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ABSTRACT This paper addresses the problem of output feedback control for high voltage direct current
(HVDC) systems based on voltage source converters (VSC). Specifically, the system under study consists
of two power grids and two VSC stations connected via a long HVDC cable. The primary goal of this paper
is to propose a different approach for the online estimation of the grid voltage placed at a great distance
from the control unit which is considered generally known, moreover the proposed technique aims to online
estimation of the grid pulsation and the HVDC cable states, generally considered available. A nonlinear
observer is intended to address these concerns. Only the line current measurements are used to estimate all
state variables. Furthermore, utilizing the estimation offered by the proposed observer, an output feedback
control strategy is formulated, using the backstepping design technique, to meet the three control objectives:
1) tight output voltage regulation of the HVDC cable; 2) ensuring a perfect power quality at both sides
of the HVDC system; 3) regulation of the active power at the inverter station. The high effectiveness of
the proposed output feedback controller’s performance is highlighted via a semi-experimental platform that
includes a Processor In the Loop (PIL) on the embedded board eZdsp. Extra numerical simulations show
that The proposed output feedback performance enjoys additional robustness properties and meets all control
objectives.

INDEX TERMS HVDC transmission, backstepping control, nonlinear observer, high gain observer, power
converter control, PFC, VSC-HVDC, HVDC cable.

I. INTRODUCTION
High-voltage direct current (HV DC) transmission systems
are becoming progressively important in power systems
around the world that are marked by a growing demand for
electricity and the need to reduce gas emissions from fossil
fuel sources [1], [2]. HVDC technology is the most efficient
way of transporting a significant amount of electricity over
great distances, as well as assisting in the integration of
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renewable energy sources into the grid, interconnection of
asynchronous grids, and the stabilization of three-phase
systems [3], [4].

In order to use DC, there are two technologies available
for converting high voltage AC power to DC power: the
traditional Line Commutated Converter (LCC) and the
Voltage Source Converter (VSC). Compared to standard LCC
schemes, VSC offers a number of technological advantages
because it generates an AC waveform that allows the system
to control reactive power independently of active power
regulation [5]. Therefore, researchers are actively studying
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control techniques to ensure the robust operation of VSC
HVDC systems under a wide range of operating conditions
and disturbances.

Numerous research on modeling and controlling the VSC
HVDC systems using traditional proportional-integral (PI)
control have already been performed [6], [7]. However,
the performance of these controllers is highly dependent
on their design parameters, which are adjusted by the
one-point linearization of the system. This implies that if
the system’s operating conditions change according to the
point linearization, the system’s performance may decrease.
To deal with this issue, nonlinear controls have been proposed
such as backstepping control [8], adaptive control [9], feed-
back linearization controller associated with gain schedul-
ing [10], fuzzy control, and anti-windup action [11], optimal
data-driven control strategy [12], model predictive control
strategy [13], [14], sliding mode control [15], passivity-
based control design [16], [17]. The point is that all the
previous studies all designed in d − q reference frame. Their
performances strongly depend on current decoupling, Such a
decoupling is usually accomplished with a phase-locked loop
(PLL). whose dynamics can negatively affect the operation
of the system. Indeed, PLL dynamics include time delays,
nonlinearities, and interaction with the grid impedance. All
these factors are likely to cause a reduction in the performance
of the system [18], [19], [20]. To get around the negative
impact generated by the PLL dynamics, a nonlinear observer
is proposed in this paper that estimates the pulsation and
electrical position.

In the past few decades, several nonlinear observer-based
controllers have been developed to estimate the unavailable
system states and mitigate external perturbations and system
uncertainties. These controllers proved to be able to enhance
the dynamic performance of renewable energy sources [21],
[22] as well as HVDC electric transport networks [23], [24].
The authors in [23] used an ESO called perturbation observer-
based sliding-mode control to predict the combinatorial effect
of nonlinearities and parameter uncertainties in VSC-HVDC
systems in [24], a perturbation observer-based nonlinear
control scheme was proposed, that includes a feedback
linearization control law and a high gain observer; the
controller also proved to be useful in estimating model
uncertainties. The point is that the mentioned works did not
take into account the dynamic characteristics of the HVDC
cable and therefore cannot ensure the robust operation of
the VSC HVDC system. Furthermore, the grid voltage, the
angular frequency, and electrical position are considered
known and available, as well as the states of the DC side
and the inverter current, which are considered accessible for
measurement.

In this work, we develop an advanced output-feedback
controller for a two-terminal VSC-HVDC electric power
transmission system, in order to enhance its overall per-
formance, reliability, and efficiency. First, we establish the
system model and transform it to a canonical form that
is based upon to design a high-gain state observer in

the αβ-coordinates frame. The observer provides online
estimation of two important variables, i.e., the power grid
frequency, voltage at the primary of the transformer as
well as the inverter current. Furthermore, the regulation
of the output voltage of the HVDC cable which is the
prime control objective is also considered as inaccessible
to measurement. Only line currents are assumed to be
measured. Then, based on the online estimation provided by
the observer, an output feedback control is developed using
the backstepping technique with the Lyapunov approach to
ensure stability and guarantee robustness to disturbance.

