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ABSTRACT The output tracking problem for a class of nonlinearly parameterized high-order uncertain
systems with unmatched disturbances is studied. The developed robust adaptive control scheme is based
on the combination of a decoupled backstepping control method for decoupling the coupling term in each
step by elegantly using the Young’s inequality and an adaptive technique with fixed o-modification for
ensuring the boundedness of parameter estimates. The proposed controller and adaptive laws guarantee the
closed-loop signals global boundedness and output tracking error boundedness in a mean square sense.
Finally, the desired control properties are verified by a numerical example and a mass-spring mechanical
system, respectively.

INDEX TERMS Output tracking, function bounding technique, robust adaptive control, unmatched

disturbances.

I. INTRODUCTION

The stabilization or tracking problems of high-order systems
have been studied extensively in recent years [1], [2],
(31, [4], [5], [6], [71, (8], [9], [10], [11], [12], [13], [14].
In practice, various forms of uncertainties inevitably exist
in the mathematical model of the controlled system due to
the change of working condition, unmodeled error, system
failure and so on. Among them, nonlinearly parameterized
characteristics are also common in uncertain high-order non-
linear systems, such as diesel engine air path systems [15],
air vehicle systems [16] and other physical systems [17],
[18]. In addition, controlled systems are often affected by
external disturbances [19], [20], [21], [22], for example,
electromagnetic disturbances widely exist in the transmission
process of electronic signals [20]. The existence of unknown
parameters and external disturbances may lead to instability
of the system and even cause great damage. Therefore,
in order to reduce their impact on system performance,
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it is necessary to develop suitable control schemes for non-
linearly parameterized high-order systems with unmatched
disturbances.

The nonlinear characteristics of high-order systems make
it difficult to realize the desired control objectives. If the
nonlinear system can be linearized, then a series of results,
such as stabilization, regulation and tracking, can be obtained
using linearized-based control methods [23], [24]. However,
the linearized system at an equilibrium point is not always
completely controllable, or linearized-based control methods
can only achieve a local control performance. For this
reason, a large number of studies were conducted and
many effective methods were proposed without considering
external disturbances as well as solving output tracking
problems, such as adding an integrator method [3], [4], [5]
and sliding mode control method [6]. Besides, parameter
uncertainties in high-order systems can not be ignored
in the control design process because they may damage
the performance and even destroy the stability. For the
purpose of solving the challenges caused by unknown
parameters in the system, many control schemes were
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proposed [8], [9], [10]. For example, in Reference [8], a con-
tinuous controller was proposed, which solves the problem
of coexistence of unknown time-varying parameters and
unknown time-varying control coefficients. In Reference [9],
the problem of full errors constrained adaptive control for
multi-input multi-output nonlinear systems is studied. When
the unknown parameters appear in high-order systems in the
form of nonlinear parameterization, a separation principle
was introduced [11], which can estimate nonlinearly param-
eterized functions as linearly parameterized functions. This
method was widely used in the study of nonlinearly param-
eterized systems [12], [13]. Meanwhile, some results have
been achieved when external disturbances are considered in
the uncertain nonlinear systems [26], [27], [28]. However,
the above researches on uncertainly nonlinear systems with
external disturbances have relatively strict requirements on
external disturbances, for example, the external disturbances
need to satisfy a L% (@ > 1) condition in [26]. Therefore,
the control problem of nonlinearly parameterized high-order
systems with unmatched disturbances remains to be studied
open.

When considering a tracking control problem of high-order
uncertainly nonlinear systems with unmatched disturbances,
some control schemes based on fuzzy control and neural
network control were proposed [29], [30], [31], [32], [33],
[34]. In Reference [29], a fuzzy adaptive controller for a class
of multi-input multi-output nonlinear systems is designed
to make the tracking error have a specified performance
in a finite time by combining the adaptive backstepping
method with nonlinear filters. In Reference [30], an adap-
tive fuzzy tracking control scheme based on high-order
disturbance observer was proposed, which makes tracking
errors converge to a compact set. In Reference [31],
an adaptive fuzzy fault compensation mechanism is proposed
to realize consensus tracking of unmanned aerial vehicles,
so that the tracking error symbol remains unchanged during
tracking process. In Reference [32], an adaptive prescribed
performance neural control scheme was developed to track
output signals. In Reference [35], the neural network control
strategy is also applied, and a class of gain iterative
disturbance observer is constructed to improve the control
accuracy of the system under disturbances. Although neural
network control and fuzzy control can solve tracking control
problems for nonlinearly parameterized systems, they can
only achieve semi-global control effects. Naturally, a global
output tracking control scheme for nonlinearly parameterized
high-order systems with externally unmatched disturbances
is expected to be proposed. So, we propose the following
problem:

If a class of high-order nonlinearly parameterized systems
are influenced by bounded unmatched disturbances, is it pos-
sible to design a robust adaptive output tracking controller to
ensure the global boundedness of the closed-loop signals and
mean convergence of the tracking error ?

