible compromise
between system performance and implementation cost.

A. PRIOR WORK AND RESEARCH MOTIVATIONS
Most prior hybrid precoding and combining algorithms
focused on the single-user (SU) systems [10], [15], [16], [17],
[18], [19], [20] and multi-user (MU) systems [19], [21], [22],
[23], [24] over narrowbandmmWave channels. All aforemen-
tioned works are restricted to single-carrier transmissions.
However, in practice, mmWave systems are more likely to
operate on wideband channels with frequency selectivity
due to the vast available bandwidth of mmWave. There-
fore, orthogonal frequency-division multiplexing (OFDM)
transmission has been acknowledged as a vital technology
to overcome the multipath fading. Regarding the hybrid
beamforming structure, since the analog beamforming is
implemented by analog components in the time domain,
designing a common analog beamforming shared across all
the subcarriers is amajor challenge for designers. Awideband

system requires a joint optimization of performance metric
across all subcarriers. Since the analog beamforming vec-
tor is independent of frequency, finding the optimal analog
beamforming is harder in a wideband system compared to
single-carrier systems.

Several recent works have been proposed for SU-MIMO-
OFDM systems [16], [25], [26], [27], and MUmultiple-input
single output OFDM (MU-MISO-OFDM) systems [25],
[28], [29], [30]. Different from [25], [28], [29], and [30],
where they focus on the single antenna configuration for
mobile station (MS), the design of hybrid beamforming for
MU-MIMO-OFDM systems has been investigated in [31].
However, in [31], only analog beamforming is employed at
the MS, which implies that the base station (BS) communi-
cates to each MS via only one data stream. More practically,
a small number of papers considered the multi-stream
MU-MIMO-OFDM, such as [32], [33], [34], and [35].

When the users have multiple RF chains, [36], [37] indi-
cate that the numbers of data streams can be dynamically
assigned to users, thereby substantially improving system
performance. Fewer papers have introduced this idea into
either fully-digital or hybrid beamforming structures. The
designs in [36] and [37] consider the fully-digital structure,
making them unsuitable for direct application to mmWave
hybrid beamforming systems due to hardware constraints.
Although the idea of data streams assignment is also inte-
grated into the existing hybrid beamforming designs [38],
[39], [40], their methods were developed based on the single-
carrier systems.

Moreover, although downlink transmission has been inves-
tigated in most of the aforementioned works, both the
downlink and the uplink directions are of equal importance in
5G [41]. Based on the above discussion, one direct motivation
is to design a more practical hybrid beamforming algorithm
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integrated into the solution for the formulated resource allo-
cation problem to maximize spectral efficiency for uplink
mmWave MU and multi-stream OFDM transmission. The
comparison between the proposed work with the prior work
reviewed in the above is summarized in Table 1.

B. CONTRIBUTIONS
Our main contributions are summarized as follows:

• A more flexible setting is considered, where each MS
can be assigned a different number of transmitted
data streams, limited by the number of its RF chains.
Such an idea is more advantageous to achieve better
performance.

• A two-stage approach is used to design the analog
and the digital beamformers separately. Three ana-
log beamformer designs together with our allocation
framework are proposed to maintain the desired sig-
nal quality and optimize the number of transmitted
data streams for different MSs. For the digital beam-
formers, inspired by the block diagonalization (BD)
and the coordinated transmit-receive processing, the
digital precoders and the combiner are derived to
diagonalize the equivalent MU MIMO channel com-
posed of the analog precoders, the full-dimensional
channels, and the analog combiner at each subcar-
rier simultaneously. Therefore, this method provides
the inter-user interference-free and the inter-stream
interference-free transmission. Our proposed digital
beamforming design also solves the limitation on the
number of users as the classic BD method does. This
implies that that our proposed schemes have more flex-
ibility in serving the number of users.

• Wemodify and extend three existing hybrid beamform-
ing schemeswhile incorporating the idea of the variable
number of data streams into these methods. In addition,
they can also be used as performance benchmarks to
compare against the proposed schemes.

C. ORGANIZATION AND NOTATIONS
The rest of this paper is organized as follows. In Section II, the
system model, the wideband channel model, and the problem
formulation are introduced. In Section III, we propose three
hybrid beamforming designs with data streams assignment
and modify the fully-digital and the three other existing
hybrid beamforming schemes for the performance compar-
ison. The computational complexity of the proposed and
benchmark schemes is analyzed in Section IV. Simulation
results are presented in Section V, and finally, in Section VI,
we conclude this paper.

The following notations are used throughout this paper.
Boldface upper-case letter A, boldface lower-case letter a and
lightface lower-case letter a represent a matrix, a column vec-
tor and a scalar, respectively. The transpose, Hermitian trans-
pose, Frobenious norm, trace and rank of A are expressed as
AT ,AH , ∥A∥F, Tr (A) and rank (A), respectively. In addition,

TABLE 2. System-related notations.

the Euclidean norm of a is expressed as ∥a∥.A (:, n),A (m, :)

and A (m, n) respectively denote the n-th column vector, the
m-th row vector and the element in the m-th row and n-th
column of A. A (:,m : n) represents the submatrix consisting
of vectors from the m-th to n-th column of A. ̸ A is the
phase of each entry in A. The amplitude of a is denoted by
|a|. diag (a) returns a diagonal matrix whose diagonal entries
depend on the elements of a. IN stands for the N ×N identity
matrix. Cm×n describes the set of complex valued m × n
matrix. E [·] and CN (µ, σ 2) represent the statistical expec-
tation operator and the complex Gaussian distribution with
mean µ and variance σ 2, respectively. min {a1, a2, · · · , an}
returns the smallest number among a1, a2, · · · , an. Finally,
O (·) is the big O notation for the complexity analysis. The
key system-related mathematical notations appearing in this
paper are listed in Table 2.

II. SYSTEM MODEL, CANNEL MODEL, AND PROBLEM
FORMULATION
A. SYSTEM MODEL
Fig. 1 describes a single cell uplink mmWave MU massive
MIMO-OFDMsystemwith perfect synchronization. Both the
BS and the MSs are assumed to adopt the fully-connected
hybrid beamforming structure, where each RF chain connects
to all antenna elements through a phase shifter network. For
OFDM, the BS is equipped with NBS antennas and NBS

RF RF
chains to serveU MSs equipped with NMS antennas and NMS

RF
RF chains through K subcarriers. Moreover, at the BS, the
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FIGURE 1. Block diagram of a single cell uplink mmWave MU massive MIMO-OFDM system with a fully-connected hybrid beamforming structure.

total number of received data streams Ns is upper bounded
by the number of RF chains, i.e., Ns ≤ NBS

RF . The system
can assign different numbers of transmitted data streams to
MSs according to the channel state information (CSI) of
each MS. We assume that the u-th MS can transmit ns,u
parallel data streams at each subcarrier simultaneously, and
Ns =

∑U
u=1 ns,u is held. Note that this system satisfies Ns ≤

NBS
RF ≪ NBS for the BS and ns,u ≤ NMS

RF ≤ NMS for each MS
to ensure the effectiveness of the transmission.

