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ABSTRACT Existing strategies for coordinating a group of drones to follow a moving circular path
while maintaining a specified distance between them (not necessarily identical) have generally involved
circumnavigation around a single target or tracking an ellipse around multiple targets. The main drawback
of tracking an ellipse is the difficulty of maintaining a constant velocity due to the variation in curvature
around the ellipse. In this study, a novel strategy was developed so that drones track a tilted circle in the air
whose projection becomes an ellipse on the ground that encloses multiple moving targets. By tracking a tilted
circle, the drones can maintain an almost constant velocity while changing altitudes slightly with no inter-
vehicle collision, which is technically much easier than tracking an ellipse directly in the air. To complete
the tilted circumnavigation task, a vector-field guidance law followed by integral sliding-mode control was
designed so that the following three conditions are satisfied under bounded disturbances: 1) all drones reach
the plane of the tilted circle in the steady state; 2) each drone turns around the tilted circle’s center with a
time-varying radius in the steady state; and 3) drones avoid colliding with each other at all times. Numerical
simulations showed that the proposed strategy was effective in situations mimicking real-life scenarios.

INDEX TERMS Circumnavigation, coverage ellipse, integral sliding model control (I-SMC), multiple target

tracking, unmanned aerial vehicles (UAVs).

I. INTRODUCTION

A. MOTIVATION

The accelerating growth of unmanned aerial vehicles (UAVs)
or drones has facilitated a wide range of inventive and
pioneering applications in various fields. Drones that are
equipped with high-resolution cameras and that are running
computer vision algorithms in real-time have been attracting
increased research attention [1], [2], [3]. In particular, small
drones offer advantages such as flexible manipulation and
improved endurance that enable them to handle complex
tasks in cramped environments [4], [5], [6].

Among these complex tasks, a key task in the field of
intelligent transportation is target tracking. Such targets may
have both static and dynamic characteristics, which are nor-
mally known or estimated to enhance the tracking accuracy
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[7]. A group of drones can be used to accurately and reliably
track moving ground targets [8], [9], and many strategies have
been proposed for cooperative target tracking [10], [11], [12],
[13], [14], [15], [16]. Several studies have explored using
circular and elliptical orbits for drone navigation and target
tracking. Li et al. [17] presented a cooperative circumnaviga-
tion strategy for UAVs to follow elliptical or circular orbits
with varying radii in 3D space to track a single static or
dynamic target. Similarly, Li et al. [18] proposed a control
law to guide multiple microsatellites into a predefined ellip-
tical orbit while maintaining a specific geometric formation
around a host spacecraft. In practice, however, drones nav-
igating around elliptical orbits is challenging because of the
time-variant curvature of an ellipse. Moreover, drones require
a high degree of control to follow an elliptical orbit, which can
lead to inaccurate tracking.

In contrast, circular orbits are much easier for drones to
follow while tracking multiple targets. Lawrence et al. [14]
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FIGURE 1. Motivation scenario: Three drones tilted circling six ground targets being located inside coverage ellipse at time instants 0, 10, 20 and

30s.

generated a warped circular or racecar-like track for a group
of drones spaced apart to loiter around fixed ground targets.
Sun et al. [19] applied model predictive control to the circum-
navigation of multiple UAVs and optimized their trajectories
to join predetermined circular orbits. Park and Kim [12]
proposed an interesting control strategy for a group of drones
to track a single moving target and avoid collisions among
themselves by following a circular orbit.

B. MAIN CONTRIBUTIONS

Park and Kim’s [12] proposed cooperative collision-free tar-
get tracking strategy is for the circumnavigation of drones
around a single moving target. However, tracking a single
target uses a circular orbit whose radius and normal vector
are constant, so this strategy cannot be directly applied to
tracking multiple moving targets. The main theoretical dif-
ficulty lies in finding the best coverage area for targets in
the absence of a command center that can collect information
from all drones. In the present study, a distributed data pro-
cessing approach was applied to identifying the best ellipse
for enclosing all targets, which extends the previous circum-
navigation strategy [12] to accommodate multiple moving
targets and transforms the time-varying coverage ellipse into
a circular orbit with a time-varying radius and normal vector.

The present study makes the following contributions:

1) A “tilted” circumnavigation strategy is proposed
where drones follow a circular orbit angled rather than
parallel to the ground for the effective and tight tracking
of multiple targets.

