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ABSTRACT Manned water-powered aerial vehicles have been widely applied in the entertainment field.
By leveraging an abundant water source, these exhibit great potential for implementation in various fields,
especially in high-risk environments such as rescue and firefighting operations. However, their maneuver-
ability depends entirely on the riders’ skills. Therefore, this paper proposes a novel unmanned water-powered
aerial vehicle (UWAV) along with an angular motion controller for it. The proposed UWAV utilizes a nozzle
rotation mechanism to adjust the water thrust’s direction and replace the role of the rider in governing the
system’s motion. This study first derives a detailed mathematical model to describe its angular motion.
Subsequently, a robust controller consists of two main components. The first part is a disturbance estimator
formulated by an extended state observer (ESO), which estimates and compensates for disturbances in
the control effort. The second part is an integral super-twisting sliding mode control (ISTSMC) law that
incorporates the system’s rotational dynamic characteristics and ensures the system’s stability and robust
tracking. Experiments are conducted to validate the proposed system through two scenarios: following
step-like and sinusoidal references. The results demonstrated the feasibility of the design and the superiority
of the proposed controller. Specifically, the control system achieves 56.98% lower root mean square error
and requires 22.72% less control effort compared to that of the standalone ISTSMC.

INDEX TERMS Unmanned water-powered vehicle, nozzle rotation mechanism, integral super-twisting
sliding mode control, extended state observer, angular motion control.

I. INTRODUCTION
The design of aerial water-powered vehicles (AWVs), such as
jetpacks [1], [2], [3], [4], jet bikes [5], [6], and flyboards [7],
[8], has found widespread application in the entertainment
field. Essentially, an AWV comprises three main compo-
nents: a water pump, a flexible water hose, and a board
assembly. In this setup, water flows from the water pump
to the board assembly through the water hose. On the board
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assembly, water is jetted out at the water outlet port, gen-
erating thrust force that lifts both the board assembly and
rider. Manipulating the AWV requires two individuals. The
first person operates the watercraft, housing the water pump
underneath. The second person, known as the flyboard rider,
controls the flyboard’s motion by adjusting the center of grav-
ity and water flow throttle. The flyboard rider demonstrates
complex skills to perform intricate movements. In addition
to entertainment applications, water-jet propulsion devices,
taking advantage of abundant water sources, are also used in
fire accidents to put out flames [9] in special spaces where
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traditional firefighting methods struggle to reach. However,
one can see that the maneuverability of the AWVs depends
heavily on the rider’s complex techniques. Furthermore, the
total mass of the board assembly, including the operator,
is quite substantial, limiting the flexibility of the board assem-
bly. These factors bring significant barriers for AWVs when
applied in other fields such as intricate space exploration,
rescue, and fire extinguishing.

To overcome these limitations, unmanned water-powered
aerial vehicles (UAWVs) have been developed for high-level
specialized applications. Their fundamental structure is still
similar to traditional AWVs. However, the board assembly
involves an automatic drive mechanism to replace the role of
the human operator. Several studies have investigated drive
mechanism solutions, primarily classified into three types:
weight-shifting, flow-regulating, and nozzle rotation mech-
anisms.

The weight-shifting mechanism represents an intuitive
approach to driving the head assembly by mimicking the
actions of the human operator on a flyboard. Dinh et al. [10]
proposed two sets of mass moving horizontally on the head
to govern its horizontal motions. However, the results show
the system exhibits a non-minimum phase phenomenon,
uncontrollable yaw movement, and an increase in the overall
mass of the head system. Thus, despite its simple design,
these characteristics introduce challenges for practical
implementation.

Regulating the water flow is another solution for the
UWAV’s drive mechanism. This uses two or more valves
to distribute the water flow differently from a mani-
fold to multiple nozzles, thereby generating varying thrust
between them. Liu and Zhou [11] investigated this type with
two sets of orthogonal flow-regulated mechanisms. How-
ever, the design results in uncontrollable yaw movement.
Lee et al. [12] addressed this issue by independently dis-
tributing water to four nozzles. Nonetheless, this system,
in practical implementation, requires more actuators than
necessary. Huynh and Kim [13] proposed a new arrangement
with three valves to regulate the water flow among four thrust
nozzles. Even so, this mechanism generally requires powerful
and high-precision actuators to operate the valves under high
water pressure. Moreover, other drawbacks are also realized,
such as the flow fluctuation due to the valves’ opening and
the limited range of operation caused by the nozzles’ fixed
posture.

