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ABSTRACT The present study posits that variations in maximum shear strain energy are the principal
determinants for the onset of fretting fatigue cracks. We propose a refined critical plane methodology,
termed the shear stress-strain interaction (SSI) critical planemethod, predicated on shear strain, for predicting
fretting fatigue crack initiation characteristics. The novelty of this methodology resides in its focus on cyclic
shear strain as the genesis of crack initiation. To verify the effectiveness of the SSI critical plane method,
finite element analyses using ANSYS were executed on fretting bridge and pad models to quantify the
SSI interaction parameters. A comprehensive evaluation against established metrics-maximum shear range,
stress-weighted tangential parameters, and fretting parameters was undertaken. The findings, in alignment
with extant experimental data, confirm the robustness of the proposed method.

INDEX TERMS Fretting fatigue, fretting pad, fretting bridge, crack initiation, SSI critical plane method.

I. INTRODUCTION
Fretting fatigue encompasses issues related to fatigue strength
and the resilience of components under fretting-induced wear
[1]. Such conditions can expedite the early onset and rapid
propagation of fatigue cracks, ultimately culminating in com-
ponent failure, often well below the material’s established
fatigue limit or even beneath its elastic limit. These failures
are evident in various structural elements such as bolt con-
nections, tenon joints, rivets, lifting steel wires, and overhead
lines [2].

The critical plane method identifies a specific plane within
a physical specimen where crack initiation and propagation
occur. Researchers determine the initiation and progression
of cracks based on the stress and strain experienced on this
designated plane [3], [4], [5], [6], [7]. Notable contributions
to this methodology were made by Brown and Mille [8],
who initially introduced a combination of themaximum shear
strain range and the maximum normal tensile strain on the
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maximum shear plane in multiaxial fatigue. This provided a
fundamental explanation for the mechanism of fretting crack
propagation.

Subsequent studies on fretting sphere models by Lykins,
Szolwinski, and Farris led to the proposal of critical plane
methods based on maximum shear range (MSR) [9], [10],
a modified Smith-Watson-Topper (SWT) approach [11] and
Findley (F) parameters [12], respectively. Rangel et al. [13]
suggested an iterative model calibrated with the fatigue
stress-strain life curve for determining the initiation and total
life of fretting fatigue cracks, utilizing SWT to establish the
crack initiation path.

Further advancements were made by Wang et al. [14],
who explored fretting crack propagation using the maximum
tangential stress criterion and its extensions, incorporat-
ing contact stress between crack surfaces and conducting
numerical analyses of crack propagation. Dong et al. [15],
integrating the critical distance theory, employed improved
Dang Van and McDiarmid criteria alongside SWT as
multiaxial fatigue criteria to assess fretting fatigue crack
initiation.
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Deng et al. [16] delved into the impact of the size and
position of a single critical micropore on the lifespan of
heterogeneous material fretting fatigue, utilizing numerical
simulations and a revised critical plane criterion.

With the advent of computational capabilities, scholars
have leveraged big data and neural networks to forecast the
fretting fatigue lifespan. Han et al. [17], [18], [19], [20]
utilized deep neural networks with F parameters to enhance
the precision of predicting the fretting fatigue crack initiation
lifespan. It is important to note that these methods still rely
on the initial three critical plane parameters.

However, the MSR and F parameters necessitate cal-
ibration using actual general fatigue experimental data,
rendering them semi-empirical formulas with limited uni-
versality. Meanwhile, the SWT critical plane method solely
considers the influence of normal stress on fretting fatigue,
overlooking the effect of shear stress. Thus, this article pro-
poses an improved critical plane method for predicting the
characteristics of fretting fatigue crack initiation based on
shear strain. This approach underscores that fluctuations in
maximum shear strain energy can lead to the generation of
fretting fatigue cracks. This is one of the energy methods
in fretting fatigue initiation prediction, which does not need
more fatigue experimental data. The implications of this
method are of considerable significance, particularly in avert-
ing catastrophic accidents stemming from fretting fatigue in
real-world engineering applications.