The rest of the paper is structured as follows: The
VSC-HVDC transmission system under study is presented
and modeled in section II. Section III is devoted to the
state feedback design and analysis using backstepping and
Lyapunov approaches. The nonlinear observer design and
its stability are analyzed in section IV. Section V includes
numerical simulations which illustrate the output feedback
controller’s performance. Section VI brings the paper to a
close.

II. MATHEMATICAL MODEL OF HVDC SYSTEMS BASED
ON VSC
Figure 1 presents the circuit illustration of a two-terminal
HVDC transmission system based on VSC. Terminal 1 con-
sists of AC grid 1 which is connected to VSC1 using a serial
transformer 1 and phase reactor (R1,L1). Similarly, terminal 2
consists of AC grid 2 connected to converter station VSC2 via
a serial transformer 2 and phase reactor (R2,L2).
Remark 1: When power flow is from terminal 1 (termi-

nal 2) to terminal 2 (terminal 1) converter VSC1 (VSC2)
will have DC voltage control and reactive power control, and
converter VSC2 (VSC1) will have active and reactive power
control. In this research, for analysis purposes, one considers
power flow from terminal 1 to terminal 2.

A. THE CONVERTER STATION MODEL
The converter stations are linked to a three-phase network,
as illustrated in Figure 1. In the rotating d − q reference
frame, the model of the rectifier station (VSC 1) is expressed
as follows [21], [25]:

did1
dt

= −
R1
L1
id1 + ω1iq1 +

ed1
L1

−
ud1
L1

diq1
dt

= −
R1
L1
iq1 − ω1id1 +

eq1
L1

−
uq1
L1

(1)

Similarly, The dynamics model of the inverter station (VSC
2) can be represented in the dq−coordinates as follows [26]:

did2
dt

= −
R2
L2
id2 + ω2iq2 −

ed2
L2

+
ud2
L2

diq2
dt

= −
R2
L2
iq2 − ω2iq2 −

eq2
L2

+
uq2
L2

(2)

where (ud , uq), (ed , eq), and (id , iq) represent the control
inputs of the converter stations, the voltages and currents of
the AC grids in dq−coordinates, respectively. And ω is the
networks pulsation.
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FIGURE 1. Topology of VSC-based HVDC transmission system.

B. THE DC SIDE MODEL
The DC cable can be conceptualized as a series of linked
sections. There are different kinds and configurations of these
DC cable sections, specifically the ‘‘T’’ type section and the
‘‘π ’’ type section. In this case, we are specifically examining
the structure of the π -section as depicted in Figure 2. This
section was chosen because of its simplicity, which allows for
an analytical derivation while still representing the resonance
of a DC transmission line [27]. This structure is characterized
by:

• Resistance Rc: it models the Joule effect losses in the DC
cable.

• Inductance Lc: It embodies the inherent magnetic
characteristics of the wire and the mutual magnetic
effect between the two wires of the cable.

• Capacitance Cc: It represents the electrostatic char-
acteristics of a dielectric material, with its value
contingent on the material’s physical and geometrical
properties.

The HVDC cable equivalent electrical model is given
in figure 2, the model of the DC side is described
by [28]:

dVdc1
dt

=
ed1 id1
CeqVdc1

−
ic
Ceq

dVdc2
dt

=
ic
Ceq

−
iinv
Ceq

dic
dt

= −
Rc
Lc
ic +

Vdc1 − Vdc2
Lc

(3)

with Ceq = C + Cc, and (Vdc1 ,Vdc2 ) respectively, are the
input and output voltages of the HVDC cable, and ic is the
cable current.
Remark 2: According to the literature [29], a pi-section

model is recommended for medium transmission lines 80 to
250km long. This model is suitable for the length of the line
used in our study.

C. THE AVERAGE MODEL OF THE VSC-HVDC SYSTEM.
To deal with the binary character of the input signal, con-
troller design is typically carried out using averaged models.

FIGURE 2. Structure of the HVDC cable.

To this end, the averaged versions of the instantaneous
variables

[
Vdc2 , ic, Vdc1 , id1 , iq1 , id2 , iq2

]
are denoted by

[x̄1, x̄2, x̄3, x̄4, x̄5, x̄6, x̄7]. Then, the state space represen-
tation of the global system rewrites as follows:

˙̄x1 =
x̄2
Ceq

−
iinv
Ceq

(4.1)

˙̄x2 = −
Rc
Lc
x̄2 −

x̄1
Lc

+
x̄3
Lc

(4.2)

˙̄x3 =
ed1
Ceqx̄3

x̄4 −
x̄2
Ceq

(4.3)

˙̄x4 = −
R1
L1
x̄4 + ωx̄5 −

ud1
L1

+
ed1
L1

(4.4)

˙̄x5 = −
R1
L1
x̄5 − ωx̄4 −

uq1
L1

(4.5)

˙̄x6 = −
R2
L2
x̄6 + ωx̄7 +

ud2
L2

−
ed2
L2

(4.6)

˙̄x7 = −
R2
L2
x̄7 − ωx̄6 +

uq2
L2

(4.7)

III. STATE FEEDBACK NONLINEAR CONTROL DESIGN
The goal of this section is to build a nonlinear controller for
a two-terminal VSC-HVDC transmission system that meets
the following control objectives simultaneously:

• Regulation of the output voltage DC cable, through the
rectifier station, enforcing it to track a given reference
signal V ∗

dc2.
• Power factor correction, i.e., the grid currents must be
sinusoidal and in phase with the grid voltages.
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• Regulation of the active power P2 at the inverter station
(VSC2).

