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ABSTRACT In this article, a practical fixed-time adaptive neural network (NN) trajectory tracking control
scheme for underactuated autonomous underwater vehicles (AUVs) subject to uncertain dynamics, unknown
time-varying disturbances, an unknown dead zone, actuator faults and input quantization is developed
for the first time. Here, a hysteresis quantizer is introduced to decrease the oscillation in the signal
quantization process. Then, the radial basis function NN is employed to compensate the uncertainty term in
the AUVs trajectory tracking control system. By incorporating the bounded estimate, smoothing functions
and parameter adaptive technique, the problem of unknown dead zone, actuator fault and input quantization
are addressed. The restrictive conditions of boundedness for the disturbance-like item in conventional
sector bounded quantizer is resolved. Subsequently, a practical fixed-time adaptive NN trajectory tracking
control law is designed does not require any parameter information of the quantizer under the backstepping
design framework. The theoretical analysis further confirms that all signals in the AUV trajectory tracking
closed-loop control system remain bounded, and the developed control scheme is shown to be effective
through simulation results.

INDEX TERMS Underactuated AUVs, fault-tolerant control, quantized control, fixed-time control,
unknown dead zone.

I. INTRODUCTION
In recent decades, there has been remarkable progress in the
exploitation of marine resources. Among various research
areas, the trajectory tracking control of autonomous underwa-
ter vehicles (AUVs) has gained much attention from scholars.
This trajectory tracking control has played a valuable role
in critical offshore operations such as ocean exploration,
marine transportation, and ocean surveying [1], [2], [3].
However, AUVs face inherent challenges in dealing with
uncertain dynamics and encountering unknown time-varying
disturbances caused by the vast ocean environment. It is
important to emphasize that the exact model parameters of
AUVs cannot be directly used for the design of control laws.
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To copewith these challenges, various effective approaches
have been proposed to ensure the stability and enhance
the robustness of trajectory tracking control systems.
Different types of disturbance observers have been con-
structed to compensate for uncertainties, including external
environmental disturbances and uncertainties in model
parameters [4], [5], [6]. These observers have played a key
role in estimating and counteracting the effects of these
uncertainties. Furthermore, a parametric adaptive approach
has been developed within the backstepping framework
to mitigate the uncertain model parameters and unknown
environmental disturbances [7], [8], [9]. The focus of this
approach is to weaken the effects of these uncertainties.
With the aid of intelligent algorithms such as adaptive neural
networks (NN) control [10], [11], composite adaptive NN
[12] and fuzzy logic systems (FLS) [13], [14], the unknown
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dynamics or disturbances of the system can be addressed, thus
improving the control performance.

In practice, the majority of AUVs are underactuated, which
clearly indicates that the number of actuators of an AUV
is less than the number of its degrees of freedom (DOF).
Up to now, the underactuated AUVs tracking control problem
has attracted significant attention. Several effective control
schemes have been proposed in the existing literature to
deal with this problem, including additional control methods
[15], [16], output redefinition control methods [17], line of
sight (LOS) methods [18], [19], etc.
It is valuable to indicate that the above literature mainly

aims to ensure that the tracking error is uniformly bounded,
i.e., the tracking error cannot converge to a finite time. Vari-
ous finite-time (FT) control schemes have been proposed in
[20], [21], and [22]. However, the settling time function in the
FT control scheme relies on the initial conditions of the sys-
tem. Recently, a number of fixed-time control schemes [23],
[24] have been devised in which the settling time is indepen-
dent of the initial conditions of the system. In [23], an NDO-
based fixed-time sliding control scheme was designed for
formation control of underactuated AUVs. A fixed-time tra-
jectory tracking law with prescribed performance for under-
actuated AUVs suffering from unknown disturbances and
uncertain dynamic was proposed in [24]. A distributed adap-
tive fixed-time platoon control problem for third-order fully
heterogeneous nonlinear vehicles was investigated in [25].

From a practical point of view, AUVs may suffer from cor-
rosion and wear of the actuator due to prolonged underwater
operation, and these may lead to the actuator failure with
insufficient torque to threaten navigational safety. To deal
with the actuator fault problem, fault-tolerant control has
gained tremendous attention from the academic community.
Loss of effectiveness (LOE) [26] and bias faults [27] are
the main concerns for the problem of fault-tolerant tracking
control for AUVs. The fault-tolerant tracking control problem
for AUVs subject to actuator faults and time-varying ocean
disturbances was solved in [26]. In [27], a model-parameter-
free control scheme was developed for AUVs with actuator
faults and external disturbances. A distributed fault-tolerant
control scheme was proposed in [28] to address the effects of
actuator failures and various uncertainties on the system per-
formance, while avoiding the over-parameterization problem
in adaptive control methods.