In order to solve this problem, the function bounding
technique in Reference [16] is used to estimate nonlinearly
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parameterized terms which character as a known signal
vector multiplied by an unknown parameter vector. Then,
by means of the decoupled backstepping control method,
a feasible robust adaptive output tracking controller is
designed. And the fixed o -modification technique is applied
to correct adaptive laws to ensure the boundedness of
parameter estimates, in the meantime, the robustness of the
system is improved when there exists bounded unmatched
disturbances. Under this control scheme, the results of global
boundedness and mean convergence are summarized as an
important conclusion. The main contributions of this paper
lie in the following two aspects:

(1) It shows how to express the nonlinearly parametrized
dynamics into upper-bound functions and how to estimate
each upper-bound function as a product of an unknown
parameter vector and a known signal vector using a function
bounding technique.

(ii)) It takes into account the influence of external
disturbances on the system, and relaxes the requirements for
external disturbances, so that the anti-interference ability of
the system is enhanced.

(iii) It develops a robust adaptive tracking control strategy
to ensure the global boundedness of the closed-loop signals
and tracking error mean convergence, where the tracking
error can be made arbitrarily small by adjusting the param-
eters designed.

The remainder of this paper is organized as follows.
Section II presents the form of a class of nonlinearly
parameterized systems studied in this paper, some lemmas
and assumptions used in the controller design process.
Section III addresses the robust adaptive tracking controller
synthesis in detail and the proofs of the main results are
given in Section IV. Section V verifies the rationality of
the adaptive tracking controller through a numerical example
and a practical example, respectively. Section VI presents the
conclusions of this paper.

Il. PRELIMINARIES AND PROBLEM FORMULATION

A. PROBLEM FORMULATION

This paper considers a class of high-order nonlinearly
parameterized systems with unmatched disturbances as
follows:

pi—1

q(1) = N, u, O () + D L, (0y(i, 6)
j=0

+di(t), i=1,--- ,n—1,

[7,1—1
Xn(t) = Anx, u, ) (1) + Z W (1) yj(x, 0) + du(t),
j=0
y(t) = x1(1),
(1
where x(t) = [x1(t),...,x.,(t)]7 € R" is system state,

u(t) £ x,41(t) € R is control input, and y(r) € R is
system output, respectively. & € R’ is an unknown parameter
vector. For each i = 1,...,n, %i(t) = [x1(0), ..., x(O],
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Xn(t) = x(¢); pi is an odd positive integer with py = 1,
Ai : R"xRxR® — Rand ¢; : R' x R — R are continuous
functions, and ¢;;(0, ..., 0,0) = 0;d; : R — R is known as
an unmatched disturbance.

The control objective of this paper is to design a controller
u(t) through state feedback so that the output y(¢) can track
any smooth reference signal y,(¢). The following assumptions
are necessary to achieve the above control objective.

Assumption 1: For each i = 1,...,n, there exist
continuous functions n;(x;), ni(x;, 0) and an unknown positive
constant a; such that

0 < aini(x;) < |Nix, u, 0)] < pilxi, 0). )

Assumption 2: For each i = 1,...,n, the unmatched
disturbance d;(t) has upper bound D; that is

|di(t)| < D;. 3

Remark 1: Assumptions 1,2 are common in high-order
uncertain nonlinear systems [11], [22], [37]. In addition, for
many practical systems, the external disturbances are often
bounded, such as the wind disturbances of the quadrotor
UAV system [40], and the temperature changes generated by
hypersonic vehicles during flight are bounded [41]. An upper
bound of ni(x;,0) can be found by using the function
bounding technique [16] and the external disturbances only
need to be bounded, whose boundaries do not need to be
known. Considering the assumption that a;n;(xy, . .., x;) > 0,
Ai(x, u, 0) is strictly positive or strictly negative. No loss
of generality, the subsequent control design process of this
paper is carried out on the premise that \i(x, u, 0) is a strictly
positive function and a; is also strictly positive.

B. PRELIMINARIES

This part lists some lemmas and propositions used in control
design and their proofs can refer to relevant references [3],
[5], and [36] and the appendix.

Lemma 1 [5]: Suppose f : [a,b] — R(a < b) is a
monotone continuous function that satisfies f(a) = 0, then
we have fahf(x)dx <|f®)|-|b—al.

Lemma 2 [36]: Foranyx € Randanyy e R, ifp > 1is
an odd integer, then:

1 1 1

Ix +yl7 < |x|? + |yl7,
p=1 1
x —yl <27 [xP —yP|r.

Lemma 3 [3]: For given constants p > 0, q > 0 and any
xeR,yeR,aeR, onehas

q p o
—( Yalal @ [y]P+a.

laxPyl| < c|x|PT9 + —
ptq cp+q
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According to [37], there exist nonnegative smooth func-

tions ¢;(x;), ;(x;) fori =1, ..., nsuch that
pi—1 . i
j - )\‘(-xause)Lx' llpl a -
D5 ®i 0) < TR B D gl
j=0 j=1
4)
wi(xi, 0) < 0;w;(x;), Q)

where 6; > 1 is a new unknown parameter. Then, some new
unknown parameters are defined as

0. 2.\ 1 9. . \2P1Pi-2
@,-:maxlmax {u, (-’) },_2,(_’ 1) ]’
I<j<i U a; a; as a;—1

1

i=1,...,n, (6)
and coordinate transformations are introduced as follows:

21(t) = x1(t) — yr(1), ]
z2i(0) = PP (o TT G, 5y, ©)), (7

i=2,...,n,

where 71 is the output tracking error, (:)l-(t) is the estimate of
an unknown vector O; = [0y, .. . chd defined in (6), and
) = e, 310, 500), . ...y ()] with y"(¢) being the
ith derivative for y,(f) with respect to ¢. For the convenience
of expression, we define y,(f) = ao(t). Remarkably, for
each i = 1,....n, o = —giG" %, ©))zi, where
gi "(,l),)"c,-, (:)i) > 0 is smooth. Specifically, we set u = oy,.
By means of (4), we have the following proposition.
Proposition 1: For i = 1,...,n, there exist smooth

nonnegative functions ¢; and ¢; such that

pi—

1
i )\'|X'+]|‘ni - (i N —
Xl ¢ < e+ GV X, 0,18,
j=0
, = i 1 _
+ @D 60 D g7 0 (8)
j=1
Proposition 2: Fori=1, ...,k — 1, there exist nonnega-

tive smooth functions Cu(3%", Xs1, Ox), DG, Fe1, O)
EuG®, Ze 1. Op) such that

P1Dk
doy

T)'Ci < (z1l + - + |zk41DCri()0; + Dri()ldi(2)]
+ Ew()0;. 9

Remark 2: Two technical Propositions are introduced
above. Proposition 1 applies Lemma 2.1 in Reference [11]
to separate the unknown parameter 6 from the nonlinear
term Pi71ﬂ+1¢,j(ii,0), and constructs a new unknown

j=0_“i
parameter 6. Proposition 2 gives an upper bound on an ideal
Bafl'"pk

Jorm of —&——x;. These two propositions play important
1
roles in the controller design process in the next section.
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Ill. ROBUST ADAPTIVE CONTROL DESIGN
To begin with, we define functions Wk(yﬁ"
Rt xRF x RF-T S R, k=2,3,---

—1) - ~
) % Or)
, n, as follows:

Xk 1
Dp 2 ————
Wi _—/ (sPV Pt — P P g, (10)
o

k—1

where the definition of «;_; is given in (7). It is easy to
prove that Wy is continuously differentiable, and there exists
positive constants N1, N> such that

Ni(o — ap—1)?P1P=l < Wy < Npzg. (11)

Next, we design an applicable robust adaptive tracking
controller for system (1) by the following recursive method.
Stepl. Define ®; = ©1 — ©1. Consider the function

Vit x1, 01 = ——2 + 1@ (12)
1Or, X1, 1—2a121 PR

Obviously, Vj is continuously differentiable, positive definite
and radically unbounded. The derivative of V| along (1) is

pi—1

V) = —zl (g + Z iy +di() = 3,(1)) — 6,01
(13)

From (7), Proposition 1 and Lemma 3, we obtain
y 1 1 P1
Vi < —Mziz2 + — Mz

aj aj

1 Al - _
+ a—llml(?(lzzl + 14 + 019 1211)

. 1 1 .
+ P1O1GI T+ —+ —dH )+ 110122+ p1O12752(1)
4p1 41"1
1

+ — - ®1®1, (14)
4p

where rq, p; are positive constants to be designed. Taking
z1e" < 0 into account, we have

1 1 1 A\
—z1 A1}’ +——|Z1Z2|-l-——|21||0t1|‘”1
a ajg ai
< ! Ao + At |z122]. (15)
—_ a =
7 1z1 1 2ar 2122
Then by Assumption 1 and the fact that zla‘;’ ' <0, we have

3A1 ! 2— 252
Vi < 2—IZ1Z2| + 2n1z1a '+ 01219 + p1O121¢]

1
+ —d1 (1) + r1®121 + p1®1z1y,(t) + — = ®1®1

nat Ao - .
Sm( 21 +zu/1+®%(<p1+r1+p1<p%+y3(t)))

e o x 1
+ 6123 (@) + 11 + p1@} + V(1) — O1) + 5

1 3\
—d¥ )+ = . 16
+ 4” 1@+ 2 |z122] (16)
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Therefore, we choose

N (+y/1+6{ (9 (x1>+r1+p1¢%+y3(r))))

a) =-—7
. M
2 21160, x1, O)),

(€01 +r1+ 0107 +yr(l)) — 010,
1(y(1) X173 — 0101,

A

7)

where /1, o1 are positive constants to be designed, and we
have

_ 2 : : 3)\1 1 2 1
Vi < -hzi + 010101 + —|z122| + —di(t) + =—.
2a1 4r1 2,01

(13)
Step k. Suppose that Vy_1(k = 3,4, ..., n) satisfies
k—1
Vet < =D (li— (k=i = D)z
i=1
k—1 k—1
+> Ao+ > 616;6;
i= ! i=1
pY 2y Pr—2—1 1 k-1 1
+ Ck— 1—|Zk 1| PP g [Pk 4
Ak—1 z 2;01
(19)
P1Pk—2—1
where C,_1 = 2 P1"P-2 + %, and l;, ri, 04, pi,i = 1,...,

