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ABSTRACT A type of multistate system executes multiple consecutive missions over a period, and
maintenance activities are also performed sequentially during this period, to improve system reliability
during the consecutive missions. Sequential maintenance and dependence on the system state introduce
new challenges for the calculation of system reliability during consecutive missions, which makes selective
maintenance difficult to perform. In order to provide theoretical support for the selective maintenance of this
type of multistate system and obtain a reasonable and effective selective maintenance strategy, a reliability
calculation method is proposed for a multistate system that executes multiple consecutive missions under
sequential maintenance. Based on this, a new selective maintenance model for a multistate system executing
multiple consecutive missions is developed, and the ant colony optimization algorithm is customized to
address the resulting maintenance strategy optimization problem. Finally, using an oil transportation system
as an example, the accuracy and computational effectiveness of the proposed reliability calculation method
are verified by comparison with the Monte–Carlo simulation method. Moreover, the selective maintenance
strategy optimization is performed on the oil transportation system to illustrate the effectiveness of the
proposed selective maintenance model and the customized optimization method, and the results can provide
practical guidance for the reasonable adjustment of mission durations.

INDEX TERMS Maintenance strategy optimization, multistate system, selective maintenance, system
reliability.

I. INTRODUCTION
Owing to the inevitable deterioration and failure of engi-
neering systems during operation, maintenance becomes
increasingly important for improving system reliability and
prolonging system life [1]. Various maintenance strategies
have been investigated to maximize system reliability or
minimize resource consumption [2], [3]. In some industrial
environments, not all desired maintenance activities can be
completed because of limited resources. A subset of the
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desired maintenance activities is selected to be performed
to satisfy specific requirements, and this is called selective
maintenance [4].

Selective maintenance was first applied to binary–state
(perfect function or complete failure) systems. It was ini-
tially applied to a parallel–series system comprising units
with a constant failure rate, and only a replacement pol-
icy was considered [5]. Subsequently, selective maintenance
was extended to a more general case, where the lifetime of
units followed the Weibull distribution and three optional
maintenance actions existed: minimal repair, corrective
replacement, and preventive replacement [6]. Then, selective
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maintenance was applied to manufacturing lines to minimize
maintenance cost and production loss within limited main-
tenance time [7]. Additionally, the selective maintenance
problem of systems subject to propagated failures with global
effect and failure isolation phenomena was addressed [8].
However, engineering systems such as manufacturing sys-
tems [9], networked systems [10], generating systems [11],
and transportation systems [12] can operate at intermediate
states between perfect function and complete failure, exhibit-
ing a multistate characteristic.

In recent years, increasing interest has been given to the
selective maintenance of multistate systems (MSSs) [13].
A selective maintenance model for systems composed of
binary–state units was proposed, in which imperfect mainte-
nance was initially incorporated [14]. This model was further
extended to a generalized case in which systems comprise
multistate units [4]. Three selectivemaintenancemodels were
developed to address economic dependence [15], structural
dependence [16], and stochastic dependence [17], respec-
tively, among units. In a load–varying environment, a joint
optimization model for load distribution and selective main-
tenance was proposed [18], based on which load-dependent
deterioration was introduced into the selective maintenance
model [19]. With uncertainty being considered, a selective
maintenance model under stochastic maintenance durations
was developed [20], and uncertainties associated with the
operation time of each unit and the durations of future
missions were introduced into the selective maintenance
model [21]. Additionally, for a simple selective maintenance
model, the resulting optimization problem can be transformed
into mathematical programming [22] or solved by exhausting
all the maintenance strategies [23]. As selective maintenance
models become increasingly complex, advanced computa-
tional intelligence technologies such as genetic algorithms
[14] and differential evolution algorithms [4] have been
widely adopted to seek a global optimal maintenance strat-
egy in an efficient computational manner. However, in most
previous studies on selective maintenance, only one mission
was considered and maintenance was performed only during
breaks.

Further research on the selective maintenance in the con-
text of multiple missions is required. A selective maintenance
strategy optimization approach was proposed for systems
performing a sequence of identical missions with the same
durations of breaks between missions, with the aim of
integrating redundancy allocation and maintenance resource
allocation decisions [24]. For situations where failed units
can be minimally repaired immediately during a mission, the
selective maintenance problem for systems executing multi-
ple missions was addressed [25], [26]. Under the assumption
that the lifetime of components complies with exponential
distribution, the selective maintenance optimization for a
system was formulated as a stochastic dynamic programming
[27], and the approximate dynamic programming algorithm
was used to address this problem when the number of

FIGURE 1. Series–parallel structure of the MSS studied in this paper.

components is extremely large [28]. The selective mainte-
nance strategy for systems executing multiple missions over
a finite horizon was dynamically optimized using a deep
reinforcement learning method [29], and a multi–mission
selective maintenance problem for MSSs was addressed to
minimize the total cost [30]. Nevertheless, in these stud-
ies, a break exists between any two consecutive missions.
Another scenario exists in engineering practice where MSSs
must execute multiple consecutive missions over a predeter-
mined period, during which maintenance is also performed
to ensure that the system is reliable during consecutive mis-
sions. Because maintenance is performed during missions, all
maintenance activities are performed sequentially to prevent
a temporary system breakdown. Moreover, a dependence
on the system state exists between any two consecutive
missions. Sequential maintenance and dependence on the
system state introduce new challenges for calculating the
system reliability during consecutive missions, which makes
the corresponding selective maintenance difficult to per-
form effectively. A recursive algorithm to calculate the
system reliability during consecutive missions was proposed
[31], [32], and performance sharing was introduced into
the algorithm [33]; however, sequential maintenance was
not considered. Additionally, the sequence of the selected
maintenance activities to be performed needs to be arranged.
The maintenance sequence arrangement for a predetermined
period during which only one mission existed was addressed
by customizing the ant colony optimization (ACO) algorithm
[34]. Nevertheless, the maintenance sequence arrangement
for the scenario in which multiple consecutive missions exist
during a predetermined period has not yet been explored. The
main contributions of this study are as follows:

(1) A reliability calculation method for a MSS executing
multiple consecutive missions under sequential maintenance,
considering the dependence on the system state across
consecutive missions, is proposed. (2) A new selective main-
tenance model for a MSS executing multiple consecutive
missions is developed to maximize system reliability during
consecutive missions, in which the maintenance sequence
arrangement is considered. Additionally, the ACO algorithm
is customized to address the resulting optimization problem.
These contributions would advance the state–of–the–art of
selective maintenance optimization.

The remainder of this paper is organized as follows:
Section II describes the MSS and selective maintenance
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FIGURE 2. Predetermined period studied for the selective maintenance problem and the
variation in the system efficiency in this period.

problem studied in this paper. The reliability calculation
method for a MSS executing multiple consecutive mis-
sions under sequential maintenance is described in detail in
Section III. Section IV elaborates the selective maintenance
modeling and the customized ACO algorithm. In Section V,
the accuracy and computational effectiveness of the proposed
reliability calculation method are verified using an oil trans-
portation system as an example, and the effectiveness of the
proposed selective maintenance model and the customized
ACO algorithm is illustrated by analyzing the influence of
the mission duration on the maintenance strategy optimiza-
tion results. Finally, Section VI provides the conclusions and
outlines future research.

II. PROBLEM STATEMENTS
A. SYSTEM DESCRIPTION
As shown in Fig. 1, the MSS studied in this paper has a
series–parallel structure.
I s-independent subsystems are connected in series, and

subsystem i (i ∈ {1, . . . , I }) has Ji s-independent units con-
nected in parallel. The number of all units is denoted as
J = J1 + . . . + JI , and the units are numbered 1, 2, . . . , J
in sequence.

Unit j (j ∈ {1, . . . , J}) has Kj + 1 states defined as
0, 1, . . . ,Kj. The states improve from 0 to Kj, and states
0 and Kj indicate complete failure and perfect function,
respectively. The respective working efficiencies are termed
gj0, gj1, . . . , gjKj . The state and working efficiency of unit j
are denoted as Yj and gj, respectively; Yj ∈

{
0, 1, . . . ,Kj

}
and gj ∈

{
gj0, gj1, . . . , gjKj

}
. For the MSS, with its working

efficiency denoted as G, its structure function is expressed as
follows:

G = (g1, . . . , gJ )

= min

 J1∑
j=1

gj,
J1+J2∑
j=J1+1

gj, . . . ,
J∑

j=J1+,...,+JI−1+1

gj

 . (1)

Based on the structure function, all the possible work-
ing efficiencies of the MSS can be calculated, and they
are denoted as G0,G1, . . . ,GQ, respectively, which improve
from G0 to GQ.

B. SELECTIVE MAINTENANCE PROBLEM
As shown in Fig. 2, the predetermined period consists of Z
consecutive missions, and the mission durations are succes-
sively denoted as ta1, . . . , taZ . Owing to the continuity and
non–overlap of missions, the duration of the predetermined

period is
Z∑
z=1

taz, and the time from the beginning of the

predetermined period is denoted as t

(
t ∈

[
0,

Z∑
z=1

taz

])
. The

selected units are maintained sequentially, and sequential
maintenance starts at t = 0. Immediately after its main-
tenance, each selected unit is connected to the system and
begins working. The number of selected units is J ′, with
the maintenance time of unit j′

(
j′ ∈

{
1, . . . , J ′

})
denoted

as Tj′ ; thus,
J ′∑
j′=1

Tj′ ≤

Z∑
z=1

taz. The unselected units are

always connected to the system and operating. The details
of sequential maintenance can be found in [34], where the
maintenance sequence arrangement for a MSS executing one
mission during a predetermined period was studied.

To slow the system aging, G is generally required to be
not excessively low at the end of each mission, which is
the objective of maintenance. The minimum values of G
corresponding to each mission are denoted sequentially as
W1, . . . ,WZ obtained empirically. Therefore, denoted as Az,
the event that the system is reliable in the zth mission can be
formulated as

Az = G

 z∑
z′=1

taz′

 ≥ Wz, z = 1, . . . ,Z . (2)

Meanwhile, denoted as A, the event in which the system is
reliable during consecutive missions means that the system is
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reliable in all Z missions, which can be expressed as

A =

Z⋂
z=1

Az. (3)

In addition, the system completes a certain amount of work
per mission and incurs operating cost during consecutive
missions.

Therefore, the optimization problem is described as fol-
lows: First, maintenance must be completed within multiple
consecutive missions. Second, the work completed during
each mission must satisfy the workload requirement corre-
sponding to the associated mission. Third, the total cost (the
sum of the maintenance and operating costs [35]) should be
the budget at most. Under these three constraints, the main-
tenance sequence to be performed is determined to maximize
the reliability of the MSS executing multiple consecutive
missions under sequential maintenance.