The dead zone of an actuator also indicates the insensitive
zone of the actuator. It is a finite interval in which a
change in input does not cause any perceptible change in the
actuator. Typically, dead zone is caused by friction between
components within the instrument and the actuation accuracy
of the components. The unknown dead zone is one of themost
classic non-smooth actuator nonlinearities and is typically
found in various practical systems [29], [30], [31], [32]. It is
vital to overcome the effects of dead zones due to which
their existence can damage the control performance of the
engineering system [29]. To solve the attitude tracking control
of helicopter in the presence of unknown dead zones, a state

feedback control law was developed by [30]. For a nonlinear
system with dead zone, an adaptive finite-time trajectory
tracking control lawwas constructed by [31]. To copewith the
influence of dead zone for robotic manipulators, an adaptive
NN control law was proposed in [32].

As known as a typical networked system, the transfer of
information between components takes place over a com-
munication channel. For the information to be transmitted
in the channel, it has to be quantization and encoded first.
Quantization is a technique that transforms a continuous
signal into a segmented constant signal according to a specific
transformation algorithm, and the quantization problem
studied in this paper focuses on the quantization of the control
inputs signal in the system (information transmitted between
the controller and actuator), i.e., input quantization. The
quantization of the input signal is a problem which makes
it more difficult to achieve stability than a system without
quantization [33], [34], [35], [36]. Quantizer is always needed
in the process of signal quantization. Simultaneously, the
quantizer always has the excellent characteristic of low
data transmission, which effectively saves communication
resources without sacrificing performance. Thus far, quan-
tizer has been extensively studied on linear uncertain control
systems [33], aerospace engineering [34], Euler-Lagrange
systems [35] and multiagent systems [36].

Motivated by the previous research, a practical fixed-
time trajectory tracking control scheme is developed for the
first time for underactuated AUVs with uncertain dynamics,
unknown time-varying disturbances, an unknown dead zone,
actuator faults and input quantization. The distinct features in
this article are summarized as follows.

• Differing from the [37] and [38], this article introduces
a novel nonlinear decomposition method based on
quantized input signals, ensuring bounded estimation.
This breakthrough addresses the conventional sector
bounded quantizer’s limitations related to the bounded-
ness conditions for disturbance-like elements.

• Unlike the reference [39], our work allows for the
quantization parameter can be set to any value within the
interval (0, 1) without imposing additional constraints.
In addition, the adaptive NN quantization control law
proposed in this article is in sharp contrast to the
requirements of references [40] and [41],which does not
require any parameter information from the quantizer.

This article is organized as follows. The Section II
introduces the mathematical model of AUVs, the problem
formulation, some preliminaries and the introduction of
neural network. Section III proposes the details of control
law design process. The simulation results are provided in
Section IV. Section V concludes this article.
Notations: In this article, ∥•∥ represents the 2-norm of

a matrix or vector. Notate �3 = [�1
3, · · ·, �n

3]T ,
where � = [�1, · · ·, �n]T denote a vector and 3 is a
positive constant. λmax(•) and λmin(•) denote the maximum
and the minimum eigenvalues of a matrix, respectively.
diag(•) denotes the diagonal matrix. •̃ = • − •̂ stands for
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the error between the unknown parameter • and its estimate
value •̂.

II. MODEL AND PROBLEM FORMULATION
A. AUVS KINEMATIC AND DYNAMIC MODELS
In practical scenarios, only 3-DOF are relevant when
considering motion control of an underactuated AUV in
the horizontal plane, namely, surge, sway and yaw. The
mathematical model of an underactuated AUV can be
described as

ẋ = u cos(ψ) − v sin(ψ) (1a)

ẏ = u sin(ψ) + v cos(ψ) (1b)

ψ̇ = r (1c)

m11u̇ = fu + τu + deu (2a)

m22v̇ = fv + dev (2b)

m33ṙ = fr + τr + der (2c)

with

fu = m22vr − m33wq− d11u (3a)

fv = −m11ur − d22v (3b)

fr = (m11 − m22)uv− d33r (3c)

where x, y and ψ denote the AUV’s surge position, the
sway position, and the yaw angle in the earth-fixed frame,
respectively. u, v and r are the surge velocity, the sway
velocity and the yaw velocity of AUVs in the body-fixed
frame, respectively. τu and τr are the surge control force and
the yaw control moment, respectively. deu, dev and der are the
time-varying environmental disturbances. m11, m22 and m33
represent the inertia including added mass of AUVs. The d11,
d22 and d33 are hydrodynamic damping parameters.
Assumption 1: The model parameter mii and dii (i =

1, 2, 3 ) are uncertain [42].
Assumption 2: The environmental disturbance den (n =

u, v, r) is bounded, i.e., |den| ≤ d̄en with d̄en being an
unknown positive constant [43], [44].
Assumption 3: The reference trajectory signal ηd =