We denote by su [k] =
[
su,1 [k] , su,2 [k] , · · ·, su,ns,u [k]

]T∈
Cns,u×1 the transmitted data symbol vector of the u-th MS
at the k-th subcarrier with E

[
su [k] su [k]H

]
= Ins,u . At the

u-th MS, the transmitted data symbol su [k] at each subcar-
rier first passes through a diagonal power allocation matrix
Pu [k] ∈ Cns,u×ns,u and then is precoded by a digital precoder
FBB,u [k] = [fBB,u,1 [k] , fBB,u,2 [k] , · · · , fBB,u,ns,u [k]],
where fBB,u,ns,u [k] ∈ CNMS

RF ×1 represents the digital precoder
associated with the ns,u-th data stream of the u-th MS at the
k-th subcarrier. Next, the processed signals are transformed
from the frequency domain to the time domain through the
NMS
RF K -points inverse fast Fourier transforms (IFFTs). After

adding cyclic prefixes (CP), the processed signal is precoded
by a common analog precoder FRF,u ∈ CNMS×NMS

RF . Consid-
ering a block fading channel model, the received signal of the
BS at the k-th subcarrier is

y [k] =

U∑
u=1

Hu[k]FRF,uFBB,u [k]Pu [k] su [k] + n [k] , (1)

where Hu[k] ∈ CNBS×NMS is the frequency domain chan-
nel matrix between the BS and the u-th MS at the k-th
subcarrier, and n [k] ∈ CNBS×1 ∼ CN (0, σ 2

n INBS ) is
the complex additive white Gaussian noise (AWGN) vec-
tor in which σ 2

n is noise power at the k-th subcarrier.
At the BS, the received signal is initially combined by a
common analog combiner WRF ∈ CNBS×NBS

RF in the time

domain, and then the CP removal and the NBS
RFK -points fast

Fourier transform (FFT) operations are applied to recover
the frequency domain signals. After that, the signal at each
subcarrier is combined by a low-dimensional digital com-
biner WBB [k] =

[
WBB,1 [k] ,WBB,2 [k] , · · · ,WBB,U [k]

]
,

where WBB,u [k] ∈ CNBS
RF×ns,u is a low-dimension digital

combiner associated with the u-th MS at the k-th subcarrier.
As a result, the final processed signal at the k-th subcar-
rier ŷ [k] =

[
ŷT1 [k] , ŷT2 [k] , · · · , ŷTU [k]

]T , where ŷu [k] ∈
Cns,u×1, is given by

ŷ [k] = WH
BB [k]WH

RF

U∑
u=1

Hu [k]FRF,uFBB,u [k]Pu [k] su [k]

+ WH
BB [k]WH

RFn [k] . (2)

From (2), the final processed signal for the i-th data stream
of the u-th MS at the k-th subcarrier is written as (see (3)),
shown at the bottom of the next page, where Fu [k] =

FRF,uFBB,u [k] ∈ CNMS×ns,u andWu [k] = WRFWBB,u [k] ∈
CNBS×ns,u respectively represent the hybrid precoder and the
combiner for the u-th MS at the k-th subcarrier, and Pu,i [k]
is the power allocated to the i-th data stream of the u-th MS
at the k-th subcarrier. The signal-to-interference-plus-noise
ratio (SINR) of ŷu,i [k] can be defined as

SINRu,i [k] =
Su,i [k]

Iu,i [k] + Nu,i [k]
, (4)

with Su,i [k], Iu,i [k] and Nu,i [k] being, respectively the
desired signal power, interference power, and noise power,
which are shown at the bottom of the next page.

B. CHANNEL MODEL
We adopt a clustered channel model with Ncl clusters with
time delay and Nray propagation paths within each cluster for
simulation [42]. For OFDM systems, the frequency-domain

VOLUME 11, 2023 133073



H.-H. Tseng et al.: Hybrid Beamforming and Resource Allocation Designs

channel between the BS and the u-thMS at the k-th subcarrier
is given by [16] and [25]

Hu [k]

=

√
1
PLu

Ncl−1∑
c=0

Nray∑
l=1

αu,c,lar
(
φru,c,l

)
aHt

(
φtu,c,l

)
e−j2πc(k/K ),

(5)

where PLu is the path loss, and αu,c,l ∼ CN (0, NMSNBSNclN ray
),

φru,c,l and φtu,c,l are the complex path gain, angle of arrival
(AOA), and angle of departure (AOD) of the l-th propagation
path in the c-th cluster, respectively; ar (·) and at (·) are the
antenna array response vector (AARV) for the receiver and
the transmitter, respectively. In our paper, a uniform linear
array (ULA) with N antennas is adopted. The normalized
AARV can be expressed as

a (∅) =
1

√
N

[
1, ej

2πd
λ

sin(∅), · · · , ej
2πd(N−1)

λ
sin(∅)

]T
(6)

in which λ is the signal wavelength, and d is the distance
between adjacent antenna elements in the antenna array.
Because the wavelength among different subcarrier is not
equal in wideband mmWave MIMO systems, the AARV
actually changes as frequency even with the same AoAs
and AODs. However, when the carrier frequency is much
larger than the system bandwidth, the wavelength of each
subcarrier is approximately equal [25]. As a result, ar

(
φru,c,l

)
and at (φtu,c,l) in (5) are assumed to be frequency-independent.
The frequency-domain channel in (5) is also written in a more
compact yet equivalent matrix form as

Hu [k] =

√
1
PLu

Arudiag (αu [k])At
H

u , (7)

where we have:

Aru

=

[
ar

(
φru,0,1

)
, ar

(
φru,0,2

)
, · · · , ar

(
φru,Ncl−1,Nray

)]
,

Atu

=

[
at

(
φtu,0,1

)
, at

(
φtu,0,2

)
, · · · , at

(
φtu,Ncl−1,Nray

)]
,

αu [k]

=

[
αu,0,1e−θ0[k], αu,0,2e−θ0[k], · · · , αu,Ncl−1,Nraye

−θNcl−1[k]
]T

,

and θc [k] =
2πck
K .

C. PROBLEM FORMULATION
The design goal is to develop hybrid precoder and combiner
designs for the uplink mmWave MU massive MIMO-OFDM
system to maximize the overall spectral efficiency under the
constant amplitude constraints and total transmitted power
constraint of each MS for the formulated resource alloca-
tion problem. The subcarrier allocation schemes are possibly
unnecessary due to the channel hardening effect, so each MS
can communicate with the BS across the entire band simul-
taneously [43], [44]. Multiple users can be served at each
subcarrier in the same time to increase the system throughput
[45]. We assume that perfect CSI is available. In this case, the
optimization problem can be formulated as

max
(FRF,u)Uu=1′

[(FBB,u[k])Kk=1]
U
u=1′

WRF′ (WBB[k])Kk=1′

(ns,u)Uu=1′
[(Pu[k])Kk=1]

U
u=1

1
K

K∑
k=1

U∑
u=1

ns,u∑
i=1

× log2
(
1 + SINRu,i [k]

)
(8)

s.t.
∣∣FRF,u(m, n)

∣∣ =
1

√
NMS

, ∀u,m, n, (8a)

|WRF(m, n)| =
1

√
NBS

, ∀m, n, (8b)

K∑
k=1

∥Pu[k]∥2F = P0, ∀u, (8c)

∥∥FRF,ufBB,u,i [k]
∥∥2 = 1, ∀u, i, k. (8d)

ŷu,i [k] = Wu [k] (:,i)HHu [k]Fu [k] (:,i)
√
Pu,i [k]su,i [k] +

ns,u∑
l=1,l ̸=i

Wu [k] (:,i)HHu[k]Fu [k] (:,l)
√
Pu,l[k]su,l [k]

+

U∑
m=1,m̸=u

ns,m∑
l=1

Wu [k] (:,i)HHm[k]Fm [k] (:,l)
√
Pm,l[k]sm,l [k] + Wu [k] (:,i)Hn [k] (3)

Su,i [k] =

∣∣∣Wu [k] (:, i)HHu [k]Fu [k] (:, i)
∣∣∣2 Pu,i[k]

Iu,i [k] =

ns,u∑
l=1,l ̸=i

∣∣∣Wu [k] (:, i)HHu[k]Fu [k] (:, l)
∣∣∣2 Pu,l[k] +

U∑
m=1,m̸=u

ns,m∑
l=1

∣∣∣Wu [k] (:, i)HHm[k]Fm [k] (:, l)
∣∣∣2 Pm,l[k]

Nu,i [k] = σ 2
n ∥Wu [k] (:, i)∥2
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In addition to the design of hybrid beamforming as in
most prior works, we would also determine the number of
transmitted data streams for each MS and the transmitted
power allocation matrix of each MS at each subcarrier. Both
constraint (8a) and constraint (8b) are imposed the con-
stant amplitude requirement on all the entries of the analog
precoder for each MS and the analog combiner at BS, respec-
tively. Constraint (8c) means that the total transmitted power
of each MS is P0. To meet (8c), fBB,u,i [k] is normalized to
satisfy constraint (8d). In the problem (8), joint optimization
is very challenging, and the non-convex constant ampli-
tude constraints on FRF,u and WRF make finding the global
optimal solution intractable [10].To simplify the difficulty
of the solution process, we utilize the two-stage approach,
in which the optimization of analog and digital beamformers
are decoupled and solved separately similar to the approaches
in [19], [21], [22], [23], [24], [25], [26], [27], [28], [29], [30],
[32], [33], [34], and [35].