2) To account for the limited viewing angle of a single
drone, a probabilistic technique of distributed estima-
tion is proposed so that multiple drones can work
cooperatively to identify the smallest coverage ellipse
of an arbitrary shape and the corresponding tilted circle
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via orthogonal projection to enclose multiple targets
while considering measurement errors.

3) Vector-field guidance and integral sliding-mode con-

trol are applied to ensure that the proposed strat-
egy works well in different scenarios even with
disturbances.
Numerical simulations were performed to demon-
strate the efficacy of the proposed strategy in practi-
cal scenarios involving multiple targets and potential
disturbances.

The rest of the paper is organized as follows. Section II for-
mulates the study objective as three sub-problems. Section III
introduces the distributed estimation technique used to iden-
tify the smallest ellipse enclosing multiple targets at each
time instant and a transformation to obtain a tilted circle
from the estimated coverage ellipse of an arbitrary shape.
Section IV presents the proposed circumnavigation strat-
egy. Section V presents the numerical simulations and their
results. Section VI concludes the paper.

Il. PROBLEM STATEMENT

Figure 1 shows the target scenario, where several drones are
expected to track multiple targets on the ground. To track
multiple targets rather than a single target, the drones should
first calculate the smallest ellipse on the ground that encloses
the targets and then calculate the corresponding tilted circle
in the air. Because the targets are dynamic, the shape of
the ellipse changes over time, which in turn means that the
tilted circle has a time-varying center and radius. Once the
tilted circle has been determined for a given time instant,
guidance and control logics are activated to let the drones join
and follow the tilted circle as they track the moving targets.
In this paper, “tracking” is defined as the drones assum-
ing positions immediately above the multiple targets. The
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study objective can then be divided into the following three
sub-problems:

1) Find or estimate the smallest ellipse that encloses all
targets at each time step under the constraint that each
drone has a limited viewing angle (i.e, one drone may
not have full information on the locations of targets).

2) Derive a mathematical transformation between the
smallest ellipse on the ground and a tilted circle in the
air such that the projection of the tilted circle coincides
with the ellipse.

3) Develop guidance and control laws such that drones
at arbitrary initial positions join and follow the tilted
circle while maintaining a prescribed inter-vehicle sep-
aration at all times to avoid collision.

IIl. SMALLEST ELLIPSE ENCLOSING TARGETS

In the present study, the distances between the drones and
targets were assumed as known based on measurements taken
by cameras mounted on the drones. These measurements can
be employed in various approaches to calculate the smallest
ellipse that encompasses the targets, of which several are
described below.

A. DETERMINISTIC APPROACH

The deterministic approach involves finding the closed ellipse
with the smallest area enclosing an n— point set (xq, ..., X, €
R?) in 2D space. The ellipse can be defined for ceR? and
QeR>*2:

Eeo={x: x-o'0x-as1}, M

where c is the center of the ellipse and the positive definite
symmetric matrix Q = QT > 0 determines its general
shape. The area of £ (c, Q) is given by 7 [det(Q)] 12 Then the
problem is equivalent to finding ¢ and Q such that [det(Q)]'/?
is minimized subject to (1):

min [det(Q)]'/?
st.(i—o) 0" (i—o) <1, i=1,...,n, (@)
0>0.

By a change of variables [20], [21],A = Q" '/? and b =
0Q~'/2¢. Then, the optimization problem in (2) can be restated
as

IIIAl’ibn [— log (det(A))]

st |Axi — bly<1, i=1,...,n, 3)
A > 0.

Here, (3) is a convex optimization problem for A and b
because —log (det(A)) is a strictly convex function in the
space of positive definite symmetric matrices [20]. This prob-
lem can be easily solved by many methods [20], [21], [22].
If (A, b) is a solution to (3), then (2) can be solved by setting
(0,0)= (A2, A71b).
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TABLE 1. Parameters of coverage ellipse.

