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ABSTRACT In this research, a novel design of a lightweight aerial manipulator system is proposed for solar
panel cleaning with active (CoG) compensation mechanism. Recently, separate solar panel arrays or units
are commonly installed on residential, commercial rooftops or roads, making it inconvenient for land robots
to perform the cleaning tasks. The proposed light weight solar panel cleaning aerial manipulator with the
gravity compensation mechanism is intended to be attached beneath a drone to increase its stability during
operation. The manipulator workspace given the proposed system is analyzed under CoG shift constraints.
The kinematics and dynamics of the aerial manipulator coupled with the compensation mechanism are
presented, and a path-planning scheme for solar panel cleaning is detailed. A dynamic control law based
on pitch and counterweight position reduced-order dynamics is derived, and its equivalence to the static
compensation law is shown. An experimental test bench is used to simulate the aerial manipulation during
operations to validate the performance of the proposed manipulator and its stability. Its tilting pitch angle is
collected and examined during operation. The results show that the system is less susceptible to unwanted
tilting. A tilt angle reduction of 2 degrees was observed between an uncompensated and compensated system,
with a difference in shift of CoG location of 1.72% of the total system length. The CoG location shift is also
simulated without the presence of a slider mechanism and shows a difference of 24.5%with the compensated
system. The compensation mechanism significantly reduces the tilt angle, avoiding potential instability, and
consequently decreases the power required by the carrying drone.

INDEX TERMS Solar panel cleaning aerial manipulator, aerial manipulators, CoG compensation
mechanism.

NOMENCLATURE
ci, si cos qi, sin qi.
cqxqy , sqxqy cos

(
qx − qy

)
, sin

(
qx − qy

)
.

Rn, Rm×n The spaces of n−vectors andm×nmatrices
with real entries.

ei ith element of the standard basis of Rn.
AT , A−1 Transpose and matrix inverse.
∂a
∂x Gradient with a ∈R, x∈Rn, ∂a

∂x∈Rn.

The associate editor coordinating the review of this manuscript and

approving it for publication was Guilin Yang .

∂A
∂x Derivative with A∈Rm×n, x ∈R, ∂A

∂x ∈Rm×n.
∂a
∂x Jacobian with a∈Rm, x∈Rn, ∂a

∂x∈Rm×n.
ẋẍ Time derivatives of x.
∥·∥ Euclidean norm .
In, 0n Identity and square zero matrices of size n.
0m×n Zero matrix with dimension m× n.
Ea1, ..., an Selection matrix to choose matrix elements in

positions specified a1 through an.
t Time.
g Gravitational acceleration (= 9.81 m

s2
).

g Vector of magnitude g in the direction of
gravity.
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FE ,FM ,FB,FS Earth, manipulator, hexacopter,
and solar panel frames.

Fi,Fn Link i and end-effector frames.
pyx Position of frameFx with respect

to Fy.
py×, ω

y
× Position and angular velocity of

object denoted by ×, expressed
in frame Fy.

py× CoG of object denoted by ×,

expressed in frame Fy.
p× CoG of object denoted by ×,

expressed in frame FM .
pi CoG of link i expressed in

frame FM .
(p)x , (p)z Horizontal and vertical

components of p.
L∗
x , L

∗
z Reference horizontal and vertical

lengths.
p̃x, p̃z px, pz nondimensionalized by

L∗
x , L

∗
z .

1p Position difference of FS
and FB.

ψ, θ, φ Yaw-pitch-roll Euler angles.
2 Vector of Euler angles.
Ryx (2) ,T

y
x (p,2) Rotation and transformation

matrices of frame Fx with
respect to Fy, defined by 2, p.

RX (·) , RY (·) , RZ (·) Rotation matrices about local
X , Y , Z axes.

T (2) Mapping of Euler angle rates to
angular velocities.

S (·) Skew-symmetric matrix.
J yx Robot Jacobian relating vector x

to vector y, ẏ = Jxy.x.
J×,p, J×,ω Robot Jacobians relating joint

angle rates to linear and angular
velocities, respectively, of object
denoted by ×.

T Total kinetic energy of combined
system.

V, Vg Total and gravitational potential
energy of combined system.

L System Lagrangian.
D Combined system inertia matrix.
B Combined system viscous

damping matrix.
κ, κc Combined and slider system

stiffness matrices.
c Vector of Coriolis and centrifu-

gal terms of combined system.
qi Joint angle of link i.
qa, qp Vectors of active and passive

manipulator joint angles.
dc Counterweight position with

respect to slider.

q01,min, q02,min Minimum values of joint angles
q1, q2.

ϵl, ϵu Lower and upper bounds for allowed
aerial manipulator CoG shift.

qr Total possible angle range covered
by q1, q2.

φp1 , ωp1 , φp2 , ωp2 Pulley angles and velocities.
qc Vector of belt-drive actuated states,

which are the counterweight position
and pulley angles.

τm, ωm, Vm, im DC motor torque, angular velocity,
input voltage, and current.

xn Manipulator end-effector task vector.
xM Manipulator end-effector and CoG

task vector.
ν Combined system velocity task

vector.
ηa, ηb Vectors of manipulator-slider and

hexacopter control variables.
η Vector of combined system control

variables.
ξ Vector of passive hexacopter

variables.
X State vector of combined system.
kp, kd , ki Discrete PID controller gains.
uc Discrete slider control law in the

experiment.
ec, eθ Slider and tilt angle errors in the

experiment.
ess Steady-state error of θ in the

experiment.
1T Sampling time.
x [k] The value of x at time k1T .
µ, σ 2 Mean and variance of tilt angle time

history.
m× Mass of object denoted by ×.
mT Total mass of components.
L× Length of object denoted by ×.
I y× Inertia tensor of object denoted by

×, expressed in frame Fy.
I× Inertia tensor of object denoted by ×

with respect to CoG of the object.
Jyy Total mass moment of inertia about

the base/hexacopter y-axis.
ψn End-effector angle.
ψS Yaw angle of FS with respect to FE .
dn, LS Brush and solar panel lengths.
Wb, WS Brush and solar panel widths.
αn Fixed angle offsetting the brush from

the link at the end-effector.
αS Solar panel tilt angle.
s Parametrization variable.
xi, yi, zi Prescribed end-effector positions at

solar panel position i, parametrized
by s.

aS Normal vector to solar panel.
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R1, R2 Distance between each of frames F1, F2
with FM .

φ1, φ2 Angle of position vector between each of
frames F1, F2 with FM .

xM , hM Horizontal and vertical components of pMB .
h1, h2 Vertical distance between each of frames F1,

F2 and the lowest point of the hexacopter
structure.

rp Pulley radius.
k1, k2, k3 Timing belt stiffness values.
Jp2 , Jp2 Pulley mass moments of inertia.
bc Counterweight viscous damping coefficient.
Kt , Ke DC motor velocity and back emf constants.
Rm DC motor resistance and inductance.
µf Kinetic friction coefficient between counter-

weight holder and linear guide rails

Subscripts

d Control setpoint.
M Manipulator base.
B Hexacopter.
BM Combined manipulator base and hexacopter.
c Counterweight.
n end-effector.
s Slider rails.
S Solar panel.
M1,M2 Servo motors 1 and 2.
b Brush.
p Pulley.

Sets
K Set containing subscripts of all components.
K∗ K\{c}.
KS , KD Set containing subscripts of static (S) and

dynamic (D) components, KS∪KD = K .
KM , Kc Set containing subscripts of manipulator (M )

and slider (c) components, KM∪Kc = KD.
Qa Cartesian product of joint angle limits.
Ai Set of joint angles under constraint i.
A ∩

3
i=1Ai .

W Planar workspace generated by qa∈Qa.
Wc Planar constrained workspace generated by

qa∈A.

I. INTRODUCTION
The objective of automating laborious, dangerous, repet-
itive, or time-consuming tasks has been well-met by the
use of robotic systems. The construction industry con-
tains many tasks that would fit the aforementioned cri-
teria, including surveying, quality monitoring, and road
construction [1], maintenance, and services. For instance,
land construction robots have been extensively used for
such purposes. In [2], the robots are categorized into con-
struction automation, building maintenance and dismantling,
road or bridge construction and maintenance, and other

miscellaneous applications. UAVs are also used as an alterna-
tive to land robots. Examples are UAVs equipped with a video
camera, which are used for surveying [3] and specifically in
highway construction [4]. In [5], an approach for motion and
torque control of a quadrotor to construct tensile structures
with ropes is outlined [1], [2], [6]. A classification scheme of
robotics in construction is given in Fig. 1 [7].

One particular application of robotics in construction is the
cleaning of special structures and equipment, such as glass
and solar panels [8]. In [9], a mobile robot with omni, or mul-
tidirectional, wheels was used for the purpose of climbing and
cleaning solar panels. Another mobile robot using a roller
brush and fans has also been developed for the purpose of
solar panel cleaning [10]. In [11], an autonomous mobile
robot has been used for this application, and the authors pro-
posed the use of aerial vehicles to overcome the problem of
transporting the robot from one panel to another. Due to their
extended workspace, aerial manipulators offer an advantage
over the limited workspace of mobile robots [12], [13].