[xd , yd ]T and its first two derivatives are available [44], [45].
Assumption 4: The sway velocity v of the AUVs is passive

bounded [43].
Remark 1: The marine environmental disturbance operat-

ing on the AUVs is difficult to identify, and it is bounded
due to its limited energy. The model parameters m(•)
and d(•) include the added masses and inertia as well as
hydrodynamic damping coefficients, which are related to
marine environmental and operating conditions as well as
the AUV’s own characteristics. Therefore, it is difficult to
obtain accurate information on these parameters. For the
purpose of facilitate the design of control law, the reference
trajectory in Assumption 3 is usually required to be uniform
and smooth, which is a general requirement. In practice,
the hydrodynamic damping force in equation (2b) dominates
in the sway direction, which leads to the sway velocity is

easily damped. Hence, the Assumption 4 is logical. Thus,
Assumptions 1-4 are reasonable.
Lemma 1: [46]. If there have some variables p > 0,

q > 0, 0 < g2 < 1, g1 > 1 and 0 < θ < ∞ and there
exsit Lyapunov function V (h) can be expressed as

V̇ (h) ≤ −pV g1 (h) − qV g2 (h) + θ (4)

Then, the origin h = 0 of the nonlinear system (4) is
practically fixed-time stable. V (h) settles within the residual

set � ∈ { h : V (h) ⩽ min{[ θ
p(1−ℑ) ]

1
g1
, [ θ

q(1−ℑ) ]
1
g2 } with

0 < ℑ < 1. The setting time T (h0) can being bound by
T (h0) ⩽ 1

pℑ(1−g2)
+

1
qℑ(g1−1) .

Lemma 2: [47]. For any scalar ℓ and any positive constant
∂ ∈ R, the following inequality holds.

0 < |∂| −
∂2

√
∂2 + ℓ2

< ℓ (5)

Lemma 3: [48]. For any 1 > 0 and N ∈ R,
The hyperbolic tangent function tanh() has the following
properties

0 < |N | − N tanh(
N
1
) < 0.27851 (6)

Definition 1: By introducing the Radial Basis Function
(RBF) NN to approximate an unknown continuous function
f (X ), we have the following equation [49], [50]

f (X ) = ω∗Tϕ(X ) + κ (7a)

ϕ(X ) = exp(−(X − cj)T (X − cj)/b2j ), j = 1, . . . n (7b)

where ω∗ is the optimal weights. ϕ(X ) is the basis function
vector. cj and bj are the center and the width of the Gaussian
function. n is the node number of the RBF NN. The inherent
approximation error κ is bounded, there exists a positive
constant κ̄ satisfies that |κ| ⩽ κ̄ .

B. COORDINATE TRANSFORMATION
To solve the underactuated problem of AUVs, the following
coordinate transformation is introduced{

x1 = x + l cos(ψ)
y1 = y+ l sin(ψ)

(8)

where ł is a small positive constant.
Notate η1 = [x1, y1]T , taking the second-order time

derivative of η1 along (2) and (3) yield

η̈1 = R(ψ)W τ + F + ς (9)

where R(ϕ) =

[
cosψ − sinψ
sinψ cosψ

]
, W =

[
1
m11

0
0 −

l
m33

]
,

τ = [τu, τr ]T , F = [F1,F2]T , ς = [ς1, ς2]T . Herein,
F1 = fu cos(ψ) − (fv + lfr sin(ψ)) + ur sin(ψ) + (vr +

lr2) cos(ψ), F2 = fu sin(ψ)− (fv+ lfr ) cos(ψ)+ur cos(ψ)+
(vr + lr2) sin(ψ), ς1 =

deu
m11

cos(ψ) − ( devm11
+

lder
m33

) sin(ψ),
ς2 =

deu
m11

sin(ψ) + ( devm11
+

lder
m33

) cos(ψ).
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In practical engineering applications, the effectiveness of
the actuator may be diminished. These actuator faults can be
described uniformly as follows

τ = γ τ f + χ (10)

where τ = [τuf , τr f ]T (ε = u, r) is the control input signal
for the control law design, γ = diag(γu, γr ) is the unknown
time-varying parameter vector 0 < γε < 1, χ (t) = [χu, χr ]T

denotes an unknown bounded vector.
Remark 2: Actuator faults consist of LOE, bias, and lock-

in-place (LIP) faults. LOE fault is attributed to mechanical
wear, aging. In other word, 0 < γε < 1 means that the
actuator suffers from LOE fault. Bias fault is attributed to
installation displacement or other mechanical factors. It is
worth emphasizing that in the above equation describing an
actuator fault, both LOE and bias faults are present in the
system. If the actuator suffer from a LIP fault, τ f = τ̄ f for
all ∀t ⩾ t f . Because of the underactuated nature, this article
ignores LIP fault in the control law design to guarantee the
controllability of AUVs.