Pa 40% 63% 75% 90% 95% 97.5% 99% 99.5%

B. CENTRALIZED STATISTICAL APPROACH

Although the deterministic approach is promising for finding
the smallest coverage ellipse, it may not be useful if the
locations of targets have some degree of stochastic uncertain-
ties. A statistical approach using the sample statistics (mean
and covariance matrix) of given locations of targets can be
employed to instantly find an ellipse with a probabilistic
guarantee at a central station. Given sample points (targets)
or position measurements p,...,p, € R? with an error,
the sample mean, m € R? and sample covariance matrix
C e R? * 2 are respectively calculated as

1 n
mzzzizlpi,
1

C=—=>" i-m@i-m’, @

n—1

where C is the covariance. For a positive definite symmetric
covariance C = CT > 0, the statistical ellipse can be denoted
by £ (m, C):

£(m, C) = {x C—mTC (= m)gl} . 6)

Note that the deterministic approach yields an ellipse with
the minimum area but is sensitive to the measurement error
and thus cannot guarantee the number of targets inside the
ellipse. In contrast, the statistical approach calculates a family
of concentric ellipses & (m, C) with prescribed probabilities
of covering targets [23], [24], [25]:

£ (m, C) = {x C—m)TC (= m)gz} ,
P(Xe& (m, C)} = Py, 6)

where £ is the size (i.e., radius) of the ellipse, X is the random
position of the true target, and P, is the coverage probability
that the target lies inside & (m, C). Table 1 presents the
typical size of a statistical ellipse depending on the prescribed
probability. For example, with a coverage probability of P, =
0.95 and £ = 5.99 &~ 6, approximately 95% of true targets
are inside the ellipse & (m, C). Other sizes £ also have useful
interpretations; for example, an ellipse with £ = 2.77 covers
75% of targets. The main advantage of the statistical ellipse
over the one obtained by the deterministic approach is that it
accounts for the measurement error that inevitably occurs in
real-world situations.

Remark 1: If X ~ N(m,C) is a normally distributed
random vector with the mean m = E (X) and covari-
ance C =E[(X —m) (X —m)"], then the quadratic form
0X)=X-m)T™C'(X—m)hasa chi-squared distribu-
tion X22 (o) with two degrees of freedom [24], [25]:

Plo®=id@}=1-a )
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FIGURE 2. Comparison of six concentric statistical ellipses
E738, €599, E4.61> £2.77> E2.0, and &, ¢ with different sizes ¢ covering
12,11, 11, 9, 8, and 5 targets, respectively.

where « is the significance level, ng () is the upper-tail value
of the X22 distribution, and 1 — « is the probability that the
value of X lies inside the ellipse determined by Q(x) and
X22 (o). In relation to the present case, (6) and (7) can be
compared to seethat P, = 11—« and £ = X22 () [see Table 1].

Figure 2 shows six statistical ellipses & with different
coverage probabilities corresponding to sizes £ = 1.0, 2.0,
2.77, 4.61, 5.99 and 7.38 for 12 noisy target position mea-
surements. The largest ellipse £733 has a 97.5% probability
of covering all true targets.

Remark 2: The above coverage problem also arises in
wireless sensor networks. For example, given a set of targets
to be covered and a set of mobile sensors, Liang et al. [26]
developed a sensor dispatch algorithm maximizing the cov-
ered targets under some constraints. Meanwhile, Huang and
Savkin [27] deployed drones to offer mobile services with the
aim of maximizing the coverage and reducing interference of
the cellular network.

C. DISTRIBUTED STATISTICAL APPROACH

Consider a group of Ny drones Dy, ..., Dy, that observes a
set of L moving targets on the ground with different initial
positions and velocities. In general, a number of targets can
change over time (i.e., L = L(t)). Each drone D; observes
only an individual subset of the targets whose composition
and size can change over time within a field of view. Drone
i can be assumed to observe L; moving targets. Then, the
measured positions of targets located in the surveillance zone
of drone i are given by

Di: p () €R?, j=1..... L (8)
where p(l) = [pil)j, pi’)j] is the 2D measured vector with
the position components p(’) and p(’) along the x and y axes,

respectively and L; = L; (tk) is the number of measurable
targets at the time instant #;. For the sake of simplicity, the
time index #; is omitted. Overlapping between surveillance
zones of drones is allowed. In other words, a target can be
observed by more than one drone.
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p(li) and ¥ =

Integrating the measurements from all drones obtains

ol

Thus, the problem becomes finding a common ellipse that
covers as many targets as possible. In other words, a dis-
tributed algorithm is needed to find the ideal coverage ellipse
containing the maximum number of targets. This problem is
difficult to solve because of the lack of a central station that
can fuse and process all individual measurements in (8). The
statistical formulas in Section III-B can be used to calculate
the mean and covariance of the measurements taken by each

drone [p(ll), p(zl), R pg)} (index i is fixed) separately:

1 L
m®D = i ()
L Z]_1PJ ’

],i=1,...,Nd. ©)

. 1 L; - . . T
ch — ( @ _ m(’)) ( M _ m(z)) ,
Li—14==1\Fi Fi
i=1,...,Ng. (10)
In the absence of measurements (L; = @), m® = C® =

0; in the case of a single measurement (L; = 1), m® =
0. Thus, a set of individual statistics
(mD, cW), ..., (mNo, cN)) s obtained for all drones at
the time instant 7.

The following theorem establishes the equivalence of the
centralized and distributed statistical approaches to process-
ing the integrated measurements in (9).

Theorem 1: Let Ny be the number of drones and { (Z)} |
j=

be the integrated measurements for i = 1,...,Ng. The
distributed pooled statistics for the mean and covariance can
be redefined as

. 1 N, ;
mdlSZZZ E id_lLim(l)’LZLl+...+LNd’
) 1 _
dist __ — ® i
c _L_IE: (Li—1)CO 4 - Zl_l i
» (m(i) _ mdist) (m(i) _ mdisf)T_ (11)

Then, m%s! and C¥s! coincide with their centralized versions,
respectively:

meent — Zl ° Zl L ](l)’
l_lzj_l( cent)

(i) Cent r
(pl ) . (12)

The proof of Theorem 1 is given in the Appendix. Simple
manipulations of (11) then lead to the following corollary.

Corollary 1: The distributed pooled statistics in (11) take
the following form for two drones:

LimY + Lym®

Ccent _

mdisl — ,
Ly + L
caist _ (L1 = HchH + L, —1)Cc?
o Ly + L,—1
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LiL,
(L1 + L)Ly + L= 1)

X (m(l) - m(z)) (m(l) — m(z) . (13)
They take the following form for three drones:

dist _ LimD + Lm® + Lym®
= T ,

cis _ L =DCY + (L —1C? + @y -1 CY
L—-1
LMD" + Lia®m@®" + Lyin®m®"
L—1 ’
L=Li+L+Ls,
O = O _ st 123, a4

For scalar measurements, (13) coincides with those known
in [28]. Thus, the calculated distributed statistics ms! and
C¥st completely determine the family of coverage ellipses

{ge (mdist’ Cdist)} ,

& = [ (v = m) " () (k= m) fg] (15)

with the corresponding coverage probability P, (see Table 1).

Remark 3: On preprocessing noisy measurements. If a
dynamic model of moving targets is known, then linear or
nonlinear filtering algorithms such as the Kalman filter can
be applied to improve the accuracy of target positions. For
example, wind disturbance may cause a drone to deviate from
a circular track. Filtering of particularly noisy measurements
and their subsequent processing will significantly improve
the estimation accuracy of the coverage ellipse.

Remark 4: On network implementation of distributed
statistics. After the individual statistics (m?, C?) are calcu-
lated separately by each onboard computer fori = 1, ..., Ny,
the next step involves combining these statistics to calculate
a coverage ellipse in fusion center. Fusion center can be
achieved using two distinct network configurations. First,
referred to as Network with a center at Ground Control
Station, where each drone communicates with the station
as shown in Figure 3-a. Within this network, each drone
transmits its own statistics (m®, C?) to the control sta-
tion. It calculates and transmits the information of coverage
ellipse & (mdi” , Ccdist ) back to the drones. Second, referred
to as Leader-Follower network, where one drone assumes
the role of a leader while the others act as followers (see
Figure 3-(b)). In this network, each follower drone transmits
its own statistics (m(i), C (i)) to the leader, which acts as the
air fusion center. The leader drone is equipped with sufficient
computational resources and power to calculate a common
coverage ellipse & = & (ms!, C¥") in real-time.

