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ABSTRACT Traditional cam movements in piston pumps follow a non-stopping motion law, resulting
in insufficient smoothness in plunger stroke changes. Consequently, this directly impacts the theoretical
flow rate of the pump. To address this issue, describes the transition curve of the non-stopping motion
law is constructed in this study by using a fivefold B-spline curve. The maximum uncaused velocity and
acceleration are considered optimization parameters. Multi-objective optimization of the motion law is
conducted using a genetic algorithm, resulting in the generation of a Pareto solution set. Compared to
the modified equivalent acceleration (MEA) motion law, the B-spline combined motion law leads to a
reduction of 1.39% and 0.86% in the maximum velocity and acceleration characteristic values, respectively.
Furthermore, by employing the principle of a single-parameter surface envelope, a mathematical model of
the cam surface is developed. The obtained data points are then solved using the double-three times B-spline
cam surface interpolation algorithm. Subsequently, the interpolation result is translated into a cam surface
model file based on the data structure of the IGES file.The optimization results demonstrate that compared
to equal acceleration and deceleration motion laws, the B-spline optimization curve achieves a seamless
transition. Specifically, the maximum pressure angle decreases from 27.98◦ to 19.92◦, and the minimum
radius of curvature decreases from 9.94 mm to 7.44 mm, validating the accuracy of the theoretical analysis.
Experimental displacement tests are conducted on the spatial cam mechanism, revealing that the cam design
process has been streamlined, and the designed spatial cam exhibits enhanced fitting performance.

INDEX TERMS Space CAMmechanism, two-dimensional plunger electro-hydraulic pump, B-spline curve,
multi-objective genetic algorithm, envelope principle of a single-parameter surface.

I. INTRODUCTION
With the emergence of electrification, the electro-hydrostatic
actuator (EHA) [1], [2] in hydraulic transmission technology
has gained significant attention as a research focus. As early
as the 1980s, Europe and the United States conducted
extensive prototype testing and flight verification of the
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EHA actuation system, demonstrating a series of advantages
associated with the EHA actuation approach. Currently, EHA
actuation technology has been successfully deployed in con-
trolling the main control rudder surface of prominent aircraft,
such as the U.S. F-35 fighter jet and Airbus A380 airliner
[3]. Compared to traditional hydraulic actuation technology,
EHA actuation technology offers numerous advantages,
primarily in terms of streamlined system structure, optimized
resource allocation, enhanced energy efficiency, improved
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power-to-weight ratio, heightened reliability, testability,
maintenance, and reduced overall lifetime cost. Moreover,
the inherent electric actuation capability of EHA technology
aligns well with the development requirements of future
multi-electric/all-electric warplanes, making it the preferred
direction for the airborne actuation system of advanced
aircraft in the future.

Electro-hydraulic pumps play a crucial role in EHA
technology. To effectively meet the demands of future EHA
operations, electro-hydraulic pumps must satisfy elevated
criteria, including increased speeds, higher pressures, and
enhanced integration capabilities. Furthermore, they should
be made to minimize transmission losses and offer extended
reliability and lifespan [4]. To ensure optimal system
performance and stability under a diverse range of operating
conditions, it is imperative to develop electro-hydraulic
pumps that are capable of effectively addressing various
scenarios. By doing so, we can ensure that the electro-
hydraulic pumps are equipped to handle different operating
conditions while maintaining consistent and reliable system
operation.

Currently, the research and development of hydraulic
electro-hydraulic pumps has emerged as a prominent area
of study [5], [6]. The research focuses on optimizing the
structure of the electro-hydraulic pump, including optimizing
the motor [7] and innovating the pump design [8], [9].
Additionally, efforts are being made to enhance the operating
environment of the electro-hydraulic pump [10] and improve
its stability during usage [11]. The two-dimensional plunger
electro-hydraulic pump comprises a motor, a coupler, and
a two-dimensional piston pump. The pivotal component
of the two-dimensional piston pump is the spatial cam,
which directly determines the plunger’s movement stroke and
significantly impacts the pump’s performance in terms of
vibration, noise, lifespan, and reliability.

By examining the operational principle of the two-
dimensional (2D) piston pump [12], [13], [14], it becomes
apparent that the piston undergoes axial reciprocating dis-
placement twice during a rotational cycle without coming
to a halt at either end. Consequently, the motion of the
cam follower should adhere to a non-stop motion law, with
equal angles for both the pushing and returning motions.
Various algebraic formulas have been commonly employed
to express the cam mechanism for the non-stop motion
law. Detailed descriptions of these formulas can be found
in the literature on cam mechanisms [15]. Examples of
such formulas include equal acceleration and equal decel-
eration, modified trapezoidal, modified sinusoidal, modified
isotropic, and other motion laws. With the advancement of
curved surface technology, some experts and scholars have
proposed utilizing spline curves to design follower motion
laws. Scholars such as Angeles [16], Tsay [17], Qiu [18], and
others have utilized spline curves to design and optimize cam
motion laws.

In the realm of cam surface construction, Tsay et al. [19].
applied the single-parameter surface family envelope theory

to formulate a mathematical model for spatial cam surfaces.
They proposed a solution approach capable of addressing
diverse planar and spatial cam scenarios. Jin Dingcan [20]
developed a spatial cam mathematical model grounded in
contact relationships, enabling the calculation of surface data
points through spatial contact considerations.

In this study, the B-spline curve serves as the transitional
segment for the combined non-stop motion law. This choice
is made to effectively address instances where spatial cam
mechanisms exhibit continuous impact while using solely
equal acceleration and equal deceleration motion laws.
By employing a multi-objective genetic algorithm, the B-
spline curve can be optimized to yield a motion law boasting
comprehensive performance. The optimized B-spline curve
exhibits a smooth and natural fitting characteristic, which
leads to reduced losses and noise in bearings and trans-
mission systems. Additionally, it significantly enhances
transmission efficiency and prolongs the lifespan of the
mechanism.Through the MATLAB GUI toolbox, a spatial
cam design program is developed. The program establishes
a mathematical model for cam surfaces via the single-
parameter surface envelope principle. By adhering to the
IGES file’s data structure, the cam surface model is acquired
and subsequently verified through simulations and experi-
ments. This approach visualizes cam mechanism designs,
mitigating design challenges and reducing cycle times.