II. CRITICAL PLANE METHOD
A. DERIVATION OF THE STRESS–STRAIN INTERACTION
CRITICAL PLANE METHOD
In alignment with the characteristics of fretting fatigue, the
fretting fatigue process entails the application of a normal
load to the top of the fretting pad while the failed compo-
nent is subjected to axial forces. At the contact interface,
various stress components, encompassing normal, axial, and
tangential stresses, come into play. Fretting cracks initiate
and propagate through cyclic processes of maximum and
minimum shear strains, as well as cyclic processes of max-
imum and minimum normal strains. According to theories
postulated by Brown, Miller, and others, cyclic shear strains
predominantly catalyze crack initiation, whereas cyclic nor-
mal strains are the primary driving force behind crack
propagation.

In the context of fretting fatigue failure, it is notable that
the initiation of fretting cracks accounts for approximately
89% of the entire failure process, with the subsequent crack
propagation to ultimate failure constituting only approxi-
mately 11% [21]. Consequently, in the prediction process, it is
prudent to consider the crack initiation phase as the entirety
of the specimen’s failure process.

From the aforementioned theoretical framework, it becomes
evident that fretting fatigue crack initiation is primarily
induced by cyclic maximum and minimum shear strains. The
maximum shear strain characterizes these cracks initiated on
the plane. So fluctuations in maximum shear strain energy

FIGURE 1. Fretting bridge geometric model.

FIGURE 2. Fretting bridge finite element loading diagram.

emerge, which can lead to the generation of fretting fatigue
cracks. Building upon this comprehension, a critical interface
approach, known as the stress-strain interaction (SSI) critical
interface method, is introduced. This method is designed
to ascertain the location and orientation of fretting crack
initiation.

In accordance with the concept of plane stress, consider a
thin plate subjected to tensile stresses σx , σy and shear stress
τxy on each side. The stresses acting on the surface of the plate
can be regarded as negligible with σz = τxz = τyz = 0.
Static balance can be utilized to determine the stress behav-

ior on a plane that forms an angle θ counterclockwise with
respect to the y-axis. The coordinate transformation equations
are as follows:

σθ =
σx + σy

2
+

σx − σy

2
cos(2θ ) + τxy sin(2θ) (1)

τθ =
σx − σy

2
sin(2θ) − τxy cos(2θ ) (2)

According to the relationship of stress and strain:

γθ = (εx − εy) sin 2θ + γxy cos 2θ (3)
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FIGURE 3. Loading process diagram.

FIGURE 4. Shear stress diagram in the XY direction during the first load
step.

FIGURE 5. Shear stress diagram in the XY direction during the second
load step.

where σx , σy, τxy, εx , εy, and γxy represent the stress and strain
values at the respective node.

As elucidated in the preceding discussion, the inception of
fretting fatigue cracks primarily arises from cyclic variations
in maximum and minimum shear strains. Hence, it is reason-
able to postulate that the critical plane at the site of fretting
fatigue initiation corresponds to where the disparity in shear
strain achieves its utmost under the influence of maximum
and minimum loads, expressed as:

1γ = γmax − γmin (4)

FIGURE 6. von-Mises stress diagram during the first load step.

FIGURE 7. von-Mises stress diagram during the second loading step.

Here, γmax and γmin denote the range of strains under the
influence of maximum and minimum loads, respectively.

Consequently, the shear strain energy, denoted as SSI, can
be conceptualized as the product of the maximum shear strain
energy and themaximum shear strain occurring on the critical
plane, as articulated in:

SSI =
1γ

2
τmax (5)

B. OTHER METHODS
1) MSR PARAMETERS
Lykins et al. [9], [10] acquired plane fatigue life data under
varying stress ratios through experimental means, confirming
the anticipated substantial impact of nominal stress and strain
on titanium alloy materials. To evaluate the effect of the
initial shear stress ratio on the critical plane, Lykins and
his team employed the integration equation proposed by the
Walker method. This integration resulted in the introduc-
tion of the MSR critical plane parameters, as exemplified in
Equation 6:

MSR = 1τcrit = τmax(1 − Rτ )m (6)

where τmax represents the maximum shear stress on the criti-
cal plane and Rτ signifies the shear stress ratio on the critical
plane.
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FIGURE 8. Distribution of the MSR and F values along the bridge foot.

FIGURE 9. Distribution of SWT and SSI values along the bridge foot.

FIGURE 10. Distribution of the ratio of each parameter to its maximum
value along the bridge foot.