III. RELIABILITY CALCULATION METHOD
When a unit selected for maintenance has not yet been con-
nected to the system, its state is equivalent to a complete
failure (state 0) from a system perspective. Based on this
consideration, any unit has two types of state: its own state
and its equivalent state. When a unit is not connected to the
system, its equivalent state is 0; otherwise, its equivalent state
is its own state.

For unit j, its state at the end of its maintenance is denoted
as YA

j . In particular, if unit j is not selected to be maintained,
YA
j is equal to Yj (0). Thus, if unit j is selected to be main-

tained, YA
j > Yj (0); otherwise, YA

j = Yj (0). If unit j is not
selected formaintenance, its equivalent state is always its own
state. At time t = 0, its equivalent state is Yj (0), and during

the period

(
0,

Z∑
z=1

taz

]
, the sample space of its equivalent

state is
{
0, . . . ,Yj (0)

}
. If unit j is selected to be maintained,

with its order in the maintenance sequence denoted as wj,

during the period

[
0,

wj∑
j′=1

Tj′

)
, its equivalent state is 0; at time

t =

wj∑
j′=1

Tj′ , its equivalent state is YA
j ; and during the period(

wj∑
j′=1

Tj′ ,
Z∑
z=1

taz

]
, the sample space of its equivalent state is{

0, . . . ,YA
j

}
.

The above describes the changes in the sample space of
the equivalent state for one unit. Based on this, the sample
space of the equivalent–state combination of all units also
varies during the consecutive missions, and it is represented
as a vector YD = (YD1, . . . ,YDJ ), where YDj (j = 1, . . . , J)
is the equivalent state of unit j. Meanwhile, G correspond-
ing to YD is denoted as GYD . Additionally, the numbers of
units selected to be maintained are recorded as jm1 , . . . , jmJ ′

according to the maintenance sequence, and the numbers of
units not selected are recorded as jnm1 , . . . , jnmJ−J ′ , respectively.

Therefore, the sample space and number of samples can
be expressed in the following form at different times, as in
(4) and (5), shown at the bottom of the next page, where

YDjnmc ∈

{
0, . . . ,YA

jnmc

}
c = 1, . . . , J − J ′ during the period

t ∈ (0,T1+, . . . ,+TJ ′ ].
Equations (4) and (5) show that whenever a unit is con-

nected to the system after its maintenance, the sample space
of the equivalent–state combination increases. Until the last
unit for maintenance is connected, the sample space increases
to its maximum and remains unchanged.

Because the missions are performed sequentially, based
on conditional probability theory, the reliability of a MSS
executing multiple consecutive missions under sequential
maintenance is as follows:

RMS = P (A) = P

(
Z⋂
z=1

Az

)
= P (A1)P (A2|A1) · · · P (AZ |A1 ∩ . . . ∩ AZ−1) . (6)

According to the changes in the sample space of the
equivalent–state combination, (6) can be calculated in a recur-
sion manner, which is illustrated as in Fig. 3 and detailed as
follows.
Step 1: According to Yj (0) (j = 1, . . . , J) and mainte-

nance sequence, all the possible values and the corresponding
occurrence probabilities of YD at the end of the first mission
are obtained, based on which the system reliability during the
first mission is calculated.
All equivalent–state combinations of the units at the

end of the first mission, i.e., all elements in YHD (ta1),
are denoted as Y1 (1)

D , . . . ,Y1(HD(ta1))
D , where Y1(h)

D =(
Y 1(h)
D1 , . . . ,Y 1(h)

DJ

)
(h ∈ {1, . . . ,HD (ta1)}). Thus, the proba-

bilities of YD being equal to Y1(h)
D (h = 1, . . . ,HD (ta1)) at

the end of the first mission are calculated first as follows:

p
(
YD (ta1) = Y1 (h)

D

)
=

J∏
j=1

pj
Y
1(h)(1)
Dj

. (7)

where pjY 1(h)
Dj (1) is the probability that the equivalent state of

unit j is Y 1 (h)
Dj at the end of the first mission and can be

calculated as follows:

pjY 1(h)
Dj (1)

=



p
YA
j
j (ta1)Y 1(h)

Dj
, YA

j = Yj (0)

p
YA
j
j

ta1 −

wj∑
j′=1

Tj′


Y 1(h)
Dj

, YA
j > Yj (0) , ta1 >

wj∑
j′=1

Tj′

1, YA
j >Yj (0) , ta1≤

wj∑
j′=1

Tj′ ,

(8)
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where p
YA
j
j (ta1)Y 1 (h)

Dj
and p

YA
j
j

(
ta1 −

wj∑
j′=1

Tj′

)
Y 1 (h)
Dj

are the

probabilities of unit j being in state Y 1 (h)
Dj after the operating

time of ta1 and ta1 −

wj∑
j′=1

Tj′ , respectively, and YA
j is the

initial state. Because the degenerative process of each unit is
frequently modeled as a homogeneous Markov process with
continuous time and discrete states [4], the two items can be
solved via the Chapman–Kolmogorov equation [36], which is
detailed in the Appendix. Meanwhile, for YA

j > Yj (0) , ta1 ≤

wj∑
j′=1

Tj′ , the equivalent state of unit j in YHD (ta1) is specific

values 0 and YA
j , respectively, when ta1 <

wj∑
j′=1

Tj′ and ta1 =

wj∑
j′=1

Tj′ . Therefore, in this case, pjY 1(h)
Dj (1) is equal to 1.

Based on the total probability formula, the system reliabil-
ity during the first mission is then calculated as follows:

P (A1) =

HD(ta1)∑
h=1

p
(
YD (ta1) = Y1(h)

D

)
I
(
GY1(h)

D
,W1

)
, (9)

where I (x, c) is an indicative function of x defined as

I (x, c) =

{
1, x ≥ c
0, x < c.