The third approach utilizes multiple rotating nozzles to
adjust the water force acting on the head, known as the
nozzle rotation mechanism. Liu and Zhou [11] also proposed
a nozzle-gimbaled UWAV using four servos to drive two noz-
zles through a soft tube. Although experimental results with
a small-scale prototype demonstrated the ability of 6-DoF
motion, the system non-minimum phase phenomenon was
captured, introducing a challenge for control system design.
Furthermore, the two-nozzle type exhibits lower system sta-
bility compared to the four-nozzle variant. To overcome these
drawbacks, another research group from Tohoku University,

Japan has investigated the Dragon Firefighter (DFF) sys-
tem [14], [15], [16], [17], [18], the one equipped with two
fixed and two biaxial nozzles. However, this arrangement
can only provide a very limited maneuverability of the head
assembly. Additionally, the water pipe is stiff, short, and
positioned on the side. Thus, the flexibility of the entire
system is predicted to be poor. In [19], Thinh et al. proposed
another nozzle rotation mechanism and conducted perfor-
mance comparisons with the previous weight-shifting and
flow-regulating ones. This design includes three servos to
rotate four nozzles, in which the two nozzles are linked
together. Simulation results indicate that the proposed nozzle
rotationmechanism outperforms the others, showing superior
tracking performance of the head assembly and oscillation
reduction for the water hose. Moreover, compared to previous
approaches in [11], [14], [15], [16], [17], and [18], the design
in [19] can overcome significant drawbacks, especially in the
non-minimum phase phenomenon [11] and poor maneuver-
ability [14], [15], [16], [17], [18]. However, it still retains
certain disadvantages, and its feasibility is still not verified
in practical experiments. In summary, the comparison of
the structural design of related studies can be summarized
in Table 1.
In terms of control strategies, both linear and nonlin-

ear approaches have been applied to UWAVs. In particular,
the well-known derivative (D) [14], [15], [16], [17] and
proportional-derivative (PD) [11], [18] controllers, which
rely solely on output feedback, have been implemented for
the purpose of stabilizing the system. Except [18], none
of them can prove the system stability analytically. More-
over, these controllers are very simple, and the experiment
results indicate that they could not stabilize the system effec-
tively. To enhance the system stability and provide tracking
capability, a servo controller [10], [19] has been proposed
with full state feedback and an integral action. However,
the influence of disturbances, hose dynamics, and nonlinear
characteristics on the system stability remains significant.
To deal with these factors, a cascade sliding mode controller
(SMC) [12] and a robust composite [13] controller have
been applied. In particular, the SMC [12] provides robust
tracking of the head assembly in the presence of disturbances.
However, the main drawback is its discontinuous control law
which causes a chattering phenomenon and puts a challenge
to actuators. Additionally, in [13], the distinct characteris-
tics of the system such as coupling, under actuation, and
the water hose’s dynamics were considered for control sys-
tem design. However, the other external disturbances, such
as drag, wind, the effect of the ground, ceiling, etc. were
ignored in the design process and their influence on the
entire system has not been validated. Overall, one can con-
clude that the nonlinear controllers demonstrate robustness
and tracking capabilities compared to the above-mentioned
linear counterpart. Nevertheless, both [12], [13] are still
in the simulation stage, and their effectiveness in practical
experiments has not yet been verified. In order to highlight
the advantages and disadvantages of the previous related
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TABLE 1. Comparison in terms of structural designs of related studies.

TABLE 2. Comparison in terms of control strategies of related studies.

studies, a comparison of the control strategies is made
in Table 2.

Motivated to tackle these abovementioned issues, we pro-
pose a novel UWAV utilizing the nozzle rotation mechanism
and then design a robust angular motion controller. The
proposed vehicle draws inspiration from the one described
in [19], thus inheriting the abovementioned advantages com-
pared to the others. However, our proposed design has several
distinctive features as follows: (1) every nozzle module is
independently driven by a servo. This configuration provides
a large-angle attitude controllability. Besides, it allows the
6-DoF motion of the head assembly to be guaranteed even in
the case of a constant water flow rate; (2) the swivel ball joint,
which makes the whole system complex and unnecessarily
heavy, is eliminated. Although this tradeoff may amplify the
water hose influence on the head assembly, it is able to be
addressed in control system design. The proposed controller
consists of two components: (1) an extended state observer
(ESO) for disturbance estimation and compensation (e.g.,
drag, wind, water hose effects, ground, ceiling, etc.); and

(2) an integral super-twisting sliding mode control (ISTSMC)
law with considerations for rotational dynamics to ensure
system stability and robust tracking. Compared to the above-
mentioned studies, the advantages of the proposed controller
can be outlined as follows: (1) the rotational dynamic char-
acteristics are modelled and compensated directly; (2) a
continuous control law provides alleviation to the chatter-
ing phenomenon; (3) an integral action is considered in the
sliding manifold to eliminate the steady-state error; and (4)
the disturbances can be estimated and compensated. As in
result, the proposed controller is expected to achieve good
tracking performance and robustness against disturbances.
In summary, the main contributions of this study can be
outlined as follows:

- A novel design of the UWAV using a nozzle rotation
mechanism is proposed.