FIGURE 1. Classification scheme for robotics and their applications in
construction [7].

Unmanned aerial vehicles (UAVs) are used as an alterna-
tive or cooperatively with land robots in construction. Aerial
manipulators are proposed to increase the usability of UAVs
in this field. Aerial manipulators, which are aerial vehicles
equipped with one or more robotic manipulators, are used
recently in different areas of research as new applications
for quadrotors. In the service industry, aerial manipulators
have been used for high-voltage inspection [14], [15], surface
contact and maintenance inspection [16], [17], [18], [19],
and underground sensor installation [20]. Quadrotors with
grippers are used to build cube-like structures in [21] and to
assemble a tower composed of foam blocks in [22]. Dual-arm
aerial manipulators are designed for bolt-tightening using
proper hole localization and torque control in [23] and valve
turning in [24]. Another task undertaken by aerial manipu-
lators is the grasping of objects during flight for transport.
Specific problems for grasping can concern the shape of the
target objects, as explored in [25] and [26], or the problem of
grasping moving targets [27], [28]. They have also been used
for miscellaneous tasks, such as water [29] and canopy [30]
sampling.

One of the main differences among aerial manipulators
are owed to the type of robot manipulator they are equipped
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with. Typically, these are divided into serial chain and parallel
mechanisms, each with varying degrees of freedom (DoF)
and workspace. The classification can be further extended to
single or multi-arm aerial manipulators. For parallel manip-
ulators, the Delta robot used in [31], [32], [33], and [34]
is commonly used. A planar 3 DoF five-bar mechanism is
also used [35]. Serial chain robots are used in practically
most of the available research on aerial manipulators, such
as [36], [37], and [38] for single-arm and [24], [39], [40] for
dual-arm.

A common problem that occurs during aerial manipulation
is the excessive shift of the system’s center of gravity (CoG),
inducing instability. The extent of the instability caused by
this shift for aerial vehicles is explored in works such as [41],
[42], and [43]. In [44], nonlinear controllability is proven
for hovering vehicles, although the authors note that the
required effort may still be large. Increased control effort may
compromise the aerial vehicle’s durability. To compensate for
this shift, a slider mechanism with counterweight is adopted
by some works in the literature. There are also a variety of
other methods that do not make use of a slider mechanism.

For those systems that use slider mechanisms, a battery
is used as the counterweight during operation, and the dif-
ferences among their implementations are based on how the
counterweight position is specified. In [45], the kinematics
yield the system Jacobian that relates the end-effector and
horizontal planar CoG to the joints and slider position. The
Jacobian is used to dictate the path of the slider for compen-
sation. Other methods, such as [46] and [47], use the mass
distribution of the system components to specify the slider
position. In addition to the slider, they use the propeller forces
to also help compensate the static shift in the CoG. In [48],
the counterweight is moved along a linear guide in sync with
the motion of the Cartesian base of the robot fitted on the
multicopter. Avoiding model-based approaches, [49] uses a
classical proportional-derivative-integral (PID) controller to
control the position of the counterweight with the objective
of zeroing the flight attitude of the quadrotor system.

Compensating for CoG shift without a slider has also been
thoroughly explored in the aerial manipulation literature.
Methods are typically based on modifying the UAV control
scheme to account for manipulator disturbance, designing
the manipulator path to minimize the shift, or to embed a
structure within the manipulator capable of minimzing the
CoG shift. In [50], a combined aerial manipulator dynamic
model is presented along with a control scheme based on a
transformation that decouples the manipulator and the UAV
dynamics. The hexacopter orientation and propeller thrusts
are used to stabilize the center of gravity shifts. Feedback
linearization is applied to the aerial manipulator dynamics
in [51] with rotor thrust inputs to control the center of mass
of both the manipulator and the vehicle. For general unknown
CoG shifts, a real-time CoG estimation scheme is developed
in [52], and the CoG shift values are used in a geomet-
ric position controller for the aerial manipulator. Feedback

linearization and adaptive controllers have been implemented
in the control of multicopters that also take the CoG compen-
sation into account in [53], [54], and [55]. The work in [56]
uses the information for position control instead of compen-
sating the CoG. Sliding mode and adaptive controllers have
also been designed in [57] for rejection of disturbances, which
include the manipulator-induced shift in CoG.

Unconventionally, [58] devised a manipulator path-
planning scheme to minimize the shaking force developed
from manipulation, thereby preventing the CoG shift rather
than treating it. Null-space projection is used to assign a
secondary task that reduces the horizontal CoG in [59],
resulting in performance improvement in both end-effector
error and base displacement in simulations. The same task
is assigned in [60] to a cable-suspended aerial manipulator.
In the latter, the control inputs are the manipulator joint and
winch torques. In [12], the CoG compensation is achieved by
design of a parallel robot arm, realized by a pantograph with
an end-effector on one end and a counterweight on the other.
A novel pantograph-based manipulator with a counterweight
is also used in [61]. A prismatic joint located between the
UAV and the manipulator is used in [62] to reduce the CoG
shift. In [13], a parallel arm design with counterweight is
also proposed to ensure the stability of the aerial manipulator
during motion of the arms.

In this research, a novel design of a mechatronics system
detailing the use of a stable aerial manipulator is proposed
for solar panel cleaning. Solar panel arrays are commonly
installed on residential or commercial rooftops, as in Fig. 2,
making it inconvenient for land robots to perform the clean-
ing tasks. Sources of instability due to the presence of
rough terrain in solar panel fields can also be avoided when
employing an aerial robot for the task. Our design, shown
in Fig. 3, is inspired by lightweight aerial manipulators,
which enjoy the convenience of a large workspace suitable
for such applications. By compensating the CoG shift and
preventing instability, the workspace of the end-effector is
expanded and allows the movement of the cleaning tool both
below and in front of the hexacopter. Additionally, since only
the motorized brush contributes to the end-effector load, the
a priori information of the mass distribution helps the CoG
compensation mechanism formulate a static control law to
compensate for the shift in CoG with minimal parametric
uncertainty. This uncertainty is typically a consequence of the
manipulator’s payload. Accordingly, the positioning accuracy
of the end-effector is increased. We derive a reduced-order
model that governs the tilt-angle and slider position dynamics
when the hexacopter is hovering, i.e. during a manipulation
operation. Feedback linearization is then used to yield a
dynamic control law for the slider position, which we show is
equivalent to the static control law under certain assumptions.

In this work, we present a comprehensive design scheme
that addresses the aforementioned issues in the context of
solar panel cleaning, which we consider to be the first step
in achieving the final task of efficient solar panel cleaning.
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FIGURE 2. Proposed cleaning system positioned above solar panel light
installed in a residential location.

FIGURE 3. CAD model of the proposed aerial manipulator with all
components attached. The labeled subsystems are 1) the hexacopter
platform and 2) landing gear, 3) the CoG counterbalance mechanism,
4) robot base and links, and 5) end-effector with brush.

The design comprises the restricted manipulator workspace,
a path-planning scheme for solar panel cleaning, and the
results of a flightless experiment testing the efficacy of the
CoG compensation system. A dynamic model governing
the hovering condition along with the slider dynamics is also
presented.

The contributions of the paper can be summarized as fol-
lows: i) Propose a new design of an aerial manipulator, which
can be used for solar panel cleaning. ii) For the proposed
design, ensure a workspace area that includes the required
solar panel surface points without exceeding the limits of
the CoG shift. iii) Use the inverse kinematics of the aerial
manipulator to formulate a path-planning approach for solar
panel cleaning. iv) Derive a reduced order dynamic model
that couples the tilt angle and slider position to prove the-
oretical stability of the aerial manipulator under a dynamic
CoG compensation control law. v) Show the efficacy of the
compensation mechanism at reducing the tilt angle in an
experimental setting.

The remainder of the paper is organized as follows:
In section II, the aerial manipulator’s design is presented.

Modeling is presented in sections III and IV, and control is
presented in sectionV. Experimental results are demonstrated
in section VI. Finally, the conclusion and future work is given
in section VII.

II. AERIAL MANIPULATOR DESIGN
A. OVERALL SYSTEM
The design of the proposed aerial manipulator with the cen-
ter of gravity compensation system for solar panel cleaning
is shown in Fig. 3, which contains a CAD model of the
aerial manipulator with the primary subsystems. The CoG
compensation subsystem consists of a slider mechanism with
a battery to compensate the variation of the CoG position.
In this work, the purpose of the mechanism is to effec-
tively utilize the knowledge of the components’ geometric
parameters and their masses to robustly counterbalance the
mass variation during the manipulator’s cleaning operation.
The robot arm is selected as a five-bar mechanism with a
motorized brush end-effector, which offers the planar DoFs
required to operate on the solar panel. The main subsystems
are given in Table 1.

TABLE 1. Subsystems comprising the aerial manipulator system with CoG
compensation.

B. HEXACOPTER PLATFORM
The selected aerial platform is shown in Fig. 3, which is a
DJI F550 hexacopter. The plastic propellers have a diameter
of 23.9 cm and a pitch of 10.9 cm. The tip-to-tip distance
between two antipodal rotors is 55 cm, or a distance of
15.55 cm between the centers of each rotor and the drone
center. The platform has a total height of 8 cm and weighs
850 g, including the propellers and their DC motors [63].