For practical applications with imperfect channel informa-
tion due to channel estimation errors, a deducted SNR value
may be employed in the formula. If practical modulations
for the selection of the switching levels are considered, some
margin (increment in a SNR for a target BER) is required.

III. PROPOSED HYBRID BEAMFORMING DESIGNS
This section presents three novel hybrid beamforming
schemes based on the two-stage approach to solve the opti-
mization problem (8).We first derive the digital beamforming
design according to the equivalent baseband channel defined
by the analog beamformers and full-dimensional channel, and
then discuss three proposed analog beamforming designs.
After obtaining the hybrid beamforming matrices, the trans-
mitted power allocation matrix of each MS at each subcarrier
is computed using water-filling. At the end of this section,
to compare with the proposed schemes, we will briefly
explain the fully-digital beamforming and another three
hybrid beamforming schemes after slight modification of
existing schemes.

A. DIGITAL BEAMFORMING DESIGN
In this part, we propose an uplink coordinated block diago-
nalization (UPCBD) as a low-dimension digital beamformer
to eliminate the inter-user interference and inter-stream inter-
ference completely. This method is developed based on the
ideas presented in [46] and [47]. However, these ideas cannot
be directly applied to design digital beamforming for the
systems and scenarios under consideration. Therefore, slight
extensions and derivations are necessary. When all the analog
precoders FRF,u and the analog combiner WRF are found
(the actual design of FRF,u andWRF will be presented later),
the equivalent baseband channel of the u-th MS at the k-th
subcarrier is given by H̄u [k] = WH

RFHu[k]FRF,u. We define
the equivalent baseband interference channel as

H̃u [k] =
[
H̄1 [k] , · · · , H̄u−1 [k] , H̄u+1 [k] , · · · , H̄U [k]

]
.

(9)

Denote the rank of H̃u [k] as r̃u [k] = rank
(
H̃u [k]

)
≤

NMS
RF (U − 1). Perform the SVD of H̃u [k] as follows:

H̃u [k] =
[
Ũu1[k] Ũu2[k]

]
6̃u [k] Ṽu [k]

H
, (10)

where Ũu1[k] consists of the first r̃u [k] left singular vectors,
and Ũu2[k] holds the last NBS

RF − r̃u [k] left singular vectors
corresponding to zero singular values. From the definition
of SVD, the columns of Ũu2[k] exactly form the orthogo-
nal bases of the left null space of H̃u [k], so we hope that
WBB,u [k] lies in the left null space of H̃u [k] to eliminate all
inter-user interference at each subcarrier. Through the above
operation, we have

ŨH
u2 [k] H̄l [k] = 0, l ̸= u. (11)

Next, we further perform SVD on ŨH
u2 [k] H̄l [k], given by

ŨH
u2 [k] H̄u [k] = U̇u [k] 6̇u [k] V̇u [k]

H
. (12)

Define U̇u1 [k] and V̇u1 [k] as the first ns,u columns of
U̇u [k] and V̇u [k], respectively. Finally, the digital precoder
FBB,u [k] and the combinerWBB,u [k] can be expressed as

FBB,u [k] = V̇u1 [k] ,WBB,u [k] = Ũu2 [k] U̇u1 [k] . (13)

Note that the condition ofNBS
RF > r̃u [k] is necessarily satis-

fied to ensure that the left null space of H̃u [k] has a dimension
greater than 0. However, the condition of NBS

RF = r̃u [k] is
inevitable in our system scenario. For downlink, coordinated
transmit-receive processing is introduced to solve the similar
issue as that in [46]. The general idea is to assume that the
transmitter knows what beamforming algorithm is employed
at the receiver in advance, and then it designs the transmit
beams based on this knowledge. We try to extend this idea to
uplink.
First, let F̂u [k] be a NMS

RF × ns,u transmit precoding matrix
and define the new equivalent baseband interference channel
for the u-th MS at the k-th subcarrier as follows:

Ȟu [k] =

[
H1[k], · · · ,Hu−1[k],Hu+1[k], · · · ,HU [k]

]
,

(14)

which is obtained by excluding Hu[k] = H̄u [k] F̂u [k].
Since Ȟu [k] is a NBS

RF × (N s − ns,u) matrix, the condition of

NBS
RF > rank

(
Ȟu [k]

)
will be satisfied. We can easily use

Ȟu [k] in place of H̃u [k] and then carry out (10), (12) and
(13). But the number of transmitted data streams ns,u and the
transmit precoding matrix F̂u [k] are essential to know for
each MS in advanced. For the assignment of ns,u, we will
discuss in the subsequent subsection. The proper F̂u [k] can be
chosen as the ns,u dominant right singular vectors of H̄u [k] =

Ūu [k] 6̄u [k] V̄u[k]
H
, i.e.,

F̂u [k] = V̄u [k]
(
:, 1 : ns,u

)
. (15)

Given this information, Ȟu [k] is then constructed, which
can be used to obtain the digital precoder FBB,u [k] and
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Algorithm 1 The Proposed Digital Beamforming Design
(UPCBD)
Input : ns,u,FRF,u,U = 1, 2, · · · ,U , WRF,

Hu [k] , u = 1, 2, · · · , u, k = 1, 2, · · · , k.
1 : for k = 1 to k do
2 : for u = 1 to U do
3 : H̄u [k] = WH

RFHu[k]FRF,u.
4 : Calculate the SVD of H̄u [k] =

Ūu [k] 6̄u [k] V̄u[k]
H
.

5 : Hu[k] = H̄u [k] F̂u [k],
where F̂u [k] is defined as (15).

6 : end for
7 : for u = 1 to U do
8 : Calculate Ȟu [k] according to (14).
9 : Calculate the SVD of

Ȟu [k] =

[
Ǔu1 [k] Ǔu2 [k]

]
6̌u [k] V̌u [k]

H
,

where Ǔu2 [k] is defined as

the last NBS
RF − rank

(
Ȟu [k]

)
left singular vectors.

10: Calculate the SVD of
ǓH
u2 [k]Hu [k] = Üu [k] 6̈u [k] V̈u [k]

H
.

Define Üu1 [k] and V̈u1 [k] as the first ns,u columns of
Üu [k] and V̈u [k], respectively.
11: Define the unnormalized digital precoder

F̃BB,u [k] = F̂u [k] V̈u1 [k]

=

[
f̃BB,u,1 [k] , f̃BB,u,2 [k] , · · · , f̃BB,u,ns,u [k]

]
.

12: for i = 1 to ns,u do

13: fBB,u,i [k] =
f̃BB,u,i[k]∥∥∥FRF,u f̃BB,u,i[k]

∥∥∥ .
14: end for
15: FBB,u [k] = [fBB,u,1 [k] , fBB,u,2 [k] , · · · , fBB,u,ns,u [k] ].
16: WBB,u [k] = Ǔu2 [k] Üu1 [k].
17: end for
18: end for
Output: FBB,u [k] ,WBB,u [k] , u = 1, 2, · · · , u, k =

1, 2, · · · , k .

the combiner WBB,u [k]. Furthermore, to fulfill the power
constraints, the digital precoder FBB,u [k] is computed after
normalizing each column of the unnormalized digital pre-
coder F̃BB,u [k]. Our proposed digital beamforming design is
outlined in Algorithm 1.