- A mathematical model describing the angular motion of
the head assembly is derived.

- A robust nonlinear controller is developed for the angu-
lar motion of the head assembly. It comprises the ESO
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and the ISTSMC to ensure the tracking performance and
robustness against disturbances.

- Experiments are conducted under the step-like and sinu-
soidal references, validating the proposed system.

The rest of the paper is organized as follows. Section II
describes the system and its mathematical model. Section III
presents the design of the angular motion controller.
Section IV showcases the experimental results and discus-
sions. Finally, Section V outlines conclusions.

II. PROPOSED SYSTEM MODEL
A. SYSTEM DESCRIPTION
Our proposed UWAV is introduced in Fig. 1. The system
operates as follows: the water pump supplies water to the
inlet port of the robot head through a flexible water hose. The
robot head features four steering nozzles, evenly spaced 90
[deg] apart. Each steering nozzle is connected to the water
distributor via a swivel joint. The cross-sectional area of the
nozzle’s outlet port is significantly smaller than that of the
water inlet port, facilitating acceleratedwater flow to generate
thrust force. Furthermore, the nozzles are positioned at a
75 [deg] angle relative to the horizontal plane, enhancing
stability.

Each nozzle is directly actuated by a servo, which is
connected through a servo arm and a linkage, ensuring a
1:1 synchronization between the servo’s rotation angle and
the angle of the rotary nozzle mechanism. This configura-
tion enables the nozzle’s rotation range to span ±45 [deg].
By manipulating the control water force direction and the
water flow rate, the proposedUWAVcanmove freely in three-
dimensional space. Additionally, a circuit box is placed on the
top of the head, which houses various electric components
including sensors, microcontrollers, etc.

B. HEAD ASSEMBLY MODELLING
The body-fixed frame (BFF)OXYZ and the Earth-fixed frame
(EFF) ObXbYbZb are used to describe the movement of the
head assembly. Specifically, in the EFF, the X-axis, Y -axis,
andZ-axis point along theNorth, East, and upward directions,
respectively. Additionally, the BFF is positioned on the head
assembly, where its Xb-axis, Yb-axis, and Zb-axis align with
the longitudinal, lateral, and vertical axes, respectively. The
coordinate system and dimension notation of the robot head
are shown in Fig 2. The kinematic relationship of two coor-
dinates is represented by:

ϕ̇ = TEb ωb (1)

where ϕ̇ = [φ̇ θ̇ ψ̇]T is the Euler angle rate in EFF,
and ωb = [ωxb ωyb ωzb]T is the angular velocity in BFF.
Additionally, TEb is the transformation matrix between the
angular velocity and the Euler angle rate [20].
To simplify the formulation of the mathematical model

for the head assembly, let us make the following crucial
assumptions: (A1) the mass of the nozzle module is small
and can be neglected, (A2) the main water distributor, along

FIGURE 1. The proposed unmanned water-powered aerial system.

FIGURE 2. The coordinate system and dimension of the head assembly.

with its containedwater volume, is non-deformable. (A3) The
water flow is frictionless [21].
The head assembly, isolated from the water hose, is math-

ematically described using Euler equation:

Jω̇b + ωb × Jωb = τ b (2)

where J = diag(Jbx , Jby, Jbz) represents the inertia matrix
of the head assembly, which is assumed to be diagonal. The
symbol ‘‘×’’ represents the cross product.

On the right-hand side of (2), the torques τ b acting on the
head are provided as follows:

τ b = τ t + τ d (3)

in which, τ t and τ d represent the torques respectively gen-
erated by water thrust and other external disturbances such
as the wind gust, ceiling, ground effect, and particularly the
water hose effect.

From the differential linear momentum equation for
incompressible flow and with the third assumption, the gen-
erated torque is obtained as follows:

τ t = −

4∑
i=1

ṁiri × V i −

4∑
i=1

ṁiri × (ωb × ri) (4)

In (4), i = 1, 2, 3, 4 denotes the ith nozzle, and ṁi repre-
sents the mass flow rate of water at the outlet port. Moreover,
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ri signifies the position of the nozzle’s outlet, and V i denotes
the velocity of the water flow at this port.