II. COMPOSITION AND WORKING PRINCIPLE
The 2D plunger electro-hydraulic pump represents a tightly
interconnected system encompassing a permanent magnet
synchronous motor, a coupler, and a 2D plunger pump.
To offer a clearer understanding of the electro-hydraulic
pump’s structural configuration, a cross-sectional view of the
two-dimensional plunger electro-hydraulic pump is presented
in FIG 1. The mechanical arrangement can be outlined as
follows:

The coupler is securely linked to the rotor, leading to
enhanced efficiency in transferring mechanical energy. This
connection propels the regularmovement of the plunger shaft.

Within the hollow rotor shaft, the two-dimensional electro-
hydraulic pump is installed, resulting in a significant
reduction in the axial dimensions required for the device.
This setup substantially heightens the integration level of the
electro-hydraulic pump.

For structural support, the left side of the pump body is
sustained through the interaction between the outer spline on
the plunger shaft and the inner spline of the coupler. On the
right side of the pump body, support is achieved through
the connection between the shoulder of the pump casing
and the front cover. By employing these two distinct support
methods in tandem, the pump body is effectively secured in
place, ensuring reliable fixation.

Fig 1 shows a visual representation of this arrangement.
The operational principle of the 2D electro-hydraulic pump

is described as follows: upon energizing the pump, a three-
phase current is introduced into the symmetrical windings

VOLUME 11, 2023 128355



X. Qiu et al.: Optimization and Modeling of a Spatial CAM Mechanism

FIGURE 1. Structure diagram of a two-dimensional plunger-type
hydraulic pump.

of the stator. This infusion generates a consistent amplitude
stator rotating magnetic field. This magnetic field is then
conveyed to the coupler, which is firmly interconnected with
the stator. The coupler subsequently impels the rotation of the
rotor, thereby transmitting torque to the plunger shaft of
the two-dimensional piston pump. This torque prompts the
initiation of rotational motion in the plunger shaft.

By adhering to the constraints of the space cam mecha-
nism, the plunger shaft exhibits circumferential rotationwhile
concurrently undergoing axial reciprocating linear motion.
This combined movement dynamic is pivotal in driving the
normal functioning of the 2D piston pump.

Functioning as a pivotal mechanism to actualize the
dual degree of freedom exhibited by the pump shaft, the
performance of the space cam mechanism stands as a deter-
mining factor influencing the comprehensive performance,
efficiency, and operational lifespan of the motor pump.
This mechanism’s performance carries significant theoretical
research significance and offers substantial potential for
diverse engineering applications.

III. MULTI-OBJECTIVE OPTIMIZATION OF THE
KINEMATIC CHARACTERISTICS OF THE
TWO-DIMENSIONAL SPATIAL CAM MECHANISM IN
PISTON PUMPS USING B-SPLINES
A. REPRESENTATION OF THE COMBINATORIAL
NON-STOP MOTION LAWS
Combinations of the non-stop motion laws typically stem
from the integration of individual motion laws. These often
encompass three segments, each of equal time length: equal
acceleration, transition curve, and equal deceleration. This
configuration ensures the consideration of both the maximum
velocity and maximum deceleration. For example, in the
context of the modified trapezoidal motion law, a sinusoidal
motion law is interpolated between the equal acceleration and
equal deceleration segments. This strategic addition prevents
abrupt acceleration shifts within the motion law.

In applications necessitating cam motion laws for high-
speed scenarios, it is imperative that displacements, veloc-
ities, and accelerations at transition points remain devoid
of abrupt shifts. This imperative ensures motion continuity,
averting both rigid and flexible impacts.

Given its adaptable versatility, the B-spline frequently
serves as the transition curve within combined non-stop
motion laws. Within this methodology, B-splines act as
transition curves, conjoined with other motion laws. The
acceleration profile of the combined non-stop motion law,
incorporating B-splines, is depicted in Fig 2.

FIGURE 2. Acceleration curve of the B-spline composite uninterrupted
motion law.

The incorporation of B-splines into the non-stop motion
law, alongside its factorless displacement equation, is repre-
sented by the following expression:

S =


C1T 2,T ∈ [0,T1]
BS(T ),T ∈ [T1,T2]
−C2(T − 1)2 + 1,T ∈ [T2, 1]

(1)

In the equation, C is the quadratic term within the
isoacceleration section; BS is the B-spline transition segment
function; and T1 is the factorless time of the isoacceleration
segment.

Deriving terms from (1) leads to equations describing
the factorless velocity, acceleration, and leptokurticity. The
characteristic values of S1, situated at the termination of the
equal acceleration section, are outlined as follows:

s1 = CT 2
1 s2 = 1 − CT 2

1

v1 = 2CT1 v2 = 2CT1
a1 = 2C a2 = −2C

(2)

To maintain the follower’s motion continuity and prevent
abrupt rigid or flexible shocks, it is imperative to ensure
that the displacement, velocity, and acceleration at both the
initial and final points of the transition segment curve do
not undergo sudden changes. As elucidated by (2), this
requirement not only governs the coordinates of the start
and end points of the transition segment but also enforces
constraints on the velocity and acceleration at these points.
The quintic B-spline interpolation curve is a pertinent choice
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due to its inherent attributes allowing specification of the
initial and end positions as well as the first- and second-
order derivatives. Hence, it is adeptly adopted as the transition
segment curve for the non-stop motion law.