B. ANALOG BEAMFORMING DESIGN
Herein, three analog beamforming designs are proposed and
combined with the proposed digital beamforming design dis-
cussed in the previous subsection which further lead to three
proposed hybrid beamforming designs with dynamic streams
assignment (DSA). Next, three analog beamforming designs
are developed in details below.

1) TENSOR UNFOLDING MATRIX DECOMPOSITION (TUMD)
In the following, the designs of FRF,u and WRF are treated
separately. We first design the analog precoder FRF,u for each
MS and then design the analog combiner WRF according
to the high-dimensional channels and FRF,u, subsequently.
Ignoring the interference and other beamforming matrices,
the analog precoder of the u-th MS is designed to match the
own channel for each subcarrier which can be formulated as

max
FRF,u

K∑
k=1

∥∥Hu[k]FRF,u
∥∥2
F

s.t.
∣∣FRF,u(m, n)

∣∣ = 1/√NMS
, ∀m, n. (16)

We introduce the concept of tensor-unfolding [32] and drop
the constant amplitude constraints. Then, the optimization
problem (16) is converted into an unconstrained problem as

max
FRF,u

∥∥∥H(l)
u F̃RF,u

∥∥∥2
F
, (17)

where H(l)
u =

[
(Hu[1])T (Hu[2])T · · · (Hu[K ])T

]T ∈
C(KNBS )×NMS is longitudinal tensor-unfolding of the three-
dimensional matrix, and F̃RF,u is an unconstrained analog
precoder of the u-th MS. First, we apply eigenvalue decom-
position (EVD) toH(l)H

u H(l)
u asH(l)H

u H(l)
u = V̄uD̄uV̄H

u , where
D̄u is a diagonal matrix whose diagonal entries are the eigen-
values arranged in descending order, i.e., ρ̄

(1)
u ≥ ρ̄

(2)
u ≥

· · · ≥ ρ̄
(NMS )
u , and the n-th column of V̄u is the eigenvector

corresponding to ρ̄
(n)
u . Then, the objective function in (17) is

rewritten as∥∥∥H(l)
u F̃RF,u

∥∥∥2
F

= Tr
(
F̃HRF,uH

(l)H
u H(l)

u F̃RF,u

)
. (18)

Obviously, the columns of F̃RF,u can be constructed by the

firstNMS
RF eigenvectors ofH(l)H

u H(l)
u corresponding to theNMS

RF
largest eigenvalues to maximize it for each MS, i.e.,

F̃RF,u = V̄u

(
:, 1 : NMS

RF

)
. (19)

However, F̃RF,u does not satisfy the constant amplitude
constraints. As in prior work [22], [28], FRF,u is designed to
be as close as F̃RF,u, which is given by

max
FRF,u

∥∥∥F̃RF,u − FRF,u

∥∥∥2
F

s.t.
∣∣FRF,u(m, n)

∣∣ = 1/√NMS
, ∀m, n, (20)

and the solution can be obtained by

FRF,u =
1

√
NMS

ej̸ F̃RF,u . (21)

After getting the analog precoder FRF,u of the u-th MS, the
equivalent channel for the link between BS and the u-th MS
at the k-th subcarrier is defined as

Heq,u [k] = Hu [k]FRF,u. (22)

Let the analog combiner WRF be represented by WRF =[
WRF,1 WRF,2 · · · WRF,U

]
∈ CNBS×

(∑U
u=1 NRF,u=NBS

RF

)
,
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where WRF,u ∈ CNBS×NRF,u is the submatrix of WRF corre-
sponding to the u-thMS at each subcarrier. Applying the same
concept as the designs of FRF,u, we assume that the NRF,u
columns of WRF are used to match the u-th MS’s equivalent
channel on the entire band regardless of the interference.
To obtainWRF, we first solve

max
(NRF,u,W̃RF ,u)

U
u=1

U∑
u=1

∥∥∥W̃H
RF,uH

(h)
eq,u

∥∥∥2
F

s.t.
U∑
u=1

NRF,u = NBS
RF ,

1 ≤ NRF,u, ∀u, (23)

where H(h)
eq,u =

[
Heq,u [1] Heq,u [2] · · · Heq,u [K ]

]
∈

CNBS×(KNMS
RF ) is horizontal tensor-unfolding of the three-

dimensional matrix, and W̃RF,u is the NRF,u columns of the
unconstrained analog combiner W̃RF. Since WRF can be
decomposed into the U different size submatrices in general,
it is notable that allMSs are allocated different numbers of RF
chains at the BS. To solve (23) and determine the number of
transmitted data streams for each MS

(
ns,u

)U
u=1, the proposed

solution consists of the following two stages:

a: INITIAL RF CHAINS ALLOCATION STAGE
To begin with, we temporarily relax the total number of RF
chains constraint at the BS and allocate the largest available
NMS
RF RF chains to each MS to avoid that the RF resource at

the BS is dominated by one MS, so (23) can be rewritten as

max
(NRF,u,W̃RF,u)Uu=1

U∑
u=1

∥∥∥W̃H
RF,uH

(h)
eq,u

∥∥∥2
F

s.t.
U∑
u=1

NRF,u ≤ NBS
RF ,

1 ≤ NRF,u ≤ NMS
RF , ∀u. (24)

We perform EVD on H(h)
eq,uH

(h)H
eq,u as H(h)

eq,uH
(h)H
eq,u =

Ūeq,uD̄eq,uŪH
eq,u, where D̄eq,u is a diagonal matrix whose

diagonal entries are the eigenvalues arranged in descending
order, i.e., ρ̄

(1)
eq,u ≥ ρ̄

(2)
eq,u ≥ · · · ≥ ρ̄

(NBS )
eq,u , and the n-th

column of Ūeq,u is the eigenvector corresponding to ρ̄
(n)
eq,u.

By comparing
∥∥∥W̃H

RF,uH
(h)
eq,u

∥∥∥2
F
with the objective function in

(17), their mathematic forms are similar in nature. We know
that the columns of W̃RF,u can be constructed by the first to
NRF,u-th columns of Ūeq,u, i.e., W̃RF,u = Ūeq,u

(
:, 1 : NRF,u

)
.

Therefore, the objective function in (24) is rewritten as∑U
u=1

∥∥∥W̃H
RF,uH

(h)
eq,u

∥∥∥2
F

=
∑U

u=1
∑NRF,u

n=1 ρ̄
(n)
eq,u by applying

the properties of the Frobenious norm and the trace. Next,
we introduce one allocation framework to decide

(
NRF,u

)U
u=1.

The largest number of allocated RF chains for each MS(
NRF,u

)U
u=1 is limited by NMS

RF in this stage. To this end,

Algorithm 2 The Proposed Analog Beamforming Design
(TUMD)

Input:Hu [k] , u = 1, 2, · · · ,U , k = 1, 2, · · · , k,NMS
RF ,NBS

RF .
1 : for u = 1 to U do
2 : H(l)

u =
[
(Hu[1])T (Hu[2])T · · · (Hu[k])T

]T
.

3 : Calculate the EVD of H(l)H
u H(l)

u = V̄uD̄uV̄H
u .

4 : FRF,u =
1

√
NMS

ej
̸ V̄u

(
:,1:NMS

RF

)
.

5 : H(h)
eq,u =

[
Heq,u [1] Heq,u [2] · · · Heq,u [k]

]
,

where Heq,u [k] is defined as (22).
6 : Calculate the EVD of

H(h)
eq,uH

(h)H
eq,u = Ūeq,uD̄eq,uŪeq,uH .

7 : end for
Initial RF chains allocation stage
8 : Assign one RF chain to all served MSs, i.e.,

NRF,u = 1, u = 1, 2, · · · ,U .