The order position of each nozzle, numbered from 1 to 4,
is detailed in Fig. 2. One can see that the position of the ith

nozzle, ri, is a composite vector of rci and rri . Specifically,
in the BFF, rci is the position of the center of rotation of the
ith nozzle, while rri varies following the rotation αi of that
nozzle. In particular, rri , with a length of d , is initialized at the
BFF’s origin and along the Yb-axis. Subsequently, rri follows
a sequence of rotations δ, αi and −45 + 90 (i− 1) [deg]
about the Xb-, Yb-, and Zb-axes, respectively. Additionally,
the velocity vector V i of the water flow at the nozzle outlet
is determined in a similar manner. In short, they are given by
the following equations:

ri = rci + RZb
−45+90(i−1)R

Yb
αi
RXb

−δ [0 d 0]T ,

V i = ṙi + RZb
−45+90(i−1)R

Yb
αi
RXb

−δ

[
0
ṁi
ρa

0
]T
,

rc1 = [l l − h]T , rc2 = [−l l − h]T ,

rc3 = [−l − l − h]T ,

rc4 = [l − l − h]T (5)

The term R(·1)
(·2)

represents the rotation matrix with (·1)
denoting the rotation axis of the BFF and (·2) denoting the
rotation angle. The term ρ and a represent water density and
the cross-sectional area of the nozzle outlet, respectively.

Finally, by substituting (3), (4), and (5) into (2) and apply-
ing the kinematic relationship from (1), the rotational motion
of the head assembly is obtained in the EFF as follows:

ϕ̈ = T ϕ̇ + TEb u+ d,

T = −TEb
(
Ṫ
E
b

)−1
+ TEb ξ

(
TEb
)−1

,

ξ = diag {ξ1, ξ2, ξ3} , d =
[
dφ dθ dψ

]T (6)

where:

ξ1 = −
1
Jbx

(
h2 + l2 +

√
2
2
dl cos δ +

d2 cos2 δ
2

)
ṁ0,

ξ2 = −
1
Jby

(
h2 + l2 +

√
2
2
dl cos δ +

d2 cos2 δ
2

)
ṁ0,

ξ3 = −
1
Jbz

(
2l2 +

√
2dl cos δ + d2 cos2 δ

)
ṁ0 (7)

Here, u represents the control effort, and it is interpreted as
follows:

u = M [sinα1 sinα2 sinα3 sinα4]T ,

u =
[
uφ uθ uψ

]T
, M =

 a1 −a1 −a1 a1
a2 a2 −a2 −a2
a3 a3 a3 a3

 ,
a1 =

1
Jbx

√
2 hṁ2

0 sin δ

32ρa
, a2 =

1
Jby

√
2 hṁ2

0 sin δ

32ρa
,

a3 =
1
Jbz

√
2 lṁ2

0 sin δ

16ρa
(8)

FIGURE 3. The proposed control scheme.

Furthermore, vector d represents the remaining terms
after substitution, including the higher-order terms, the
input-output coupling terms, and the external disturbances.

III. ANGULAR MOTION CONTROL SYSTEM DESIGN
The objective of the controller is to control the roll, pitch,
and yaw angles such that the angular motion of the robot
head can follow a desired reference with a tracking error
as small as possible even in the presence of disturbances.
In the first stage of development, the water flow rate is kept
at a fixed value to investigate the nozzle rotation mechanism.
Therefore, the angular motion of the robot head entirely
depends on the water thrust direction. The proposed nonlinear
control framework is shown in Fig. 3, where the control law u
consists of two parts u1 and u2.

In particular, the first part u1 is constructed based on the
ESO to estimate and compensate for disturbances in the
control effort. The second part u2 is formed from the ISTSMC
scheme incorporating the rotational dynamic characteristics
of the head assembly, allowing the head assembly to robustly
follow the desired trajectory. The proposed controller can be
expressed as follows:

u = u1 + u2 (9)

A. DISTURBANCE ESTIMATION
Assuming the disturbances d are differential and bounded by
a non-negative constant γO such that

∥∥ḋ∥∥ ≤ γO, the plant
model (6) treats the disturbances as the extended state. This
can be expressed as in the following state-space form with
x1 = ϕ: 

ẋ1 = x2
ẋ2 = Tx2 + TEb u+ x3
ẋ3 = ḋ

(10)

The nonlinear ESO is designed as follows:
eO = x1 − x̂1
˙̂x1 = x̂2 + L1eO
˙̂x2 = Tx2 + TEb u+ x̂3 + L2eO
˙̂x3 = L3eO