2) SWT PARAMETERS
Szolwinski et al. [11] employed Basquin’s equation to derive
the SWT parameters from the strain-life equation, con-
sidering the maximum stress and strain amplitude. They

FIGURE 11. Fretting fatigue sample fracture position diagram.

introduced fretting fatigue parameters based on the SWT
critical plane, as depicted in Equation 7:

SWT = σmax1εa (7)

where 1εa denotes the maximum value of the strain ampli-
tude difference under the effect of maximum and minimum
loads, and σmax represents the maximum stress value on the
plane with the maximum 1εa value.

3) F PARAMETER
F Parameter, introduced by Findley WN [12], encompasses
the effects of shear stress and normal stress on fretting fatigue
cracking, expressed as in equation 8:

F = 1τ + k · σmax
n (8)

The critical plane for F is where the maximum value of F
is attained, and the k value is known to be 0.35 from previous
research. In contrast to the parameters mentioned earlier, the
F parameter is based on the mixed normal and shear stresses
on the critical plane.

III. COMPARATIVE ANALYSIS OF THE CRACK INITIATION
CHARACTERISTICS
A. COMPARATIVE ANALYSIS OF CRACK INITIATION
CHARACTERISTICS IN THE FRETTING BRIDGE MODEL
The geometry of the fretting bridge model is depicted in
Figure 1, featuring a fretting bridge length of 32 mm, a foot
width of 4 mm, a sample length of 48 mm, and a width of
6 mm, specified in a two-dimensional orientation as shown in
the diagram. The fretting bridge and the sample material are
constructed from #45 steel, with its elastic modulus denoted
as E = 210GPa, µ = 0.3.
Given the model’s symmetry to the X and Y axes, it allows

for the analysis of only a quarter of the model. The simula-
tion employs the face-to-face contact method within ANSYS
finite software for computation. As the material of the
fretting bridge matches that of the sample, a flexible-to-
flexible contact nonlinear simulation method is chosen. The
model utilizes plane82 elements, with the contact surface
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FIGURE 12. Simplified schematic of the cylindrical and planar contact
calculation.

FIGURE 13. ANSYS mesh division diagram.

divided into ‘‘conta172’’ elements and the target surface into
‘‘targe169’’ elements.

Drawing from the insights of previous researchers, it is
established that mesh refinement is essential in the contact
region between the fretting bridge and the sample. Mesh sizes
smaller than 10 µm are deemed sufficient for this purpose
[22], [23]. Consequently, a finite element mesh with a size
of 6µm is chosen for the contact part. This involves quadrilat-
eral mesh division in the contact area and free mesh division
in the transition area, ensuring both computational preci-
sion and a manageable computational load. The mesh model
encompasses a total of 29,636 nodes and 30,146 elements,
including 1,000 contact elements and 800 target elements,
as visualized in Figure 2.
Symmetric constraints are imposed on the left side of the

fretting bridge and the lower end of the sample, as illustrated
in Figure 3. In this configuration, a normal load of 1440 N is
considered, along with an axial cyclic load of 240 MPa and a
stress ratio of 0, serving as an illustrative example.

FIGURE 14. Calculation of contact surface width.

The finite element nonlinear calculations unveil the distri-
bution of shear stresses in the xy direction, and von-Mises
stresses during the initial and subsequent load steps, as illus-
trated in Figures 4 to 7. These figures clearly demonstrate
that the highest magnitudes of both shear stresses in the xy
direction and von-Mises stresses are localized at the inner
edge, precisely where the fretting foot comes into contact
with the sample. Additionally, they extend at a particular
angle into the sample.

Based on the previous simulation computations, the values
of stresses and strains in the x direction, stresses and strains
in the y direction, and shear stresses and shear strains in
the xy direction under both maximum and minimum cyclic
axial loads were determined. Utilizing the MSR, SWT, F,
and SSI computational formulas, it becomes feasible to cal-
culate the distribution of various parameter values along the
width of the bridge foot, as illustrated in Figures 8 to 10.
In these figures, ‘‘W’’ represents the width of the bridge
foot, while ‘‘R’’ denotes the ratio of the distribution of SSI,
SWT, MSR, and F along the bridge foot to their maxi-
mum value. From these figures, it is discernible that the
parameters attain their maximum values in the vicinity of
positions 1.72 to 1.73 of the bridge foot width, signifying that
the initiation of fretting cracks takes place near the contact
edge.