9 : repeat
10: u∗

= argmax
u∈C

ρ̄
(NRF,u+1)
eq,u .

11: NRF,u∗ = NRF,u∗ + 1.
12: until

∑U
u=1 NRF,u = NBS

RF or C = ∅

13: ns,u = NRF,u, u = 1, 2, · · · ,U .

Extra RF chains allocation stage
14: if

∑U
u=1 NRF,u < NBS

RF then
15: repeat
16: u∗

= argmax
u∈{1,2,··· ,U}

ρ̄
(NRF,u+1)
eq,u .

17: NRF,u∗ = NRF,u∗ + 1.
18: until

∑U
u=1 NRF,u = NBS

RF
19: end if
20: for u = 1 to U do
21: WRF,u =

1
√
NBS

ej̸ Ūeq,u(:,1:NRF,u).

22: end for
23:WRF =

[
WRF,1 WRF,2 · · · WRF,U

]
.

Output: FRF,u, ns,u, u = 1, 2, · · · ,U andWRF.

we define a candidate MSs’ index set C as

C =

{
u|NRF,u < NMS

RF , u ∈ U
}

, where U = {1, 2, · · · ,U} .

(25)

Meanwhile, each served MS is initially assigned one RF
chain. Then, based on the selection rule in (26),

u∗
= argmax

u∈c
ρ̄
(NRF,u+1)
eq,u (26)

we successively select one MS u∗ from the set C and
add one RF chain to it until the condition of the total
number of allocated RF chains equal to NBS

RF are reached,
i.e.,

∑U
u=1 NRF,u = NBS

RF or the set C becomes an empty
set; that is, all MSs have already been assigned NMS

RF RF
chains. The analog beamformer sets the spatial beamforming
direction [48]. Therefore, the result of streams assignment
can be obtained from the above RF chains allocation,
i.e.,

(
ns,u = NRF,u

)U
u=1

. To satisfy the constant amplitude

VOLUME 11, 2023 133077



H.-H. Tseng et al.: Hybrid Beamforming and Resource Allocation Designs

Algorithm 3 The Proposed Analog Beamforming Design
(SCCMD)

Input: βu,A
t
u,A

r
u, u = 1, 2, · · · ,U ,NMS

RF ,NBS
RF .

1 : for u = 1 to U do
2 : Obtain β̃u by sorting the elements of βu in

descending order and return the corresponding sort
index vector i.

3 : L = length(i), where
length(a) returns the length of a.

4 : Ã
t
u = Empty matrix.

5 : Ã
r
u = Empty matrix.

6 : for d = 1 to L do
7 : c = i(d).
8 : Ã

t
u =

[
Ã
t
u|A

t
u(:, c)

]
.

9 : Ã
r
u =

[
Ã
r
u|A

r
u(:, c)

]
.

10: end for
11: FRF,u = Ã

t
u(:, 1 : NMS

RF ).
12: end for
13: Obtain NRF,u and ns,u by replacing the selection rule in

(26) with (29) and employing the allocation
framework as Algorithm 2.

14: for u = 1 to U do
15: WRF,u = Ã

r
u
(
:, 1 : NRF,u

)
.

16: end for
17:WRF =

[
WRF,1 WRF,2 · · · WRF,U

]
.

Output: FRF,u, ns,u, u = 1, 2, · · · ,U andWRF.

constraints,WRF,u is given by

WRF,u =
1

√
NBS

ej̸ W̃RF,u . (27)

b: EXTRA RF CHAINS ALLOCATION STAGE
If there are still extra RF chains resource available after the
initial RF chains allocation stage, it implies the remaining
column vectors ofWRF are required to design.We can further
allocate the extra RF chains to MS by using the aforemen-
tioned allocation idea and then obtain the complete WRF.
In conclusion, the overall steps of TUMD are summarized in
Algorithm 2.

2) SIMILAR CHANNEL COVARIANCE MATRIX
DECOMPOSITION (SCCMD)
Since TUMD requires the high-dimensional matrix decompo-
sition when the number of subcarriers are large, it leads to the
high computational complexity. In view of this, developing a
relatively low complexity analog beamforming design inte-
grated into the solution for the formulated resource allocation
problem is our goal in this part, and we hope to enhance the
equivalent channel gain through the analog beamformer to
provide as robust transmission as possible for each stream.
Here, we drop the constant amplitude constraints and impose
the number of RF chains constraints as in (24) to obtain the

Algorithm 4 The Proposed Analog Beamforming Design
(Modified SCCMD)
Input: Hu [k] , u = 1, 2, · · · ,U , k =

1, 2, · · · , k,NMS
RF ,NBS

RF .
1 : for u = 1 to U do
2 : Calculate the SVD of Hu [k/2] = Uu6uVH

u .

3 : FRF,u =
1

√
NMS

ej̸ Vu(:,1:NMS
RF ).

4 : end for
5 : Obtain NRF,u and ns,u by replacing the selection rule in

(26) or (29) with (30) and employing the allocation
framework as Algorithm 2.

6 : for u = 1 to U do
7 : WRF,u =

1
√
NBS

ej̸ Uu(:,1:NRF,u).

8 : end for
9 :WRF =

[
WRF,1 WRF,2 · · · WRF,U

]
.

Output: FRF,u, ns,u, u = 1, 2, · · · ,U andWRF.

following problem:

max
(NRF,u,F̃RF,u,W̃RF,u)Uu=1

U∑
u=1

K∑
k=1

∥∥∥W̃H
RF,uHu [k] F̃RF,u

∥∥∥2
F

s.t.
U∑
u=1

NRF,u ≤ NBS
RF ,

1 ≤ NRF,u ≤ NMS
RF , ∀u. (28)

Because of the hardware implementation constraint, design-
ing individual analog beamforming matrix on a per subcar-
rier basis is not practical. Fortunately, according to [25],
by using the compact form of the channel in (7), when
the number of antennas is sufficiently large, Q̄u [k] =

Hu[k]HHu[k] can be simplified as γAtudiag
(
βu

)
At

H

u , where

βu = [ |αu,0,1|
2

PLu
,
|αu,0,2|

2

PLu
, . . . ,

∣∣∣αu,Ncl−1,Nray

∣∣∣2
PLu

]

T

. Hence, the
eigenvectors of Q̄u [k] are approximated as the columns
of Atu for each subcarrier. Motivated by this useful result,
F̃RF,u can be designed as the subset of columns of Atu
corresponding to the NMS

RF largest
∣∣αu,c,l ∣∣2 /PLu. Using the

similar mathematical manipulation, Hu[k]Hu[k]H is sim-

plified as γArudiag
(
βu

)
Ar

H

u , so W̃RF,u is designed as the
subset of columns of Aru corresponding to the NRF,u largest∣∣αu,c,l ∣∣2 /PLu. So far, we know that the columns of F̃RF,u

and W̃RF,u are selected from the columns of Atu and Aru,
respectively, but

(
NRF,u

)U
u=1 are still required to determine.