B. MODELING OF THE QUINTIC B-SPLINE
The piecewise representation of the kth degree B-spline curve
equation [21] is represented as follows:

p(u) =

n∑
i=0

d iNi,k (u)

=

k∑
j=i−k

dkNi,k (u), u ∈ [ui, ui+1] ⊂ [uk , un+1] (3)

In this equation, di (i=0,1,. . . ,n) represents the control
vertices, and Ni,k(u) denotes the k-th degree canonical B-
spline basis function determined by the node vector U
according to the de Boor-Cox recurrence formula. The
recurrence relation equation for Ni,k(u) is as follows:

Ni,0(u) =

{
1 ui < u < ui+1

0 else

Ni,k (u) =
u−ui

ui+k−ui
Ni,k−1(u)

+
ui+t+1−u

ui+t+1−ui+1
Ni+1,k−1(u)

determine 00 = 0

(4)

The node vector U=[u0, u1,. . . , un+k+1] is defined. To obtain
the normalized internal node values, we set u0 = u1 =. . .=
uk = 0 and un+1 = un+2 =. . .= un+k+1 = 1, following the
concept of a normalized node vector. The computation for
obtaining these internal node values is as follows:

ui+k = ui+k−1 + 1pi , i = 1, 2, · · · , n− 1 (5)

Here, 1pi represents the forward difference vector, which
can be expressed using the following formula:1pi =

pi−pi−1
s ,

where s represents the sum of the distances between adjacent
data points.

The solution of the B-spline curve can be classified into
the following two categories: the first category is the direct
problem, which involves determining the points on the curve
based on known control vertices; the second category is
the inverse problem, which involves determining the control
vertices of the curve based on known data points on the curve.
In this paper, the solution of the transitional segment curve
belongs to the second category of inverse problems, where
we aim to determine n=m+k-1 control vertices (di) that pass
through m+ 1 given data points Pi (i=0,1,. . . ,m).
By leveraging the local property of the B-spline and the de

Boor-Cox recurrence formula, the matrix expression for the
5th degree B-spline function of Segment i can be derived as
follows:

pi(u) =

i+5∑
i

diNi,k (u), u ∈ [ui, ui+1] ⊂ [u5, un+1] (6)

According to the requirement of curve interpolation, the
endpoint of Segment i is defined as the starting point of
Segment i+1 and should be equal to the data point it passes
through, which can be represented asPi+1 = pi(1) = pi+1(0).
By substituting the m+1 data points Pi into the equation,
the linear equation system can be rewritten in matrix form,
yielding (7), as shown at the bottom of the next page.

The matrix in (7) contains a total of m+1=n-3 equations.
However, a B-spline curve has n+1 control vertices, which
means that the number of unknowns exceeds the number of
equations. To ensure a unique solution, it is necessary to add
four constraint equations. These constraints ensure that the
curve’s velocity and acceleration at the start and end points
of the transition segment are the same as the characteristic
values of the beginning of the equal acceleration segment and
the end of the equal deceleration segment. Therefore, the four
constraints for the velocity and acceleration of the B-spline
transition segment’s start and end points can be expressed as
follows:

p′(0) = vs = 2CT1 p′(1) = ve = 2CT1
p′′(0) = as = 2C p′′(1) = ae = −2C (8)

In this equation, vs and ve represent the velocities at the
start and end points, respectively; and as and ae represent the
accelerations at the start and end points, respectively.

Since the B-spline curve with a duplicate degree of k at
both ends has its start and end control points coinciding with
the start and end data points, we can derive the first and
second derivatives at the start and end data points using the
recurrence formula for the r-th derivative of the vector pr(u)
at a point on the B-spline curve. The expressions for the first
and second derivatives at the start and end data points are as
follows:

ṗ0 = ṗ0(uk ) =

n∑
j=k−k+1

d1j Nj,k−1(uk ) = d11 = k
d1 − d0
uk+1 − u1

p̈0 = ṗ0(uk ) =

n∑
j=k−k+2

d2j Nj,k−2(uk ) = d22

ṗn = ṗn(un+k ) =

n+k−1∑
j=n+k−1−k+1

d1j Nj,k−1(un+k ) = d1n+k−1

p̈n = p̈n(un+k ) =

n+k−1∑
j=n+k−1−k+2

d2j Nj,k−2(un+k ) = d2n+k−1

(9)

By combining the four aforementioned constraint equa-
tions with the matrix, we can solve and obtain all the control
points di (i = 0,1,. . . , n) of the B-spline curve. With the B-
spline equation and the derivative calculation formula, we can
calculate the expressions for the displacement, velocity,
acceleration, and jump of the transition curve.

C. FILE FORMATS FOR GRAPHICS
To ensure that the combined motion laws based on B-splines
have good kinematic characteristics, a multi-objective
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genetic algorithm is implemented in this method to
optimize the selection of data points for B-spline inter-
polation. Through this approach, the optimal selection
of data points can be obtained to obtain superior
motion laws and meet the requirements of the cam
design.

1) MULTI-OBJECTIVE OPTIMIZATION PROBLEM
OF MOTION LAWS
Given a multi-objective optimization problem, the objectives
are often mutually constrained, and it is generally not
possible to find a single optimal solution that simultaneously
optimizes all objectives. Instead, a set of solutions, known
as the Pareto optimal solution set, is obtained. The Pareto
optimal solution set includes solutions that do not worsen any
objective without compromising at least one other objective.
The mathematical model for a multi-objective optimization
problem is represented as follows:

min S(x) = min
[
S1(x), S2(x), · · · , Sf (x)

]
gj(x) ⩽ 0, j = 1, 2, · · · , p

hk (x) = 0, k = 1, 2, · · · , l (10)

In this equation, Si(x)(i = 1,2,. . . , f ) represents the objec-
tive functions, gj(x)(j = 1,2,. . . , p) represents the inequality
constraints, and hk(x)(k = 1,2,. . . , l) represents the equality
constraints.