The control input signal in this article under the influence
of dead zone nonlinearity can be depicted as follows

τε
f

= H (Jε(t)) =


aε(Jε − bA,ε), Jε ⩾ bA,ε
0, bP,ε < Jε < bA,ε
aε(Jε − bP,ε), Jε ⩽ bP,ε

(11)

Further, the equation (11) can be rewritten as

H (Jε(t)) = aεJε + Lε (12)

with

L =


−aεbA,ε, Jε ⩾ bA,ε
−aεJε, bP,ε < Jε < bA,ε
−aεbP,ε, Jε ⩽ bP,ε

(13)

where Jε(t) is the dead zone input. aε > 0, bA,ε and bP,ε are
the unknown dead zone parameters. Here a = diag(au, ar ),
J = [Ju, Jr ]T, L = [Lu,Lr ]T.
Here, the dead zone vector a is bounded. From (13), it can

be seen that

∥L∥ ≤ L∗ (14)

where L∗
= max{aεmaxbA,εmax, − aεmaxbP,εmin}, bP,εmin

is the lower bound of bP,ε. aεmax and bA,εmax are the upper
bound of parameter aε and bA,ε, respectively.

Furthermore, the dead zone input can be expressed as Jε =

Q(µε). It should be note that Q(µε) indicates the quantified
value. The hysteresis quantizer is introduced in this article as
in (15), as shown at the bottom of the page.

In (15), µεi = ρ(1−i)µεimin, (i = 1, 2 · ·· ). µεimin > 0 is
the dead zone parameter of the quantizer. δε is a positive
parameter and satisfies 0 < δε < 1. 0 < ρ < 1 is
the quantized density and ρ =

1−δε
1+δε

. Q(µε) is in the set
(0,±µε(i),±µε(i)(1 + δε). The detailed information about its
parameters and the hysteresis quantizer can be found in the
work [51].

On the basis of the nonlinear decomposition introduced
for the quantized signal. Hence, the quantizer Q(µε) can be
described as the following form:

Q(µε) = Gεµε(t) + λε (16)

where µ = [µu, µr ]T , G = diag(Gu,Gr ), λ = [λu, λr ]T .
Remark 3: The conventional linear decomposition

Q(µε) = µε + λε is used in the conventional sector
bounded quantizer, while the assumption of boundedness of
the disturbances-like term λε is required. It is challenging
to demonstrate the boundedness of the disturbances-like
term λε for control design, as it does not satisfy certain
conditions λε ⩽ |δµε|. To overcome this limitation,
a new nonlinear decomposition (16) of the quantized
input is introduced in this approach. By utilizing this
nonlinear decomposition, the design difficulty regarding the
boundedness of the disturbances-like term λε is resolved,
allowing the application of conventional analysis tools such
as fuzzy control theory to study the quantization effect.
Consequently, the restrictive conditions imposed on the
disturbances-like term λε in references [52] and [53] can be
eliminated. Similar analyses can be found in references [54]
and [55].

By letting η̇1 = η2, we have

η̇1 = η2 (17)

η̇2 = RWγGµ+ F + RW (γ aλ+ γL + χ )+ς (18)

Remark 4: As we mentioned above, l is a positive
constant. ∥R(ψ)∥ = 1, WγG is a nonsingular control gain
matrix, we can effectively handle the underactuation problem
of AUVs by the coordinate transformation (8). Further, the
positive constant l impacts the tracking accuracy of AUVs.
As l → 0, the x1 → x and y1 → y, it means that the smaller l
is, the higher tracking control accuracy can be obtained.

In this article, the main objective is to conceive the
fixed-time trajectory tracking control scheme for underactu-
ated AUVs satisfying Assumptions 1-4 suffering from uncer-
tain dynamics, environmental disturbances, an unknown dead
zone, actuator faults and input quantization such that tracking
errors can converge to a small residual set within fixed time.

Q(µεi) =


µεisign(µε)

µεi
1+δε

< |µε| ≤ µεi, µ̇ε < 0, or µεi < |µε| ≤
µεi
1−δε

, µ̇ε > 0

µεi(1 + δε)sign(µε) µεi < |µε| ≤
µεi
1−δε

, µ̇ε < 0, or µεi
1−δε

< |µε| ≤
µεi(1+δε)

1−δε
, µ̇ε > 0

0 0 < |µε| ≤
µεmin
1+δε

, µ̇ε < 0, or µεmin
1+δε

< |µε| ≤ µεmin, µ̇ε > 0
q(µε(t−)) µ̇ε = 0

(15)
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III. CONTROL LAW DESIGN AND STABILITY ANALYSIS
First, we can define the error variables s1 = [s11, s12]T ∈ R2

and s2 = [s21, s22]T ∈ R2 as below

s1 = η1 − ηd (19)

s2 = η2 − α (20)

where α is the virtual control law to be designed later.
Taking the time derivative of s1, we have

ṡ1 = s2 + α − η̇d (21)

To proceed, the virtual control law can be designed as

α = −k11
s1√

∥s1∥2+ι2
− k12s13 + η̇d (22)

where k11 ∈ R2×2 and k12 ∈ R2×2 are positive-definite design
matrices, and ι is a positive parameter.