(10)

Even if the system is determined to be reliable during the
first mission, YD at the beginning of the second mission
cannot be determined. However, only the occurrence prob-
abilities of the equivalent–state combinations of all units can
be determined and calculated as in (11), shown at the bottom
of page 7.
Equation (11) represents the condition that the sys-

tem is reliable during the first mission. Additionally,

YHD (t) =



{
YD|YDjnmc = YA

jnmc
c = 1, . . . , J − J ′

;YDjmc = 0c = 1, . . . , J ′

}
, t = 0{

YD|YDjm1 = YA
jm1

;YDjm2 , . . . ,YDjm
J ′

= 0
}

, t = T1{
YD|YDjmc ∈

{
0, . . . ,YA

jmc

}
c = 1, . . . ,C − 1;YDjmC = YA

jmC
;YDjmC+1

, . . . ,YDjm
J ′

= 0
}

,

t =

C∑
j′=1

Tj′ , C = 2, . . . , J ′
− 1

{
YD|YDjmc ∈

{
0, . . . ,YA

jmc

}
c = 1, . . . , J ′

− 1;YDjm
J ′

= YA
jm
J ′

}
, t =

J ′∑
j′=1

Tj′{
YD|YDjm1 , . . . ,YDjm

J ′
= 0

}
, t ∈ (0,T1){

YD|YDjmc ∈

{
0, . . . ,YA

jmc

}
c = 1, . . . ,C;YDjmC+1

, . . . ,YDjm
J ′

= 0
}

, t ∈

 C∑
j′=1

Tj′ ,
C+1∑
j′=1

Tj′

 , C = 1, . . . , J ′
− 1

{
YD|YDj ∈

{
0, . . . ,YA

j

}}
= YHDmax, t ∈

 J ′∑
j′=1

Tj′ ,
Z∑
z=1

taz

 ,

(4)

HD (t) =



1, t = 0
J−J ′∏
c=1

(
YA
jnmc

+ 1
)

× 1 × . . . × 1︸ ︷︷ ︸
J ′

, t = T1

J−J ′∏
c=1

(
YA
jnmc

+ 1
)

×

C−1∏
c=1

(
YA
jmc

+ 1
)

× 1 × . . . × 1︸ ︷︷ ︸
J ′−C+1

, t =

C∑
j′=1

Tj′ , C = 2, . . . , J ′

J−J ′∏
c=1

(
YA
jnmc

+ 1
)

× 1 × . . . × 1︸ ︷︷ ︸
J ′

, t ∈ (0,T1)

J−J ′∏
c=1

(
YA
jnmc

+ 1
)

×

C∏
c=1

(
YA
jmc

+ 1
)

× 1 × . . . × 1︸ ︷︷ ︸
J ′−C

, t ∈

 C∑
j′=1

Tj′ ,
C+1∑
j′=1

Tj′

 , C = 1, . . . , J ′
− 1

J∏
j=1

(
YA
j + 1

)
= HDmax, t ∈

 J ′∑
j′=1

Tj′ ,
Z∑
z=1

taz

 ,

(5)
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FIGURE 3. Recursion mechanism of the reliability calculation for a MSS executing multiple consecutive missions under sequential maintenance.

the equivalent–state combinations of all units with an
occurrence probability greater than zero calculated accord-

ing to (11) are denoted as Y1′ (1)
D , . . . ,Y

1′(H ′

D(ta1))
D in

sequence.
Step 2: For missions 2 to Z , the recursive calculation is

performed as follows.
The equivalent–state combinations of all units at the end

of the zth mission, i.e., all elements in YHD (ta1+. . .+taz), are

sequentially denoted as Y z (1)
D , . . . ,Y z(HD(ta1+...+taz))

D , where

Y z(h)D =

(
Y z(h)D1 , . . . ,Y z(h)DJ

)
(h ∈ {1, . . . ,HD (ta1 + . . . + taz)}).

Thus, under the condition that the system is reliable during
the first z-1 missions, the probabilities of YD being equal
to Y z(h)D (h = 1, . . . ,HD (ta1 + . . . + taz)) at the end of the
zth mission is calculated as in (12), shown at the bottom
of the next page, where Y z−1′(1)

D , . . . ,Y
z−1′(H ′

D(ta1+,. . . ,+taz−1))
D
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are the equivalent–state combinations of all units with an
occurrence probability greater than zero at the end of the (z-
1)th mission under the condition that the system is reliable

during the first z-1 missions, pj
Y z-1’(hh)Dj

Y z(h)Dj (z)
is the probability that

the equivalent states of unit j are Y z−1 ′(hh)
Dj and Y z(hh)Dj at

the end of the (z-1)th and zth missions, respectively, and
are calculated as in (13), shown at the bottom of the page,

where p
Y z-1’(hh)Dj
j (taz)Y z(h)Dj

and p
YA
j
j

(
z∑

z′=1
taz′ −

wj∑
j′=1

Tj′

)
Y z(h)Dj

are

the probabilities of unit j being in state Y z (h)
Dj after the

operating time of taz and
z∑

z′=1
taz′ −

wj∑
j′=1

Tj′ with Y
2’(hh)
Dj and YA

j

as the initial states, respectively, and they are solved using the
Chapman–Kolmogorov equation.
On this basis, the system reliability during the zth mission

under the condition that the system is reliable during the first

z-1 missions is calculated as in (14), shown at the bottom of
the page.
Except for the Z th mission, to calculate the conditional