Drawing from experimental results conducted by Sun
Weiming at the Chemical Machinery Research Insti-
tute of Zhejiang University of Technology, employing
the micro-controlled electrohydraulic servo static–dynamic
material testing machine EHFED250kN-40 L manufactured
by Shimazu Company in Japan, the analysis of fracture loca-
tions across all tested samples reveals that the onset of fretting
wear micro-cracks occurs near the contact edge, approxi-
mately 1.9 mm from the inner contact edge, as depicted
in Figure 11 [24]. The comparison between the predicted
positions and the experimental findings demonstrates the
concurrence between the theoretical predictions derived
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FIGURE 15. Stress diagram of each loading step in the X direction on the
contact surface.

FIGURE 16. Stress diagram of each loading step in the Y direction on the
contact surface.

from MSR, SWT, F, and SSI and the outcomes of the
experiments.

In the calculation of the crack initiation angle, we deter-
mine the angle of the surface where the SSI reaches its
maximum value at various nodes. This angle corresponds
to the angle of the critical surface at the moment when the
parameter achieves its peak value. Specifically, this angle
varies from -45◦ to +45◦ in the normal direction. It is worth
noting that this range aligns with the observed crack initiation
angle variation of ±10◦ within the range of ±45◦ in exper-
imental findings [9], [10]. This alignment underscores the
significance of these four parameters in predicting the crack
initiation angle.

B. COMPARATIVE ANALYSIS OF CRACK INITIATION
CHARACTERISTICS IN THE FRETTING PAD MODEL
A fretting pad model encompassing a cylinder and a plane
is formulated to enable a comparative analysis of the crack
initiation location and direction using the SSI, MSR, F, and

FIGURE 17. Shear stress diagram of each loading step in the XY direction
on the contact surface.

FIGURE 18. Distribution of MSR and F values along the contact surface.

SWT methods. The model’s configuration is illustrated in
Figure 12, presenting the geometric dimensions suitable for a
two-dimensional plane strain contact scenario. The material
employed is Ti-6Al-4 V, characterized by an elastic modulus
(E) of 127 GPa, µ = 0.3.

ANSYS finite element software employs the face-to-face
contact method for computations. Due to the substantial
thickness of the fretting pad and the relatively low applied
pressure, the cylindrical fretting pad can be treated as a
rigid body without undergoing deformation. The simulation
method involves selecting a flexible body and rigid body
contact for nonlinear simulation.

The model is constructed using plane82 elements, with the
contact surface subdivided into ‘‘conta172’’ elements and the
target surface subdivided into ‘‘targe169’’ elements. As per
the insights from previous scholarly research, it is established
that the contact area between the fretting pad and the sample
should undergo fine mesh division, with a grid size smaller
than 10 µm considered sufficient for this purpose [22], [23].
Hence, for this instance, the finite element grid is set at 6µm.
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FIGURE 19. Distribution of SWT and SSI values along the contact surface.

FIGURE 20. Distribution of various parameters to their maximum values
along the contact surface.

To streamline the calculation process, the finite element grid
becomes coarser as we move away from the contact area.
Employing quadrilateral grid division in the contact area and
triangular grid division in other regions fulfills the precision
requirements of the computation. Themodel comprises a total
of 111,054 nodes and 40,738 elements. Within the contact
subunits, the lengths vary according to different regions,
amounting to 40,295 contact units and 39,956 target units in
total, as illustrated after grid division in Figure 13.
To prevent lateral movement of the fretting pad, a con-

straint in the x-direction is imposed on the right side of the
pad, and a y-direction constraint is applied to the left side of
the sample. Given that only half of the model is considered,
a symmetrical constraint is applied at the lower end of the
sample. An applied normal load of 210 N/mm is exerted on
the upper end of the fretting pad, and the resulting data are
presented in Figure 14. In Figure 14, the horizontal coordinate
0 corresponds to -0.5 in Figure 16, while the horizontal coor-
dinate 1 corresponds to 0.5 in Figure 16. A total of 145 nodes
are in contact on the contact surface, and through coordinate

values, the contact surface width ‘a’ can be calculated as
0.87 mm. The finite element calculation results in Figure 14
reveal that the maximum contact pressure on the contact
surface amounts to 308.349MPa.

