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ABSTRACT The macroscopic relative motion solid-liquid interface widely exists in the contact motion
pairs of machine tools and other mechanical equipment. In order to accurately obtain the tangential
contact stiffness and damping parameters, the Savkoor asperity adhesion-sliding friction contact model is
used to analyze the contact area and the corresponding tangential force changes of a single pair of solid
contact asperity in the four typical phases of contact growth, contact stagnation, crack adhesion and crack
propagation. According to the hypothesis of Gaussian distribution of asperity on rough surface, the contact
model of single-pair asperities is extended to the whole joint. The tangential contact stiffness and damping
models of solid-solid interface in macroscopic relative motion are obtained. For the fluid contact part, the
oil film pressure distribution and film thickness are obtained by solving part of the film Reynold’s equation,
and then the fluid tangential stiffness and damping model is established. The tangential contact stiffness and
damping of the whole solid-liquid interface are obtained by analyzing the stiffness and damping of solid and
fluid parts, and the effects of normal load and moving velocity on tangential contact stiffness and damping
are obtained by simulation. The results show that the tangential contact stiffness and damping of solid-liquid
interface increase with the increase of normal contact load and decrease with the increase of moving velocity.

INDEX TERMS Solid-liquid interface, relative motion, tangential direction, contact stiffness, contact
damping.

I. INTRODUCTION
In machine tools and other kinds of mechanical equipment,
there are a large number of joints which are in direct
contact and can produce relative motion, such as machine
tool sliding guideway joint, bearing roller and inner and
outer ring joint, gear transmission joint, and so on. When
these pairs move in a linear or rotary motion, there is
generally a lubricating medium in the contact surface, which
forms a relatively moving solid-liquid interface, and its
tangential contact stiffness and damping are nonlinear and
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time-variable. It is very important in the friction dynamics
analysis of various drive systems, and is considered to be one
of the most important influencing factors of vibration and
noise [1]. In particular, there are common tangential dynamic
contact characteristics such as friction vibration, creeping
phenomenon and insufficient transmission stiffness of the
motion pair in the machine tool movement and machining
process [2], [3], [4], which not only exert a great impact on the
machining performance, but also directly affect the stability
of the system, even causing the instability of the system [5],
[6], [7], [8]. Thus, it can be seen that the tangential contact
stiffness and damping of the macroscopic relative motion
solid-liquid interface are important parameters that affect
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the dynamic performance of the whole machine. Therefore,
it is necessary to model accurately, reveal its asperity contact
mechanism, and explore its influencing factors and laws.

Cattaneo and Mindlin took the lead in solving the
tangential action problem of nonlinear ball-surface contact,
analyzed the tangential stiffness and energy dissipation of
the interface, and established a Mindlin local sliding model
with tangential stick-slip characteristics [9], [10]. So far, the
tangential contact problem of the bonding surface has been
widely concerned about, and the statistical model and fractal
model based on rough surface have been gradually formed
[11], [12], [13], [14], [15], [16], [17]. With the development
of elastohydrodynamics theory, more and more attention
has been paid to the influence of lubricating media on the
contact characteristics of rough surfaces. Huifang et al. [18]
established the normal stiffness model of solid contact by
statistical model, measured the liquid stiffness by ultrasonic
reflection coefficient method, and then, through coupling,
obtained the static normal stiffness of mixed lubrication joint.
Sun et al. [19] derived the expression of liquid stiffness
based on ultrasonic spring model, thin film resonance model
and Taylor approximate equation, and established a two-
dimensional (2D) fractal model of static normal stiffness of
mixed lubrication joints. Li et al., Wen et al. [20], [21], [22]
used the Three-dimensional Fractal Theory to characterize
the rough surface, established the contact stiffness model of
solid surface based on statistical method, and established the
stiffness model of oil film by solving the equivalent thickness
of oil film. As a result, the Three-dimensional Fractal
Model of normal static stiffness of the joint under mixed
lubrication was obtained. Gao et al. [23] combined theoretical
analysis and experimental verification to solve the problem
of solid-liquid interface stiffness and damping modeling
of normal harmonic vibration under mixed lubrication.
Zhou et al. [24] and [25] proposed a tangential stiffness
and damping model by considering the coupling of gear
stiffness and damping and oil film stiffness and damping.
Peng et al. [26] established a model of tangential stiffness
and damping of solid-liquid interface when normal static
load and tangential harmonic vibration occur, and thus
verified it by experiments. Dwyer-Joyce et al. [27] measured
the normal contact stiffness of lubricating steel balls from
static, mixed to full-film state when sliding on the steel
disk by ultrasonic reflection method, and found that with
the increase of sliding velocity, the contribution of liquid
stiffness to the total stiffness gradually increased, and even
became the main part, even in the static state, the liquid
stiffness also contributed to the total stiffness. Peng et al.
[28] obtained the equivalent normal dynamic stiffness of
dry friction and oil lubrication system of sliding guideway
system by peak resonance method. The simulation results
show that the increase of sliding velocity will decrease the
normal dynamic stiffness of the bonding surface. When the
contact surface bears a large pressure or there is lubrication,
the velocity has little effect on the normal dynamic stiffness.
The studies mentioned above mainly focus on the tangential

contact parameters without considering lubrication or normal
contact parameters without lubrication, and seldom involve
the tangential contact parameters of macroscopic relative
motion joint under lubrication condition.