(11)

In the above formula, x̂j (j = 1, 2, 3) represents the
observer state variable, Lj = diag

{
ljφ, ljθ , ljψ

}
> 0 repre-

sents the observer gain to be chosen. Defining x̃j = xj − x̂j
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as the estimation error, the observer error dynamics can be
written as:

˙̃x = Āx̃+ B̄ẋ3 (12)

where:

x̃ =

 x̃1x̃2
x̃3

 Ā =

−L1 I3 O3
−L2 O3 I3
−L3 O3 O3

 , B̄ =

O3
O3
I3

 (13)

For the convergence of the estimation errors, Gao [22]
suggested that all poles of the characteristic polynomial of
the observer should be placed at its bandwidths. Equivalently,
one can have:

L1 = 3ω0, L2 = 3ω2
0, L3 = ω3

0 (14)

where ω0 = diag
{
ωφ, ωθ , ωψ

}
presents the observer band-

widths for the roll, pitch, and yaw angles.
Lemma [22], [23]: The observer error dynamics (12) are

said to be uniformly ultimately bounded (UUB) with the
chosen gains.

The Proof of Lemma: Let us define a Lyapunov function
candidate: V1 = x̃T P̄x̃, where P̄ ∈ R9×9 is symmetric and
positive definite. Since Ā is Hurwitz thanks to Gao’s sug-
gestion, then there exists P̄ satisfies the Lyapunov equation
Ā
T
P̄ + P̄Ā = −I . The time derivative of V1 is derived as

follows:

V̇1 = ˙̃x
T
P̄x̃+ x̃T P̄ ˙̃x

= x̃T
(
Ā
T
P̄ + P̄Ā

)
x̃+ ẋT3B

T P̄x̃+ x̃T P̄Bẋ3

≤ − ∥x̃∥
(
∥x̃∥ − 2γ0λmax

(
P̄
))

(15)

where λmax (.) is the maximum eigenvalues of the corre-
sponding matrix. From (15), V̇1 ≤ 0 whenever the state x̃
satisfies the condition ∥x̃∥ ≥ 2γ0λmax

(
P̄
)
. Hence, the ESO

is stable and the state vector x̃ converges. One can conclude
that the uniform ultimate boundedness (UUB) of the ESO is

achieved with the ultimate bound

√
4γ 20 λ 3

max
(
P̄
)

λmin
(
P̄
) [23].

Then, to compensate for the disturbances, the first part of
the control law is designed as follows:

u1 = −

(
TEb
)−1

x̂3 (16)

B. INTEGRAL SUPER-TWISTING SLIDING MODE CONTROL
Given a desired reference rd =

[
φd θd ψd

]T in the EFF,
the tracking error between the desired reference and the plant
output is denoted as e =

[
eφ eθ eψ

]T
= rd −ϕ. Assuming

that the desired reference is bounded and twice continuously
differentiable, consider the following sliding manifold:

s =
[
sφ sθ sψ

]T
= ė+ n1e+ n2

t∫
0

e (τ )dτ (17)

where n1 = diag
{
n1φ, n1θ , n1ψ

}
and n2 = diag{

n2φ, n2θ , n2ψ
}
represent 3-by-3 diagonal gainmatrices, both

of them are positive definite. The time derivative of s is
derived as:

ṡ = ë+ n1ė+ n2e = r̈d − T ϕ̇ − TEb u− x3 + n1ė+ n2e

(18)

The control law u2 is designed as follows:

u2 =

(
TEb
)−1

·



r̈d − T ϕ̇ + n1ė+ n2e

+n3


∣∣sφ∣∣ 12 sign(sφ)
|sθ |

1
2 sign(sθ )∣∣sψ ∣∣ 12 sign(sψ )

+ n4



t∫
0

sign
(
sφ(τ )

)
dτ

t∫
0

sign (sθ (τ )) dτ

t∫
0

sign
(
sψ (τ )

)
dτ




(19)

wheren3 = diag
{
n3φ, n3θ , n3ψ

}
andn4 = diag

{
n4φ, n4θ , n4ψ

}
represent the diagonal gain matrices, both of which are posi-
tive definite. The notation sign denotes the signum function.