The multi-objective optimization for cam motion laws
refers to improving the kinematic and dynamic characteristics
of cam motion laws without altering the geometric and
constraint conditions. These motion laws are applied to a
two-dimensional plunger pump, where the influence on the
performance of the individual plunger pump needs to be
considered in addition to the cam mechanism itself. The flow
pulsation and the inertia force experienced by the mechanism
in an individual two-dimensional plunger pump are directly
proportional to the maximum dimensionless velocity (Vmax)
and maximum dimensionless acceleration (Amax) of the
motion law. To balance the pump’s performance and cam
mechanism’s kinematic characteristics, the optimization
objectives are defined as follows:{

S1(x) = Vmax
S2(x) = Amax

(11)

The maximum velocity and acceleration of the non-stop
composite curve that is investigated in this study occur at the
midpoint of the pushing stroke segment and the beginning

of the transition curve, respectively. The acceleration in
the B-spline transition segment should be smaller than the
acceleration at the starting point. Moreover, the characteristic
values of the existing motion law are used as constraints for
the maximum velocity and jump. Therefore, the inequality
constraints gi(x) are defined as follows:

g1(x) = Vmax − 1.84 ≤ 0
g2(x) = Amax − 2C ≤ 0
g3(x) = Jmax − 80 ≤ 0

(12)

In this equation, C represents the quadratic coefficient of
the equal acceleration segment.

The displacement, velocity, and acceleration of the end-
points of the transition curve are ensured by B-spline
interpolation, so no additional equality constraints are
introduced.

2) SOLUTION PROCESS OF THE NSGA-II GENETIC
ALGORITHM
The NSGA-II algorithm, proposed by Srinivas and Deb based
on the NSGA algorithm, incorporates an elitist strategy that
preserves the superior individuals from the parent population.
It employs a fast non-dominated sorting technique that
reduces the time complexity and introduces a crowding
distance and crowding comparison operator as criteria for
comparing individuals within the same non-dominated front.
This ensures population diversity and makes it a commonly
used optimization algorithm for multi-objective optimization
problems [22], [23].

The NSGA-II algorithm is used to optimize the motion
curve of the cam follower component with the maximum
dimensionless velocity and acceleration as optimization
objectives. The solution process of the CAM multi-
objective genetic algorithm using NSGA-II is illustrated
in FIG 3.

The solution process of the CAM multi-objective genetic
algorithm is described as follows:

For symmetric non-stop motion laws, the motion curve of
the pushing stroke segment is symmetric about the midpoint
of the stroke. Given the data points of the first half of the
stroke, the data points of the second half can be obtained
by utilizing the central symmetry. To reduce the number of
optimization variables and speed up the iteration process, the
population encoding is defined by using the central symmetry
relationship as follows:

[C, x0, x1, y1, . . . , xm, ym] (13)



p0
p1
p2
p3
...

pm


=



1
N1,5(u6) · · · N5,5(u6)

N2,5(u6) · · · N5,5(u6)
. . .

. . .
. . .

Nm−1,5(un+4) · · · Nm+3,5(um+4)
1





d0
d1
d2
d3
...

dm


(7)
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FIGURE 3. Flowchart of the multi-objective genetic algorithm solution
process.

In this equation, C represents the quadratic coefficient of
the equal acceleration segment; x0 represents the abscissa at
the beginning of the B-spline transition segment; and xi and
yi (i = 1,2,. . . , m) represent the data points of the first half
segment.

The solution process of the CAM multi-objective genetic
algorithm is as follows:

(1) Initially, a parent population P0 is randomly created.
The non-dominated fast sorting algorithm is used to sort P0,
and tournament selection and genetic operators are used to
generate a subpopulation C0 of size N.
(2) The parent population Pi is merged with the subpopu-

lation Ci to create a merged population Ri with a size of 2 N.
The fast non-dominated sorting algorithm is applied to sort
the population Ri, assigning each individual a non-dominated
rank. For individuals in the same non-dominated front,
the crowding distance is used to prioritize their ordering,
ensuring diversity among non-dominated individuals within
the same rank. After determining the non-dominated rank
and crowding distance for each individual, the individuals
in Ri are selected based on a sorting criterion that favors
individuals with a lower non-dominated rank and a larger
crowding distance. The top N individuals are chosen as the
new parent population Pi+1.
(3) A new subpopulation Ci+1 is generated using the

genetic operators.
(4) Steps 2 and 3 are repeated until the maximum number

of iterations is reached, resulting in the Pareto solution set that
satisfies the constraint conditions.

D. FILE FORMATS FOR GRAPHICS
Using Vmax and Amax as objective functions and (12) as the
constraint condition, the number of data points in the first half
of the stroke is set to 5, and the data points in the second half
are calculated using the central symmetry relationship. The
number of optimization variables is 10, and the maximum
number of iterations is set to 200 generations. The selection
method is tournament selection, with a crossover probability
of 0.8 and a mutation probability that is obtained by using
Gaussian mutation. The NSGA-II algorithm is employed
to perform multi-objective optimization on the data points
passed through a fifth-order B-spline interpolation curve. The
resulting Pareto front is shown in FIG 4.

FIGURE 4. Pareto front of B-spline transition curve optimization.

As shown in FIG 4, among the Pareto optimal solution
set, the leftmost individual has the smallest Vmax and the
largest Amax. At this point, the CAMmechanism has the least
momentum, and the flow pulsation of the two-dimensional
plunger pump is minimized. However, it experiences the
greatest inertia force. Conversely, the rightmost individual
has the largest momentum and flow pulsation, but the inertia
force isminimized. From the optimization results, it is evident
that Vmax and Amax have an inverse relationship.

To further analyze the results, the individual with the
smallest Vmax value from the Pareto optimal solutions is
selected, and the dimensionless velocity, acceleration, lift,
and dynamic torque curves are obtained, as shown in FIG 5.

Based on FIG 6, a fifth-order B-spline interpolation
curve can be used to obtain the displacement, velocity,
and acceleration curves that satisfy the specified endpoints.
There are no rigid or flexible impacts at the transition point,
demonstrating the rationality of using a fifth-order B-spline
interpolation curve as the transition segment in non-stop
motion laws.

A comparison table (Table 1) is provided below, showing
the maximum velocity and acceleration values of the
aforementioned individual compared to the characteristics
of the modified equivalent acceleration (MEA) motion law:
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FIGURE 5. Velocity, acceleration, jerk, and dynamic torque curves of the
optimal individual Vm.