In accordance with the semiwidth formula for the contact
surface, the value of b can be calculated as follows:

b = 2

√
2(1 − ν2)

π
·
PR
E

= 0.4412mm (9)

This results in a contact surface width of 2b = 0.8824 mm.
Utilizing the maximum contact stress formula, Pmax can be

ascertained as:

Pmax =

√
1

2π (1 − ν2)
·
PE
R

= 303.02MPa (10)

This yields a maximum contact pressure of 303.02 MPa.
Comparing the finite element calculation results with the

analytical formula, the error in the contact surface width is
1.4%. Meanwhile, the error in the maximum contact pressure
is only 1.8%, demonstrating the feasibility of this finite ele-
ment method.

To simulate the load, the following steps are undertaken:
Initially, a normal load is applied by adding a normal load

of 210 N/mm to the upper end of the fretting pad.
Subsequently, the maximum axial load Q_max of 200MPa

is introduced. This load is specifically added to the right
section of the sample.

Last, the minimum axial load Q_min is applied, with a
stress ratio of 0.1 between the maximum and minimum loads
during the loading process.

This loading process is graphically illustrated in Figure 3.
Subsequent calculation yield stress diagrams for each loading
step in the X direction on the contact surface, as well as in
the Y and XY directions, are displayed in Figures 15 to 17.
From these figures, it is evident that under the three types
of loading steps, the stress in the X direction undergoes a
sudden change at both contact edges. Furthermore, the stress
in the X direction maintains a consistent trend during the
second and third loading steps within the contact area. The
stress diagrams in the Y direction exhibit a high degree of
consistency.

Regarding the shear stress diagram in the XY direction,
it becomes apparent that the contact edge serves as the starting
point where the shear stress in the XY direction begins to
increase or decrease. Under the condition of axial loading,
specifically during the second and third loading steps, the
shear stress in the XY direction maintains a consistent trend.

Utilizing the obtained stress values in the X and Y direc-
tions, as well as the shear stress values in the XY direction
at different load steps, we can calculate the distribution of
SWT, MSR, F, and SSI parameter values along the contact
surface, as presented in Figures 18 to 20. In these figures,
‘x/L’ represents the ratio of each contact position to the width
of the contact surface, while ‘‘R’’ denotes the ratio of the
distribution of SSI, SWT, MSR, and F along the contact
surface to their maximum value.
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As observed in Figures 18 and 19, the maximum value of
‘F’ is situated at a position of -0.979, the peak of ‘MSR’
is at -0.951, the highest ‘SWT’ value occurs at -0.965,
and the zenith for the ‘SSI’ parameter is found at -0.910.
Additionally, Figure 20 illustrates that the peak value of
each parameter, corresponding to the point where the ratio
equals 1, falls within the range of -0.9 to -1. This align-
ment with the experimental findings of previous scholars [9],
[25] indicates that the initiation of fretting fatigue cracks
indeed takes place at the contact edge. This suggests that
the ‘SSI’ parameter method fundamentally aligns with the
‘MSR,’ ’SWT,’ and ‘F’ parameter methods in predicting the
initiation location of cracks.

Furthermore, in the computation of the ‘SSI’ parameter,
when reaching its maximum value, the corresponding critical
face angle, specifically the angle with the normal direction,
is determined to be 35◦. This finding is consistent with exper-
imental results [9], [10] where the initiation angle exhibited
variations within ±45◦, displaying a deviation of no more
than ±10◦.

IV. RESULTS
(1) Founded on the theory that fluctuations in maximum
shear strain energy are the primary causative factor behind
the emergence of fretting fatigue cracks, we have intro-
duced an enhanced SSI critical plane method based on
shear strain for predicting the characteristics of fretting crack
initiation.

(2) Based on the fretting bridges model, this paper uses the
plane critical method to calculate the distribution of MSR,
SWT, F, and SSI parameter values along the width of the
bridge foot. The crack initiation location prediction of the
SSI parameter is near the contact edge, which is the same
as the experimental results and aligns with the other three
parameters, namely, MSR, SWT, and F.

(3)Based on the fretting pad model, the distribution of
MSR, SWT, F, and SSI parameter values along the contact
surface are calculated. The result of these four parameters
concurs with prior research literature, which describes the
initiation location of fretting cracks at the contact edge in the
fretting pad model.

(4)The computation of crack initiation surface angles cor-
responding to the maximum values of SSI, known as the
predicted crack initiation angles, is consistent with the vari-
ations observed by previous researchers. These variations
typically fall within the range of ±45◦ with deviations up
to ±10◦.
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