The aerial platform is interfaced with the other subsystems
by fitting the landing gear into a custom acrylic rectangular
panel that is rigidly attached to the manipulator and slider
mechanism. The position of the rectangular panel relative to
the hexacopter is adjustable, allowing the manipulator base to
be positioned at different distances from its center. The drone
is also able to handle a payload consisting of the electronics,
manipulator, and cleaning brush.

C. MANIPULATOR SUBSYSTEM
The manipulator subsystem is based on a five-bar mecha-
nism, as shown in Fig. 4. The advantage of this design is
to increase the aerial manipulator workspace and keep the
actuating motors fixed at the manipulator base [64], thus
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preventing further disruption of the CoG location during the
motion. The manipulator base is designed with the objective
of minimizing the total weight while maintaining structural
stability. To achieve this, topology optimization was imple-
mented using Autodesk Fusion 360 [65] to eliminate dead
weight from the base while maintaining a reasonable factor
of safety. To allow complex shapes to be achieved, the model
was designed and built using 3D printing as the primary man-
ufacturing procedure. Additionally, the servo motors were
placed horizontally inside the base, which allowed a smaller
footprint for the base and thereby reduced its overall weight.
The deadweight removal from design and topology optimiza-
tion resulted in a significant weight drop. Acrylic is used to
manufacture the links of the five-bar robot arm. Ball bearings
were used to build the joints between the links and the links
and the motors.

FIGURE 4. CAD model of the manipulator base, and structure allowing it
to interface with both the hexacopter and CoG compensation mechanism.

Prior to manufacturing, the thickness and length of each
link were designed based on a stress analysis to prevent fail-
ure and avoid large deflections under a vertical force applied
at the end-effector.

The end-effector of the robot consists of a spin brush.
A small DC motor is attached to the rod shaft to pro-
vide relative motion between the brush tips and the surface,
which is necessary for effective removal of dust and other
contaminants.

D. CENTER OF GRAVITY (CoG) COMPENSATION
SUBSYSTEM
The center of gravity (CoG) compensation subsystem con-
sists of an active slider mechanism with a counterweight
comprising the battery and is shown in Fig. 5. Theoretically,
if the slider is sufficiently long, the controlled counterweight
can be aptly positioned to zero the shift for any end-effector
mass and position. However, since we are restricted by phys-
ical limitations, there may exist some end-effector locations
which do not allow for the CoG compensation. The primary
physical limitation of the slider mechanism is that its length is
constrained and cannot provide compensation on both sides
of the manipulator. Therefore, the slider and the manipulator
were designed to ensure that the maximal forward reach is

FIGURE 5. CAD model of the proposed CoG compensation mechanism.

compensable, allowing the manipulator to comfortably move
within the required workspace. Linear rails are used to guide a
moveable acrylic platform mounted with the counterweight.
A DC motor-driven belt-drive system uses a timing belt to
control the motion.

E. CONTROLLER SUBSYSTEM
Fig. 6 shows a schematic of the hardware/software interfacing
and contains the onboard electronics of the proposed sys-
tem. The feedback sensors are an off-the-shelf DC motor
encoder for the slider position and the velocity feedback.
Limit switches are installed on the slider mechanism to pre-
vent the counterweight from exceeding the length of the rails.
An Adafruit 9-DoF IMU board with built-in sensor fusion is
set to retrieve the hexacopter attitude angles and velocities.
A battery powered motor driver module is connected to a
DC motor to drive the compensation system. Two servo
motors with a 30 kg· cm torque drive the active joints. The
motion planning and control algorithms are programmed onto
an onboard microcontroller (Raspberry Pi 3B+), which is
interfacedwith the feedback and attitude sensors and provides

FIGURE 6. General block diagram describing the system.
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the control PWM signals to the motor driver and servo motors
during operation. To maintain the required levels of current
drawn from each actuator, a DC-DC buck converter step
down module with a power supply output range of 1.5V to
35V and 3A maximum current is used.

F. ENERGY CONSIDERATIONS
The overall flight time of the proposed system depends pri-
marily on the power required by the drone in two operations:
hovering and changing location. The joint servo motors and
DC motor to move the counterweight also require energy
during operation. For the purpose of this work, the additional
power required to move the counterweight is analyzed.

The DC motor used to drive the slider mechanism has a
stall torque of τstall = 980 mN ·m and a zero-load angular
velocity of ωno load = 20 rpm. The torque-speed relation is
then

τm (ωm) = 980 − 49ωm

with ωm in rpm and τm in mN ·m.
The torque required to drive the belt is

τ =
(
mcgµf

)
rp,

where mc is the counterweight mass, µf is the friction coef-
ficient between the counterweight platform and the timing
belt, rp is the pulley radius, and g = 9.81 m/s2 is the
gravitational acceleration. The pulley radius for the proposed
design is rp = 6.4 mm. Assuming a conservative estimate of
µf = 0.5 between the rails and the counterweight platform,
as well as a total counterweight mass of mc = 0.500 kg, the
required torque is τ = 15.7 mN ·m. A conservative estimate
of 50% DC motor efficiency yields τm = 31.4 mN ·m. This
corresponds toωm = 19.36 rpm, or a power ofPm = τmωm =

63.7 mW . Compared to the power required by the other
components, the power required by the belt-drive system is
minimal.

III. SYSTEM MODEL
A. CoG LOCATION
The location of the CoG is calculated as a function of the actu-
ation variables, and the corresponding slider position. The
constrained workspace is then shown based on the allowable
operating area, which can be sufficiently compensated for by
the slider.

Let q =
(
qTa qTp

)T
denote the vector of joint angles of

the five-bar mechanism, where qa =
(
q1 q2

)T
, and qp =(

q3 q4
)T are the active and passive joints, respectively. Fig. 7

illustrates the model and reference frames that we adopt for
the aerial manipulator. The reference frames of interest are the
Earth-fixed frame FE , the body-fixed hexacopter reference
frame FB, the manipulator body frame FM , and the joint
reference frames Fi of the ith robot link. In the following,
all p× terms correspond to the CoG of the object specified
by subscript × with respect to FM .

FIGURE 7. Notation and frames used in the aerial manipulator model.

The location of the center of gravity of the combined sys-
tem with respect to FB is denoted by pBBM (q, dc) , where dc
is the horizontal position of the counterweight measured from
the slider starting point. We define K to be the set indicating
all components, and we separate it disjointly into static and
dynamic component sets KS , KD, allowing for easier time
differentiation. From Fig. 7, pBBM (q, dc) = pBM + pMBM ,
which can be expanded as

pBBM (q, dc) = pBM +

∑
k∈K mkpk∑
k∈K mk

= pBM +

∑
k∈Ks mkpk
mT︸ ︷︷ ︸

pS

+

∑
k∈KD mkpk (t)

mT︸ ︷︷ ︸
pD

,

(1)

where mT =
∑

k∈K mk . The CoG positions in (1), expressed
in the frame FM , are denoted by pk for brevity, and the
pMBM term is denoted by p. We adopt this convention for the
remainder of this paper. For k∈KS , the pk are constants and
known a priori, while for k∈KD they are

pi = pMi
+
Li
2

 ci
0
si

 , pc = pMi
+

−dx − dc
0
hc

 ,
pn = p3 +

L3
2

 c3
0
s3

+
dn
2

 c4+α
0

s4+α

 , ψn = q4 + αn,

pi+2 = pi +
Li
2

 ci
0
si

+
Li+2

2

 ci+2
0
si+2

 , i = 1, 2.

Here, ci = cos qi, si = sin qi, hc is the vertical distance
measured from link 1’s base to the counterweight CoG,
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the Ri, φi are the distance and angle from the manipulator
base CoG to each of joints 1 and 2.xM , hM indicate the
horizontal and vertical positions of pBM . h1, h2 are the vertical
distances from joint frames F1, F2 to the lowest point of the
hexacopter structure. αn is the angle offsetting the brush from
the link it is joined to at the end-effector, and dn is the length
of the brush. Table 2 lists the numerical values of the relevant
parameters.

We have expressed each component of the position vector
of the CoG location with respect to the manipulator base
located below the hexacopter. Ideally, the CoG position will
remain unchanged as the system performs its required task,
i.e. p (q(t),dc(t)) = pd , ∀t≥0, where pd is the CoG of the
unperturbed system at t = 0 s. Defining K∗

= K\{c}, the
counterweight CoG position can then be set to

pc,d
(
dc,d (t)

)
= −

1
mc

[∑
k∈K∗

mkpk − mT pd

]
. (2)

Then, the pc,d can be used to solve for the reference slider
position dc,d required to compensate for the shift in CoG
location. We refer to the slider position obtained in this way
as the static control law. The slider can attain this position
using the motion controller for the slider compensation sys-
tem. To minimize the shift in pBBM , we set the reference
as pd = −pBM .

TABLE 2. Relevant physical parameters of the aerial manipulator.