reliability of the system during the (z+1)th mission, the prob-
abilities of YD being Y z(h)D (h = 1, . . . ,HD (ta1 + . . . + taz))
at the beginning of the (z + 1)th mission under the con-
dition that the system is reliable during missions 1 to
Z -1 are calculated as in (15), shown at the bottom of
the page.
Equation (15) represents the condition that the system

is reliable during the first z missions. It can be seen that

p

(
YD

(
z∑

z′=1
taz′

)
= Y z(h)D |A1. . .Az

)
is corrected with respect

to p

(
YD

(
z∑

z′=1
taz′

)
= Y z(h)D |A1. . .Az−1

)
, i.e., times the cor-

rection coefficient
I
(
G
Yz(h)D

,Wz

)
P(Az|A1...Az−1)

.

p
(
YD (ta1) = Y1 (h)

D |A1
)

=


p
(
YD (ta1) = Y1(h)

D

)
P (A1)

, I
(
GY1(h)

D
,W1

)
= 1

0, I
(
GY1(h)

D
,W1

)
= 0

h = 1, . . . ,HD (ta1) , (11)

p

YD

 z∑
z′=1

taz′

 = Y z(h)D |A1 . . .Az−1

 =

H ′

D(ta1+...,+taz−1)∑
hh=1

p
YD

 z−1∑
z′=1

taz′

 = Y z-1’(hh)D |A1. . .Az−1

 J∏
j=1

pj
Y z-1’(hh)Dj

Y z(h)Dj (z)

,

(12)

pj
Y z-1’(hh)Dj

YDjz(h)
(z) =



p
Y z-1’(hh)Dj
j (taz)Y z(h)Dj

, YA
j = Yj (0) or YA

j > Yj (0) ,

z−1∑
z′=1

taz′ ≥

wj∑
j′=1

Tj′

p
YA
j
j

 z∑
z′=1

taz′ −

wj∑
j′=1

Tj′


Y z (h)
Dj

, YA
j > Yj (0) ,

z∑
z′=1

taz′ >

wj∑
j′=1

Tj′ >

z−1∑
z′=1

taz′

1, YA
j > Yj (0) ,

z∑
z′=1

taz′ ≤

wj∑
j′=1

Tj′ ,

(13)

P (Az|A1 . . .Az−1) =

HD(ta1+...+taz)∑
h=1

p

YD
 z∑
z′=1

taz′

 = Y z(h)D |A1. . .Az−1

I (GY z(h)D
,Wz

)
. (14)

p

YD

 z∑
z′=1

taz′

 = Y z(h)D |A1. . .Az



=


p

(
YD

(
z∑

z′=1
taz′

)
= Y z(h)D |A1. . .Az−1

)
P (Az|A1 . . .Az−1)

, I
(
GY z (h)

D
,Wz

)
= 1

0, I
(
GY z(h)D

,Wz

)
= 0

h = 1, . . . ,HD (ta1 + . . . + taz) . (15)
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Step 3: P (A1) ,P (A2|A1) , . . . ,P (AZ |A1 ∩ . . . ∩ AZ−1)

are multiplied to obtain RMS according to (6).
Additionally, the pseudocode of the reliability calculation

method is provided in the Appendix.

IV. SELECTIVE MAINTENANCE STRATEGY
OPTIMIZATION PROBLEM
In this paper, the total costCS consists of themaintenance cost
CMS and operating cost CLS. Its expected value is calculated
as follows:

E (CS) = CMS + E (CLS)

=

J∑
w=1

J∑
j=1

Kj∑
Yj(0)+1

cjYj(0)lHw, j
(
Yj (0) , l

)
+

J∑
i=1

Vj,

(16)

where cjYj(0)l is the maintenance cost of unit j from state Yj (0)
to l, and Hw,j

(
Yj (0) , l

)
is a binary decision variable defined

as follows:

Hw,j
(
Yj (0) , j

)
=


1, the wth maintenance activity is restoring

unit j from state Yj (0) to l
0, otherwise.

(17)

Vj is the expected operating cost of unit j during consecutive
missions and is expressed as follows:

Vj =


v
YA
j
j

(
Z∑
z=1

taz

)
, YA

j = Yj (0)

v
YA
j
j

 Z∑
z=1

taz −

wj∑
j′=1

Tj′

 , YA
j > Yj (0) ,

(18)

where v
YA
j
j

(
Z∑
z=1

taz

)
and v

YA
j
j

(
Z∑
z=1

taz −

wj∑
j′=1

Tj′

)
are the

expected operating cost for unit j after the operating time

of
Z∑
z=1

taz and
Z∑
z=1

taz −

wj∑
j′=1

Tj′ , respectively, and YA
j is the

initial state. They can be calculated bymodeling the operating
cost of unit j as a Markov reward process, as detailed in the
Appendix.

For multiple consecutive missions, the system can com-
plete a certain amount of work during each mission. Typi-
cally, the amount of work completed within a period is the
accumulation of system efficiency during this period [34].
Thus, the expected amount of work completed during the

zth mission (z = 1, . . . ,Z ) is expressed as

E (OSz)=



∫ ta1

0

Q∑
q=0

P (t)qGqdt, z = 1

∫ z∑
z′=1

taz′

z−1∑
z′=1

taz′

Q∑
q=0

P (t)qGqdt, z=2, . . . ,Z ,

(19)

where
Q∑
q=0

P (t)q Gq is the expectation function of the system

working efficiency.
Additionally, considering the sequential maintenance, the

maintenance time is calculated as follows:

TMS=

J ′∑
j′=1

Tj′ =
J∑

w=1

J∑
j=1

Kj∑
Yj(0)+1

Hw,j
(
Yj (0) , l

)
t jYj(0)l, (20)

where t jYj(0)l is the maintenance cost of unit j from state Yj (0)
to l.