For this purpose, based on the proceeding of works [25], [30],
the control design will be carried out using the backstepping
technique.

A. RECTIFIER CONTROL DESIGN
The rectifier station operates in the DC voltage control mode,
with the output DC cable voltage Vdc2 and the reactive power
Q1 as the controlled variables.

1) DC VOLTAGE LOOP
The HVDC cable output voltage must converge to a given
reference voltage. Based on subsystem (4.1)-(4.4), the design
of the backstepping control is completed in four steps.

a: STEP 1
Let us introduce the HVDC voltage tracking error: e1 = x̄1 −

x∗

1 . in view of (4.1), the dynamic of the above error is obtained
as follows:

ė1 =
1
Ceq

x̄2 −
1
Ceq

iinv (5)

in (5), the quantity
1
Ceq

x̄2 = α1 stand as a virtual control

variable. Then e1 will vanish if the stabilizing function α1 is
defined by

α1 = −c1e1 +
1
Ceq

iinv (6)

with c1 > 0. Indeed, this choice implies that ė1 = −c1e1
which ensures asymptotic stability of (4.1) with respect to the
Lyapunov function:V1 = 0.5 e21. Actually, then one gets V̇1 =

−c1e21 which is negative definite with respect to ė1.
As α1 is not the actual control input, we introduce the

following new tracking error: e2 =
1
Ceq

x̄2 − α1. Combining

equations (5) and (6), we find:

ė1 = e2 − c1e1 (7)

b: STEP 2
Stabilization of the system error (e1, e2).

Now, the purpose is to enforce the errors (e1, e2) to vanish.
The derivative of e2 is:

ė2 = −
Rc

CeqLc
x̄2 +

1
CeqLc

x̄3 −
1

CeqLc
x̄1 − α̇1 (8)

The quantity
1

CeqLc
x̄3 = α2, in (8), stands as a new

virtual control. Following the backstepping design technique,
the errors (e1, e2) will be asymptotically vanishingh if the
stabilizing function α2 is defined as follows:

α2 = −e1 − c2e2 +
Rc

CeqLc
x̄2 +

1
CeqLc

x̄1 + α̇1 (9)

As α2 is not the control input, we introduce the new tracking

error: e3 =
1

CeqLc
x̄3−α2. Then, (8) can be rewrite as follows:

e2 = −c2e2 + e3 (10)

c: STEP 3
Stabilization of the system error (e1, e2, e3).

In this step, the aim is to make the error system (e1, e2, e3)
asymptotically stable. Using equation(4.3), the derivative of
e3 is given by:

ė3 =
ed1

LcCeqCeq

x̄4
x̄3

−
1

LcCeqCeq
x̄2 − α̇2 (11)

To find a stabilizing control law for (11), similar steps
as above. It turns out that the error system (e1, e2, e3)
asymptotically stable if α3 is defined as follows:

α3 = −e2 − c3e3 +
1

LcCeqCeq
x̄2 + α̇2 (12)

As α3 is not the actual control input, we introduce the new

tracking error: e4 =
1

LcCeqCeq
x̄4 − α3. Combining (11)

and (12), equation (11) becomes:

e3 = −c3e3 + e4 (13)

d: STEP 4
Stabilization of the subsytem error (e1, e2, e3, e4). It is readily
checked that the time derivative of e4 is:

ė4 =
1

L1LcCeqCeq

(
−R1x̄4 + L1ω1x̄5 − ud1 + ed1

)
− α̇3

(14)

Now, the objective is to make the error system (e1, e2, e3, e4)
asymptotically stable. A sufficient condition is to let the
derivative of e4 be defined as follows, for some c4 > 0:

ė4 = −e3 − c4e4 (15)

Using (14) and (15), one gets the following control law:

ud1 =
L1
β

[
e3 + c4e4 + β(−

R1
L1
x̄6 + ω1x̄7 +

ed1
L1

) − α̇3

]
(16)

2) REACTIVE POWER LOOP (PFC OBJECTIVE)
In this part, we seek to make the reactive power Q1 regulated
to its reference signal Q∗

1. Recall that the reactive power is
Q1 = ed1 iq1 . Introducing, the reactive power tracking error:
e5 = ed1 x̄5 − Q∗

1. It follows, using (4.5):

ė5 = ed1

[
−
R1
L1
x̄5 − ω1x̄4 −

1
L1
uq1

]
(17)

We aim at enforcing the error e5 to be asymptotically
vanishing. To this end, we consider the Lyapunov function
candidate V5 = 0.5e25. Its time derivative V̇5 = e5ė5 can be
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rendered negative definite function if the dynamics of e5 is
selected as follows, for some c5 > 0:

ė5 = −c5e5 (18)

Comparing (18) with (17), we obtain the following input
control law uq1 :

uq1 =
1
L1

[
c5e5
ed1

− ω1x̄4 −
R1
L1
x̄5

]
(19)