Substitute the proposed control law (9), (16) and (19) into
(18), the dynamics of the sliding manifold is interpreted as
follows:{

ṡh = −n3h |sh|
1
2 sign (sh)+ vh

v̇h = −n4hsign (sh)− ˙̃x3h
h = φ, θ, ψ (20)

The right-hand side of (20) is discontinuous, its solution is
understood in the sense of Filippov [24]. Additionally, let us

define ζ h = [ζ1h ζ2h]T =

[
|sh|

1
2 sign (sh) vh

]T
. Then, the

time derivative of ζ h is given by:

ζ̇ h = |sh|
−1
2 Ahζ h + Bh ˙̃x3h,

Ah =

−
1
2
n3h −

1
2

n4h 0

 , Bh =

[
0
1

]
(21)

Theorem: For the UWAV whose dynamics are presented
in (6), the control law (9), (16) and (19) can guarantee the
stability of the entire system if and only if there exists a
symmetric positive definite matrix Ph ∈ R2×2 and a positive
scalar γh such that the following inequality (22) holds.[

ATh Ph + PhAh + CT
hCh PhBh

BTh Ph −γ 2
h

]
≤ 0 (22)

where Ch =
[
1 0

]
.

The Proof of Theorem: To preserve the system stability
with the proposed control law, we considered the following
Lyapunov function candidate:

V2 =

∑
h=φ,θ,ψ

ζ Th Phζ h (23)
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Despite V2 being discontinuous on the set sh = 0, its time
derivative exists almost everywhere since the trajectories of
(20) cross sh = 0 when vh ̸= 0 every time before reaching
the origin [25]. One can see ˙̃x3h is bounded thanks to the
stability of the ESO, which is demonstrated in the lemma.
Additionally, consider the following inequality:

V̇2 +

∑
h=φ,θ,ψ

|sh|
1
2

(
1 − γ 2

h
˙̃x23h
)

≤ 0, γh > 0 (24)

and note that |ζ1h| = |sh|
1
2 . The inequality (24) is interpreted

as follows:

V̇2 +

∑
h=φ,θ,ψ

|sh|
1
2

(
1 − γ 2

h
˙̃x23h
)

=

∑
h=φ,θ,ψ

((
ζ̇
T
h Phζ h + ζ Th Phζ̇ h

)
+ |sh|

1
2

(
1 − γ 2

h
˙̃x23h
))

=

∑
h=φ,θ,ψ

|sh|
−1
2

(
ζ Th

(
ATh Ph + PhAh

)
ζ h

+ |sh|
1
2 ˙̃xT3hB

T
h Phζ h + |sh|

1
2 ζ Th PhBh ˙̃x3h

+ζ ThC
T
hChζ h − γ 2

h |sh|
1
2 |sh|

1
2 ˙̃x23h

)
=

∑
h=φ,θ,ψ

|sh|
−1
2

[
ζ h

|sh|
1
2 ˙̃x3h

]T

×

[
ATh Ph + PhAh + CT

hCh PhBh
BTh Ph −γ 2

h

] [
ζ h

|sh|
1
2 ˙̃x3h

]
(25)

Then, from the expression in (25), one can see inequality

(24) is satisfied for all values of
[

ζ h

|sh|
1
2 ˙̃x3h

]
if and only

if the matrix
[
ATh Ph + PhAh + CT

hCh PhBh
BTh Ph −γ 2

h

]
is negative

semi-definite. The value of this matrix is dependent on the
variables Ah, Ph and γh. It is worth noting that Ah contains
the controller’s gains n3h and n4h. Thus, if these gains are
chosen such that there exist Ph and γh making (22) hold, the
stability of the system is guaranteed and good performance
can be achieved.
Remark 1: The inequality (24) is equivalent to the bound-

edness on the L2 gain of each orientation being γh, in which
the L2 gain is denoted by: L2 := sup∥∥∥ ˙̃x3h

∥∥∥
2
̸=0

(∥∥ζ h∥∥2 / ∥∥∥ ˙̃x3h
∥∥∥
2

)
.

There are many solutions to this bilinear matrix inequality
(BMI) in (22), one of which is equivalent to the solution of
the smallest upper bound minimization problem [26]:

minimize
Ah,Ph

γh

s.t Ph > 0,
[
ATh Ph + PhAh + CT

hCh PhBh
BTh Ph −γ 2

h

]
≤ 0

(26)

The smallest upper bound on the L2 gain can be achieved
via (26) by minimizing γh over Ah, Ph, and γh such that
Ph > 0 and ATh Ph + PhAh + CT

hCh + γ 2
h PhBhB

T
h Ph ≤ 0.