TABLE 1. Comparison table of the characteristic values of the optimal Vm
and MEA.

Table 1: Comparison of the Characteristic Values between
Optimal Individuals of the B-Spline Composite Motion Law
Vm and MEA.

Based on the data presented in the table, we can conclude
that the B-spline composite motion law performs better than
the MEA motion law in terms of the maximum velocity
and acceleration characteristics. The maximum velocity and
acceleration values were reduced by 1.39% and 0.86%,
respectively. This indicates that the NSGA-II algorithm
can conduct multi-objective optimization on the data points
passed through the B-spline transition curve, resulting in
motion laws that are superior to analytical expressions.

IV. DESIGN OF SPATIAL CAMS
A. PRINCIPLE OF SINGLE-PARAMETER SURFACE
ENVELOPING
The cam surface is a surface envelope formed by the
surface family of the follower at different positions as
the cam rotates around its own axis for one revolution.
In a Cartesian coordinate system, the parameterized single-
parameter surface family {Sξ} can be expressed as:

r = r (u1, u2, ς) (14)

In the equation, u1 and u2 represent the surface parameters
on the surface family, and ξ represents the parameter variable
of the surface family, corresponding to different surfaces Sξ

in the surface family.
For each surface Sξ in the surface family {Sξ}, there exists

a point Pξ on Surface S such that Sξ and S share the same

FIGURE 6. Comparison of the dimensionless parameters between
individual 1 and MEA (a) Comparison of the dimensionless velocity
between individual 1 and MEA;(b) Comparison of the dimensionless
acceleration between individual 1 and MEA.

tangent plane at the common point Pξ . Surface S is then
referred to as the envelope of the single-parameter surface
family {Sξ}. The envelope surface satisfies the following
equation:

∂r
∂u1

×
∂r
∂u2

·
∂r
∂ς

= 0 (15)

By combining Equations (14) and (15), we can solve for
any one of the three parameters and substitute it into (14) to
obtain the equation of the envelope surface in parameterized
form. It is important to check for singularities, as the surface
equation obtained through the above method may not always
represent the envelope surface if singularities exist.

∂r
∂u1

×
∂r
∂u2

= 0 (16)

If there are no singular points on the curve, then the curve
must lie on the envelope surface, and along the curve, the
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surface is tangent to the envelope surface. Several such curves
are referred to as characteristic curves of the surface family
{Sξ}. By utilizing these characteristic curves, it is possible
to quickly establish the contact line equation between spatial
cam surfaces and conical rolling elements.

By leveraging these characteristic curves, it becomes
feasible to efficiently establish the contact line equation
between spatial cam surfaces and conical rolling elements.

B. EQUATION OF SPATIAL CAMS
Based on (14) and the structural characteristics of the spatial
cam mechanism, the angular displacement ϕ of the plunger
shaft is chosen as the parameter ξ for the surface family.
The distance δ from the conical rolling element’s longitudinal
section to the base plane and the angle θ of the rolling element
are used as surface parameters u1 and u2, respectively,
to describe the outer surface of the rolling element. (14) can
be rewritten as:

r = r(δ, θ, φ) (17)

The mathematical model of the two-dimensional plunger-
type electromechanical pump’s spatial cam mechanism is
illustrated in FIG 7.

FIGURE 7. Mathematical model of spatial CAM.

In the mathematical model of the spatial cam mechanism
of a two-dimensional plunger-type electromechanical pump,
r1 represents the distance from the base surface of the conical
rolling element to the Z-axis of the fixed coordinate system.
R2 and r3 are the radii of the upper and lower base surfaces
of the conical rolling element, respectively, and δ1 is the
height of the conical rolling element. A denotes the apex
angle of the conical rolling element. The radius of the circular
cross-section located at a distance δ from the upper base
surface of the conical rolling element is given by r2 + δtanα.
8 represents the angular displacement of the plunger shaft,
while the axial motion of the plunger shaft follows the law of
s = f (ϕ), where s is a function of the angular displacement.
By applying the principle of envelope in a single-parameter

surface family and making coordinate transformations based
on the aforementioned parameter settings, the equation of

the surface family representing the outer surface of the
conical rolling element in the fixed coordinate system can be
obtained.

r = r(δ, θ, φ) =

 δ + r1
(r2 + δ tanα) cos θ

(r2 + δ tanα) sin θ + s

T

×

 cosφ − sinφ 0
sinφ cosφ 0
0 0 1

 (18)

After simplification, we obtain: x
y
z

 =

 (δ + r1) cosφ + (r2 + δ tanα) cos θ sinφ

−(δ + r1) sinφ + (r2 + δ tanα) cos θ cosφ

(r2 + δ tanα) sin θ + s


(19)

According to the principle of envelope for a single-
parameter surface family, it is necessary to verify the
existence of singular points in this parametric method.
By substituting this parametric method into (16) and rear-
ranging, we obtain:

∂r
∂δ

×
∂r
∂θ

=

 (r2 + δ tanα)(− cos θ sinφ + tanα cosφ)
−(r2 + δ tanα)(cos θ cosφ + tanα sinφ)

−(r2 + δ tanα) sin θ

 (20)

In (20), each term contains the coefficient r2 + δtanα,
which represents the radius of the longitudinal cross-section
at a distance δ from the upper base of the rolling element.
This value is always greater than zero, indicating that there
are no singular points in the surface family. Therefore, this
parametric method is valid.

By substituting the surface family represented by this
parametric method into (15) and rearranging, we obtain:

∂r
∂δ

×
∂r
∂θ

·
∂r
∂φ

= −s′ sin θ

+ (r2 + δ tanα) tanα cos θ

+ (δ + r1) cos θ = 0 (21)

In this equation, θ is given by:

θ = 2 arctan(
−s′ ±

√
s′2 + (A tanα + B)2

A tanα + B
) (22)

In this equation, A = r2 + δtanα, and B = r1 + δ.
By solving (21), we can obtain θ1 and θ2, which correspond

to the surface parameters of the left and right spatial cam
surfaces, respectively. These values can then be substituted
into (19) to solve the mathematical model of the spatial cam
mechanism and obtain the data points for the cam surface.