Proposition 1: Take into consideration the closed-loop
system that encompasses the AC/DC converter-DC cable,
described by equations (4.1)-(4.7), along with the nonlinear
control laws (16) and (19). Under these conditions, the
behavior of the error system within the closed-loop is
governed by the ensuing equation:

ė1
ė2
ė3
ė4
ė5

 = B


e1
e2
e3
e4
e5

 with B =


−c1 1 0 0 0
−1 −c2 1 0 0
0 −1 −c3 1 1
0 0 −1 −c4 0
0 0 0 −1 −c5


(20)

Furthermore, the system error (20) is asymptotically stable.
Accordingly, the error vector (e1, e2, e3, e4, e5) is exponen-
tially vanishing, whatever the initial condition.
Proof: Equation (20) is immediately obtained from (7), (10),
(13), (15) and (18). The state matrix B is clearly Hurwitz,
implying that the linear closed-loop system (20) is globally
asymptotically stable.

B. INVERTER CONTROL DESIGN
The inverter station is designated for active and reactive
power control. The involved DC voltage has to be regulated
to a constant value. As for the active power P2 = ed2 id2 and
reactive powerQ2 = ed2 iq2 , they are separately controlled by
acting on the direct current id2 and the quadrature current iq2 ,
respectively.

1) ACTIVE POWER LOOP
In this subsection, the purpose is to enforce the direct current

x6 to track a given reference signal x∗

6 =
P∗

2

ed2
. To this end,

introduce the direct current tracking error e6 = x̄6 − x∗

6 .
From (4.6), it follows:

ė6 = −
R2
L2
x̄2 + ω2x̄7 +

ud2
L2

−
ed2
L2

− ẋ∗

6 (21)

To get a stabilizing control law for (21), we consider the
Lyapunov function candidate V6 = 0.5 e26. Its time derivative
V̇6 = e6ė6 is made negative definite function by letting ė6 be
as follows for some c6 > 0:

ė6 = −c6e6 (22)

Comparing (21) and (22), following control law:

ud2 = L2

[
−c6e6 +

R2
L2
x̄6 − ω2x̄7 +

ed2
L2

+ ẋ∗

6

]
(23)

2) REACTIVE POWER LOOP
Following similar steps III-A2, the control law uq2 is obtained
as follows:

uq2 = L2

[
−
c7e7
ed2

+
R2
L2
x̄7 + ω2x̄6

]
(24)

Proposition 2: Consider the subsystem (4.6)-(4.7) together
with the control laws (23) and (24 ) with c6 and c7 being
arbitrary positive constant. Then, one has the following
properties:

1) The closed-loop error system with state vector (e6, e7)
undergoes the following equations:

ė6 = −c6e6
ė7 = −c7e7 (25)

2) This linear system is globally asymptotically stable
with respect to the candidate Lyapunov function
V (e) = 0.5e6 + 0.5e7. Therefore, for any positive
design parameters c6 and c6, the system error (e6, e7)
vanishes exponentially, whatever the initial conditions.

IV. OUTPUT FEEDBACK CONTROL DESIGN
The purpose of this section is to design a nonlinear observer
and use it to design an output feedback controller.

A. MODELING OF THE VSC-HVDC IN THE αβ-FRAME
Because the grid pulsation and voltage are not assumed to
be available to measurement, the VSC-HVDC system model
is now considered in the αβ−coordinates which is more
appropriate for observer design (while the dq−coordinates
are commonly employed in control design due to their
simplicity). Inspired by [21] and [22] the complete model
expressed in αβ−coordinates is splitted in two subsystems,
denoted S1 and S2:

S1 :

{
Ẋ1 = f1(x(t), u(t)) + δ1(t)
y1 = C1X1

(26)

S2 :

{
Ẋ2 = f2(x(t), u(t)) + δ2(t)
y2 = C2X2

(27)

where X1 = [x1, x2, x3]T , X2 = [x4, x5, x6]T , and

f1(x(t), u(t)) =



−R1
L1

x11 +
x21
L1

−
uα1

L1
−R1
L1

x12 +
x22
L1

−
uβ1

L1
x21x11 + x22x12

CeqVdc1
−
x13
Ceq

−
Rc
Lc
x13 +

Vdc1 − x23
Lc

x32
√
x221 + x222cos(x31)

x32
√
x221 + x222sin(x31)
x13
Ceq

−
x33
Ceq

x31
0
0



;
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δ1(t) =



0
0
0
0
0
0
0
0

δ11(t)
δ12(t)


(28)

and

f2(x(t), u(t)) =



−R1
L1

x41 +
x51
L1

−
uα2

L1
−R1
L1

x42 +
x52
L1

−
uβ2

L1
x62
√
x251 + x252cos(x61)

x62
√
x251 + x252sin(x61)

x61
0


;

δ2(t) =


0
0
0
0
0

δ21(t)