Based on this, the selective maintenance model investi-
gated in this paper can be expressed as follows:

Max RMS, (21)

s.t.



E (CS) ≤ C ′ (a)

TMS ≤

Z∑
z=1

taz (b)

E (OSz) ≥ O′
z (z = 1, . . . ,Z ) (c)

J∑
w=1

Kj∑
j=Yj(0)+1

Hw,j
(
Yj (0) , l

)
≤ 1 (j = 1, . . . , J) (d)

J∑
j=1

Kj∑
j=Yj(0)+1

Hw,j
(
Yj (0) , l

)
≤ 1 (w = 1, . . . , J) (e)

Hw,j
(
Yj (0) , l

)
= 1or 0 (w, j = 1, . . . , J) (f) ,

(22)

where C ′ is the budget, and O′
z is the minimum workload

requirement for the expected amount of work completed
during the zth mission. This is similar to the case of the
single mission studied in [34]. However, the difference is
that the reliability calculation method is an innovative recur-
sive operation based on the changes in the sample space of
the equivalent–state combination and conditional probability,
rather than using UGF method which is only suitable for
the case of the single mission. Additionally, the maintenance
strategy optimization problem can be addressed by extending
the customized ACO algorithm proposed in [34]. The exten-
sions are described as follows.

Because the objective is to maximize RMS, the effective-
ness of the next node is quantified by the increment in RMS,
which is expressed as:

RMS(εa,εb) − RMS(εa), (23)
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FIGURE 4. Differences of the pseudocode of the customized ACO algorithm for multiple consecutive missions under sequential
maintenance relative to the single mission. RMSite is the maximum value of the RMS in the iteth generation.

where RMS(εa) is the RMS corresponding to a maintenance
sequence ending with εa, and RMS(εa,εb) is the RMS corre-
sponding to the above maintenance sequence in which εb is
added after εa. Thus, an ant is assumed to be currently at
node εa. If a node εb satisfies RMS(εa,εb) − RMS(εa) > 0, then
∀ε /∈ Tabu,

η (εa, ε)=

{
RMS(εa,ε)−RMS(εa), RMS(εa,ε)−RMS(εa) > 0
0, otherwise,

(24)

otherwise, η (εa, ε) are set as identical constants. Further, the
quantity of pheromones left between εa and εb by the npth
ant in the iteth iteration is defined as

1τ np (εa, εb)ite

=


ωR(np,ite)

MS , the path from εa to εb is included
in the path passed by the npth ant
in the iteth iteration

0, otherwise,
(25)

where ω is a positive constant, and R(np,ite)
MS is the RMS cor-

responding to the maintenance sequence represented by the
path passed by the npth ant in the iteth iteration.

The pseudocode of the customized ACO algorithm for the
selective maintenance problem studied in this paper is similar
to that of a single mission shown in Fig. 5 of [34], and its
differences are shown in Fig. 4.

V. EXAMPLE ANALYSES
With its structure shown in Fig. 5, an oil transportation
system is used as an example to verify the accuracy and

computational effectiveness of the proposed reliability cal-
culation method and perform the selective maintenance
strategy optimization analysis. The oil transportation system
is designed to transport oil from an oil tanker to carriages. Its
working process is identical to that of the oil transportation
system in [34], except that it performs three consecutive
oil transportation missions during a predetermined period
selected for sequential maintenance. The requirements for
oil transportation volumes for different missions vary. The
pipeline parameters are listed in Tables 1-3. The cost unit is
USD and the time unit is one week.

Additionally, the initial states of the pipelines and the num-
ber of optional maintenance activities are listed in Table 4.

A. VERIFICATION OF THE RELIABILITY
CALCULATION METHOD
It is assumed that the durations of the oil transportation mis-
sions, i.e., ta1, ta2, ta3, are 1.2, 0.9, and 3 weeks, respectively.
The requirements for oil transportation efficiency at the end
of the missions, i.e., W1,W2,W3, are 45, 60, and 55 kilotons
per week, respectively. Maintenance activities 4, 2, and 7 are
performed sequentially. Based on this, the reliability calcula-
tion method is verified by comparison with the Monte–Carlo
simulation method.

With N representing the number of simulations, ten
Monte–Carlo experiments are conducted for the cases of
N = 100, N = 1000, N = 10000, and N = 20000,
respectively. Taking the case of N = 100 as an exam-
ple, one experiment, that is, 100 Monte–Carlo simulations,
is firstly conducted. The mean values of 100 simulation
results of P (A1), P (A2|A1), P (A3|A1A2), and RMS are cal-
culated, respectively. Subsequently, the same experiment was

110700 VOLUME 11, 2023



Y. Sun et al.: Selective Maintenance on a Multistate System Executing Multiple Consecutive Missions

TABLE 1. Basic pipeline parameters in the oil transportation system.

TABLE 2. Maintenance parameters of pipelines in the oil transportation system.

TABLE 3. Operating cost parameters of pipelines in the oil transportation
system.