C. EQUATION OF SPATIAL CAMS
The shape of the cam surface in a spatial cam mechanism
is complex. When constructing a three-dimensional model
of the cam surface using discrete data points, it is necessary
to first construct a spatial curve based on the point cloud
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and then establish the three-dimensional model. This process
involves a large number of repetitive operations, andwhen the
parameters are changed, the entire series of operations needs
to be repeated. To facilitate obtaining the three-dimensional
model of the spatial cam, a double cubic B-spline surface
is used to interpolate the cam surface, and the interpolation
results are used to generate a cam surface model file based
on the data structure of the IGES file.

1) DOUBLE CUBIC B-SPLINE CAM SURFACE
INTERPOLATION ALGORITHM
The B-spline surface is composed of multiple B-spline curves
in the u and v directions and is determined by a control grid
consisting of (m+ 1)×(n+1) control points. The equation of
a k×l degree B-spline surface is:

p(u, v) =

m∑
i=0

n∑
j=0

di,jNi,k (u)Nj,l(v), uk

≤ u ≤ um+1, vk ≤ v ≤ un+1 (23)

In (23), di,j (i = 0,1,. . . , m; j = 0,1,. . . , n) represents a
set of control points. Ni,k (u) (i = 0,1,. . . , m) and Nj,l (v) are
the normalized B-spline basis functions of degrees k and l,
respectively, obtained from the knot vectors U = (u0, u1,. . . ,
um+k+1) and V = (v0, v1,. . . , vn+l+1) using the de Boor-
Cox recursion formula. Here, i and j are indices, and k and
l represent the order of the B-spline curves in the u and v
directions, respectively.

According to FIG 8, the reverse calculation of the control
points for a double cubic B-spline surface can be divided into
two stages.

FIGURE 8. Reverse calculation process of the Bicubic B-Spline surface.

In the first stage, the data points in n-1 columns are
interpolated separately on the knot vector U. Boundary
conditions in the u-direction are applied to these columns
of data points. By using the cubic B-spline interpolation
algorithm, the intermediate control pointsQi,j (i = 0,1,. . . ,m,
j= 0,1,. . . , n-2) are calculated. Each column of intermediate

control points Qi,j contains 2 more points than the data point
array Pi,j in each column.

In the second stage, the m+1 rows of the intermediate
control points Qi,j are treated as data points. Boundary
conditions in the v-direction are applied to each row. By using
the cubic B-spline interpolation algorithm again, the m+1
rows of data points are calculated on the knot vector V . This
process yields the final set of control points di,j(i = 0,1,. . . ,
m;j = 0,1,. . . , n) for the double cubic B-spline surface.
The specific steps for solving can be summarized as

follows:

a: DETERMINATION OF THE PARAMETER DIRECTION
When solving for the data points on the cam surface using the
principle of a single-parameter surface envelope, it is usually
chosen to obtain the data points with equal angular spacing
and equal axial spacing. The schematic diagram of the cam
surface data point array, denoted as Pi,j, is shown in FIG 9.

FIGURE 9. Data points of the cam surface.

According to the spatial distribution of data points,
the circumferential direction is chosen as the u-parameter
direction, and the axial direction is chosen as the v-parameter
direction.

b: DETERMINATION OF SURFACE KNOT VECTORS
The knot vectors U = (u0, u1,. . . , um+k+1) and V =

(v0, v1,. . . , vn+l+1) for the B-spline interpolation surface are
determined based on the parameterization of data points in
the u and v directions.

First, for each of the ith B-spline interpolation curves in
the u direction, the data points are parameterized using the
accumulated chord length method and then normalized to
obtain the knot vectorUi = [ui,0, ui,1,. . . , ui,m+6] (i = 0,1,. . . ,
n). The average value of the nodes with the same index from
the obtained knot vectors is calculated as the node value for
the corresponding index in the common knot vector U . The
common knot vector U can be represented as:

U =
1

n+ 1
[
n∑
i=0

ui,0,
n∑
i=0

ui,0, · · · ,

n∑
i=0

ui,m+6] (24)

Similarly, the knot vectors Vi and the common knot vector
V for the curves in the v direction can be obtained.

Vi = [vi,0, vi,1, · · · , vi,n+6](i = 0, 1, · · · ,m) (25)

U =
1

m+ 1
[
m∑
i=0

ui,0,
m∑
i=0

ui,0, · · · ,

m∑
i=0

ui,m+6] (26)
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c: CALCULATION OF THE INTERMEDIATE CONTROL
POINTS Qi,j
Interpolation is performed on the data points in n-1 columns
using the knot vector U. Boundary conditions in the u
direction are applied to each column of data points. The
intermediate control points are obtained by using the reverse
calculation algorithm for the cubic B-spline interpolation
curve.

As shown in FIG 9, the curves formed by connecting the
data points in each column in the u direction are closed
curves. Based on the knowledge of B-spline interpolation
curves, a cubic B-spline interpolation curve has n-1 equations
and n+1 unknown control points. For a C2 continuous cubic
B-spline closed curve, the number of equations is reduced to
n-2 because the initial and final data points p0 and pn−2 are
the same. Among the n+1 unknown points, the first and last
three points are sequentially the same, i.e., dn = d0, dn+1 =

d1, dn+2 = d2. This reduces the number of unknown points
by three, leaving n-2 points. At this point, the number of
unknown control points is equal to the number of equations,
resulting in a unique solution. Therefore, for a cubic B-spline
closed curve, there is no need to add additional constraint
equations to solve for the control points. The linear system
for reverse calculating the control points of the cubic B-spline
curve based on the data points can be expressed in matrix
form as follows.

b0 c0 a0
a1 b1 c1

. . .
. . .