Example of the Leader-Follower network configuration is
illustrated in Figure 3-(c). It provides a visual representation
of how three drones observe 18 ground targets within their
limited viewing angles (L; =7, L, = 6 and L3 = 5) for the
following parameters of the individual ellipses:

mM =[10.8, 18.1], m? =[10.7, 38,4],

132920

" Leader dmne

m“) cs) Leader- %
follower :

,-" mmcm //\ m“'f“‘ £
m“’r‘” ‘-,

m®), C“’

Ground control station TR g

(a) (b)

Leader drone
m(Z) c®

m® C(l) / J\-q, ‘\ m® ¢®
,/ # 2 ) &
485 VT2
-\'@ A
A

ge(mdlst Cdlst)

(©

FIGURE 3. Network configurations of drones: (a) Network with a center at
Ground Control Station; (b) Leader-follower network; (c) Example
scenario of monitoring 12 targets by 3 drones where the second one is
leader.

o _ [00960.0407 o _ [ 0.062 —0.012
~ 0.040 0.057 | = | -0.012 0.122

0.284 0.026

3) _ 3) _

m? =[30.5, 26.5], C® = [0'026 0_059]
(dist) __ (dist) _ 0.013 —0.005

mT =198,259], € - [—0.005 0.013

Within this setup, each drone focuses on its own subset
of measurements of moving targets L;, which may vary in
composition and size.

D. GEOMETRY OF THE COVERAGE ELLIPSE

The size ¢ and the axes directions of the family of concentric
ellipses {&€¢} change depending on the selected coverage
probability of P, = P {Xe&,} and the covariance C4!, C¥ist
and its inverse can be written as

cdist — 012 o012
012 022 ’
(Cdist)_lz 1 [ 022 —;00102} (16)
0’10'2(1— ) —p0103 012 '

where p = 012/ (0102) is the sample correlation coefficient.
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FIGURE 4. Geometry of the ellipse &,.
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FIGURE 5. Coverage ellipses with P, = 0.95 and their semi-axes when
p >0 and p=0 enclosing randomly generated data points (targets).

The ellipse & is centered at m%' e R? and has the
following geometric parameters:

2
tan (20) = 222 R = o, r = Vo,

0y — 0y
1 2
mo= 5 (ot +03) + lof —0) + 4o,
1 2
Ay = 5 (012 + 022) — \/(012 — 022) + 40122, (17)

where the angle ¢, the length R of semi-major axis, and
the length » of semi-minor axis are illustrated in Figure 4.
Also, (A1, e1) and (Ap, ep) are the eigenvalue-eigenvector
pairs of C%s' Note again that the size £ = £ (P,) of the ellipse
depends on the coverage probability of P, according to the
chi-square distribution in Table 1.

Figure 5 displays the coverage ellipse & with P, = 0.95
and £ = 5.99 (see Table 1), when the target position compo-
nents along the x and y axes are positively correlated (o > 0)
and uncorrelated (,0 =0, A\ = 0’12, A = (722) , respectively.
For p > 0, the semi-major and semi-minor axes of the
ellipse are aligned with the rotation axes in the transformed
coordinate system. For p = 0, the axes are parallel to the
original coordinate system.

IV. PROPOSED CIRCUMNAVIGATION STRATEGY

The estimated coverage ellipse & (m@s', C%') can then be
used to formulate the proposed circumnavigation strategy.
The objective of the strategy is to guide and control a group of
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Block 1:
Estimation of Coverage Ellipse &,

l

Block 2:
Calculation of Circular Orbit C

l

Block 3:
ion of Guid C d

l

Block 4:
Tracking of Guidance Command

FIGURE 6. Proposed circumnavigation strategy for monitoring multiple
targets.

Coverage
Ellipse, €,

FIGURE 7. Coverage ellipse as an orthogonal projection of a tilted circle.

drones to monitor all targets within the coverage ellipse. The
proposed strategy is an extension of the previousstrategy for
using multiple drones to track a single target [12]. Figure 6
presents an overview of the proposed strategy for monitor-
ing multiple targets, which can be divided into four blocks.
Block 1 comprises the previously described distributed statis-
tical approach to estimate the coverage ellipse & . In Block 2,
the ellipse is used to calculate a tilted circular orbit C for
monitoring targets. In Block 3, a guidance law is designed
based on vector fields. In Block 4, each drone employs inte-
gral sliding model control (I-SMC) to track the guidance law
in the presence of bounded disturbances.

A. BLOCK 1: COVERAGE ELLIPSE
The common coverage ellipse & (m®*’, C¥*") and its geom-
etry has been described above in (10), (11) and (15)-(17).