TABLE 4. Operating cost parameters of pipelines in the oil transportation
system.

repeated nine more times. Additionally, the mean value and
standard deviation of the run time of the ten simulations are
calculated.
P (A1), P (A2|A1), P (A3|A1A2), and RMS are also calcu-

lated using the proposed calculation method, which is also
executed ten times to obtain the mean value and standard

FIGURE 5. Schematic diagram of the series–parallel structure for the oil
transportation system.

deviation of the run time of calculation method. The com-
parison results are shown in Figs. 6 and 7.

As shown in Fig. 6, with an increase in N , the simulation
results gradually stabilize to the calculation results, indicating
that the proposed reliability calculation method is accurate.
It can be observed from Figs. 6 and 7 that when N is 100,
although the simulation time is shorter than the calculation
time, the simulation results have significant volatility, indi-
cating that the current number of simulations is not enough.
When N reaches 1000, the volatility of the simulation results
is still obvious, that is, the simulation results have not yet
reached an acceptable agreement with the calculation results;
however, the simulation time is longer than the calculation
time. When N is 10000, there is still some volatility in
the simulation results. When N reaches 20000, the simula-
tion results are almost consistent with the calculation results
and relatively stable, but the simulation time is significantly
longer than the calculation time. Additionally, the standard
deviation of the calculation method is significantly smaller
than that of the simulation method. The above analysis results
indicate that the calculation method is more computationally
efficient than the Monte–Carlo simulation method. In partic-
ular, the maintenance strategy optimization process requires
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FIGURE 6. Results of solving the reliability using the calculation and
Monte–Carlo simulation methods.

FIGURE 7. Mean value and standard deviation of the run time for solving
the reliability by the calculation and Monte–Carlo methods.

numerous reliability calculations. Therefore, for maintenance
strategy optimization, the advantage of the proposed reliabil-
ity calculation method is more significant.

These analysis results indicate that the proposed relia-
bility calculation method is accurate and computationally
efficient.

FIGURE 8. Influence of the mission duration on the selective
maintenance strategy optimization results.

B. OPTIMIZATION ANALYSIS OF THE SELECTIVE
MAINTENANCE STRATEGY
It is assumed that the requirements for oil transportation
efficiency at the end of the missions, i.e.,W1,W2,W3, are 45,
50, and 45 kilotons per week, respectively. Based on this, the
influence of the mission duration on the optimization results
of the selective maintenance strategy are analyzed, and the
results are shown in Fig. 8. As shown in Fig. 8, when the dura-
tion of a mission is relatively short, RMSmax is 0, and the
optimization process duration is also significantly short. This
is because a short mission duration results in no maintenance
sequence satisfying the requirements of the oil transporta-
tion volume. As the mission duration increases, RMSmax
suddenly increases to an extremely large value when the
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mission duration reaches a particular value, and the optimiza-
tion process duration also significantly increases, indicating
that feasible maintenance sequences begin to appear. Sub-
sequently, RMSmax fluctuates as follows: In Fig. 8a, RMSmax
first increases significantly, then decreases slightly, and then
increases slightly; in Fig. 8b, RMSmax first increases slightly,
then decreases slightly, and then increases slightly; in Fig. 8c,
RMSmax first decreases slightly and then increases slightly.
Thus, the duration of a mission has a dual impact on RMSmax:
the increase in mission duration provides maintenance oppor-
tunities for more pipelines, thereby increasing RMSmax; it also
increases the working time of the system, thereby causing
more severe system degradation, with a reduced impact on
RMSmax. As the mission duration increases further, RMSmax
gradually decreases, indicating that the second impact is
gradually dominant. When the mission duration increases
to a certain extent and exceeds a particular value, RMSmax
becomes 0 and no longer changes, and the optimization pro-
cess duration significantly decreases, indicating no feasible
maintenance sequence. This is because the mission duration
is relatively long, resulting in no maintenance sequence sat-
isfying the budget requirement.

In summary, the proposed selective maintenance model
and customized ACO algorithm are successfully applied to
the oil transportation system, which indicates the effective-
ness of them.Moreover, mission duration should be set within
a reasonable range; otherwise, the workload requirements or
the cost budget cannot be satisfied. Under the premise that it is
reasonable, when it is in the first 70% of the reasonable range,
extending it to a certain extent will not result in a significant
decrease in RMSmax, and occasionally even an increase in
RMSmax. Therefore, this extension is feasible. If it is within
the back 30% of the reasonable range, extending it to the same
extent would result in a significant decrease inRMSmax, which
is not feasible.

VI. CONCLUSION AND FUTURE RESEARCH
A reliability calculation method is developed for a MSS
executing multiple consecutive missions under sequential
maintenance. Based on this, the corresponding selective
maintenance model is proposed, and the ACO algorithm
is customized to address the corresponding maintenance
strategy optimization problem. As demonstrated in the illus-
trative example, the proposed reliability calculation method
is accurate and computationally effective, and the selective
maintenance model and customized optimization method
have engineering effectiveness. The optimization results
show that mission duration should be set within a reasonable
range, and under the premise that the mission duration is
reasonably set, whether extending it is reasonable depends
on its current value. These results can provide guidance for
the reasonable adjustment of mission durations in practical
engineering.

The proposed selective maintenance model and the cus-
tomized optimization method can provide theoretical sup-
port for the selective maintenance of a MSS executing

multiple consecutive missions under sequential maintenance.
This research is helpful for enterprises to allocate resources
scientifically and improve the quality of mission comple-
tion. It provides engineers and researchers with insights for
effectively managing industrial systems. This research can
be applied to large-scale complex equipment in industrial
production, transportation and other fields. Typically, the
equipment in these fields needs to work continuously for a
long time. To ensure the smooth progress of the missions,
maintenance had to be carried out during this period.