Ii — 1, are positive constants to be designed and @)i =0; —
®;,i=1,...,k — 1. Then we choose

1 k=1 = A 1
Vie= Vi1 + _Wk(yr L Xk, ©Op—1) + §®k

k
Z (20)

M”
Ql»—

—

where C:)k = O — @k. Obviously, Vi is continuously
differentiable, positive definite and radically unbounded.
Differentiating (20), one has

1

1 (oW, 3Wk
Vi <V, — —
k= Vi1 +— (BXka 2 ixz le Y
Wk @0 _ g, &
+Z (l) YD) — 6,6y @21)
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Combining (7), Lemmas 2, 3, Proposition B.1 in [5] with
1

P1Pk—1 Pk

% a; < 0, we have
1 oWy .
ar 0Xxi
e 2=t e 21
17Pk—1 Pk
<= of )+ [P
ar % Xe1 — % 2az

1

1
(ka1 [PUPET 4 o PR + —dﬁ(r) + Ozt ()

Ak 2~ PrPk—1 I’k 1 Pk
+ —z +> g+ —
ar * Z SPk

1 2-
<
277kZ

1
P Pk ]ap"+®khk1()zk+z—2 +§
k

oL 1 1
+ 0 2 P |2kt [PVP1 + —d2(0),  (22)
ag 4ry

2pl...pk71
Sk=1) 211 =1 2Pk~
where hy 1 (yy 1) e = X
PLPk—1—
G2 TR 4 (1 + ) A

P1Pk—1-1

Z]%) TPl
P1Pg—1—1
2 P1Pk—1

¥ Op1) = (k—

+ 20k @p(1 +

+ @, is a positive smooth function, Cy =

+ % and ry, px are positive constants to be
designed. Using Proposition 2 and Lemma 3, we arrive at

k—1 2

L ow, . 1, 1
— —X; < Orh ——di(t —
a2 a)wxl_ kk2()2k+zl )+ )+8p

(23)

2p1-pg—2—1 1

k—1
1 oWy 2 py
_Z L0, + + Cr_ 1—|Zk | PP |z | PUPR2
S 00); ak—

k 1
< —Zz + I3 (O 2z, (24)
i=1
oW 1
—Z S = 0RO+ (25)
Pk
i=0 )’r

_ 1——1
where ¢y, = 2 PUPk-1(2 —

)isa posmve constant,

- P Pk 1
(k=1 - A

and hoGE Y &, Op) = (k - 1) 0y | Ck 1,) +
R
Ck iy Ck*11+2pkck(21 L Ee 1) 1;21;: | 1D i 1,0

1) - N
hs GV Ol = Sy g SR 5 hizi)* +
o e 2 ) ng i 24
ZCk(Thk 12k—1)" + 2(k — D)y Z N(Bl,0,)% +

1 2p1-pk—2 (2(2p1---pk—2—1)\2P1 Pk~ 2 1—21?1 “Dk—2
2p1-pk—2 G- ( Pl Pk—2 ) — Hie—1 ’

(k) - = 1
G Tt Omn) = ko S8 O(T WHDR are

positive smooth functions. Substituting (22)-(25) into (21),
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we get
) k—1 k—1 . k 1
Vi< =D (i—(k=i)z+ D 000+ > W
i=1 i=1 =1~
k

k —
t2
2—% o l, N
+g 1 (""2" +z " H/1+®%hk(-))

1 1
PUPRN |z 4 g [PV PR (26)

d2<r) + () Orzi — OOy

A 2-
+ Cr— |z
ag

where hg (3, %, Or_1) = hx1 +hia +hgs + hyg is a positive
smooth function. We choose

P1Pk—1
2(I+ 1+®2hk(y(rk),xk7 ®k71))
pLopk _
o =z
Nk
= —Zkgk(y ), %k, Op),
@k = e G®, 7, ®k—1)11% — 0,6,

27)

where I, oy are positive constants to be designed, according
to Assumption 1 and the definition of A (-), we know that
of "% is always meaningful. Meanwhile, the order pj ... px
is odd, so a is also meaningful, then we have

k

Vi <=> (li— (k=)

i=1

k
i—-1 ,
+Z4—r’d (t)—I—ZG,@@
i=1 i=1
k

1 )‘k 2— 1 1
+ Z 7 + Ckakkl PEPR=T |zg g |[PUPR=1 . (28)

i

When k = n, the Lyapunov function V,, is chosen as

V, = z ” Wi + Z@ (29)

i=1 i=1

and the controller and adaptive laws are designed as

biza"@f’n) %8, (30)
®i=hi(y ) X, € zl)Z —O’lO, i=1,---,n

Considering z,4+1 = 0, we have

< — Zle +Z

1
dz(t)+Z(ol® 0+ — 25
i=1 !

€19

where L; = [; — (n — i) > O is a constant and [;, r;, 0, p;, i =
1,..., nare positive constants to be designed.