B. WORKSPACE
We now compute the reachable workspace of the robot
manipulator for a fixed UAV position. The planar workspace
W⊂R2 in the body frame is defined to be the range of the
map pn

(
qa
)

: Qa 7→ R2, where Qa = [0, 2π ] × [0, 2π ] .
However, in practice, the domain of the workspace is subject
to several constraints arising from different physical limita-
tions, which we describe in the following subsection.

1) WORKSPACE CONSTRAINTS
The allowed active joint angles qa will be determined in terms
of sets Ak , each of which represents practical constraints.
The first constraint is imposed due to the actuated joints
qa being limited by the servo motors having a maximum
rotation range of qr . Thus, A1 =

[
q01,min, q01,min + qr

]
×[

q02,min, q02,min + qr
]
for starting angles q01,min, q02,min.

Since the arm is located beneath the UAV structure, we also
require that none of the links touch the structure or the
rotors during motion. For the actuated and passive links, this
translates to

A2 =
{
qa
∣∣min

(
Risφi + Lisi, Risφi + Lisi + Li+2si+2

)
> −hi, i = 1, 2}. (3)

The third constraint is due to the allowable shift in the center
of gravity position. We require that the workspace does not
include locations that the slider mechanism cannot balance.
Due to the slider length Ls, the slider position is restricted to
dc(t) ∈

[
Lc
2 , Ls −

Lc
2

]
. With this and d∗

c obtained from (2),

dc = f
(
d∗
c
)

=



Lc
2
, d∗

c ∈

(
−∞,

Lc
2

]
d∗
c , d∗

c ∈

(
Lc
2
, Ls −

Lc
2

]
Ls −

Lc
2
, d∗

c ∈

(
Lc
2
, ∞

)
.

(4)

Due to the limitations, some areas in the otherwise reachable
workspace are deemed restricted if the horizontal compo-
nent px of p exceeds some imposed lower and upper bounds
εl, εu. Then, A3 =

{
qa|px ∈ [εl, εu] , dc = f

(
d∗
c
)}
.

Using the sets Ak , the constrained workspace Wc⊂W is
defined to be the range of the restriction of pn

(
qa
)
over

Qa
⋂
A, and A =

⋂3
k=1 Ak . In other words, this is the set

of possible end-effector locations with restricted domain on
the active joint angles as defined by the constraints.

2) MANIPULATOR WORKSPACE OPTIMIZATION
To simulate the workspace, the horizontal position of the CoG
reference is chosen to be px = xM , which is the horizontal
distance between the manipulator and hexacopter bases. The
workspace is studied for xM = 0 mm and xM = −50 mm,
representing the cases in which the manipulator base is
located either directly below the hexacopter or 50 mm ahead.

We simulate these conditions with and without the slider
mechanism to compare the workspace gained using themech-
anism. Fig. 8 shows the constrained planar workspace of the
parallel manipulator with the allowed CoG shift in position
of ε1 = 20 mm, where εl = εu = εi. The servo joint angle
range is qr = π rad, and

(
q01,min, q02,min

)
= (0, 0) rad.

Fig. 8 illustrates how changing the horizontal position of
the manipulator with respect to the hexacopter base increases
the allowed workspace. When xM = 0 mm, the end-effector
is restricted from moving left, since it will sooner reach the
vicinity of the slider mechanism and the shift in CoG location
will be out-of-bounds on the left. When xM = 50 mm, there
is more flexibility to move leftwards, since the reference CoG
is also set to the left.

The workspace of the manipulator without a slider is
heavily restricted in the forwards motion. The configuration
space after adding the slider has a larger area and placing the
manipulator at xM = 50 mm further increases it.
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FIGURE 8. Constrained planar workspace and configuration space for the proposed manipulator, simulated without the CoG compensation mechanism
(leftmost figures), and for slider lengths of 800 mm (middle figures) and 400 mm (rightmost figures).

Furthermore, when the slider length Ls = 400 mm,
the configuration space is further expanded, and allows
the extended motion of the manipulator to the bottom.
Since the counterweight and slider are effective at compen-
sating the gravity effect during the forward operation of the
manipulator, shortening the length of the slider is desirable to
prevent tipping on the left. The slider mechanism compensa-
tion greatly improves the forward reach of the robot arm by
about 450-600 mm, depending on the ε bounds chosen for
the CoG shift. Based on this discussion, the shorter slider is
chosen, with the manipulator placed ahead of the hexacopter
base.

Fig. 9 shows the planar workspace and configuration space
of the setup used in the experiments, with ε = 20 mm,
Ls = 400 mm, and xM = 50 mm. The allowable regions of
operation are represented by the blue regions. Furthermore,
near-singularity regions are identified. These are high-torque
regions of the configuration space where the load torques on
one of the joints exceeds the motor’s capacity, which occurs
close to q3 = q4.

IV. MODELING: KINEMATICS AND DYNAMICS
Since the operatingmode in this work is mainly amanipulator
cleaning operation for solar panels while hovering, we begin
first by describing the kinematics of the manipulator, fol-
lowed by the combined aerial manipulator kinematics. The
latter is necessary to suitably position the hexacopter for
the robot’s constrained workspace to intersect with the solar
panel region of interest. Finally, the system dynamics is used

to model the effect of the end-effector contact with the panel
surfaces, as well as the coupled dynamics of the hexacopter
and the robot arm.

A. KINEMATICS
1) KINEMATICS IN THE BODY FRAME
To describe themanipulator kinematics with respect toFB, let
T Bn (q) = T BMT

M
n (q) be the transformation matrix relating the

end-effector frameFn toFB. The transformation T BM consists
of only an identity rotation and the constant translation pBM .
For open kinematic chains, TMn (q) is the product of the inter-
mediate manipulator joint transformations. The closed-chain
direct kinematics is somewhat more involved and dependent
on the design, and in this paper the details for the five-bar
manipulator with end-effector tool are shown. TMn (q) is given
by

TMn (q) =

RY (ψn) pn +
dn
2

 cψn
0

−sψn


01×3 1

 , (5)

where RY (ψn) is a rotation about the y-axis and ψn = q4 +

αn is the end-effector angle. Kinematics of standard five-link
robot manipulators are detailed in [66] and [67].

For given input angles qa, the qp are determined using the
kinematic constraint, thereby completely specifying TMn (q).
We follow a typical analytical method to compute the qp
based on [68]. For simplicity, the closed-chain kinematic
constraint for the 5-bar mechanism (Fig. 7) can be written

111186 VOLUME 11, 2023



M. Alkaddour et al.: Novel Design of Lightweight Aerial Manipulator for Solar Panel Cleaning Applications

FIGURE 9. Workspace and configuration space of the chosen setup, with Ls = 400m and xM = −50mm. High-torque regions are better avoided
to reduce power demand on the servo.

with reference to F1 as follows:

L1ejq1 + L3ejq3 = Rejφ + L2ejq2 + L4ejq4 , (6)

where

R =

√
R21 + R22 − 2R1R2 cos (φ1 − φ2),

φ =
R2sφ2 − R1sφ1
R2cφ2 − R1cφ1

.

R, φ represent the distance and angle from F1 to F2.
By isolating the terms containing q4 in (6) and equating the

sum of squares of the real and imaginary equations, we can
then isolate the terms containing q3. We also do this for q3
followed by q4, yielding the two equations for i = 1, 2

(−1)i (γ1ci+2 + γ2si+2) =
1

Li+2
(α + βi) , (7)

where

γ1 = L1c1 − L2c2 − Rcφ, γ2 = L1s1 − L2s2 − Rsφ,

α =
1
2

(
R2 + L21 + L22

)
+ RL2cφ,2 − RL1cφ, 1 − L2L1c1,2,

βi = (−1)i
L24 − L23

2
.

here, c1,2 = cos (θ1 − θ2) for some angles θ1, θ2. Equa-
tions of the form in (7) can be solved by substituting ci =
1−u2i
1+u2i

, si =
2ui
1+u2i

for i = 3, 4. By solving the resulting

quadratics in q3, q4 and noting that γ 2
1 + γ 2

2 = 2α, we get

ui+2 =

(−1)iLi+2γ2 ±

√
2L2i+2α − (α + βi)

2

(−1)iLi+2γ1 + (α + βi)
, (8)

and the qi+2 = 2 tan−1 (ui+2) for i = 1, 2. From this,
the end-effector position and orientation can be obtained
using (5).

The inverse kinematics problem is defined by finding the
active joint angles qa that yield the given pose prescribed by
the end-effector task vector xn =

(
pTn ψn

)T with respect
to FM . The active pair qa can position the end-effector as
desired, resulting in the orientation ψn = q4 + αn. If only
the end-effector coordinates pn =

(
a y0 b

)T are required,
then the loop equations are

R1cφ1 + L1c1 + L3c3 = R2cφ2 + L2c2 + L4c4 = a,

R1sφ1 + L1s1 + L3s3 = R2sφ2 + L2s2 + L4s4 = −b. (9)

By isolating the terms containing q3 and q4 in each pair of
equations and summing the squares, we can solve for q1 and
q2 with methods similar to the solution of (7). The solutions
are qi = 2 tan−1 (ui) for i = 1, 2, where the ui are given by

ui =

b′
i ±

√
b′
i
2
+ a′

i
2
− L ′

i
2

a′
i + L ′

i
, a′

i = a− Ricφi ,

b′
i = b− Risφi , L ′

i =
a′
i
2
+ b′

i
2
+ L2i − L2i+2

2Li
. (10)

q3 and q4 can be recovered directly by substituting the solu-
tions into (9) (or, alternatively, using the forward kinematics
solution (8)). There are eight inverse kinematics configura-
tions for one end-effector position, attained by switching the
plus/minus sign in (10) for i = 1, 2, and a choice of elbow
up/down for the qp as seen earlier in the forward kinematics.
Finally, for a given slider position dc, the body-frame CoG px
can be found by substituting the q and dc into (1).