 (29)

with the following notations:

u =
[
uα1 uβ1 uα2 uβ2

]T
x1 =

[
x11 x12 x13

]T
=
[
iα1 iβ1 ic

]T
x2 =

[
x21 x22 x23

]T
=
[
eα1 eβ1 Vdc2

]T
x3 =

[
x31 x32 x33

]T
=
[
θ1 ω1 iinv

]T
x4 =

[
x41 x42

]T
=
[
iα2 iβ2

]T
x5 =

[
x51 x52

]T
=
[
eα2 eβ2

]T
x6 =

[
x61 x62

]T
=
[
θ2 ω2

]T
where u denotes is the input vector of the global system,
x1 and x4 are the vector currents that are accessible for
measurement. The vectors x2 and x5 are the electromagnetic
variables of the two grids, and these variables are unavailable.
The vectors x3 and x6, which group the grid parameters
and the current absorbed by the inverter station, are unavail-
able. Generally, the variation of the network’s pulsation is
bounded, then its dynamic is supposed to be an unknown
function (δ11(t), δ21(t)). Likewise, the dynamic of inverter
current is assumed to be an unknown and bounded function
δ11(t). The relation between the electromagnetics variables in
(α, β)-coordinates and its magnitude E1 and E2 is given by:

E1 =

√
e2α1 + e2β1 =

√
x221 + x222

E2 =

√
e2α2 + e2β2 =

√
x251 + x252

The electrical angle is estimated online using the well-known
relationship:

θi = arctan
(
eβi
eαi

)
; (i = 1, 2)

B. OBSERVER DESIGN FOR SUBSYSTEM S1
Subsystem (26) consists of an AC/DC converter and HVDC
cable. The point is that not all state variables in subsystem
S1 are accessible for measurement. On the grid side, the
grid voltage and pulsation, and the electrical angle are not
accessible to measurement. On the DC side, the HVDC
cable output voltage Vdc2 and the inverter current iinv are
not accessible for measurement. In order to obtain online
estimates of these state variables, we will now design a
state observer. Only the electrical grid currents and the input
current of the HVDC cable are assumed to be available for
measurement. And we assume that the output voltage of the
rectifier station Vdc1 is an external measured signal.

1) STATE TRANSFORMATION
We seek a state transformation x −→ z that converts the
S1 model (26) to a canonical triangular structure. One time the
observer is developed in the z-coordinates (i.e, [31]), it will
be re-expressed in the original x-coordinates for practical
use, which has two advantages: (i) it simplifies observability
analysis; (ii) it allows for the direct creation of high-gain
observers.
Proposition 3: The transformation we are looking for is a

diffeomorphis:

ϕ(x) : R9
−→ R9

; x −→ z =

z11z12
z13

 ; ϕ(x) =

ϕ1(x)
ϕ2(x)
ϕ3(x)


(30)

where z11 = [x11 x12 x13]T is the measured vector. In view
of (28) the dynamic of z11 is written as follows:

ż11 = z12 + 811(z1, u) (31)

with

z12 =

[
x21
L1

x22
L1

−x23
Lc

]T

811(z1, u) =


−R1
L1

0 0

0
−R1
L1

0

0 0
−Rc
Lc

 z1

+


−1
L1

0 0

0
−1
L1

0

0 0
1
Lc


 uα1

uβ1

Vdc1

 (32)
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In view of (32) and (28), the dynamics of the vector z12 are
described by the equation:

ż12 = z13 + 812(z11, z12) (33)

with

z13 =


1
L1
x32
√
x221 + x222cos(x31)

1
L1
x32
√
x221 + x222sin(x31)

−
x33
LcC2

 ; (34)

812(z1, z2) =

0 0 0
0 0 0

0 0
1

LcC2

 z12 (35)

It is easy to check that the dynamics of z13 can be written as:

ż13 = 813(x, u) + β(z)δ1(t) (36)

with

83(x, u) =
dϕ3(x)
dx31

ẋ31

β(z)δ1(t) =
dϕ3(x)
dx32

δ11(t) +
dϕ3(x)
dx33

δ12(t) (37)

in view of equations (31), (33), and (36) subsystem S1 is
represented, in the z-coordinates, by the following compact
form:

ż1(t) = Az1(t) + 8(z1, u) + Dβ(z)δ1(t)

y(t) = C1z1(t) = z11 (38)

where

A =

O3 I3 O3
O3 O3 I3
O3 O3 O3

 ; D =

O3
O3
I3

 ; C =
[
I3 O3 O3

]

8(z, u) =

 81(z, u)
82(z1, z2)
83(x, u)

 ; β(z)δ(t) =


E1
L1
cos(x31)δ11

E1
L1
sin(x31)δ11
−1
LcC2

δ12


(39)

where On and In denoted the (n× n) null matrix and identity
matrix, respectively. The high gain observer design method
requires the following standard assumptions:
A 1: The function ϕ(z, u) is globally Lipschitz in z

uniformly in u.
A 2: The unknown function δ(t) is essentially bounded,

i.e. there exists a scalar δ0 > 0, such that ∥ δ(t) ∥≤ δ0
Remark 3: Assumption 1 holds in practice because the

state trajectory of all signals of the control system remains
bounded.