Remark 2: The integral action in (17) helps to eliminate
steady-state errors [27], [28]. The traditional integral action,
however, can lead to large overshoots and long settling
times [29]. In the spirit of [30] and [31], to overcome these
drawbacks, let us replace the traditional integral action by σ ,
which can be interpreted as follows:

s = ė+ n1e+ n2σ

σ̇ = n−1
1

(
−n2σ + κsat

(
s− ė
κ

))
(27)

in which, sat denotes the saturation function, with κ > 0 the
boundary layer thickness, and is designed as follows:

sat
(
sh − ėh
κ

)

=


1 sh − ėh > κ

−1 sh − ėh < −κ
sh − ėh
κ

−κ ≤ sh − ėh ≤ κ

h = φ, θ, ψ (28)

By substituting (28) into (27), one can see that inside the
boundary−κ ≤ sh−ėh ≤ κ of the function, σ̇h = eh. Outside
of the boundary, |σ̇h| < eh. Therefore, this modified integral
action ensures that large overshoots can be avoided.
Remark 3: The super-twisting algorithm is introduced to

reduce, but not completely eliminate, the chattering phe-
nomenon [32]. For further chattering attenuation, the sign(.)
function can be replaced by sat(.) function in practical
applications. However, using the latter only ensures the con-
vergence of the sliding manifold to a boundary layer instead
of restricting it onto the switching surface [33].

IV. EXPERIMENTAL STUDIES
A. EXPERIMENT SETUP
The experiments were conducted to validate both the pro-
posed controller and the design of the head assembly.
In Fig. 4, the head assembly is suspended from the frame
using the swivel-ball joint, allowing for free rotation. The
head assembly is positioned 1.4 [m] above the ground.
Detailed specifications of the system are provided in Table 3.
Additionally, it is worth noting that the moment of inertia of
the head was obtained from Autodesk Inventor Professional
2021 software.

The tuned gain matrices of the proposed controller are
shown in Table 4. One can notice that the tracking and distur-
bances observer performances of the head assembly depend
on the values of the ISTSMC’s gains and the ESO’s gains,
respectively. Specifically, increasing the values of gains n3
and n4 enhances the tracking performance [25]. However,
excessively large values of n3 and n4 can lead to the chattering
phenomenon. Moreover, increasing the bandwidths ω0 of
ESO improves the disturbances estimation performance, but
it may also amplify the measurement noises from the sensor.

The proposed control law is implemented on a 32-bit
OpenRB-150 microcontroller, with a Cortex-M0 core. The
system utilizes this microcontroller to read data from the
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FIGURE 4. The head assembly model hanging on the frame.

FIGURE 5. The block diagram of the experiment.

TABLE 3. Specification of the system.

MTi-680G sensor. The sample time is set to 0.01 [s]. After
calculation, the microcontroller sends the control signals
to four Dynamixel AX-18A servos. Additionally, Matlab
Simulink 2022Rb software is used on an Acer Aspire a515-
42g laptop with an AMD Ryzen 5500U processor, 32 [Gb]
DDR4 RAM clocked at 3200 [MHz], and an NVIDIA
GeForce GTX 1650 graphics card for reading data via a
serial communication protocol. The system operates with a

TABLE 4. Controller’s gains.

TABLE 5. erformance indexes of step-like reference.

baudrate of 921.6 [Kbps]. The experimental diagram is shown
in Fig. 5.

B. EXPERIMENTAL RESULTS
In the experiments, the proposed ISTSMC-ESO is compared
with the standalone ISTSMC through two scenarios: fol-
lowing the step-like reference and the sinusoidal reference.
In both references, the amplitude of the roll and pitch angles
are set at ±1.15 [deg], while the yaw angle follows a refer-
ence with an amplitude of ±17.2 [deg]. The experiments are
conducted over a duration of 45 [s]. The performance of the
control system is validated using the root mean square error
(RMSE) and integral of the square value (ISV), which are
formed below:

RMSEh =

√√√√1
n

n∑
i=1

e2h h = φ, θ, ψ (29)

ISV =

4∑
i=1

t∫
0

α2i dt i = 1, 2, 3, 4 (30)

In particular, Fig. 6 to Fig. 10 represent the collected
data corresponding to step-like reference, while Fig. 11 to
Fig. 15 represent the data for sinusoidal reference, respec-
tively. Specifically, the angular motion control responses of
the head assembly are shown in Fig. 6 and Fig. 11. The
controlled torques along each roll, pitch, and yaw are shown
in Fig. 7 and Fig. 12. The tracking errors are illustrated in
Fig. 8 and Fig. 13. The estimated states are presented in
Fig. 9 and Fig. 14, and the estimated disturbances are indi-
cated in Fig. 10 and Fig. 15. Moreover, in order to highlight
the efficiency of the proposed controller, two performance
indexes including RMSE and ISV, are presented in Table 5
and Table 6.