B. BLOCK 2: TILTED CIRCULAR ORBIT
The coverage ellipse & represents an orthogonal projection
of the tilted circular orbit C for surveillance as illustrated
in Figure 7. Before the proposed strategy can be described,
several terms need to be defined:
e Il and II, are the ground and orbit planes,
respectively.
e his the altitude of the center of C.
e Og (x0, Y0, z0) is the center of the ground coverage
ellipse &, with zg = 0.

132921
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FIGURE 8. Circumnavigation of three drones (Ny= 3) for tracking six
targets (L = 6) on the ground.

e Oc¢ (x1, y1, 21) is the center of the circular orbit C, with
X1 =X0,y1 =Y0,21 = h.

e w and wp are the orthogonal vectors in the orbit plane
I such that wy Lup, llwill = luzll = R.

e m is the normal vector to the orbit plane IT;.

e 0 is the tilt angle, implying that cos (0) = %.

Then, the circular orbit C is completely determined by the
two orthogonal unit vectors m;

_ _ b
(“’1 = Ty 2nd vz = ||1ulz||) ’
and the center O¢ (x1, y1, z1) as follows:

x(p) =x1 + Rcos (@) vix + Rsin (@) vay,
C: 1y(@) =y1 + Rcos(¢)viy + Rsin (@) vay,
z(9) = z1 + Rcos (p)vi; + Rsin (@) vy,

T T
vi = [Vie, iy, viz] s w2 = [vae vayvae] s
@e[0,2r]. (18)

The unit normal vector of the circular orbitm =
m (nx, ny, nz), can be determined as m = viX v2.

C. BLOCK 3: GENERATION OF GUIDANCE COMMAND
Each drone is modeled as a double-integrator (assuming fast

attitude dynamics), commonly used in the literature, such as
in [12], [14], [29], and [30]:

pi(t) = ui(t) + ni(0),
ieN2{1,2, ..., Ny}, (19)

where p;(t), ui(t), ni(t)e]R3 represent the position, the
control, and the (bounded) disturbance inputs of drone i,
respectively.

The centered point of the available tilted circular orbit is
denoted by pz‘,)(t) € R3. The position vector of drone p;(t)
consists of x, y, z— axis coordinates, and the control input
ui(t) is be designed for the tilted circumnavigation around the
center of orbit p¢,(#) as shown in Figure 8 while satisfying the
following three conditions:

1) All drones must reach the tilted circle plane:

lim a) (1) — pi(t))
= lim o pio(t) =0, VieN, (20)
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where a(r) € R3 is the time-varying unit normal vector
o(t)=n (t) of the tilted circle determined in Section IV-B, and
pio(t) = p*O(t) — pi(t) denotes the relative position between
drone i and the center of orbit p*o(t);

2) Each drone must turn around the circle’s center with the
radius of p(¢) (= R in Section IV-B):

Jim | ([pp@) = pi)] — p) | = 0. VieN” @1)

and
3) Drones must avoid collisions at all times:

|pit) = pi®)| =80, VieN, jeN;, 1>0,
Niz{in,in, .. i) (22)

where &g is the minimally required inter-drone (Euclidean)
distance and \; represents the set of drones D;,,... ’DiL,-’ that
can communicate with the drone i as its neighbor.

A guidance command based on vector fields is generated
for the drones to join the tilted circular orbit and follow it
around the targets. The guidance logic was previously pro-
posed in [12], and it is briefly summarized here. To satisfy
the three conditions in (20)—(22), the following velocity com-
mand v/ (¢) is generated for each i € \V:

G ® e
where
W= kv, (24)
W = —kViVa + kollPapioll (@ x ¢%),  (25)
W = — ks IPapioll ViVs. (26)

The velocity command guidance is calculated by multiply-
ing the gradient of individual potential functions with positive
constants or tuning gains (i.e., ko, k1, k2, k3). The gain kg
affects the speed at which a drone orbits around the targets.
Based on the relative importance of the three conditions, the
other gains are calculated. Zhong et al. [31] provides a more
in-depth explanation of the tuning gains and the theoretical
evidence of convergence for (24)—(26). v”(‘,)(t) is the velocity
of the center of the circular orbit P, = I3 — aa!, I3 is

the identity 3 x 3 matrix, and ¢} = |\£a§ %gll is a vector
ari

that represents the projection of 3D axis coordinates onto the
plane of the tilted circle. V|, V3, and V3 are the potential
functions defined in [12] as follows:

1 T 2
Vi =52 @ pior?, 27)
1
Vy = EZ(||Papio|| —p), (28)
ieN
v= s> | Tl CT
3 2 ieN L=jeN; Y g J )

Here, a;; is an element of the weighted adjacency matrix
describing a network topology of drones. a;; = 0, a;; =
1, i#j, je Nijanda; = 0, j & Nis § = £(x) is a scalar
function with the argument x > §, and &£(x) tends to infinity
as x gets close to §. For instance, £(x) = —In (x — 82) s
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FIGURE 9. Three shapes of coverage ellipses on the ground and the corresponding circular orbits. Scenario I: R>>r, 6 ~ 909, (b) Scenario II:

R ~r, 6 =~ 09, (c) Scenario IlI: General case.

2
where x = ‘ ¢ — | can be chosen to satisfy the afore- k co(rgrols the convergence speed to o; = 0. The purpose
mentioned properties. Then, the gradient of each potential of u; 18 to Initiate tl}% sliding phase immediately w?thc?uF a
. oV . ) reaching phase, and ;™ ensures that s; converges to 0 in finite
function V;V; = (g, ) is calculated forj = 1,2,3. time. This in turn results in the asymptotic convergence of o;

Finally, the following position guidance command for each
drone can be obtained by integrating the velocity guidance
command according to (23) over time:

t

pi(r) = /v{(s)ds.

0

(30)

D. BLOCK 4: TRACKING GUIDANCE COMMAND

The position guidance command is tracked by I-SMC as in
the previous design [12]. Each drone is equipped with an
I-SMC law, which enables finite-time convergence to a pre-
determined sliding surface even in the presence of bounded
disturbances. The positional error and related sliding variable
for drone i can be defined as follows [12]:

ei = p; — Pi, (31
¢ — ce;, (32)

o, =

where ¢ > 0 is a positive constant that controls the speed of
the convergence to ¢; = 0.
Then, the I-SMC control input is designed as follows:

and ¢; to zero [32].

Remark 5: On the convergence of the control logic. The
convergence behavior of the proposed control logic is for-
mally proven in [12] for when the circle’s radius and unit
normal vector remain constant. This implies that the conver-
gence result is applicable for cases where the circle’s radius
and unit normal vector vary slowly over time. Computer
simulations were performed to verify this implication.

V. SIMULATION STUDY
A. SIMULATION SCENARIOS
Numerical simulations were performed to demonstrate the
Effectiveness of the proposed strategy for three drones (Ny =
3) to circumnavigate six moving targets (L = 6) within
a time-varying coverage ellipse (£¢(¢)) on the ground by
following a tilted circular orbit (C(¢)) . Three different scenar-
ios were considered to yield coverage ellipses with different
shapes.

In Scenario I, the major axis of the coverage ellipse was
significantly larger than the minor axis (R > r), which
resulted in a tilt angle 6 for the circular orbit of around

u = ul(l) + u?), (33) 90°, as shown in Figure 9-(a). In Scenario II, the major
1o . and minor axes of the coverage ellipse had similar lengths
”i2 = Tsign(s), (34 (R =~ r), which resulted in the ellipse and corresponding
uf ) = ¢é + ko, (35) circular orbit being nearly parallel to the xy plane owing to
a tilt angle 6 ~ 0 as illustrated in Figure 9-b. Scenario III
where . . .
, represented a typical case where the tilt angle is some-
where between the two extremes of the previous scenarios,
si = 0i + / koidt, (36) as shown in Figure 9-(c). The simulations were performed
0 to confirm that the proposed strategy meets the conditions
1. ifx <O in (20)—(22) as in [12]. The required control inputs were
sign(x) = [ | 7 i~ 0’ (37) also checked to confirm that the proposed strategy does not
’ ’ need excessive inputs to track multiple targets. For example,

The tuning parameters in the I-SMC law are represented by
T and k, where 1 is determined by the size of the uncertain
signal as demonstrated by the proof for Theorem 1 in [12] and
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using an elliptic orbit would obviously require excessive
control inputs at the corners associated with the major axis in
Scenario L.
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TABLE 2. Initial positions of drones