2) OBSERVER DESIGN IN THE Z−COORDINATES
Consider the subsystem described by (26). As in [32],
we propose for that subsystem the following high-gain
observer:

˙̂z1(t) = A1ẑ1(t) + φ(ẑ1, u) − λ11
−1
λ1
K1C1(ẑ1(t) − z1(t))

(40)

where K1 ∈ R9×3 is the observer gain that is to be chosen
such that the eigenvalues of matrix (A1 − K1C1) is Hurwitz
and 1λ1 is a diagonal matrix defined as follows:

1λ1 = diag

(
I3,

1
λ1

I3,
1

λ2
1

I3

)
(41)

with λ1 > 0 is a real number.
Theorem 4: Under Assumptions A.1 and A.2, the

high-gain observer given by (40), when applied to the z-
system (30), is exponentially convergent for sufficiently large
values of the gain λ1. Specifically, there exists λ0 > 1 such
that for all λ1 > λ0 the observation error z̃1(t) = ẑ1(t)− z1(t)
is asymptotically convergent to the origin.
Proof: Let us consider the observation error z̃1 = ẑ1 − z1.
From (38) and (40), it follows that this error is governed by
the following equation:

˙̃z1 = (A1 − λ11
−1K1C1)z̃1 + φ(ẑ, u) − φ(z, u) − Dδ(t)

(42)

Multiply both sides of (42) by 1λ1 , using the identities:
1λ1A1−1

λ1
= λ1A and C1−1

λ1
= C , and introducing the

variable change ε1 = 1λ1 z̃1, we get from (42):

ε̇1 = λ1(A1 − K1C1)ε1 + 1λ1 (φ(ẑ, u) − φ(z, u)) − 1λ1Dδ(t)

(43)

Now, let us choose the quadratic Lyapunov function V (ε1) =

εT1 Pε1 with P any symmetric positive definite matrix.
Differentiating V with respect to time gives, using (43):

V̇ (ε1) = 2εT1 Pε̇1

= λ1ε
T
1 P(A1 − K1C1)ε1 + 2εT1 P1λ1 (φ(ẑ, u)

− φ(z, u) − Dδ(t)) (44)

Since the matrix (A1 − K1 C1), the matrix P can be chosen
such that (A1−K1C1)TP−P(A1−K1C1) = −I9. It is readily
checked that:

εT1

(
(A− KC)TP− P(A1 − K1C1)

)
ε1 = − ∥ ε1 ∥

2 (45)

where µmax and µmin are the largest and the smallest
eigenvalues of the positive definite matrix P, respectively.
Furthermore, using Assumptions 1 and 2, one has:

∥ 21λ1 (φ(ẑ, u) − φ(z, u)) ∥ ≤ ξ1 ∥ ε1 ∥

∥ 1λ1Dδ(t) ∥ ≤ ξ2δ0 (46)

where ξ1 and ξ2 are positive constants, and δ0 is the upper
limit of δ(t).
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Also, as P is a positive definite matrix, the following
inequality holds:

µmin ∥ ε1 ∥
2

≤ εT1 Pε1 ≤ µmax ∥ ε1 ∥
2 (47)

Using (45), (46), and (47), it follows from (44) that:

V̇ (ε1) ≤ −
(λ1 − µmaxξ1)

µmin
V (ε1) +

µmaxξ2δ0
√

µmin

√
V (ε1)

≤ −γ1V (ε1) + γ2
√
V (ε1) (48)

For λ1 > ξ1µmax , where γ1 =
λ1 − λ0

µmin
> 0 ; γ2 =

µmaxξ2δ0

µmin
. Introduce the variable change

W (ε1) =
√
V (ε1). It follows from (48) that W satisfy the

following inequality:

Ẇ (ε1) ≤ −
γ1

2
W (ε1) +

γ2

2
(49)

This demonstrates that Ẇ is negative whenever W >
γ2

γ1
.

Therefore, for allW (0) one has:

lim sup
t→+∞

W (t) ≤
γ2

γ1
(50)

which implies that ||ε||2P <

(
γ2

γ1

)2

is a region of attraction.

Then, the proposed observer is globally asymptotically stable
for whatever the initial conditions z1(0). It turns out that
the observation error z̃1(t) = ẑ1(t) − z1(t) converges
exponentially to a compact neighborhood of the origin and
the size of that neighborhood can be made arbitrarily small
by letting the observer gain λ1 be sufficiently large.
This completes the proof of Thoerem 4.

3) OBSERVER DESIGN IN THE X-COORDINATES
For implementation purposes, the observer developed in
the previous subsection must be represented in the original
x-coordinates. The resulting x-coordinates observer is stated
in the following theorem:

Theorem 5: The state observer (40) expresses in the
x-coordinates:

˙̂X1(t) = f (X̂1(t), u) − λ11
−1
λ1
J−1
1 K1C1(X̂1(t) − X1(t)) (51)

where 11 and C1 are respectively given by (41) and (39), and
J1 is the Jacobian of the transformation (30).
Proof: Recall the definition of the Jacobian is denoted as
follows:

J1 =
dϕ1(x)
dx

=


∂ϕ11(x)

∂x1

∂ϕ11(x)
∂x2

∂ϕ11(x)
∂x3

∂ϕ12(x)
∂x1

∂ϕ12(x)
∂x2

∂ϕ12(x)
∂x3

∂ϕ13(x)
∂x1

∂ϕ13(x)
∂x2

∂ϕ13(x)
∂x3

 (52)

To determine the observability condition, we will ana-
lyze the Jacobian matrix. One can easily check that the

det(J1) =
1

L41LcC2
(E1ω1)2, it’s clear that this determinant

vanishes only if the grid voltage does so (no electric power in
the grid).