When the end-effector orientation is also required, as is the
case when equipped with the brush to aptly clean the solar
panel surface, then the angle αn should be added as a joint
angle resulting in an additional DoF. In this case, the inverse
kinematics problem becomes that of realizing both pn, ψn
using

(
qTa αn

)T
. The solution to this problem is identical to
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the solution given by (10) above, and αn = ψn − q4 can be
used to achieve the desired orientation.

2) AERIAL MANIPULATOR KINEMATICS
Consider again the frames defined in Fig. 7. The position pEB
and orientation 2B of the hexacopter with respect to FE are
given at all times by pEB =

(
px py pz

)T
, 2B =

(
ψ θ φ

)T
∈

R3, which are the Cartesian coordinates and Euler angles.
The UAV pose in FE is described by T EB

(
pEB , 2B

)
∈ R4×4

[69], where

T EB
(
pEB , 2B

)
=

(
REB (2B) pEB

0 1

)
,

and REB (2B) is the rotation matrix defined by Euler angles.
The end-effector frame Fn with respect to FE is given by the
transformation

T En
(
pEB , 2B, qa

)
= T EB

(
pEB , 2B

)
T Bn (q) . (11)

From (11), we have that

pEn = pEB + REBp
B
n ,

REn = REBR
B
n .

Here, pBn = pBM + pMn . The manipulator control variables,
as defined earlier, are xa =

(
qTa dc

)T , and the hexacopter

control variables are xb =

(
pEB

T
ψ

)T
.

3) DIFFERENTIAL KINEMATICS
Let ηa =

(
qTa dc

)T be the vector of actuated degrees of
freedom and the total task vector xM =

(
xTn p

)T consist
of the end-effector task vector as defined in the body-frame
kinematics, and the manipulator’s CoG position. The differ-
ential kinematics is described by ẋM = JxMηa

η̇a, where

JxMηa
=

(
Jxnqa 04×1

Jpqa Jpdc

)
.

(6) can be written as the kinematic constraint F (q) = 0,
which induces the differential relation q̇p = J

qp
qa q̇a, and

J
qp
qa =−

[
∂F
∂qp

]−1
∂F
∂qa

=
1

L3L4s3,4

(
−L1L4s1,4 L2L4s2,4
−L1L3s1,3 L2L3s2,3

)
.

The Jacobian Jxnqa (q) of the end-effector twist ẋn can then be
obtained

Jxnqa (q) =
∂xn
∂qa

+
∂xn
∂qp

J
qp
qa =

1
s3,4


L1s4s1,3 −L2s3s2,4

0 0
−L1c4s1,3 L2c3s2,4
−
L1
L3
s1,4

L2
L3
s2,4

 .
Using the definition from (1),

d
dt
p =

1
mT

[
4∑
i=1

mi

(
∂pi
∂qa

+
∂pi
∂qp

J
qp
qa

)
+ meE13Jxnqa

]
q̇a

+
∂pi
∂pc

∂pc
∂dc

ḋc.

We use Ea1,...,an ∈ Rn×m to denote the selection matrix
used to extract a desired submatrix. It consists of 1s in the
athi position for each row i and 0s everywhere else. Its inner
dimension m is determined by imposing well-defined matrix
multiplication. By computing the derivatives using the defini-
tion of p, defining the quantitiesm′

E = m3+m4+2mn, m′

1 =

m1 + m3, m′

2 = m2 + m4 and simplifying, we get Jpdc =

mc
mT

(
−1
0

)
and (12), as shown at the bottom of the next page.

When our primary task is the control of the planar
end-effector position and the x-component of the posi-
tion of the CoG, the associated Jacobian is Jpn, pxηa

=

E135J
xM
xa ∈ R3×3.

The differential kinematics of the combined system can
be realized by using the time derivatives of the end-effector
position, orientation, and x-CoG. We note the property [70]

ṘEBp
B
n = S

(
ωE
B

)
REBp

B
n = −S

(
REBp

B
n

)
ωE
B ,

where S (·) ∈ R3×3 is the skew-symmetric matrix repre-
senting the cross-product operator. The derivatives are given
by [70]

ṗEn = ṗEB − S
(
REBp

B
n

)
ωE
B + REBE123J

xn
qa
q̇a,

ωE
n = ωE

B + REBωB
n ,

ṗx = E1
[
Jpxqa q̇a + Jpxdc ḋc

]
. (13)

Since the angular velocities ωE
n ,ω

E
B are commonly specified

by Euler angles, they are related by ω = T (2)2̇, where [70]

T (2) =

 0 −sψ cψcθ
0 cψ sψcθ
1 0 −sθ

 .
Defining νEn =

(
ṗEn

T
ωE
n
T ṗx

)T
, we can rewrite (13) as

νEn =

 I3 − S
(
REBp

B
n
)
T (2B) REBE123J

xn
qa 03×1

03 T (2B) REBE242J
xn
qa 03×1

01×3 01×3 E1J
p
qa E1J

p
dc



×


ṗEB
2̇B
q̇a
dc

 . (14)

Since φ̇,θ̇ are not control variables, we can write νEn =

Jηη̇ + Jξ ξ̇ , where η =
(
xTb xTa

)T
, ξ =

(
φ θ

)T
.Jη, Jξ can

be extracted from the total Jacobian in (14) by retrieving
the associated columns for the active and passive degrees of
freedom.

4) INVERSE KINEMATICS AND PATH-PLANNING
In general, if the desired end-effector position pn,d and ori-
entation 2n,d are fully specified in R6, the active control
variables η are sufficient to achieve the desired pose. The yaw
angle ψ and the qa can be used to achieve 2n,d , and pn,d
can be freely accounted for using the hexacopter position pEB .
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When closed-form solutions are not available, well-known
inverse kinematics algorithms (e.g. in [71]) that use the Jaco-
bian can be employed to compute η for a given pose.
In this work, sincewe only require the end-effector position

and z-axis to be specified, a different strategy is proposed
that takes into account the CoG position compensation using
the constrained workspace described in Section III-B1. The
procedure is described for a single solar panel at some fixed
location and orientation.

We denote by FS the frame with origin assigned to the
bottom left corner of the panel, where ZS is aligned with the
Earth ZE and XS points along the width of the panel, shown
in Fig. 10.

The hexacopter degrees of freedom are used to situate the
aerial manipulator at a suitable position above the panel, and
the manipulator sweeps the brush along the inclined length
of the panel. In the following, the latter process will be
referred to as a stroke. We assume that during hovering a) the
manipulator can access the length of the panel, and b) the shift
in CoG location can be suitably compensated for the entirety
of one stroke.

FIGURE 10. Constrained manipulator workspace during cleaning
operation, with 1Py = 0.5m, 1Pz = 0.675m.

The aforementioned, then, consists of defining T EB to posi-
tion and orient the hexacopter above the panel and specifying
the desired end-effector locations in the panel frame using
T Sn . T

E
S is fixed and known based on the solar panel. Since

T En = T ES T
S
n = T EB T

B
n , we have that

TMn =

(
T EM
)−1

T ES T
S
n , (15)

and the qa are then obtained using the body-frame inverse
kinematics.

The transformations for frames FS and FM are

T ES =

(
Rz (ψs) pS

0 1

)
, T EM =

(
R (2) pEB + pBM
0 1

)
, (16)

where FS is known a priori. To orient the aerial manipulator
to face the panel as in Fig. 10, we set ψ = ψs +

π
2 and

pEB = pS + 1p for some displacement 1p from the panel
frame, to be determined. The choice of 1p will be such
that the desired end-effector locations are contained in the
constrained workspaceWc.
The desired end-effector positions

(
pi
)S
n at the center

of the brush tip are given by the line segments
(
pi
)S
n =(

xi yi(s) zi(s)
)T
, parameterized by s∈[0, 1]. Since the brush

width Wb may not perfectly divide the panel width WS , then
WS
Wb

= n − 1 +
Wb−We
Wb

for some We < Wb. If we define

xi =
Wb
2 + (i − 1)

(
Wb −

We
n−1

)
for i = 1, . . . , n, then the

brush will traverse the panel width. The line segments are
parameterized by

yi(s) =


[
dn
2

+ (LS − dn) s
]
cαs i odd[

dn
2
s+

(
LS −

dn
2

)
(1 − s)

]
cαs i even

zi(s) = tan (αS) yi(s). (17)

The odd and even i separate the paths into strokes moving
from the bottom to the top of the panel and vice versa,
respectively.