Remark 3: We use the backstepping method to construct
a robust adaptive tracking controller, the process of which
is shown in Fig.l. In order to deal with the bounded
disturbances in the system and improve the robustness of the
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Fixed-o modification

Virtual control signal a;,

Take the — Let?i <0
Stepl —
P " derivative of V; h

[ w, | ApplytoW,

The adaptive law 6,

LetV, <0
Vo= Ve w, | Take the - 2<0
Step2] 2= 1T e T2

Apply to W
Wy Pply to W3

Virtual control signal ay,
The adaptive law 0.

A
:
i Take the ] LetV <0
Step ni o= Va1t Wh ‘derwatwe oy =

Actual input signal u = ay,

The adaptive law 6.

FIGURE 1. The process of backstepping method.

system, we also apply the fixed o-modification method to
correct adaptive laws which also guarantees the boundedness
Of @,’.

Remark 4: In (10), when the exponent of the integrand is
2 — e Pk , (11) can be obtained,which ensures that Wj
is positive deflnlte and proper, on the other hand, we can
deal with high-power terms with unknown coefficients in the
system by means of it.

IV. MAIN RESULTS
The first theorem gives the boundedness of the state variables
of the closed-loop system.

Theorem 1: Consider the high-order nonlinearly param-
eterized system (1) with unmatched disturbances under
Assumptions 1,2. If the robust adaptive tracking controller u
in (30) with the adaptive laws (:)l-,i = 1,---,n in (30)
is applied, the global boundedness of the closed-loop state
variables is guaranteed.

Proof: Consider the following Lyapunov function

n n
1 ~
v=> ;W,-+§ 67, (32)
i=1 i=1

then according to the recursion procedure in section III,
we arrive at

V< —ZLZZ + Z
+ ZGi@)i@i + Z T' (33)
i=1 o P

Obviously, V < 0 holds whenever

> #d%l‘) + Zo,@ 0 + Z — <0. (34

i=1 i=1

d2<r>

Since d;(¢) is bounded, that is d;(t) < D;, V < 0 also holds
when

Z—ir D3 06,6, +Z—<o (35)
! i=1

i=1
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According to the definition of ©; and the method of
completing the square we have if foreachi =1, ..., n,

n i—1 2
10i(t)] > = |®|+ 0?2 + ¥0%+—é9,~°,
rioj Pi0;
(36)

(35) holds. In what follows we show that @i(t) is bounded
by COIltI'adICtIOIl In fact, if O; ;(t) is unbounded, then
10i©; (t)@ (t)] = o0. On the other hand, we known from (33)
and (36) that V,(t) < 0 if O; i(t) > 90 Therefore, there exists
a time fg > 0, such that

n

Z W(t)+ Z@z(t) = V,(t) < Vy(to)

i=1 i=1

n 1 noo
=2 —Wilto) + > 67 (t0) < 0o, (37
=1 i=1

SO @,-(t) is bounded, which is contradict to @,-(t) being
unbounded. Consequently, ©;(7) is bounded. By using the
boundedness of d;(t) and C:)i(t), we can define a serial of finite
constants

n—G-1) , - 1
T, =sup| ————d; (t) + 0;09;(1)O;(t) + —, (38)
>0 4r; 2p;

where i = 1, ..., n. This leads to

Valt) < =D Lt + D 12 =D L)+t (39)

i=1

The inequality (39) shows that z;(t),i = 1,...,n are
bounded, together with the boundedness of (:),-(t) and the
continuity of «;_1(¢), we can conclude that x;(t),i = 1,...,n
are bounded. O

The next theorem gives the robustness and convergence of
the closed-loop system.

Theorem 2: Consider the high-order nonlinearly param-
eterized system (1) with unmatched disturbances under
Assumptions 1,2. If the robust adaptive tracking controller u
in (30) with the adaptive laws @i=1,-,nin (30) is
applied, for all #, > #; > 0, we have

’2 1 1
/ Zl-z(t)dt < ZQ + Z(MD + (TOG‘)S + P)(tp — t1). (40)
n

That is, zj(t),i = 1, ..., n are bounded by Il‘(MD + 0%, +
P) in the mean square sense, where €2 is a positive constant,
L, M, P and o are positive constants depending on design
parameters l;,i=1,...,n,r,i=1,...,n,pi,i=1,...,n
and 0j,i = 1, ..., nrespectively, ®; and D are also positive
constants depending on the system parameters and external
disturbances, respectively.
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Proof: In combination with Theorem 1, we introduce the
following definitions:

n—@{—1
M = max{¥},a0 = max {o;}, L = max {L;},
1<i<n 4r; 1<i<n 1<i<n
~ A n
D = max {nD;}, ®; = max {n®;;0;s}, P = max {—1},
1<i<n 1<i<n I<i<n 4p;

(41)

where C:),-s, C:),-S are the upper bounds of |C:),~| and |@,~|
respectively. After that, from (31), we get

n n .
. n—@G—1
L <D Liz; <=Vt Y %dﬁ
i=1 i=1 !

n
~ A 1
+ > (0100 + )
i=1 2pi

<-V,+MD+c%0,+P. (42

Integrating both sides of (42) on [t1, 2], we have
%) 1
/ 2(r)dt < 7 (MD + 0’0+ P)(ta — 11)
n

1
+ (V) = V). (43)

Since V() is bounded, we arrive at
) 1 1
/ FWt = 72+ FMD+0%0, + Ptz 1), (44)
n

where Q2 = V(t1) — V(1) is a positive constant. ]

Remark 5: According to (40), we can get zj,i =
1,2, ..., nare bounded by %(MD + UOG)s + P) in the mean
square sense, where L depends on l, M depends on r;,
o0 depends on o, and P depends on p;, in the meantime, they
are mutually independent. So we can reduce the bounds of
zi,i = 1,2,...,n by adjusting the parameters l;, ri, oi, p;
respectively, that is, we can reduce the bound of z; by
increasing l;,r;, p; and decreasing o;, this makes the tracking
error 7 to be arbitrarily small.