Using the transformation (30) z1 = ϕ1(x), the
time-derivative of ẑ1 undergoes the following equation:

˙̂z1 =
dϕ1(x̂)
dx̂

dx̂
dt

= J1
dx̂
dt

H⇒ ˙̂x = J−1
1

˙̂z (53)

In view to (26), (30) and (38), it follows immediately that:
f (x̂, u) = J−1

1 (Aẑ + ϕ2(ẑ, u)). Using (53) and (40), the
system (51) is a high gain observer for the subsystem
represented by (26). This ends the proof of Thoerem (5).

C. OBSERVER DESIGN FOR SUBSYSTEM S2
Subsystem (27) consists of an inverter station connected to
the AC network. In this subsystem, only some of the state
variables are available. Electrical currents are considered
to be the only ones that can be measurably available.
Conversely, the grid voltage, pulsation, and electrical position
are not accessible for measurement. Consequently, the
objective is to design an observer who provides online
estimates of the state variables eα2 , eβ2 , θ2, and ω2. To this
end, a state observer is synthesized following the same steps
as the above observer for subsystem (26).

1) OBSERVER DESIGN
The following system is a high gain observer for the
susbsystem (27):

˙̂X2(t) = f2(X̂ (t), u) − λ21λ2J
−1
2 K2C2(X̂2(t) − X2(t)) (54)

Theorem 6: Consider the subsystem represented by the
nonlinear model (27), where δ2 is considered a bounded
signal. There are real positives constants (q1, q2, q3), and
large λ2, such that ∀λ2 > λ0 the estimation error X̃2 is
globally convergent and satisfies the following inequality:

∥X̂2(t) − X2(t)∥ ≤ q1∥X̂2(t0) − X2(t0)∥e−q2(t−t0) + q3

Consequently, the observation error X̃2 can be made arbitrar-
ily small letting λ2 be sufficiently large, whatever the initial
conditions.
Proof: Therefore, according to Theorem (4), The sys-

tem (54) is a high-gain observer for the subsystem (27). This
ends with the proof of Theorem (6).

D. OUTPUT FEEDBACK CONTROLLER
The whole output feedback controller is obtained by com-
bining the state feedback (16), (19), (23), (24) and the
observer (51), (54). Doing so, one gets the following output
feedback control law:

ud1 =
L1
β

[
e3 + c4e4 + β(−

R1
L1
x̄6 + ω̂1x̄7 +

êd1
L1

) − α̇3

]
(55)
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TABLE 1. The summary table presenting the suggested output feedback controller.

uq1 =
1
L1

[
c5e5
êd1

−
R1
L1
x̄5 − ω̂1x̄4

]
(56)

ud2 = L2

[
−c6e6 +

R2
L2
x̄6 − ω̂2x̄7 +

êd2
L2

+ ẋ∗

6

]
(57)

uq2 = L2

[
−
c7e7
êd2

+
R2
L2
x̄7 + ω̂2x̄6

]
(58)

For convenience, the whole output feedback controller
equations are recapitulated in Table 1:

V. SIMULATION RESULTS
To validate the efficiency and superiority of the proposed
control technique, the experimental setup shown in Fig. 3 is
simulated using MATLAB/Simulink 2018a. The controlled
part is two converter stations connected via an HVDC cable,
and each converter has the same AC system interface with the
numerical parameters given in Table 2, and the controller and
observer parameters design are given in Table 3. Then, the
controllers (16), (19),(23), (24), and the observers (51), (54)
have been implemented under Digital Signal Processor (DSP)
using the Embedded Coder Support Package for Texas
Instruments c2000 for auto code generation of the process
in the loop test (PIL). This semi-experimental setup is
intended to highlight runtime problems in the embedded
system. Additionally, the whole VSC-HVDC systemmodel is
performed on the host PC, while the generated code from the
Simulink blocks runs directly on the target hardware. They
communicate with one another using an RS-332 cable and
Serial Communications Interface (SCI).

In fact, the control performances depend on the numerical
values given to the controller and observer parameters,
i.e., c1, . . . , c7, λ1,2, and K1,2. The point is that there is
no systematic approach, particularly in nonlinear control,
to select appropriate choices for these values. As a result,
the standard procedure is to use a trial-and-error method.

Then, the following numerical values are obtained as shown
in Table 3.
Remark 7: The observers gain K1,2 are chosen so that the

state matrices (A1,2 − K1,2C1,2) are Hurwitz, and the values
of λ1,2 are chosen high sufficiently to assure that the observer
converges more quickly than the controller.

TABLE 2. VSC-HVDC system characteristics.

TABLE 3. Observer-controller design parameters.

A. ILLUSTRATION UNDER NORMAL CONDITIONS
The performances of the proposed output feedback controller
are tested under normal network conditions: the grids
frequency f1 = 50Hz, f2 = 50Hz and the grids voltage
E1 = 220KV , E2 = 220KV . Also, the active power
undergoes a change of 30% of its nominal value at t = 1 s.

Figure 4 presents the tracking performances of the
proposed output feedback control. Fig. 4a shows the behavior
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FIGURE 3. The system output feedback control scheme.