Therefore, (22) can be rewritten as

ṡ1 = s2 − k11
s1√

∥s1∥2+ι2
− k12s13 (23)

According to (18) and (20), taking the time derivative of
(20) yields

ṡ2 = RWγGµ+ RW (γ a—λ+ γL + χ )+ς + F − α̇ (24)

Notate ∥WγG∥ is bounded. Herein, let ℘ = WγG and
ξ = ℘−1.

In this article, the RBF NN is introduced to approximate
the uncertain term RW (γ aλ + γL + χ ) + F − α̇ =

ω∗Tφ(ℑ) + ϖ . Herein, ω∗
= [ω∗

1
T 01×n; 01×n ω∗

1
T]

is the ideal weight matrix with ω
∗

i = [ω∗

i,1, · · · , ω
∗
i,n]

T

(i = 1, 2), n denotes the node number of the RBF NN.
φ(ℑ) = [φT1 (ℑ), φ

T
2 (ℑ)]

T represents the basis function
vector with φi(ℑ) = [φi,1(ℑ), · · · , φi,n(ℑ)]T. ϖ is the NN
approximation error. We can obtain that ∥ω∗∥ ⩽ ωm and
∥ϖ∥ ⩽ ϖm are bound, where ωm andϖm represent unknown
positive constants. Meanwhile, adaptive control technique is
introduced to estimate the upper bounds of the disturbances ς ,
and parameter adaptive technique is used to estimate the
parameter ξ .
Design the control law as

µ = −RT
s2ξ̂T ξ̂βTβ√

ξ̂T ξ̂s2T s2βTβ+ι

(25)

β = k21
s2√

∥s2∥2+ι2
+ k22s23 + ω̂Tφ + ĥ tanh(

s2
ℵ
) (26)

with adaptive laws

˙̂ω = 0(φs2T − σ1ω̂ − σ2ω̂
3) (27)

˙̂
ξ = H (βs2T −41ξ̂ −42ξ̂

3) (28)
˙̂h = 8(tanh(

s2
ℵ
)s2T − ϑ1ĥ− ϑ2ĥ3) (29)

where 0 = 0T is a diagonal matrix, σ1, σ2, k21, k22, H , 41,
42, 8, ℵ, ϑ1 and ϑ2 positive-definite design matrices. ω̂, ξ̂
and ĥ are the estimate of ω∗, ξ and h, respectively.

Remark 5: Compared with [39], the quantization param-
eter δε in this article can be chosen as any scalar in the
range (0, 1) without need to satisfy any constraints, and
the closed-loop system still maintains improved stability
and robustness. The length of the quantization interval is
defined as ℓ, and the hysteresis width constant h̄ = ph̄ℓ
should be satisfied with 0 < ph̄ ⩽ 0.5 in [39]. Different
from [40] and [41], the neural adaptive quantization control
law proposed in this article does not require any parameter
information of the quantizer because of the quantizer
parameters do not need to be injected into the control law.
Theorem 1: Applying the hysteresis quantizer (15), the

virtual control law (22), the adaptive laws (27), (28),
(29), the design control law (25) and (26) to the AUVs
trajectory tracking system (1a)-(1b), (2a)-(2b) and (3a)-(3b)
with uncertain dynamics, time-varying disturbances, an
unknown dead zone, actuator faults and input quantization
under Assumptions 1-4. Tracking errors can converge to the
neighborhood of zero within fixed time. All the signal in
AUVs trajectory tracking closed-loop system are uniformly
ultimately bounded.

Proof: The Lyapunov function can be selected as

V =
1
2
s1T s1 +

1
2
s2T s2 +

1
2
ω̃T0−1ω̃

+
1
2
ξ̃TH−1℘ξ̃ +

1
2
h̃T8−1h̃ (30)

The time derivative of (30) can be obtained

V̇ = s1T ṡ1 + s2T ṡ2 + ω̃T0−1 ˙̃ω

+ ξ̃TH−1℘
˙̃
ξ + h̃T8−1 ˙̃h (31)

According to (23), we have

s1T ṡ1 = s1T s2 −
s1T k11s1√
∥s1∥2+ι2

− s1T k12s13 (32)

Combining Lemma 2 and (32), we have

−
s2T℘s2ξ̂T ξ̂βTβ√
ξ̂T ξ̂s2T s2βTβ+ι

≤ ∥℘∥
√
ι− βT℘ξ̂s2 (33)