Nevertheless, there are limitations in this work as follows:
(1) The proposed selective maintenance model and the

customized optimization method are illustrated to have a
theoretical support role. In the future, the proposedmodel and
optimization method will be applied to other oil transporta-
tion systems and engineering systems in other areas to further
illustrate their engineering effectiveness.

(2) The proposed reliability calculation method and cor-
responding selective maintenance apply only to one MSS.
A type of MSS combination characterized by performance
sharing is practical [11], [37], [38]. Therefore, in the future,
the proposed reliability calculation method for a MSS
executing multiple consecutive missions under sequential
maintenance and the corresponding selective maintenance
will be developed for MSSs in which performance sharing
exists.

APPENDIX
A. SOLUTION OF THE STATE TRANSITION PROBABILITY
FOR A UNIT
It is assumed that the stochastic degenerative behavior of
unit j (j ∈ {1, . . . , J}) follows a homogeneous Markov pro-
cess with continuous time and discrete states. Its transition
intensity matrix is expressed as follows:

Ej =


λ
j
00 λ

j
01 . . . λ

j
0Kj

λ
j
10 λ

j
11 . . . λ

j
1Kj

. . . . . . . . . . . .

λ
j
Kj0

λ
j
Kj1

. . . λ
j
KjKj

 , (26)

where λ
j
ab

(
a, b = 0, 1, . . . ,Kj

)
represents the transition rate

of unit j from state a to b. The state of a unit does
not increase during degradation; thus, λ

j
ab = 0 (a < b).

Additionally, based on the properties of the homoge-
neous Markov process, it can be known that λ

j
aa =

−

(
λ
j
a0 + . . . + λ

j
aa−1

) (
a = 1, . . . ,Kj

)
.

With the initial state d
(
d ∈

{
0, 1, . . . ,Kj

})
and operating

time t ′, the state probabilities of unit j are denoted as the

vector pdj
(
t ′
)

=

(
pdj
(
t ′
)
0 , pdj

(
t ′
)
1 , . . . , pdj

(
t ′
)
Kj

)T
, which

can be obtained by solving the following equations:
dpdj

(
t ′
)

dt ′
= ET × pdj

(
t ′
)

pd (0)d = 1, pd (0)u = 0 (u ̸= d) ,

(27)
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FIGURE 9. Pseudocode of the reliability calculation method for a MSS executing multiple consecutive missions under sequential
maintenance.
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where pdj
(
t ′
)
u

(
u = 0, 1, . . . ,Kj

)
represents the occurrence

probabilities of state u with initial state d and operating dura-
tion t ′ for unit j. Equation (27) is the Chapman–Kolmogorov
equation.

B. SOLUTION OF THE OPERATING COST FOR A UNIT
Generally, when a unit operates in a specific state, it requires
a certain amount of cost consumption per unit of time to
support its operation. Additionally, the unit would depreciate
over time. The greater the degree of depreciation, the higher
the depreciation cost. Considering the Markov nature of unit
degradation in this paper, the unit operating cost can be estab-
lished as a Markov reward model. For unit j (j ∈ {1, . . . , J}),
the reward value matrix is expressed as follows:

Rj =


r j0 r j01 . . . r j0K

r j10 r j1 . . . r j1K
. . . . . . . . . . . .

r jK0 r jK1 . . . r jK

 , (28)

where r ja
(
a = 0, . . . ,Kj

)
represents the cost per unit time

required to support the operation of unit j in state a, and
r jab
(
a, b = 0, 1, . . . ,Kj

)
represents the depreciation cost for

transitioning unit j from state a to b. A unit does not incur
any cost to ensure its operation when it is in a complete
failure state; thus, r j0 = 0. Additionally, no state improvement
would occur during the degradation process of a unit; thus,
rab (a, b = 0, . . . ,K , a < b) is not involved in this paper and
is recommended to be set to 0.

With the initial state d
(
d ∈

{
0, 1, . . . ,Kj

})
and operating

time t ′, the expected cumulative operating cost of unit j
is denoted as vdj

(
t ′
)
, and can be obtained by solving the

following equations:
dvj

(
t ′
)

dt ′
= uj + Ej × vj

(
t ′
)

vdj (0) = 0
(
d = 0, . . . ,Kj

)
,

(29)

where vector vj
(
t ′
)

=

(
v0j
(
t ′
)
, v1j

(
t ′
)
, . . . , v

Kj
j

(
t ′
))T

and uj =

(
uj0, u

j
1, . . . , u

j
Kj

)T
, in which uja = r ja +

Kj∑
b=0,b̸=a

λ
j
abr

j
ab

(
a = 0, 1, . . . ,Kj

)
.

C. PSEUDOCODE OF THE RELIABILITY CALCULATION
METHOD FOR A MSS EXECUTING MULTIPLE CONSECUTIVE
MISSIONS UNDER SEQUENTIAL MAINTENANCE
The pseudocode for the reliability calculation method for a
MSS executing multiple consecutive missions under sequen-
tial maintenance is shown in Fig. 9.
In Fig. 9, pj (a) is the transition rate matrix of unit j passing

through the duration of a; e [u] is the uth element of vector
e; e [u1, u2] is the u2th element in the u1th row of matrix e;
Ge(u) represents the value of G corresponding to the uth row
of matrix e; le(e) represents the dimension of vector e; and

matrix YH represents YHDmax with each row being a com-
bination of elements taken from

{
0, . . . ,YA

j

}
(j = 1, . . . , J),

respectively.
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