V. SIMULATION EXAMPLE
To verify the rationality of the above robust adaptive
controller, two simulation examples are given below.

Example 5.1 The following dynamic system [5] is first
considered, and take the displacement x of the block of mass
m as the input of the system consisting of a ball of mass
my and a massless rod of length /, where x is generated by the
resultant force acting on m. And k; is the stiffness coefficient
of the nonliear spring, « = % is the angle between the conical
container wall and the ground.

For this, the following equation can be established for the
angle 6 of the bar where f(¢) is the amount of air resistance
in the tangential direction of the bar during the motion
of my [42],

f@

. kg
9:§sin9+—‘(u—lsin9)30039——, (45)
i myl mypl
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FIGURE 2. A class of dynamical systems.

where § € [—%, Z1. Let’s take coordinate transformations
X1 = 6,x, = 6, together with smooth state feedback u =
[sin 6 + v, transform (45) into

X1 = x2,

. kg 3,8 . S@) (46)

X) = — COsSx1v- + —sinx; — —.

mal l myl
For simplicity, let’s take % = 1, mpl = 1 and k; is an
unknown parameter, then the coefficients A\; = 1, Ay =
ks cos x; satisfy Assumption 1 with u; = n1 = 1, up =
ks, m = % Meanwhile, Proposition 1 is satisfied with

Gr=01=0, =1, ¢=yI4+y =110 =1,
the desired angle of the rod trajectory is a periodic signal
vr(t) = sin 2¢. Here we take f (¢) as arandom number in [0, 4].
Similarly, we define

=X —Yr, 22 =X2 — (.

According to the above robust adaptive tracking controller
design process, we have

O1 =zi(r +37) — 161,
— 52 2N\
o] =—21 ~2(11 +4/ 1+ 0710 +y,)) = —2181-

Proposition 2 is also satisfied with

2
Ci = \/1 + (2(11 +/1+0%(r -H"%)))

3 A .
[5(1—1-2(114- 1+®%(n+y3))},
2
Dy = \/1 + (2(11 +m01 +)')%))) , En =0,

and then we get by = 2 + 2 + 202(1 + y?), hpp =

46214572 .
Cy + D} + Cu by = D230 + 322 +
1

. ~ 202,
020 + 3. hu = 8pa(li + 1+ O3 + 39)3? +
32p2(215)r33rm)2, hy = hat + ha + ho3 + hog. So we

get the actual controller satisfying

V= —dpb + 40k, 1 + O3,

where ©5 is provided via adaptive law ©, = z%hz —
02@)2.AWe set the iniEial conditions x1(0) = 0.5, x(0) =
0.5, ®1(0) = 1.5, ®2(0) = 0.2, then we assign different
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values to the parameters to show that we can reduce the
tracking error by adjusting the parameters.

Case 5.1.1. To begin with, we choose parameters /; =
2L =1rnn=rn=1p =p =10 =0 =3,
at this time, the simulation results are shown in the figures
below.

I
0 2 4 6 8 10 12 14 16 18 20
Time(s)

FIGURE 3. The trajectories of x;,yr in Example 5.1 Case 5.1.1.

| | | | | | | | |
0 2 4 6 8 10 12 14 16 18 20
Time(s)

FIGURE 4. The trajectory of tracking error z; in Example 5.1 Case 5.1.1.

Case 5.1.2. When the parameters are adjusted to /1 = I, =
10,r; = rn = 5,p0 = pop = 2,01 = o = 0.1, the
simulation results at this time are obtained as follows.

It is clear that when the parameters are adjusted from
Case 5.1.1 to Case 5.1.2, the absolute value of the tracking
error z; decreases from 0.24 to 0.05, which indicates that
increasing [, I, r1, r2, p1, p2 and decreasing o, 02 can
reduce the tracking error.

Example 5.2 The nonlinear uncertain system with
unmatched disturbances is considered

X1 = 602 + sinx)(2 + cosu) - xo + 0x1 + dy (1),
X2 = (1.5 4sin0x) - u® +x; + u(1.5 + sin@xl)xQ%
+12(1.5 + sinfx1) 3 x1 + do1),
y = x1.
47)

The tracking signal is y,(f) = %sint, and the unmatched
disturbances di(t) = sint, d»(t) = 4sint. The system (47)
can be easily verified to satisfy Assumption 1 with u; =
3(24sinx1)08, n; = 24sinxy, up = 2.5(14+6), n» = 0.5, and
p1 = 1, po = 3. At the same time, Proposition 1 is satisfied
with @1 = /142, @, = 1, @y = 32 +sinx)), ¢ =
(1 + 33)/T+y2, @ = (1 + 32D + g1), 7y = 2.5,
so we define

i1 =X1 —Yr, 22 =X2 — U],

129038
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2 4 6 8 10 12 14 16 18 20
Time(s)

FIGURE 5. The trajectory of input v in Example 5.1 Case 5.1.1.