TABLE 4. Quality assessment measures for both control strategies.

of DC voltage Vdc1 and Vdc2 , it can see the voltage (Vdc2 ) at
the end of the HVDC cable is precisely follows the reference
signal. While Fig. 4b presents the active power P2. Despite
the power change at time 1s, it is clear that the active power
P2 totally converges to its reference signal.

The voltage and current of line a of the grids on both
sides are presented in Figs. 4c and 4e. The currents remain
sinusoidal and in phase with the supply voltages, meeting
PFC requirements. This indicates that the reactive power has
been suspended, as shown in Figs. 4d and 4f.
The performances of the proposed observer(51) are

illustrated in Figure 5. Figs. 5a and 5b show that the voltage
eα1 and eβ1 of grid 1 match well with their measured signals,
and the estimation error disappears completely after a short

time. Figures. 5c and 5d are present the grid electrical angle
and the grid pulsation, it is clear that the estimated values
converge quickly to their true values. Additionally, the HVDC
cable output voltage and the inverter current are illustrated
in Figures. 5e and 5f. It is seen that the estimated values,
provided by the observer (51), match well their true values,
and the estimation error vanished after a short time. The
performances of the proposed observer(54) are illustrated in
Figure 6. Figure. 6a and 6b show that the voltage eα2 and
eβ2 of grid 2 match well to their measured signals, and the
estimation error vanished after a short time. Fig 6c and 6d are
presented the grid electrical angle and the grid pulsation. It is
clear that the estimated values converge quickly to their true
values.
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FIGURE 4. The tracking performances of the output feedback control.

B. COMPARATIVE STUDY ANALYSIS
To assess the effectiveness of the suggested backstepping
controller (BSC) in comparison to other innovative tech-
niques, such as the PI controller. Figs. 7a and 7b represent
the resultant performances of the two controllers. Clearly,
the new controller outperforms the PI controller in terms of
performance. Notably, it excels in reference tracking, leading
to significantly shorter transients. The superiority of the new

controller is underscored by the data presented in Table 4,
where the performance is related to a different quality control
criterion (tracking error specification).

C. POWER GRID FLUCTUATIONS
In fact, the amplitude and pulsation of the voltage of both
power grids are subject to fluctuations. So that the proposed
output feedback performance will be tested under a voltage
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FIGURE 5. Tracking performance of the proposed Observer (51) for terminal 1 side under normal condition.
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FIGURE 6. Tracking performance of the proposed Observer (54) for terminal 2 side under normal condition.

FIGURE 7. Tracking performances of BSC and PID controllers.

and pulsation variation of both grids. When the pulsations
(ω1, ω2) are subject to a variation of +10% at [0.2 0.4] s

and a variation of −10% at [0.4 0.6] s of nominal pulsations
(See Figs. 8b and 9b),), and when the voltages (E1,E2) are
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FIGURE 8. Tracking performance of the proposed observer (54) under grid fluctuations.

FIGURE 9. Tracking performance of the proposed observer (54) under grid fluctuations.

increased of +30% at [1 1.3] s and decreased by −30% at
[1.3 1.6] s of the nominal voltages (See Figs. 8a and Figs. 9a).

More specifically, Figs. 8 and 9 show that the online
estimation provided by the observers rapidly converges to
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FIGURE 10. Robustness test of the observers: grids impedance and HVDC cable impedance uncertainties.

their true values despite the variation in the grids voltage and
pulsation.

D. VARIATION OF CHARACTERISTICS ON THE AC AND DC
SIDES
To verify the robustness of the proposed output feedback
controller against system characteristics variation,

In our study, we analyze the dynamic behavior of the
system while considering a 30% uncertainty in the nominal
values of both the grid impedances and the HVDC cable
impedance. During the time interval from [1 1.5] seconds,
we apply the true values of these parameters in our simulated
HVDCmodel. In contrast, we utilize the nominal valueswhen
implementing the proposed state observer. The performances
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of observers are shown in Figs. 10a - 10f After a brief tran-
sitory period, all the estimated states reach their true values,
indicating that the observers are still performing properly.

VI. CONCLUSION
In summary, this work has introduced a nonlinear output
feedback control method for a two-terminal VSC HVDC
transmission system. The designed system involves two
electrical grids, each connected to a VSC-based converter
station. These converter stations are interlinked via a lengthy
HVDC cable. Firstly, a multi-loops nonlinear controller has
been designed based on the backstepping approach and
Lyapunov stability tools. Then, two nonlinear observers are
proposed to provide online estimates of all electrical state
variables in the HVDC system. Such as the grids voltage
and frequency as well as the electrical angle on the AC
side, and the states of the HVDC cable as well the inverter
current are provided by the proposed observers. The line
currents are considered to be the only ones needed for
measuring. Based on these estimations, the output feedback
controller can be developed. Finally, numerous simulations
have verified that the provided output feedback control
ensures the accomplishment of control objectives with
exceptional performance, including: (i) precise regulation of
continuous voltage in the HVDC cable, (ii) nearly optimal
power factor for both grids, and (iii) effective regulation
of active power for the second grid. Using a rigorous test
methodology that includes common grid issues (voltage
and frequency variation) and the change of the system
characteristics, The obtained results show that the proposed
output feedback control achieves all control objectives with
excellent performances.
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