According to (24)-(26) and (33), we have

s2T ṡ2 ≤ ∥℘∥
√
ι− βT℘ξ̂s2 + s2β − s2β

+ s2T [RW (γ a—λ+ γL + χ ) + ς+ω∗Tφ +ϖ ]

≤ ∥℘∥
√
ι− βT℘ξ̂s2 + s2β −

s2T k21s2√
∥s2∥2+ι2

− s2T k22s23 − s2T ĥ tanh(
s2
ℵ
) + s2T h

+ s2T ω̃Tφ + s2Tϖ

≤ ∥℘∥
√
ι− βT℘ξ̂s2 + s2β −

s2T k21s2√
∥s2∥2+ι2

− s2T k22s23 + s2T h̃ tanh(
s2
ℵ
) + 0.2785 ∥h∥ ℵ

+ s2T ω̃Tφ + s2Tϖ (34)
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According to (27)-(29), we have

ω̃0−1 ˙̃ω = −ω̃(φs2T − σ1ω̂ − σ2ω̂
3) (35)

ξ̃H−1℘
˙̃
ξ = −ξ̃℘(s2Tβ −41ξ̂ −42ξ̂

3) (36)

h̃8−1 ˙̃h = −h̃(s2T tanh(
s2
ℵ
) − ϑ1ĥ− ϑ2ĥ3) (37)

By virtue of (31)-(37), we have

V̇ = s1T s2 − k11
s1T s1√

∥s1∥2+ι2
− s1T k12s13

+ ∥℘∥
√
ι−

s2T k21s2√
∥s2∥2+ι2

− s2T k22s23

+ 0.2785 ∥h∥ ℵ + s2Tϖ + ω̃Tσ1ω̂ + ω̃Tσ2ω̂
3

+ ξ̃T℘41ξ̂ + ξ̃T℘42ξ̂
3
+ h̃Tϑ1ĥ+ h̃Tϑ2ĥ3 (38)

In the light of Young’s inequality, we can obtain

ω̃Tσ1ω̂ = (
1
2
ω̃Tσ1ω̃)

1
2 − (

1
2
ω̃Tσ1ω̃)

1
2 + ω̃Tσ1ω̂

≤
1
4

+
1
2
ω̃Tσ1ω̃ − (

1
2
ω̃Tσ1ω̃)

1
2

+
1
2
ω∗Tσ1ω

∗
−

1
2
ω̃Tσ1ω̃

≤ −(
1
2
ω̃Tσ1ω̃)

1
2 +

1
2
ω∗Tσ1ω

∗
+

1
4

(39)

ξ̃T℘41ξ̂ = (
1
2
ξ̃T℘41ξ̃ )

1
2 − (

1
2
ξ̃T℘41ξ̃ )

1
2 + ξ̃T℘41ξ̂

≤
1
4

+
1
2
ξ̃T℘41ξ̃ − (

1
2
ξ̃T℘41ξ̃ )

1
2

+
1
2
ξT℘41ξ −

1
2
ξ̃T℘41ξ̃

≤ −(
1
2
ξ̃T℘41ξ̃ )

1
2 +

1
2
ξT℘41ξ +

1
4

(40)

h̃Tϑ1ĥ = (
1
2
h̃Tϑ1h̃)

1
2 − (

1
2
h̃Tϑ1h̃)

1
2 + h̃Tϑ1ĥ

≤
1
4

+
1
2
h̃Tϑ1h̃−(

1
2
h̃Tϑ1h̃)

1
2 +

1
2
hTϑ1h−

1
2
h̃Tϑ1h̃

≤ −(
1
2
h̃Tϑ1h̃)

1
2 +

1
2
hTϑ1h+

1
4

(41)

We know that the following equation holds

ω̃Tσ2ω̂
3

= ω̃Tσ2ω
∗3

− 3ω̃Tσ2ω̃ω∗Tω∗

+ 3ω∗Tσ2ω̃
3
− ω̃Tσ2ω̃

3 (42)

According to Young’s inequality, we have

ω̃Tσ2ω
∗3

≤ 3ω̃Tσ2ω̃ω∗Tω +
1
4
ω∗Tσ2ω

∗3 (43)

3ω∗Tσ2ω̃
3

≤
9
4
ν

4
3 ω̃Tσ2ω̃

3
+

3
4ν4

ω∗Tσ2ω
∗3 (44)

Substituting (43)-(44) into (42) yield

ω̃Tσ2ω̂
3

≤ −ω̃T (σ2 −
9
4
ν

4
3 I )ω̃3

+ ω∗T (
1
4
σ2 +

3
4ν4

I )ω∗3

(45)