. . .

an−2 bn−2 cn−2
cn−1 an−1 bn−1




d0
d1
...

dn−2
dn−1

 =


e0
e1
...

en−2
en−1

 (27)

In this equation, the following can be obtained:

ai =
(1i+2)2

1i + 1i+1 + 1i+2

bi =
1i+2(1i + 1i+1)
1i + 1i+1 + 1i+2

+
1i+1(1i+1 + 1i+3)
1i+1 + 1i+2 + 1i+3

ci =
(1i+1)2

1i+1 + 1i+2 + 1i+3

ei = (1i+1 + 1i+1)pi−1

1i = ui+1 − ui, (0, 1, · · · , n− 3)

d: CALCULATION OF THE FINAL CONTROL POINTS di,j
The intermediate control points Qi,j, with m+1 rows, are
considered data points. Boundary conditions in the v direction
are applied to each row, and the reverse calculation algorithm
for cubic B-spline interpolation curves is used to interpolate
these m+1 rows on the common knot vector V, resulting in
the control points di,j.

As shown in FIG 9, the curves formed by connecting the
data points in each row in the v direction are open curves.
For a cubic B-spline open curve with a repetition degree
of 4 at both ends, the initial and final control points are

equal to the initial and final data points, i.e., p0 = d0 and
pn−2 = dn. This reduces the number of unknown points
by 2, resulting in n-1 control points. With only n-3 equations,
it is not possible to solve for n-1 unknown control points.
Therefore, two additional boundary conditions need to be
added to make the equation system have a unique solution.
The linear equation system can be expressed in matrix form
as follows:

b1 c1 a1
a2 b2 c2

. . .
. . .

. . .

an−2 bn−2 cn−2
cn−1 an−1 bn−1




d1
d2
...

dn−2
dn−1

 =


e1
e2
...

en−2
en−1

 (28)

Common boundary conditions for open curves include
tangent vector conditions, free endpoint conditions, phantom
node conditions, parabolic conditions, and non-nodal con-
ditions. In this study, the free endpoint condition is used as
the boundary condition for the open curve in the v direction.
Therefore, the coefficient calculation formulas in the first and
last rows of the above equation can be expressed as follows:

b1 = 11 + 212 + 213 + 14

c1 = −(11 + 12 + 13)
a1 = 0
e1 = (12 + 13 + 14)q0

(29)


cn−1 = 0
an−1 = −(1n + 1n+1 + 1n+2)
bn−1 = 1n−1 + 21n + 21n+1 + 1n+2

en−1 = (1n−1 + 1n + 1n+1)qn−2

(30)

By substituting the calculated common knot vectors
U and V, as well as the control points di,j, into (23), the spatial
cam surface can be obtained.

2) DATA STORAGE
The Initial Graphics Exchange Specification (IGES) is
a universally defined information exchange standard by
ANSI, which facilitates interchangeability between different
CAD/CAM computer systems. Within this standard, various
types of graphics are encoded, with type numbers 126 and
128 corresponding to rational B-spline curves and surfaces,
respectively. As shown in FIG 10, the data of the spatial cam
surface are stored in the directory entry section and parameter
data section.

FIGURE 10. Index section and parameter data section data.
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Based on the relevant descriptions of the directory entry
section and parameter data section format in ‘‘GB/T 14213-
2008 Initial Graphics Exchange Specification,’’ the following
data, including the orders k and l in the u and v parameter
directions, the number of control points (m+1 and n+1,
respectively), the coordinates of each control point di,j(i =

0,1,. . . , m; j = 0,1,. . . , n), the knot vectors U and V in the u
and v directions, and the starting and ending parameter values
uk , um+1, vl , and vn+1, are sequentially written into an IGES
format file. This file represents a cam surface model in IGES
format.

V. CONSTRUCTION AND EXPERIMENT OF SPATIAL CAMS
A. TYPES OF GRAPHICS
The design process of a cam mechanism typically involves
the following steps: 1. determining the motion law of the
follower; 2. determining the type and structural dimensions
of the cam mechanism; and 3. designing the CAM profile.
The specific design process for a two-dimensional plunger-
type hydraulic pump spatial cam mechanism is as follows:

1) DETERMINATION OF THE KEY PARAMETERS FOR THE
CAM MECHANISM
The main parameters of the cam mechanism are shown in
Table 2.

TABLE 2. Key parameters of the cam mechanism.

2) DETERMINATION OF THE KINEMATIC LAWS FOR
FOLLOWER MOTION
The B-spline optimized curve obtained in Section 2.4 is
used to generate a cam model in Section III-C. This cam
model is then incorporated into a spatial cam mechanism for
kinematic simulation using Adams. The simulation results
are compared in FIG 11 with the desired motion profiles
of constant acceleration and deceleration, as well as the
displacement, velocity, and acceleration profiles of the B-
spline theory optimized curve, all within one cycle.

FIG 11 indicates that compared to the constant acceleration
and deceleration transition modes, using the B-spline interpo-
lation curve for the transition allows for seamless transition,
avoiding rigid or flexible shocks at the transition points and
ensuring the stability of the mechanism during high-speed
operation. Due to its smooth and natural fitting character-
istics, the B-spline curve reduces the losses and noise in
bearings and transmission systems compared to the constant

FIGURE 11. Comparison of the motion
states(a) Displacement;(b) Velocity;(c) Acceleration.

acceleration and deceleration motion profiles. Additionally,
it effectively improves the transmission efficiency and service
life of the mechanism.
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FIG 11 shows the comparison between the B-spline theory
optimized curve and the Adams simulation results based on
B-spline optimization. The displacement, velocity, and accel-
eration curves of these three profiles are generally consistent.
Although there is some fluctuation in the acceleration curve
during abrupt changes, this fluctuation is reasonable and
empirically validates the correctness of the cam curve design
theory.

3) MATHEMATICAL MODELING
Using MATLAB tools, a mathematical model of the cam
surface is established based on the motion law and key
parameters of the cam mechanism. Relevant data, including
point cloud data, cam surface data points, pressure angle,
and curvature radius, are obtained. On the left side of
FIG 12, the motion profile follows a constant acceleration
and deceleration pattern, while on the right side, the motion
profile follows the B-spline optimized curve.