To solve this, we sort the elements of βu for each MS in

descending order to obtain β̃u = [β̃(1)
u , β̃

(2)
u , · · · , β̃

(NclNray)
u ]

T

and then employ the allocation framework as Algorithm 2
after replacing the selection rule in (26) with

u∗
= argmax

u∈C
β̃
(NRF,u+1)
u . (29)

The overall steps of SCCMD can be summarized in
Algorithm 3.
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3) MODIFIED SCCMD
We try to slightly modified SCCMD algorithm in order
to achieve a trade-off between the performance and the
complexity. Only the center subcarrier’s channel matrix
is utilized to design a common analog precoder and a
combiner in this scheme. Replacing the objective function

in (28) with
∑U

u=1

∥∥∥W̃H
RF,uHu [K/2] F̃RF,u

∥∥∥2
F
, the original

multi-carrier system can be seen as a single-carrier sys-
tem to process. Specifically, let the rank of Hu [K/2] as
ru = rank (Hu [K/2]) ≤NMS , and the SVD of Hu [K/2] is
defined as Hu [K/2] = Uu6uVH

u , where Uu ∈ CNBS×NBS

and Vu ∈ CNMS×NMS are unitary matrices, and 6u ∈
CNBS×NMS is a diagonal matrix whose nonzero diagonal
entries are the singular values of Hu [K/2] arranged in
descending order, i.e., σ

(1)
u ≥ σ

(2)
u ≥ · · · ≥ σ

(ru)
u . Then,

F̃RF,u and W̃RF,u can be written as F̃RF,u = Vu(:, 1 :

NMS
RF ) and W̃RF,u=Uu

(
:, 1 : NRF,u

)
, respectively. Moreover,(

NRF,u
)U
u=1 are decided by the similar allocation framework

as the previous two schemes, where we replace (26) or (29)
with

u∗
= argmax

u∈C
σ
(NRF,u+1)
u . (30)

Likewise, to satisfy the constant amplitude constraints, FRF,u
and WRF,u can be obtained by extracting the phase of each
element of F̃RF,u and W̃RF,u, respectively. The more detailed
steps are summarized in Algorithm 4.

C. OPTIMIZATION OF POWER ALLOCATION
Since all interference would have been eliminated through the
low-dimensional digital beamformer completely, the power
allocation of different MSs can be solved independently
[49]. In order to maximize each MS’s rate, the classical
water-filling power allocation can be found as

Pu,i [k] =

[
1

Kλu
−

σ 2
n ∥Wu [k] (:, i)∥2∣∣Wu [k] (:, i)HHu [k]Fu [k] (:, i)

∣∣2
]

+

(31)

where λu is chosen to satisfy the total transmitted power
constraint for each MS, and [x]+ = max (0, x).

D. BENCHMARK SCHEMES
In this subsection, one fully-digital and another three hybrid
designs based on the existing algorithms are developed as
benchmark schemes for comparison. In these hybrid designs,
we will mainly pay attention to the analog beamforming
design, and a similar process as in Algorithm 1 is adopted
for the digital beamforming design.

1) FULLY-DIGITAL BEAMFORMING
This scheme is an extended version of the uplink BD men-
tioned in [47], which incorporates the DSA idea to further
improve the performance. Although the MSs have as many
RF chains as antenna elements in the fully-digital structure,
each MS is restricted to assign at most NMS

RF data streams for

a fair comparison. We replace H̄u [k] with Hu[k] and carry
out (9) and (10) such that the original MU MIMO channel
becomes U parallel SU MIMO channels. Owing to the chan-
nel hardening effect [43], [44], for each parallel SU MIMO
channel, the eigen-channel gains over the whole spectrum are
approximately the same; therefore it is beneficial to simpli-
fying the resource allocation. By modifying Initial RF chains
allocation stage described in Section III-B to determine ns,u,
we only take the information of the eigen-channel gains on
one subcarrier to create the new selection rule and replace
NRF,u and NBS

RF with ns,u and Ns, respectively. Then, the
fully-digital precoder FFD,u [k] and the combiner WFD,u [k]
are computed using (12) and (13).

2) MODIFIED AVERAGE CHANNEL MATRIX
DECOMPOSITION (ACMD) [32]
Based on the proposed idea of [32], the analog precoder of the
u-th MS FRF,u can be designed as the phase of the right sin-
gular matrix corresponding to the largestNMS

RF singular values
of 1

K

∑K
k=1Hu[k]. For the analog combiner WRF, We deter-

mine the number of RF chains (NRF,u) and transmitted data
streams (ns,u) for all served MSs according to the singular
values of 1

K

∑K
k=1Hu[k] in descending order for each MS,

using the aforementioned allocation framework described in
Section III-B. Then, the columns of WRF,u can be obtained
from the phase of the left singular matrix corresponding to
the largest NRF,u singular values of 1

K

∑K
k=1Hu[k].

3) MODIFIED ALTERNATING OPTIMIZATION BASED ON
PHASE PURSUIT (ALTER-PP) [50]
Inspired by [16], [31], [50], and [51], the hybrid precoder
design problem for the u-th MS is reformulated as

min
FRF,u,(FBB,u[k])Kk=1

K∑
k=1

∥∥FFD,u [k] − FRF,uFBB,u [k]
∥∥2
F

s.t.
∣∣FRF,u(m, n)

∣∣ = 1/√NMS
, ∀m, n, (32)

where FFD,u [k] is the fully-digital precoder of the u-th MS
at the k-th subcarrier, which is obtained from the afore-
mentioned fully-digital beamforming scheme. The above
formulation of the hybrid precoder design problem is exactly
the same as that of the problem in [50], so we can
directly apply Alter-PP algorithm to get the hybrid precoders.
Note that this algorithm can also be used to design the
hybrid combiner (WRF, (WBB [k])Kk=1). However, we only
obtain a near-optimal solution now, so residual interfer-
ence still exists. To tackle this problem, based on the idea
of [31] and [51], apart from the original FBB,u [k] and
WBB [k], we design another digital precoder for each MS
(Fbb,u [k]) and digital combiner (Wbb [k]) to cancel the
residual interference. Specifically, we define an equivalent
channel for the u-th MS at the k-th subcarrier as Ĥeq,u [k] =

WH
BB [k]WH

RFHu [k]FRF,uFBB,u [k]. Then, H̄u [k] is replaced
with Ĥeq,u [k] such that (9), (10), (12) and (13) are employed
to obtain Fbb,u [k] and Wbb [k]. Finally, the complete hybrid
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TABLE 3. Complexity comparison.

precoder of the u-th MS and the hybrid combiner are given
by FAltPP,u[k] = FRF,uFBB,u [k]Fbb,u [k] and WAltPP[k] =

WRFWBB [k]Wbb [k], respectively.
4) Modified Iterative Generalized Low Rank Approxima-

tion of Matrices (IGLRAM) [52]: In this design, we first
formulate the analog beamforming design problem as

max
(F̃RF,u)Uu=1,W̃RF

U∑
u=1

K∑
k=1

∥∥∥W̃H
RFHu[k]F̃RF,u

∥∥∥2
F
, (33)

where W̃RF is an unconstrained analog combiner at BS.
Using the similar procedures in [52], this objective function

is evaluated iteratively by updating W̃RF and
(
F̃RF,u

)U
u=1

so that
∑U

u=1
∑K

k=1

∥∥∥W̃H
RFHu[k]F̃RF,u

∥∥∥2
F
is maximized. After

this iterative process converges, the phases of
(
F̃RF,u

)U
u=1

and W̃RF are extracted to satisfy the constant amplitude
constraints. To determine ns,u, the modifications of Fully-
digital beamformingmentioned before are made, but we need
to replace the selection rule according to the singular values
of WH

RFHu[K/2]FRF,u in descending order for each MS.

IV. COMPUTATIONAL COMPLEXITY
In this section, the complexity analysis of the proposed hybrid
beamforming designs is provided and the comparison is made
with the benchmark schemes in Section III-D.We assume that
each MS has the same number of transmitted data streams ns
for simplification.

We first evaluate the complexity of our three proposed
analog beamforming designs. For TUMD described in
Algorithm 2, the complexity mainly comes from three
parts. In line 3, the EVD of H(l)H

u H(l)
u can be equivalently

achieved by applying SVD toH(l)
u ∈ C(KNBS )×NMS . OnlyNMS

RF
singular vectors corresponding to the NMS

RF largest singular
values are computed to obtain FRF,u, so its complexity is
O

(
KNBSNMSNMS

RF

)
[53]. After FRF,u has been designed, the

computation of H(h)
eq,u in line 5 requires the complexity of

O
(
KNBSNMSNMS

RF

)
. The last one originates from computing

the EVD of H(h)
eq,uH

(h)H
eq,u in line 6. It can be equivalently

achieved by applying SVD to H(h)
eq,u ∈ CNBS×(KNMS

RF ) whose

complexity is O
(
min

{
N 2
BSKN

MS
RF ,NBSK 2

(
NMS
RF

)2})
[54].