Similar to (42)-(45), we have

ξ̃T℘42ξ̂
3

≤ −ξ̃T (℘42 −
9
4
ν

4
3 I )ξ̃3 + ξT (

1
4
℘42 +

3
4ν4

I )ξ3

(46)

h̃Tϑ2ĥ3 ≤ −h̃T (ϑ2 −
9
4
ν

4
3 I )h̃3 + hT (

1
4
ϑ2 +

3
4ν4

I )h3

(47)

Synthesizing (38)-(47), we can obtain that

V̇ ≤ −
s1T k11s1√
∥s1∥2+ι2

− s1T (k12 −
1
4
I )s13 + ∥℘∥

√
ι

−
s2T k21s2√
∥s2∥2+ι2

− s2T (k22 −
1
2
I )s23 − (

1
2
ω̃Tσ1ω̃)

1
2

− ω̃T (σ2 −
9
4
ν

4
3 I )ω̃3

− (
1
2
ξ̃T℘41ξ̃ )

1
2 − (

1
2
h̃Tϑ1h̃)

1
2

− ξ̃T (℘42 −
9
4
ν

4
3 I )ξ̃3 − h̃T (ϑ2 −

9
4
ν

4
3 I )h̃3

+ 0.2785 ∥h∥ ℵ +
1
4
ϖm

4
+

1
2
ω∗Tσ1ω

∗
+

7
4

+ ω∗T (
1
4
σ2 +

3
4ν4

I )ω∗3
+

1
2
ξT℘41ξ +

1
2
hTϑ1h

+ ξT (
1
4
℘42 +

3
4ν4

I )ξ3 + hT (
1
4
ϑ2 +

3
4ν4

I )h3 (48)

By virtue of Lemma 2, we have

V̇ ≤ −λmin(k11) ∥s1∥ − s1T (k12 −
1
4
I )s13 − λmin(k21) ∥s2∥

− s2T (k22−
1
2
I )s23−(

1
2
ω̃Tσ1ω̃)

1
2 − ω̃T (σ2 −

9
4
ν

4
3 I )ω̃3

− (
1
2
ξ̃T℘41ξ̃ )

1
2 −ξ̃T (℘42 −

9
4
ν

4
3 I )ξ̃3 − (

1
2
h̃Tϑ1h̃)

1
2

− h̃T (ϑ2 −
9
4
ν

4
3 I )h̃3 + 2ι+ ∥℘∥

√
ι+ 0.2785 ∥h∥ ℵ

+
1
4
ϖm

4
+

1
2
ω∗Tσ1ω

∗
+

7
4

+ ω∗T (
1
4
σ2 +

3
4ν4

I )ω∗3

+
1
2
ξT℘41ξ + ξT (

1
4
℘42 +

3
4ν4

I )ξ3 +
1
2
hTϑ1h

+ hT (
1
4
ϑ2 +

3
4ν4

I )h3 (49)

Besides, the design parameters k12, k22, σ2, 42 and ϑ2
should satisfy

λmin(k12) − 0.25 > 0 (50)

λmin(k22) − 0.5 > 0 (51)

λmin(4σ2) − 9ν
4
3 > 0 (52)

λmin(442) − 9ν
4
3℘−1 > 0 (53)

λmin(4ϑ2) − 9ν
4
3℘−1 > 0 (54)

Then, we can conclude that

V̇ ≤ −A∥V∥
1
2 − B∥V∥

2
+ X (55)

where A = min{
√
2λmin(k11),

√
2λmin(k21),

√
λmin(0σ1),√

λmin(H41),
√
λmin(8ϑ1)}, B = min{λmin(4k12 − I ),
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FIGURE 1. Reference and actual trajectories of the AUVs.

λmin(4k22 − 2I ), λmin(0T (4σ2 − 9ν
4
3 I )0), λmin(HT (442 −

9ν
4
3 I℘−1)H ), λmin(8T (4ϑ2 − 9ν

4
3 I )8)} and X = 2ι +

∥℘∥
√
ι+ 0.2785 ∥h∥ ℵ + 0.25ϖm

4
+ 0.5ω∗Tσ1ω

∗
+ 1.75+

ω∗T (0.25σ2+0.75ν−4I )ω∗3
+0.5ξT℘41ξ+ξT (0.25℘42+

0.75ν−4I )ξ3 + 0.5hTϑ1h+ hT (0.25ϑ2 + 0.75ν−4I )h3.
Remark 6: In the light (30), (50) and Lemma 1, V (h)

could settles within the residual set � ∈ {h : V (h) ≤

min{[ X
A(1−ℑ) ]

2, [ X
B(1−ℑ) ]

1
2 }, and the setting time is given by

T ≤
2
Aℑ

+
1
Bℑ

. The fixed-time control schemes can
convergence to a small set around the origin, and the setting
time independence of the initial state. Herein, the settling time
depends on the control law design parameters A and B. Here,
we can decrease the settling time by increasing the design
parameters A and B. Conversely, it will increase the settling
time.