FIGURE 12. Comparison of the cam parameters(a) Data points
representing the cam surface based on the motion law of a constant
acceleration and deceleration; (b) Data points representing the cam
surface based on the motion law optimized with B-spline.; (c) Pressure
angle of the cam based on the motion law of a constant acceleration and
deceleration; (d) Pressure angle of the cam based on the motion law
optimized with B-spline.; (e) Radius of curvature of the cam based on the
motion law of a constant acceleration and deceleration.; (f) Radius of
curvature of the cam based on the motion law optimized with B-spline.

According to the displayed results in FIG 12 and Table 3,
it can be observed that in the radial direction of the
cam component, as the rotational radius increases, the
pressure angle gradually decreases, while the curvature
radius increases. The positions of the maximum pressure
angle and minimum curvature radius are both located

TABLE 3. Key parameters of the cam mechanism.

on the inner circle, corresponding to smaller rotational
radii. The maximum pressure angle occurs at the midpoint of
the forward or return motion. In the circumferential direction
of the cam component, the minimum curvature radius is
found at the extreme positions on the left and right sides,
corresponding to larger rotational radii.

4) GETTING A SURFACE MODEL
The point cloud data are processed using a bicubic
B-spline interpolation algorithm, resulting in the surface
control vertices di,j and the knot vectors U and V .
The obtained surface information is written into an IGES

format file to generate the cam surface model.

FIGURE 13. Spatial cam surface model.

The spatial cam surface model is then opened in
Rhinoceros software, as shown in FIG 13.
In Rhinoceros software, the data point file generated by

the program is imported as a point cloud into the spatial
cam surface model. The point-deviation command is utilized
to measure the distance between the point cloud and the
surface model, generating corresponding error analysis and
visualization results.

FIGURE 14. Distance from the point cloud to the surface.

As shown in FIG 14, the maximum distance between the
point cloud and the surface is 0.00014 millimeters, while the
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minimum distance is 0 millimeters. In terms of mechanical
machining, this difference can be considered negligible.
The points with the largest deviations are located on the
boundaries. This indicates that the bicubic B-spline cam
surface interpolation algorithm can accurately calculate the
B-spline representation of the cam surface based on the given
surface data points. By storing the spline surface data in IGES
format, we can obtain a feasible and accurate method for
generating the spatial cam surface model.

5) COMPLETION OF MODELING
The cam surface model is imported into Rhinoceros software,
and operations such as ‘‘extrude surface’’ are applied to
obtain the solid cam model, as shown in FIG 15. This model
can be exported in the desired format, such as SolidWorks
or NX, which are commonly used mechanical 3D modeling
software, for further design, analysis, and processing as
needed.

FIGURE 15. Spatial cam model(a) 3D Model;(b) Machined prototype.

B. EXPERIMENTAL INVESTIGATION
The spatial cam mechanism is machined on a VMC850
three-axis vertical machining center. The components of this
mechanism, including the spatial cam, cone roller shaft, and
cone roller, are all made of 9Cr18Mo stainless steel. FIG 16
displays the physical prototype of the spatial cammechanism.

FIGURE 16. Machined prototype.

Due to the two-dimensional motion of the plunger shaft,
including the rotation and reciprocating motion, and its
relatively small structural size, it is not feasible to directly

FIGURE 17. Displacement testing apparatus for the spatial cam
mechanism.

install sensors on the plunger shaft to obtain velocity and
acceleration information. To further validate the accuracy
of the spatial cam surface, a laser displacement sensor can
be employed to record the axial displacement curve of the
plunger shaft, allowing for indirect verification. FIG 17 shows
the corresponding testing setup.

FIGURE 18. Comparison of the theoretical and actual displacement
curves of plunger axis.

FIG 18 presents a comparison between the theoretical
displacement curve and the actual displacement curve of the
plunger shaft. The FIG indicates a generally good agreement
between the theoretical and actual displacement curves of the
plunger shaft. At themaximum deviation point, the difference
is only approximately 0.161 millimeters near the two peaks,
with an average deviation of approximately 0.095 millime-
ters. The manufactured spatial cam exhibits satisfactory
machining accuracy, as evidenced by the displacement testing
experiment of the spatial cam mechanism, demonstrating a
good level of fit.

VI. CONCLUSION
In this paper, a design method for the cam motion curve
in a two-dimensional plunger-type hydraulic pump cam
mechanism is proposed. A fifth-order B-spline curve is
used as a transition curve to achieve uninterrupted motion.
The maximum dimensionless velocity and acceleration
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are considered optimization parameters. A multi-objective
genetic algorithm is employed to optimize the motion curve,
resulting in a Pareto solution set. The data points in the
mathematical model are calculated using a bicubic B-spline
cam surface interpolation algorithm, and the cam surface
model file is generated in IGES file format. The cam
mechanism is analyzed through simulations and experiments,
leading to the following main conclusions:

(1)For the spatial cam mechanism of the two-dimensional
plunger-type hydraulic pump, using a fifth-order B-spline
curve as a transitional segment for uninterrupted motion
can prevent the occurrence of continuous impacts during
the transitional phase, thereby extending the lifespan of the
mechanism.

(2)Compared to the MEA motion law, the B-spline com-
posite motion law reduces the maximum velocity and accel-
eration characteristics by 1.39% and 0.86%, respectively,
resulting in a motion law with good overall performance.

(3)A spatial cam design program is developed using the
MATLAB GUI toolbox, enabling visualization of the cam
mechanism design and reducing the difficulty and time
required for design.

(4)The manufactured spatial cam exhibits satisfactory
machining accuracy. The displacement testing experiment
of the spatial cam mechanism shows a good level of fit,
aligning closely with the theoretical design. The maximum
deviation is only approximately 0.161 millimeters near the
two peaks, with an average deviation of approximately
0.095 millimeters.
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