The above operations are performed U times due to U MSs,

hence the overall complexity is O
(
U

(
2KNBSNMSNMS

RF +

min
{
N 2
BSKN

MS
RF ,NBSK 2

(
NMS
RF

)2} ))
. For SCCMD described

in Algorithm 3, the corresponding complexity is dominated

by U sorting operations with complexity O
(
U

(
NclN ray

)2).
For Modified SCCMD described in Algorithm 4, the main
complexity in computing U times of SVDs of Hu [K/2] ∈
CNBS×NMS is O

(
UNBSNMS2

)
.

In our proposed digital beamforming design described in
Algorithm 1, H̄u [k] = WH

RFHu[k]FRF,u is first computed,
which has the complexity of O

(
NBSNMS

RF

(
NBS
RF + NMS

))
.

Then, the complexity of Hu[k] = H̄u [k] F̂u [k] arises
from the computation of F̂u [k] and matrix multiplication,
yielding the complexity of O

(
nsNMS

RF N
BS
RF

)
. In order to

obtain the orthogonal bases of the left null space of Ȟu [k]
(denoted as Ǔu2 [k]), the complexity of O

(
NBS
RF (Ns − ns)2

)
is required for performing the SVD of Ȟu [k] with dimension

NBS
RF×(N s − ns). Ǔ

H
u2 [k]Hu [k] can be calculated after the

above operation, and its complexity is O
(
n2sN

BS
RF

)
. Then,

the SVD is further applied to it such that V̈u1 [k] and

Üu1 [k] can be obtained, which leads to the complexity
of O

(
n3s

)
. Finally, the unnormalized digital precoder as

F̃BB,u [k] = F̂u [k] V̈u1 [k] and the digital combiner as
WBB,u [k] = Ǔu2 [k] Üu1 [k] are formed. Their complex-
ities are O

(
NMS
RF n

2
s
)
and O

(
NBS
RFn

2
s
)
, respectively. After

that, the normalization step requires the complexity of
O

(
NMS
RF ns (NMS + 1)

)
. The above operations should be per-

formed for U MSs and K subcarriers, and NBS is usually
much larger than NMS

RF , NBS
RF , and NMS in our system. There-

fore, the overall complexity of the digital beamforming
scheme is approximately O

(
UKNBSNMS

RF

(
NBS
RF + NMS

))
.

For comparison purpose, we also evaluate the complexity
of the benchmark schemes. For Fully-digital beamforming,
the total complexity is dominated by UK times of SVDs
of the matrix with dimension NBS × NMS (U − 1), which
is O

(
UK (U − 1)2 NBSNMS2

)
. The complexity analysis
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TABLE 4. Simulation parameters.

of the other benchmark schemes is divided into those
of analog and digital design. For Modified ACMD, the
main computations involve the SVD of 1

K

∑K
k=1Hu[k]

with a complexity of O
(
NBSNMS2

)
for each MS, followed

by Algorithm 1, which also has about a complexity of
O

(
UKNBSNMS

RF

(
NBS
RF + NMS

))
in the digital design. For

Modified Alter-PP, it starts to construct the fully-digital
solutions at each subcarrier by performing the fully-digital
beamforming scheme in Section III-D, hence its complexity
is also O

(
UK (U − 1)2 NBSNMS2

)
, which is dominant in

the analog design. The main load of the remaining steps is
O

(
UKNBSNMS

RF

(
NBS
RF + NMS

)
+ UKNBS

RFns,u
(
NS + NMS

RF

))
due to the fact that UK Ĥeq,u [k] are needed. For Modified
IGLRAM, IGLRAM algorithm has I iterations, and each
iteration hasO

(
N 3
BS+UN 3

MS+UK (NBS + NMS)
(
NBSNMS

RF +

NMSNBS
RF

))
multiplications. In general, I is usually small such

as smaller than 4 to assure convergence [52]. In the digital
design,Algorithm1 is applied again, but it additionally needs
to find the singular values ofWH

RFHu[K/2]FRF,u for eachMS

and thus requires an extra complexity ofO
(
UNBS

RF

(
NMS
RF

)2)
.

For clarity, Table 3 lists the complexity of the hybrid
beamforming designs analyzed before along with the fully-
digital, and we take U = 4, K = 16, NBS = 128, NMS = 16,
NBS
RF = 8, NMS

RF = 3, NS = 8, ns = 3 and NclN ray = 30 as
an examples. It can be seen that these hybrid schemes have
the similar complexity at the digital part, and thus, the main
difference comes from the analog part. We can find that
the complexities of SCCMD,Modified SCCMDandModified
ACMD are not affected by the number of subcarriers and that
their complexities are lower than those of other schemes.

V. SIMULATION RESULTS
Simulation results are presented to evaluate the performance
of the proposed schemes in terms of spectral efficiency. The
three proposed hybrid beamforming designs integrated into
the resource allocation schemes are compared to those of
the fully-digital beamforming and the three modified hybrid
beamforming designs introduced in Section III-D. Referring
to the legends of the simulation figures, we take HBF-
TUMD-UPCBD as an example. ‘HBF’ represents that this
design is developed based on the hybrid beamforming struc-
ture. ‘TUMD’ and ‘UPCBD’ respectively represent the labels
of the analog beamforming design and the digital beamform-
ing design. Unless otherwise stated, the default values of
simulation parameters are listed in Table 4. We assume that
all MSs are randomly located with uniform distribution in
a circular cell. To have a fair comparison, the water-filling
power allocation in Section III-C is applied to eachMS for all
schemes. The frequency domain channel model (5) described
in Section II-B is used in our simulation. Alternatively,
by applying the fast Fourier transform (FFT) to a time-domain
channel model, a frequency-domain channel between the BS
and the u-th MS at the k-th subcarrier can be generated. The
channel parameters can be found in Table 4. TheAOAs/AODs
obey the Laplacian distribution with uniformly distributed
mean cluster angles within φ̄ru,c ∈ [0, 2π ] /φ̄tu,c ∈ [0, 2π ]
and angular spreads of 10 degrees within each cluster. PLu
is generated by the path loss model of the non-line-of-sight
(NLOS) urban micro (UMi) street canyon scenario in 3GPP
38.901 [57].

First, we show that the spectral efficiency performance can
be significantly improved by using the DSA scheme, when
it is compared to the fixed streams assignment (FSA) where
the fixed number of data streams is assigned to all served
MSs regardless of the CSI of each MS. In Figs. 2 and 3,
the total number of received data streams are Ns = 8 and
thus, for the FSA, each MS can transmit ns,u = 2 parallel
data streams to the BS simultaneously. In Fig. 2, we can
observe that each proposed scheme offers the considerable
performance improvement when the DSA is applied. The
reason is that the MSs with stronger channel gains may be
assigned more data streams such that the overall spectral
efficiency is maximized. It can be seen from this figure that
HBF-TUMD-UPCBD and HBF-Modified SCCMD-UPCBD
outperform HBF-SCCMD-UPCBD by varying the transmit
power per MS whether the DSA is applied or not. Also,
even though HBF-Modified_SCCMD-UPCBD only uses the
center subcarrier’s channel information to design the analog
beamforming matrices instead of using those of all the sub-
carriers like HBF-TUMD-UPCBD, it still provides the pretty
good performance.