0 2 4 6 8 10 12 14 16 18 20
Time(s)

FIGURE 6. The trajectories of x;,yr in Example 5.1 Case 5.1.2.

|
0 2 4 6 8 10 12 14 16 18 20
Time(s)

FIGURE 7. The trajectory of tracking error z; in Example 5.1 Case 5.1.2.

200

100 |- 1

-100 |- 1

-200 |- 1

-300 |- 1

400 I I I I I
0 2 4 6 8 10 12 14 16 18 20

Time(s)

FIGURE 8. The response of input v in Example 5.1 Case 5.1.2.

then according to the above controller design process, we first
get the virtual controller «1 as follows

O, = (1 + 011 +y%)+r1 +)'/%)Z%—01@1 = hIZ%_Ulél’
2(I 44/ 1+ O}y + 1+ pr1(1+2) +32)

2 + sinx;

@] = —71
= —Z7181.
Proposition 2 is satisfied with 7 = |:1 + ( - g1 +

5 . 244
2cosxp (11+,/ 1403 (r1 +1+p1 (14y2)+52) 2
|(I 11 1 Y, ) ,C11 — 14

1 (tsinx)?
32 + sinx))(1 + g)|.Dii = Enn = 7, and then
we get hpy = (1 + %xlz)Z(l + g% + 4+ 2m(1 +

WA+ 2D? + (1 + 3D+ g = Cf +
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0 2 4 6 8 10 12 14 16 18 20
Time(s)

FIGURE 9. The trajectories of x;,y, in Example 5.2 Case 5.2.1.

.90
N - hOh~ = N w £

0 2 4 6 8 10 12 14 16 18 20
Time(s)

FIGURE 10. The trajectory of tracking error z; in Example 5.2 Case 5.2.1.

0 2 4 6 8 10 12 14 16 18 20
Time(s)

FIGURE 11. The response of input v in Example 5.2 Case 5.2.1.

2 2 _ A4p (D 432263
Dy +20:E ] +Ch1, haz = (2+sinx1)2(l+@%) (2,0 Zl(l +

ri+ p1(1 + )’%) + 927 + 01292) Bl + sinx)?, hy =

[( 2(1rk/ 146 (r|+1+p1(1+y,m2))) N (Z 4y,-,/1+®%)2y2]
r |

2-+sin x| 1 (2+sinxy)

hy = ha1 + haa + ha3 + hoa.
Finally we get the actual controller satisfying

ud = 250 — 220l 1 + A2,

where @2 is provided via adaptive law @2 = z%hz — azéz.
We set the initial conditions x;(0) = x2(0) = 1, ©1(0) = 1,
@2(0) = 0.3, then we assign different values to the
parameters to show that we can reduce the tracking error by
adjusting the parameters.

Case 5.2.1. We choose the parameters /| = I, = 3,r] =
rp=1,p1 = p»p = 1,01 = op» = 1, at this point we get the
following simulation results.

Case 5.2.2. When the parameters are adjusted to /1 = I, =
25,r1 = rp = 5,p10 = pp = 15,00 = op = 0.1, the
simulation results at this time are obtained as follows.

It is obvious that when the parameters are adjusted
from Case 5.2.1 to Case 5.2.2, the tracking error also
decreases, which indicates that increasing parameters
I, b, r, r, p1, p2 and decreasing o, 07 can reduce the
tracking error z;.
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0 2 4 6 8 10 12 14 16 18 20
Time(s)

FIGURE 12. The trajectories of x;,y, in Example 5.2 Case 5.2.2.
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FIGURE 13. The response of tracking error z; in Example 5.2 Case 5.2.2.
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FIGURE 14. The response of input v in Example 5.2 Case 5.2.2.

VI. CONCLUSION

The proposed robust adaptive tracking controller can effec-
tively solve the tracking control problem of high-order non-
linearly parameterized systems with unmatched disturbances.
Under reasonable assumptions, the controller guarantees that
all the states and tracking error in the closed-loop system
are globally bounded, and the tracking error can approach an
arbitrarily small bound by selecting appropriate parameters.
Simulation results illustrate the effectiveness of the proposed
robust adaptive tracking controller. In the future work,
We will consider whether the controller can be designed so
that the tracking error converges to a specified range at a
prescribed time when the system has an actuator fault.