The two controllers provide the system with good tracking
performance and robustness against disturbances. In partic-
ular, by integrating the rotational dynamics characteristics
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TABLE 6. Performance indexes of sinusoidal reference.

FIGURE 6. Angular motion performance of the head assembly in step-like
trajectories.

FIGURE 7. Torque distribution along each roll, pitch, and yaw channel in
step-like trajectories.

along with the super-twisting algorithm in the control law,
one can observe that the controlled output of the two con-
trol systems closely follows the desired reference in both
scenarios depicted in Fig. 6 and Fig. 11, even in the pres-
ence of disturbances. In more detail, during the first half
of the tracking process, the roll motion control response of
the ISTSMC exhibits a slight lag in the step-like trajectory.
This lag is also evident from 5 to 20 [s] in the pitch motion
of both controllers in the sinusoidal trajectory. Additionally,

FIGURE 8. Tracking errors in step-like trajectories.

FIGURE 9. State estimation in step-like trajectories.

FIGURE 10. Disturbances estimation in step-like trajectories.

during the initial phase from 0 to 7 [s], the yaw motion
of the ISTSMC slightly deviates from the origin in both
scenarios. This initial deviation is also observed in the roll
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FIGURE 11. Angular motion performance of the head assembly in
sinusoidal trajectories.

FIGURE 12. Torque distribution along each roll, pitch, and yaw channel in
sinusoidal trajectories.

FIGURE 13. Tracking errors in sinusoidal trajectories.

and pitch from 0 to 5 [s] in the step-like trajectory. On the
other hand, the yaw motion experiences a bit of overshoot

FIGURE 14. State estimation in sinusoidal trajectories.

FIGURE 15. Disturbances estimation in sinusoidal trajectories.

from 10 to 15 [s] in the step-like trajectory with the proposed
controller. Additionally, the proposed controller requires less
overall control effort than the ISTSMC in both scenarios,
as illustrated in Fig. 7 and Fig. 12. Furthermore, the pro-
posed controller exhibits lower tracking errors compared to
the ISTSMC, as shown in Fig. 8 and Fig. 13. These results
indicate the proposed controller provides a better tracking
performance with less control effort.

In addition, two performance indexes, namely RMSE and
ISV, have been calculated to emphasize the superiority of
the proposed controller. A detailed comparison can be found
in Tables 5 and 6. Specifically, with the step-like trajectory,
compared to the ISTSTMC, the proposed controller exhibits
the RMSEϕ and RMSEψ values that are approximately less
than half, while the RMSEθ is slightly higher. Overall, the
RMSE index of the proposed control system is reduced by
up to 56.98% compared to that of the standalone ISTSMC.
Moreover, in the case of the sinusoidal trajectory, the RMSE
index for each rotation of the proposed control system is sig-
nificantly lower than that of the standalone ISTSMC, with the
yaw motion being twice as low. Additionally, the ISV index
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in both scenarios of the ISTSMC is higher than that of the
proposed controller, indicating that the proposed controller
requires less control effort, with a reduction of up to 22.72%.

Unfortunately, the oscillation of the water hose causes
chattering in the controlled output, especially in roll and
pitch, as can be seen from Fig. 6 and Fig. 11. Despite being
within the bandwidths of the ESO, this fluctuation cannot be
attenuated due to the dead-zone of the actuator. Additionally,
the influence of the twisted water hose also limits the operat-
ing range of yaw motion.

V. CONCLUSION
This paper has proposed a novel unmanned water-powered
aerial vehicle using the nozzle rotation mechanism. The
purpose of this UWAV is to enhance the utilization of
autonomous water-jet propulsion devices in specialized
applications, particularly in rescue and firefighting opera-
tions. The mathematical model of the head assembly was
derived in detail to describe its rotational dynamic character-
istics.

Then, a robust nonlinear controller was developed for gov-
erning the rotational motions of the head assembly. The ESO
plays a role in estimating and compensating for disturbances
in the control effort. The ISTSMC ensures system stability
and robust tracking. Experiments were conducted to validate
the effectiveness of the proposed controller. The experimental
results show the superiority of the proposed controller in
terms of robustness, tracking performance, and control effort.

At present, the experiments reveal the inevitable influence
of the water hose, which causes fluctuations in the head
assembly motion. Moreover, the servo arm design of the
nozzle rotation mechanism is limited to ±45 [deg]. In future
work, the following improvements will be considered:
(1) utilizing the belt drive mechanism to provide an unlimited
nozzle rotation range, (2) exploring dead-zone control meth-
ods and further attenuating the influence of the water hose,
and (3) investigating solutions to eliminate the twisting of the
water hose.
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