The center of brush tip should also be tangent to the panel
surface at all times. This is achieved by setting the approach
vector aS of the end-effector to the normal vector of the panel
surface, i.e. aS =

(
0 sαS −cαS

)T
. Using this orientation and

the
(
pi
)S
n ,(

T Sn
)
i
=

(
(Ri)Sn

(
pi
)S
n

0 1

)
, (Ri)Sn =

 0 −1 0
cαS 0 −sαS
sαS 0 cαS

 .
(18)

Given the above, we return to the problem of specifying 1p
to ensure that the manipulator’s plane of operation intersects
the line segments described in (17). By substituting (16) and
(18) into (15), we obtain(

TMn
)
i
=

(
RTz
(
π
2

)
(Ri)Sn

(
pi
)M
n

0 1

)
,(

pi
)M
n = RTz

(π
2

) [(
pi
)S
n − RTz (ψS)1p

]
.

The orientation is computed by
(
RMn
)
i = RTz

(
π
2

)
(Ri)Sn =

RTY (αS) , which corresponds to an end-effector orientation of
ψn = αS in the body frame.

To make the choice of 1p, we require a) the y-component
of each

(
pi
)M
n to vanish (planar manipulator), and b) the

other two components to be contained in Wc. Denoting the

Jpqa =
1

2mT s3,4

(
L1
(
−m′

1s1s3,4 + m′
Es4s1,3

)
L2
(
m′

2s2s3,4 + m′
Es3s2,4

)
L1
(
m′

1c1s3,4 − m′
Ec4s1,3

)
L2
(
m′

2c2s3,4 + m′
Ec3s2,4

) ) (12)
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FIGURE 11. Schematic outlining a model of the belt-drive CoG
compensation subsystem.

planar components by xMn , z
M
n and expanding

(
pi
)M
n with

constraint (a), we get

xMn (s) = yi(s) + tan (ψS) xi − sec (ψS)1py,

zMn (s) = zi(s) −1pz,

1px = sec (ψS) xi − tan (ψS)1py. (19)

Using the panel dimensions, 1py, 1pz can be specified
to aptly position the hexacopter, and the 1px is computed
from (19). Body-frame end-effector locations can then be
recovered from xMn (s), zMn (s). Along with the orientation
ψn = αS , they used to command the qa, αn using the pre-
viously developed inverse kinematics solution (10).

B. DYNAMICS
There are several approaches used to model aerial manipula-
tor dynamics. One way is to add an additional forcing term
to the hexacopter equations, which represents the reaction of
the robot arm’s motion at the hexacopter’s CoG. This is done
in works such as [34] and [72]. Alternatively, and this is the
model we present here, the equations ofmotion can be derived
from first principles using the Euler-Lagrange equations.
References [69] and [70] extend the classical Euler-Lagrange
formulation for robot manipulator dynamics, found in [73],
to aerial manipulators. In this work, the slider dynamics are
also included in the model.

Let the system Lagrangian be given by L = T − V,
where T , V are the total kinetic and potential energies
of the combined system. The kinetic energy of the mov-
ing components are due to the hexacopter, robot arms,
end-effector, counterweight, and pulleys. The set KD =

{1, 2, 3, 4, n, c, B, p1, p2} contains the subscripts which
indicate the moving components. The kinetic and potential
energy are given by

T =

∑
k∈Km

1
2
mk
(
ṗEk
)T
ṗEk +

1
2

(
ωE
k

)T
IEk ωE

k

V =

∑
k∈K

mkgeT3 p
E
k +

1
2

 2∑
j=1

kj
(
rpφpj − dc

)2
+k3r2p

(
φp1 − φp2

)2]
, (20)

where the kj, φpj are defined in a schematic of the slider in
Fig. 11 that is based on drive-belt models [74]. The IEk are
the inertia tensors defined with respect to FE , which can be

decomposed into IEk = REB Ik
(
REB
)T , where Ik is the diagonal

inertia tensor of component k defined with respect to the
component’s CoG position [73].

We define KM = {1, 2, 3, 4, n} , Kc = {c, p1, p2}
to separate the manipulator and slider components. Defining
qc =

(
φp1 φp2 dc

)T and noting that pEk = pEB + REBp
B
k

for k ∈ Km, then, analogously to (13), for i1 ∈ KM ,
i2 ∈ Kc, [69]

ṗEi1 = ṗEB − S
(
REBp

B
i1

)
T (2B) 2̇B + REBJi1,pq̇a,

ṗEi2 = ṗEB − S
(
REBp

B
i2

)
T (2B) 2̇B + REBJi2,pq̇c,

ωE
i1 = T (2B) 2̇B + REBJi1,ωq̇a,

ωE
i2 = T (2B) 2̇B + REBJi2,ωq̇c. (21)

The Jacobians Ji,p, Ji,ω are the linear and angular velocity
Jacobians respectively, which can be appropriately defined
for each component (Appendix). Further, pBk = pBM + pk
for all k∈Km, where the pi are the positions expressed in the
manipulator frame FM as defined in Section III-A.

Let X =

(
pEB

T
2B qa qc

)T
∈ R11 be the combined

system’s state vector. By substituting (21) into T from (20)
and rearranging, we can write T =

1
2X

TDX , where D is the
symmetric, positive-definite inertia matrix [73]. Defining the
belt stiffness matrix κ as

κc =

 (k1 + k3) r2p −k3r2p −k1rp
−k3r2p (k2 + k3) r2p −k2rp
−k1rp −k2rp k1 + k2

 ,
κ =

(
08 08×3
03×8 κc

)
,

and g (X) =
∂Vg
∂X , where Vg is the gravitational potential

energy from V, the Euler-Lagrange equations yield

D (X) Ẍ + c
(
X, Ẋ

)
+ g (X)+ κX + ḂX = τBM .

Here, B is a diagonal matrix representing a lumped viscous
damping model. c(X, Ẋ) contain the Coriolis and centrifugal
terms and the ci are given by the Christoffel symbols [73]

ci
(
X, Ẋ

)
= Ẋ

T
Ci (X) Ẋ,

Ci (X) =
1
2

[
∂Di
∂X

+

(
∂Di
∂X

)T
−
∂D
∂X i

]
,

where Di is the ith column of the inertia matrix.
A special case of the above can be obtained after making

certain simplifications. If we consider the manipulator and
CoG compensation subsystems to be fixed to a testing frame
by a hook instead of being attached to a moving drone, we can
drop the translation equations for pEB and keep only the pitch
equation θ, along with the qa, qc. This is equivalent to
a hovering condition of the aerial manipulator, where the
rotors are in charge of maintaining the position. Further-
more, if we neglect the stretching of the belts, we have that
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dc = rpφp1 = rpφp2 , so that qc = dc, and the applied forces
only act at themanipulator joints and counterweight platform.

In light of these simplifications, the equations describing θ
and dc are

Jyyθ̈ +

[
−mc

(
pBc
)
z
+
Ipy
rp

]
d̈c +

∑
k∈KM

mk
(
R0pBk

)T
Jk,pq̈a

+ 2
∑
k∈KM

mk
(
pBk
)T
Jk,pq̇aθ̇ + 2mc

(
pBc
)T
Jc,pḋcθ̇

+

∑
k∈KM

mk

[(
R0pBk

)T ∂Jk,p
∂qa

q̇a + q̇Ta
(
R0Jk,p

)T Jk,p] q̇a
+

∑
k∈K

mkgpBk
T

 cθ
0
sθ

 = 0, (22)

[
−mc

(
pBc
)
z
rp + Ipy

]
θ̈ +

1
rp

(
mcr2p

+Ipy
)
d̈c + mcrp

(
pBc
)
x
θ̇2 + bcrpḋc + mcghc sin θ

= τm(t), (23)

where

Jyy =

∑
k∈KM

Ik,y + mk
∥∥∥pBk ∥∥∥2, R0 = RY

(π
2

)
,

∂Jk,p
∂qa

q̇a =
∂Jk,p
∂q1

q̇1 +
∂Jk,p
∂q2

q̇2,

the Ik,y is the y-component of Ik , and bc is the viscous
damping acting on the slider. The Jyy term represents the total
moment of inertia with respect to the y-axis of the base’s,
or hexacopter’s, CoG.

It is possible to rewrite some terms in the first equation
using the Jacobians Jpqa , J

p
dc from (12), which better shows the

inclusion of the velocity of the CoG in addition to the position
of the CoG resulting from the gravity terms. This allows it to
be treated as a disturbance that can be compensated for in the
robust control scheme proposed in [75].

The DC motor torque τm(t) = Kt im(t), where im(t) is the
supplied current. The DC motor equation for im is [76]

Lm
dim
dt

= −Rmim − Ke
dc
rp

+ Vm(t),

where Lm, Rm, Ke, Kt , Vm are the motor inductance, resis-
tance, velocity and torque constants, and applied voltage,
respectively.