In Fig. 3, we evaluate the impact of the number of
propagation paths in a cluster (Nray) on the spectral effi-
ciency performance of our proposed schemes with the DSA
and FSA. Regardless the values of Nray, all the proposed
schemes still have the considerable performance improve-
ment when the DSA is applied. As displayed in the figure,
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with the increase of Nray, the performance gap between
HBF-SCCMD-UPCBD and the other two proposed schemes
becomes larger whether the DSA or the FSA is applied.
But it is worth noting that they achieve almost the same
performance when Nray = 1. This indicates that HBF-
SCCMD-UPCBD is more suitable for small valued Nray
scenarios. This result is primarily affected by the asymptotic
orthogonality of Aru and Atu. Although we consider the sce-
narios of practical numbers of antennas in our simulation,
in single propagation path per cluster case, Ar

H

u Aru ≈ INBS
and At

H

u Atu ≈ INMS are valid even without very large-scale
antenna arrays at the transceiver [25].
Next, to see the performance difference among our pro-

posed and other existing schemes, the spectral efficiency
performance curves of the fully-digital beamforming and the
three benchmark schemes earlier discussed are also included
in the following simulation figures, and all schemes are
applied with the DSA to have the competitive performance
for fair comparison. In Fig. 4, we increase the number of
MSs toU = 6 while the other parameters remain unchanged.
Note that the design of fully-digital beamforming relies on
the linear processing technique here, which is known to
be sub-optimal for MU-MIMO systems; therefore, in cer-
tain situations, it is possible that the hybrid beamforming
designs outperform the full-digital beamforming scheme
[21], [24]. Even though the linear processing technique has
such a drawback, it overcomes high complexity problems
of nonlinear processing techniques. As revealed in Fig. 4,
HBF-TUMD-UPCBDandHBF-Modified_SCCMD-UPCBD
outperform the fully-digital beamforming and HBF-TUMD-
UPCBD achieves the best performance in this scenario.
As observed from the figure, HBF-SCCMD-UPCBD is infe-
rior to HBF-TUMD-UPCBD and HBF-Modified_SCCMD-
UPCBD but superior to HBF-Modified_Alt-PP and
HBF-Modified_IGLRAM-UPCBD.

Fig. 5 shows the spectral efficiency performance of differ-
ent schemes with the DSA when the numbers of MSs (U ) are
varied from 3 to 8, and the transmit power per MS is set to be
20dBm. In this scenario, it is observed from the figure that all
schemes reach their peaks in terms of spectral efficiency at a
certain U , and then their spectral efficiencies will decrease
as U increases beyond the peak points. The procedure of
the digital beamforming design presented in Section III-A
would explain this result for the characteristics. Similar to
the analysis of [58], to ensure zero inter-user interference,
we have to find the left null spaces of different users, but
the overlap becomes significant while the number of users is
large, which results in a performance loss. Even so, in Fig. 5,
we can observe that the spectral efficiencies of our proposed
hybrid beamforming schemes and HBF-Modified_ACMD-
UPCBD do not degrade dramatically when the number of
MSs becomes larger such as greater than 7. We also see that
HBF-TUMD-UPCBD achieves the best performance com-
pared to the other schemes when the number of MSs is larger
than 5.

FIGURE 2. The spectral efficiency performance of our proposed hybrid
beamforming schemes with the DSA and the FSA versus the transmit
power per MS when NBS = 128, NMS = 16, NMS

RF = 3, Ns = NBS
RF = 8, and

U = 4.

FIGURE 3. The spectral efficiency performance of our proposed hybrid
beamforming schemes with the DSA and the FSA versus the number of
propagation paths in a cluster (Nray ) when NBS = 128, NMS = 16,
NMS

RF = 3, Ns = NBS
RF = 8, U = 4, and transmit power per MS = 20dBm.

In Fig. 6, we evaluate the spectral efficiency performance
of different schemes at the transmit power per MS = 20dBm
while varying the cell radius. With the same system config-
uration as that of Fig. 4, but the cell radiuses change at a
range of 100m to 250m. Observed from the simulation results
in Fig. 6, all schemes have the similar performance trend.
A larger cell radius generally leads to less spectral efficiency
performance due to the path loss. The HBF-TUMD-UPCBD
scheme still provides the best spectral efficiency performance
whenever the smaller or the larger cell radius is consid-
ered. Although the performance of HBF-SCCMD-UPCBD
is poorer than those of the other two proposed schemes, its
advantage is that the matrix decomposition can be avoided.

We further investigate the performance impact of different
schemes on the number of BS antennas (NBS ) in Fig. 7.
The number of BS antennas is varied at a range of 96 to
256, and the other parameters remain unchanged. It can be
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FIGURE 4. The spectral efficiency performance of our proposed hybrid
beamforming and benchmark schemes with the DSA versus the transmit
power per MS when NBS = 128, NMS = 16, NMS

RF = 3, Ns = NBS
RF = 8, and

U = 6.

FIGURE 5. The spectral efficiency performance of our proposed hybrid
beamforming and benchmark schemes with the DSA versus the number
of MSs (U) when NBS = 128, NMS = 16, NMS

RF = 3, Ns = NBS
RF = 8, and

transmit power per MS = 20dBm.

observed from this figure that the spectral efficiency per-
formance of all schemes improves correspondingly when
NBS increases. This figure also shows that our proposed
schemes have a considerable performance gain over the
fully-digital beamforming when NBS is smaller such as 96.
However, we find that, as NBS gradually increases, the per-
formance of the fully-digital beamforming becomes superior
to those of our proposed schemes. Although this observa-
tion indicates that the fully-digital beamforming achieves
a significant performance improvement by increasing NBS ,
it would have the heavy implementation cost and high energy
consumption since more RF chains are required. Therefore,
the proposed hybrid beamforming schemes with the lim-
ited RF chain configuration such as HBF-TUMD-UPCBD
and HBF-Modified_SCCMD-UPCBD may be better choices
for massive MIMO systems. From Figs. 4 to 7, under the
various parameter settings, it is worth mentioning that the

FIGURE 6. The spectral efficiency performance of our proposed hybrid
beamforming and benchmark schemes with the DSA versus the cell
radius when NBS = 128, NMS = 16, NMS

RF = 3, Ns = NBS
RF = 8, U = 6, and

transmit power per MS = 20dBm.

FIGURE 7. The spectral efficiency performance of our proposed hybrid
beamforming and benchmark schemes with the DSA versus the number
of BS antennas (NBS ) when NMS = 16, NMS

RF = 3, Ns = NBS
RF = 8, U = 6,

and transmit power per MS = 20dBm.

performance of HBF-Modified_Alt-PP is worse than that
of the fully-digital beamforming and they have the similar
performance trend. This is because the performance of the
HBF-Modified_Alt-PP depends on that of the fully-digital
beamforming.

VI. CONCLUSION
In this paper, we propose three hybrid beamforming
designs with DSA for the uplink mmWave MU massive
MIMO-OFDM system to maximize the overall spectral effi-
ciency for the formulated resource allocation problem. Our
proposed algorithms perform the analog and the digital beam-
forming design into two separate stages. Three designs of
the analog precoders and the combiner are developed, while
the number of transmitted data streams for each MS is
dynamically assigned to achieve better performance. Based
on the ideas of the BD and the coordinated transmit-receive
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processing, we design the digital precoder and the combiner
according to the equivalent baseband channel to eliminate
the inter-user interference and the inter-stream interference
completely.

In the performance comparison, three existing hybrid
beamforming designs are slightly modified and extended as
benchmark schemes to be applied to our system scenario
setting for the problem under consideration. The simulation
results show that the spectral efficiency of the proposed
schemes has significant improvement by dynamically adjust-
ing the number of data streams for each MS according to the
CSI in comparison with the FSA. It is also shown that the
proposed hybrid beamforming designs can achieve a pretty
excellent performance, except the HBF-SCCMD-UPCBD,
compared to those of the benchmark schemes. It can even out-
perform the fully-digital design in some situations, especially
when the number of served MSs is large. Moreover, although
the HBF-SCCMD-UPCBD performs worse than the other
proposed schemes, it is worth noting that its computational
complexity is greatly reduced.
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