APPENDIX

A. PROOF OF PROPOSITION 1
On the basis of the definitions of o,
in (7), one has

PUPEand g, k=1,...,j

J J _
o590, 6p = =D ng(y JE, O)x T

k=1 I=k

+ ([[a6. 5, 00)e0.  @8)

=1
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further,
p1pj- P1Dj-
|xj1 Jl_aj_lljll
<+ T +(ng>(1 +y))?
=1
j—1 j—1
+2.(1s (49)
k=1 I=k
When j = 2,...,1i, according to Lemma 2, (49) and the
definition of af_l'l' Pl e get
1
|)Cj| — |x{7|~--Pj—| _1(') + a{)l-]~-Pj—l (')|p71...pj71
PjPi— 1 1 1 Pj"'l’i—l—l .
Sw_jﬁl Pi— |Z |l’l pl I+g]P1111 1 j_pi..-plfl |Zj—]|p1mpi_1 ,
(50)
h _(—1) _ . /S
where wj I(Yr x]’ ] 1) = a + x) +

S T a0 +2)™ 2 + (T g0 +3D)? > 0's
a smooth functlon and when j =1, we have

x| = lx1 — yr +yrl < X1 — yrl + |yrl
) P1-Pi-1—1 1
yr) ) PUPi-L |y |PUPL 4 1 4 y2,
(51

In combination with (4) and (5), we define nonnegative
smooth functions

— (=) = A
.0V X, 0m1)
P1Pi—1—1 Pz 1= !

= (( + (= yp)?) P

< (14—

i pjPi—1~1

Pjt1-Pi—1—1
+Zw P1Pi-] +Z e ”1 P1Pi—1 )’
G0, %, O 1)—¢,,/1+y%, (52)

the followmg holds
il u, Olxi P~
| < % @if;
i S
+ 3 ) Igl7r g (53)
j=1
This completes the proof. 0

B. PROOF OF PROPOSITION 2

It can be proved by mathematical induction method. Accord-
ing to Assumption 1, Proposition 1, the definition of ocf !
and (6), we have

| < [ 25081 (12 + galar]) + 710112
x| o X1 = ax 2#1 1122 81121 Y1111
o
+ oy ¢191+‘—|d1(t)|
< (lz1] + |22])C1101 + D11ld1(0)| + E1161, (54)
129040

P u
do/]l

where Cii(y, %, ©1) = (/14 a1 PG+ g1) +

Pl
JI+G? >

)2 > 0 are smooth

70 > 0, DG %0 =

- - A aal!
0. EnGy %2, 01) = g1y 1+ (5
functions. Then we assume that there exist smooth functions
Cr-1,i>0,Dk_1,;>0,E—1;>0fori=1,...,k—1such
that

Pk—1
X

Pi
doy

+ |2k ) Cr—1,i0;
0x;

=zl +---

+ Dy—1,ildi(t)| + Ex—1,i0;. (55)

In order to prove that there exist nonnegative smooth
functions Cy;, Dy, Exi, i = 1, ..., k such that (9) is satisfied,
we first consider acasethati =1, ...,k — 1,

P1-Dk
doy,
Bxi

|| 3P P

Xi| < |Zk|

+ ¢i(%)0; Z x|

=1
+ gkl - [(zil + - + [z Ce—1.i6
+ Dy—1,ildi(1)] + Ex—1,i0]
k
< Cki<.)§i(z IZII) + Dy()ldi()|
=1
+ Eu()8;, (56)

+ |Zk|

where Cu(5), . Or) = (1 + (agk ) (31 +xi2+1)% +
. 1 (% Xy
01 2= (14 )§)+C’f—1 i(1+3k)2 >0, Dkl()’rk Xk, Op) =
(14 @292) 7 + Dyl + gDt = 0BG, 5, 6 =
1

(1 + gk) 2Ek—1,; > 0 are smooth functions. For another case
that i = k, we have

aapl'"I’k )
| —E— |
Xy
08Kk .
=[]
0X
08k . 1.
< |Zk—Xk|+(P1 Pr-Dlgexd T x|
IZk—! ‘ T GOFk e 1 1P + ok @B (x|

+ o )

0gk
+ Zk—ag ’|dk(r)|+<p1 e pe1)
Xk

gl P T . (57)
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For the term |x£

Pl using Lemma 3 and (7), there

exists smooth functions vk, V&, 7 > 0 such that

P1
|xk

Pk-1—

1. P1pre—1—1 3_ =
Xl < I |- ‘z,uk@klxkﬂlpk + (|x1]

e Dok 508k + di (1)

< YOOk (g [PUPE e g PP
4 g1 [PUPR) A g PP (1)

_ k+1
< %G X, ®k>9k(z |z,|) + 7Gx yr)Bx
=1

+ PP d (). (58)

Therefore, there are positive smooth functions Ckk@gk),

- A - Pk

a1, O1) = (14+(5?)2 G +x2,) 7 + o Xz, (1 +
1 i —(k) - A

xD2) +pipe-r (1 +g%)2rk,Dkk(y£ ) X1, Op) = (1+

98k \2) 3 2\ 3 o) 1=
(Zk 3,) )2+ prepe—i (1 + g9)2 (1 + x3) and
_(k) - x 1.
EuGY, Fes1, ©0) = pi - -pr—1(1 + gf)? % such that
aail“'Pk ) _
— % | =< (lz1] + - - + |zk+1 D Cra Ok
0xk
+ Dildi(0)] + Ep6r. (59)
So far, the above proposition is proved. 0
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