V. CONTROL SYSTEM
Fig. 12 shows a block diagram of the proposed control
system.

In the motion planning phase, the inverse kinematics are
used to compute the reference joint angles q1,d , q2,d using
the desired end-effector positions from (19). The manipulator
joints with imposed trajectory function qa = qa(t) can be set
and tracked with the internal servo motor controllers. Then

FIGURE 12. Proposed control system consisting of motion planning using
an appropriate choice of slider control law to counterbalance the CoG
shift, and separate motion controllers for each actuator.

we can rewrite the corresponding terms, which are known
functions of time, as

Q1(t) =

∑
k∈KM

mk
(
R0pBk

)T
Jk,pq̈a

+

∑
k∈KM

mk

[(
R0pBk

)T ∂Jk,p
∂qa

q̇a + q̇Ta
(
R0Jk,p

)T Jk,p] q̇a,
Q2(t) = 2

∑
k∈KM

mk
(
pBk
)T
Jk,pq̇a.

Next, we obtain the τm required to move the slider at constant
velocity, i.e. d̈c = 0. First, we rewrite (22) and (23) and
decouple θ̈ , d̈c as follows:(

Jyy b
brp d

)(
θ̈

d̈c

)
= −

(
f1
(
t, θ, dc, θ̇ , ḋc

)
f2
(
t, θ, dc, θ̇ , ḋc

)
+ τm(t)

)
,(

θ̈

d̈c

)
= −

1
Jyyd − b2rp

(
df1 − bf2 − bτm

−brpf1 + Jyyf2 + Jyyτm

)
.

Setting d̈c = 0 requires τm =
b
Jyy
rpf1 − f2, which can be

substituted into the equation for θ̈
θ̈ = −

1
Jyyd−b2rp

(
df1 − bf2 −

b2
Jyy
rpf1 + bf2

)
= −

f1
Jyy
. This

is just (22) with d̈c = 0, ḋc = vc. Noting that
(
pBc
)T Jc,p =

−
(
pBc
)
x , (22) can now be written as

Jyyθ̈ − 2mc
(
pBc
)
x
vcθ̇ +

∑
k∈K

mkgpBk
T

 cθ
0
sθ


+ Q2 (t) θ̇ + Q1(t) = 0. (24)

Recall that
(
pBc
)
x = −dc + R1cφ1 + pBMx . Then, choosing

x1 = θ, x2 = θ̇ , we have

ẋ1 = x2

ẋ2 =
−1
Jyy

[∑
k∈K

mkg
(
pBk zsθ

)
+

∑
k∈K∗

mkg
(
pBk xcθ

)]
−
mc
Jyy

(
gcθ − 2vcθ̇

) (
pBMx + R1cφ1

)
+
mc
Jyy

(
gcθ − 2vcθ̇

)
dc,d −

Q1(t) + Q2 (t) θ̇
Jyy

,
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which is of the form ẋ = f (t, x)+g (x) u for u = dc, d, x =(
x1
x2

)
. A feedback linearization control law can be chosen

as [77]

u = pBMx +
pBc zgsθ

gcθ − 2vcθ̇
+ R1cφ1

+
1

mc
(
gcθ − 2vcθ̇

)
v+

∑
k∈K∗

mk
(
pBk
)T  cθ

0
sθ


+Q1(t) + Q2 (t) θ̇

]
. (25)

We refer to the control law in (25) as the as the dynamic
control law. The state space model under the control law (25)
is reduced to the double integrator(

ẋ1
ẋ2

)
=

(
0 1
0 0

)(
x1
x2

)
+

(
0
1

)
v,

which has a full-rank controllability matrix C =
(
B AB

)
=(

0 1
1 0

)
, implying the system is also stabilizable. A PID

controller of the form

v = −
(
µ2
1 µ

2
2 −(µ1µ2)

2
+ µ2

3

) ( x
x3

)
can be chosen to stabilize the system and track θd = 0 for
some µ1, µ2, µ3∈R and x3 =

∫ t
0 −θ (τ ) dτ . The character-

istic equation under this control is

s3 + µ2
2s

2
+ µ2

1s+

(
µ2
3 − µ2

1µ
2
2

)
= 0. (26)

All the poles of (26) are in the left half-plane.
We emphasize that the dynamic control law is equivalent

to the static control law obtained by solving (2) when θ = 0.
In a dynamic setting in which d̈c ̸=0 and θ is larger, the
coupled dynamics can be used with u = τm. Although this
is beyond the scope of the paper. A stabilizing control law
can be derived in that setting.

To demonstrate the efficacy of the mechanism in the
current setting, a slider motion controller in the form of
a discrete-time PID controller is used to send the counter-
weight to a precomputed slider position, dc,d . The motion
controllers for themanipulator joint angles are embedded into
the servo motors and can accurately reach the commanded
angles q1, q2.
We use the Raspberry Pi (RPi) to implement the motion

controllers. Fig. 6 contains the schematic used to realize
the control system on the test bench. The joint angle values
qa,d =

(
q1,d , q2,d

)T are internally computed using inverse
kinematics for some given end-effector positions. The pk are
known from the fixed structure and the moving links from
the computed qa,d . The slider setpoint dc,d is then internally
computed using (25) with θ = 0.
After computing the required setpoints as outlined in

Fig. 12, the corresponding PWM is output from the RPi
to each joint servo motor, which uses its internal motion
controller to send the joint angles to qa,d . A discrete-time

PID controller is implemented using the RPi by using slider
position encoder values to update the control signal uc used to
drive the DC motor speed. This is done one sample at a time
using the following discrete PID law:

uc [k] = kp (ec [k])+ kd (ec [k] − ec [k − 1])+ ki
k∑
j=0

ec [j] ,

ec [k] = dc,d − dc [k] .

Here, u[k] is the control signal value at time k1T , where
1T is the sampling time. The sampling time is restricted
by the encoder resolution. The operation continues until the
error is reasonably close to zero. The RPi is also interfaced
with the IMU and logs the tilt angle data θ [k]. In a dynamic
setting with high tilt angle values, θ can be used to update the
dynamic law (25) and generate a new slider setpoint.

FIGURE 13. Proposed manipulator with CoG compensation system,
showing end-effector and slider positions set for each experiment.

VI. EXPERIMENT
A. EXPERIMENTAL SETUP
The objective of the conducted experiment is to quantify
the effectiveness of the proposed CoG compensation mecha-
nism by compensating the system’s shift in tilt angle during
operation. Fig. 13 shows the experimental setup in an ini-
tial, stable configuration. The system was hook-fixed to
a rigid cable system to simulate the stable hovering of a
hexacopter and demonstrate a proof of concept. The 100 g
counterweight represents a battery during aerial manipula-
tion. The IMU is fixed beneath the base frame FB with
the same orientation. The total mass of the platform and
interfaced components is about 1.29 kg, reported in Table 2.
This is well below a typical hexacopter maximum payload,
which renders the system feasible for deployment on solar
panels.

Step inputs to the system are provided in the form of
fixed values for the manipulator joint angle qa. Four different
scenarios, each in which the joint angles are changed from
an initial to final configuration, are conducted in the exper-
iments. The values of the end-effector positions are chosen
so that the slider position will be commanded to a different
position in each scenario. When deployed on a solar panel,
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TABLE 3. Joint angle, slider, and end-effector positions for each scenario.

FIGURE 14. Variance and steady-state error values across all scenarios.

the path-planning formulation of Section IV-A4 can be used
to determine the end-effector positions instead.

The joint angles qa,i for the initial equilibrium configura-
tion are equal for each scenario at (105, 115) degrees, with the
brush located at pMn = (45.05, 5.37) cm,

∥∥pMn ∥∥ = 33.94 cm,
and slider position dc = 7.5 cm. The final joint angles, end-
effector positions, and steady-state slider locations for each
scenario are given in Table 3. We note that the end-effector
load torque acting on the system is due to the horizontal
component of pMn when the tipping angle θ = 0. However,
as indicated by the ∥p∥ term in the system dynamics, readily
shown by linearizing (24), both horizontal and vertical com-
ponents will contribute when θ ̸=0. Both joint velocity values
are equal and constant across all scenarios.

B. RESULTS
To quantify the results of each Scenario, the tipping angle was
measured in the following four conditions:

1) No CoG compensation (Off-Uncompensated),
2) With CoG compensation (Off-Compensated),
3) Brush on with CoG compensation during joint motion,

(On-During), and
4) Brush on with CoG compensation after joint motion

(On-After).
From here onwards, the names in parentheses will be

used to denote the condition of a particular experiment.
Off-Uncompensated and Off-Compensated refer to experi-
ments with the brush turned off and respectively with and
without CoG compensation. The latter two refer to experi-
ments with CoG compensation and with the brush turned on.

FIGURE 15. Variation of eθ for each Scenario, in the following order (left
to right): Off-Uncompensated, Off-Compensated, On-During, and On-After.

On-During means the robot undergoes CoG compensation
and joint motion simultaneously, while On-After means the
CoG compensation is done shortly after the joint motion is
complete.

The tipping angle θ was measured and stored using the
IMU. We define the error to be eθ [k] = θ [k] − θ0, the
steady-state error by ess = e[N ], the mean by µ =
1
N

∑N
i=0 θ (i), and the variance by σ

2
=

1
N

∑N
i=0 (θ [i] − µ)2,

where N is the total number of samples.
We found that each metric is indicative of performance.