This concludes the proof.

IV. SIMULATION RESULTS
Simulation studies on an AUV are conducted to validate the
effectiveness of proposed control scheme, whereby the main
parameters are as follows: m11 = 200kg,m22 = 250kg,
m33 = 80kg · m2. d11 = 70kg/s, d22 = 100kg/s, d33 =

50kg/m2s. To demonstrate the superiority of the proposed
control scheme, we refer to [56] in this article.

The time-varying external disturbances are selected as
[deu, dev, der ] = [10 + 1.8 sin(0.7t) + 1.2 sin(0.9t) N , 5 +

0.4 sin(0.1t) + 0.2 cos(0.6t) N , 0 N · m]T . The reference
trajectory is selected as xd = 100 sin(0.02π t), yd =

100 cos(0.02π t).
The initial condition is selected as [x(0), y(0), ψ(0)] =

[−20 m, 90 m, − 0.02π rad]T , [u(0), v(0), r(0)] =

[0 m/s, 0 m/s, 0 rad/s]T .
Here, user-defined the parameters for control laws are

as follows: k11 = diag(2, 2), k12 = diag(0.3, 0.3),
k21 = diag(6, 2), k22 = diag(0.6, 0.6), ℵ = 0.2, l =

0.12, ι = 3, 0 = diag(120I64×64, 120I64×64)T , σ1 =

diag(0.005, 0.005), σ2 = diag(0.005, 0.005), 8 = diag

FIGURE 2. Reference and actual positions.

FIGURE 3. Position tracking errors.

(20, 20), ϑ1 = diag(0.01, 0.01), ϑ2 = diag(0.005, 0.005),
H = diag(18, 18), 41 = diag(0.02, 0.02), 42 =

diag(0.1, 0.1). The actuator faults occur at T = 40s, the
actuator faults parameters γ = diag(γu, γr ) = diag(0.7, 0.7),
χ (t) = [30, 30]T. The dead zone parameters are selected as
a = diag(1.2, 1.2), bA,u = bA,r = 10, bP,u = bP,r = −5.
Parameters of the quantizer are selected as ρ = 0.6666,
i = 50, τumin = τr min = 5, δu = δr = 0.2.
The simulation studies under the two control schemes are

displayed in Figures 1-7. Figure 1 illustrates that the AUVs
can track the reference trajectory under two control schemes.
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FIGURE 4. Velocities of AUVs.

FIGURE 5. Actual control input signals τu and τr .

In Figure 2, it is obvious that the two control schemes can
force the actual position of an underactuated AUV track
the reference position. Figure 3 plot the duration curves of
position tracking errors, respectively. They describes that
position tracking errors are bounded under both fault-tolerant
control schemes. Figure 4 portrays that the surge velocity,
sway velocity vand yaw velocity of underactuated AUVs are
bounded. Figure 5 depicts the actual control input signal
of the AUVs trajectory tracking control systems. Figure 6
shows the signal to be quantized of the AUVs trajectory
tracking control systems. It is worth noting that the signal
produces a small overshoot at 40s. Figure 7 describes the
quantified signal of the AUVs trajectory tracking control
systems. At the start of system operation, the actual control
input, the signal to be quantized and the quantized signal
all exhibit large fluctuations under the compared control
scheme. All the control signal under two control scheme are
bounded and reasonable. Figures 5-7 indicate that there are
significant fluctuations in both the signal to be quantized and

FIGURE 6. The signals to be quantized µu and µr .

FIGURE 7. The quantified signals Q(µu) and Q(µr ).

the signal after quantization when the system is in the initial
operating phase under the compared control scheme than
proposed control scheme. Similarly, the input to the system
exhibits considerable fluctuations, resulting in inadequate
system stability and robustness.

V. CONCLUSION
In this article, a practical fixed-time adaptive NN quanti-
zation FTC control scheme is proposed for underactuated
AUVs with uncertain dynamics, unknown environmental
disturbances, an unknown dead zone and actuator faults.
The error transformation is introduced to redefine the output
and thus solve the underactuation problem of the AUV.
Herein, a hysteresis quantizer is introduced to decrease the
oscillation in the signal quantization process. To proceed,
the adaptive NN to approximate the uncertain terms in
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the AUVs trajectory tracking control system. Combining
the bounded estimate, smoothing functions with parameter
adaptive technique, the problem of unknown dead zone,
actuator fault and input quantization are addressed. Finally,
a practical fixed-time adaptive NN trajectory tracking control
law is constructed under the backstepping design framework.
The theoretical analysis and simulation results show the
effectiveness of the proposed control scheme. This work
can be extended to multiple-input-multiple-output nonlinear
systems. In future studies, we will conduct experiments in the
laboratory using a small AUV to validate the effectiveness
of the trajectory tracking control scheme we have developed,
and further event-triggered control could be considered.
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