The steady-state error demonstrates the effectiveness of the
slider mechanism at minimizing the tipping caused by the
joint motion, while the variance helps characterize the tran-
sient response in that higher variance values imply more
vibratory behavior. The mean value is reported to help under-
stand the range of angle values in that particular experiment.
The error and variance across each case are plotted in Fig. 14.
Boxplots of the error eθ for each Scenario and condition are
shown in Fig. 15 to visually compare the distributions in
each set of readings, with the conditions ordered left to right
as Off-Uncompensated, Off-Compensated, On-During, and
On-After.

In all cases, the uncompensated system results in
steady-state and mean errors further away from zero than
the ones with compensation. The steady-state error values
improve notably upon adding the compensation system as
the tipping angle is nearly zeroed. The error is minimized
when the brush is off, since the slider was positioned without
accounting for the disturbance caused by the brush.

Between the two configurations in which the brush is
turned on, the On-During condition shows improved stabi-
lization both in terms of variance and error. Both steady-state
and mean errors are nearly zero across all Scenarios in the
On-During condition, while On-After results in some offset
in the same metrics, as well as higher variance. These results
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FIGURE 16. Plots of the brush on, compensated after motion (above) and during motion (below), with slider position (middle) and control.

FIGURE 17. Tipping angle error time history. Top: Off-Uncompensated and
Off-Compensated, bottom: On-During and On-After.

show that effectively compensating the CoG can also reduce
the disturbance induced by the brush. Therefore, On-During
is the recommended mode of operation when the brush is on.

In two out of the four configurations for each scenario, the
brush was turned on to simulate the operating behavior of the
cleaning system and to confirm CoG compensation with an
active brush.

Fig. 16 shows the time history of the tipping angle, as well
as the slider position and the DCmotor voltage input as deter-
mined by the PID controller. The tipping angle error is also
presented in Fig. 17 to illustrate the tipping angle deviations
in each case. Fig. 18 shows the same but with subfigures
separated by scenario rather than mode of operation.

FIGURE 18. Plots of tipping angle error vs. time for Scenarios I-II (top)
and III-IV (bottom), left to right, under each configuration.

The values of the local CoG positions are also com-
puted using the trajectories of the slider, joints, end-effector,
and (1). For comparison, the local CoG position trajectory
was computed under the same configuration but without the
presence of the slider compensating system. The time histo-
ries for each are displayed in Fig. 19 and Fig. 20, and the final
values of px in the robot plane in Fig. 21.
To scale the results, reference lengths L∗

x = −R1cφ1 +L1+

L3 = 58.5 cm and L∗
z = −R1sφ1 + L1 + L3 = 59.2 cm

are chosen to nondimensionalize the CoG position values by
p̃x =

px
L∗
x
, p̃z =

pz
L∗
z
.

In Fig. 19, when the slider compensating system is
removed, system’s mass is concentrated ahead of the hook’s
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FIGURE 19. Horizontal CoG position trajectory for each scenario,
comparing experiment with simulation without slider. Configuration:
On-During.

FIGURE 20. Vertical CoG position trajectory for each scenario, comparing
experiment with simulation without slider. Configuration: On-During.

CoG position. This is why the px values are much larger than
with the presence of the slider. In addition to this difference,
the shift in CoG resulting from the joint motion is also lower
when the slider is present (a maximum of 1p̃x = 2.05%)
than without (a maximum of 1p̃x = 6.84%). In addition to
the horizontal CoG variation, the norm of the CoG vector in
Fig. 21 encodes the variation of the vertical component.

In the robot plane in Fig. 21, the same steady-state CoG
position values with compensation are much closer to the
origin with an average p̃x = 3.93%, while those with no CoG
compensation system average at p̃x = 38.5%. This differ-
ence in CoG shift will significantly destabilize the system
by increasing the induced gravitational torque and, subse-
quently, the tilt angle. In hexacopter applications, this will
result in a higher power requirement from the rotor motors
for stabilization, and may even fail at doing so. To put this

FIGURE 21. Final CoG position values in the Cartesian plane, comparing
experiment with simulation without slider. Configuration: On-During.

FIGURE 22. Gravitational torque (effective at the hook) acting on the
robot. Configuration: On-During.

into perspective, moving the counterweight (with compen-
sation experiments) resulted in p̃x = 3.93%, while fixing
its position at the beginning of the slider (no compensation
experiment) resulted in p̃x = 4.79%. This CoG difference
of 0.85% reduced the tilt angle by 1º-3º (Fig. 19) depending
on the experimental scenario. Based on this, it is reasonable
to assume simulated value of p̃x = 38.5% will yield much
higher values.

When the value of θ is not small, both px and pz contribute
to the torque induced by gravity on the system. This is rep-
resented by the gravity term in (22) and (24), which can be
rewritten as mT g

(
pBx cθ + pBz sθ

)
. Applying the definition of

the gravitational torque

τ = RY (θ) S
(
pBBM

)
g
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yields the same term about the y-axis. The time history of
the gravitational torque causing the rotation for each case is
shown in Fig. 22.

VII. CONCLUSION
In this work, an aerial manipulator system with a five-bar
parallel robot and bendable end-effector was proposed for
the purpose of solar panel cleaning operation. The primary
advantage of the system is in its design to reduce the load
torque and the presence of a slider-battery system to com-
pensate for shifts in the CoG position. This allows significant
forward reach of the end-effector with minimal shifts in the
CoG position, which was shown in an analysis of the robot
workspace subject to practical physical constraints.

Several experiments were conducted on the aerial manip-
ulator fixed to a testing setup. An end-effector with brush
was moved to simulate the cleaning operation, and the slider
mechanism was used to compensate for the shift in the CoG
location. The readings on the tilt angle indicate that it is
best to move the counterweight during the joint motion, and
that the counterweight can significantly affect the tilting of
the system as well reduce the transient oscillations during
motion. A 34.5% difference in the horizontal CoG shift is
computed between the compensated system and the same
system without the mechanism present. Hence, the compen-
sation substantially improves the stability of the system by
decreasing the tilt angle and reduces the constant stabilizing
power required by the hexacopter during cleaning. The exper-
iments also show that CoG compensation while moving the
joints reduces the overall tilt angle vibrations.

The advantages of the proposed system are threefold: to
provide a robust CoG position compensation system that
improves stability during cleaning, to minimize the payload
by optimizing the structural geometry, and to utilize the paral-
lel robot design to reduce the torque on the joint servo motors
while maintaining the required workspace.

Finally, a path planning scheme for solar panel cleaning
operation was presented based on the exact kinematics of the
system. The solution can be used to autonomously generate
paths, which then require a motion controller for execution.
The dynamics of the combined system were given based
on previously developed work [69], [70], [73]. A modifi-
cation was made to also include the slider motion, and a
reduced fourth-order model coupling the tilt angle and slider
position was derived under hovering operation with simple
inputs. Feedback linearization was applied to the coupled
system to obtain a dynamic control law. It was shown that
the dynamic control law is equivalent to the static control
law obtained using CoG balancing when the tilt angle is
zero.
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APPENDIX
The Jacobian relating the passive joint angles qp =

(
q3 q4

)T
to the active joint angles qa =

(
q1 q2

)T is given by

J
qp
qa =

1
L3L4s3,4

(
−L1L4s1,4 L2L4s2,4
−L1L3s1,3 L2L3s2,3

)
.

The Jacobians Ji,p, Ji,ω, defined in Section IV-B, relate the
linear and angular velocity respectively of the component
indicated by i to the actuation variables q̇a,q̇c. The Jacobians
are deduced from the robot kinematics. The linear velocity
Jacobians are

J1,p =
L1
2

−s1 0
0 0
c1 0

 , J2,p =
L2
2

 0 −s2
0 0
0 c2

 ,
J3,p = L1

−s1 0
0 0
c1 0

+
L3
2

−s3 0
0 0
c3 0

 J
qp
qa

=
1

2s3,4

−L1
(
s1s3,4 − s4s1,3

)
−L2s3s2,4

0 0
L1
(
c1s3,4 − c4s1,3

)
L2c3s2,4

 ,
J4,p = L2

 0 −s2
0 0
0 c2

+
L4
2

 0 −s4
0 0
0 c4

 J
qp
qa

=
1

2s3,4

 L1s4s1,3 −L2
(
s2s3,4 + s3s2,4

)
0 0

−L1c4s1,3 L2
(
c2s3,4 + c3s24

)
 ,

Jn,p =
1
s3,4

 L1s4s1,3 −L2s3s2,4
0 0

−L1c4s1,3 L2c3s2,4

 , Jc,p =

−1 0 0
0 0 0
0 0 0

 .
The angular velocity Jacobians are

J1,ω =
(
1 0

)
, J2,ω =

(
0 1

)
,

J3,ω =
(
1 0

)
, J

qp
qa =

1
L3s3,4

(
−L1s1,4 L2s2,4

)
,

J4,ω =
(
0 1

)
, J

qp
qa =

1
L4s3,4

(
−L1s1,3 L2s2,3

)
,

Jn,ω = J4,ω, Jp1,ω =
(
0 1 0

)
, Jp2,ω =

(
0 0 1

)
.
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