The relativemovement of solid-liquid interface causes very
serious nonlinear friction characteristics [29]. Researchers
mostly examined this problem from the tribological point
of view of sliding contact behavior. Jackson et al. [30]
used semi-analytical and finite element simulation methods
to analyze the average tangential force and normal force
produced by the sliding interaction between two asperities,
and established the empirical equation. Korayem et al. [31],
[32], [33] established the contact mechanics model of micro-
scale nanoparticles, deduced the calculation formulas of
surface adhesion force and friction force, and discussed the
effects of adhesion force in different contact models on
the indentation depth and contact angle between tip and
substrate of nanoparticles. Through numerical simulation of
the dynamics and deformation process of nanoparticles, the
critical force and critical time of rolling, sliding, stick-slip
and rotation of nanoparticles were obtained. Shisode et al.
[34] established a friction model under mixed lubrication,
considering the influence of sheet metal and tool surface
morphology on lubrication pressure distribution, and using
fluid mechanics and boundary friction coupling model to
determine the overall friction caused by solid-solid asperity
contact and lubricating oil pressure. As for Shi et al. [35],
in order to study the thermo-mechanical contact between
an elastic-plastic sphere and a rigid plate, a simulation was
carried out with a slip rate of 0.1m/s to 10m/s. The results
show that the sliding friction coefficient and friction stress are
significantly related to the sliding rate, while the maximum
static friction coefficient has nothing to do with the sliding
rate. In addition, the energy release from complete viscosity
to complete slip is equivalent to the shear crack energy of
the material. Patil et al. [36] used the finite element model
to simulate the sliding initiation process of a rigid plate
on a deformable sphere under normal and tangential loads.
Under the combined action of plasticity, crack propagation
and interface slip, the sliding initiation is regarded as the
loss of tangential contact stiffness. Chang [37] proposed a
deterministic model of partial elastohydrodynamic lubrica-
tion (EHL), which can simulate the basic process of asperity
interaction and solid-solid contact on rough surfaces under
the combined action of elastohydrodynamic lubrication and
elastohydrodynamic lubrication. This is the first attempt to
establish a deterministic model of friction contact under the
mixed state of asperity-elastohydrodynamic lubrication and
boundary lubrication. Hu and Wei [38] studied the friction
model of two rough surfaces covered by the boundary film.
A group of spherical asperities with the same radius of
curvature and Gaussian height distribution were used to
simulate the rough surface, the shear force of the asperity
on the boundary film was expressed by linear equation, and
the possibility of the asperity being cut off was considered.
The friction behavior was studied by analyzing the influence
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of boundary film and surface morphology under different
values. These studies solve the problems of adhesion, energy
loss, crack generation and friction changes caused by elastic
deformation in the process of sliding contact between two
rough surfaces under various lubrication conditions, thus
providing invaluable conclusions and methods for the study
of tangential stiffness and damping of solid-liquid interface.
However, there is a lack of direct analysis and modeling of
tangential contact stiffness and damping.

With the solid-liquid interface of mixed lubrication in
macroscopic relative motionin as the research object, based
on Savkoor’s [39] sliding friction adhesion model, this
article deduced the temporal variation relationships among
the tangential force, tangential contact stiffness and normal
contact load of a pair of contact asperities in four typical
periods of contact growth, contact stagnation, bonding
fracture and crack propagation, and the law of the change
of contact parameters of a pair of contact asperities in the
state of macroscopic relative motion is revealed. Then, using
the statistical theory, the contact model of a single pair of
asperities is extended to the whole interface, and from the
macro level, the tangential contact stiffness/damping model
of the solid part of the relative motion solid-liquid interface
is obtained. By solving the fluid Reynolds equation, the
stiffness and damping of the fluid part are obtained, the
solid and fluid parts are summed up, and the tangential
contact stiffness and damping model of the solid-liquid
interface is established. The established model is simulated,
the influencing factors and laws are clarified and revealed,
the contact characteristics of fluid and solid are compared
and analyzed, and the qualitative comparison conclusions are
given. The purpose of this article is to provide a reference
for improving the performance of the whole machine in the
process of mechanical equipment design and manufacturing
with lubricating medium.

II. SOLID CONTACT MODEL OF SOLID-LIQUID INTERFACE
IN MACROSCOPIC RELATIVE MOTION
According to the load distribution idea of the mixed
lubrication interface [18], the external load of the bonding
surface is borne by both the fluid lubricating medium and the
solid asperity. Therefore, the contact problem of macroscopic
relative motion solid-liquid interface under mixed lubrication
needs to be modeled from solid and fluid parts respectively.

The solid part needs to start with the asperity model,
analyze the change of the actual contact area under the
influence of load, and determine the tangential friction force,
so that the tangential contact stiffness and damping can be
further solved.

A. ASPERITY CONTACT MODEL
In Savkoor [39], according to the basic theory of energy
and material balance in the sliding process, experiments are
carried out at low velocity under the conditions of kinematic
and dynamic constraints imposed on the system, and in order
to minimize the complex influence of non-uniform transient

flash temperature field related to friction heat dissipation,
an asperity sliding contact model of elastic body and rigid
body under quasi-isothermal condition is established. It is
assumed that there are a large number of asperities between
the two contact planes and covered with an adsorption layer,
whichwill break due to sliding friction, but when it is exposed
to the atmosphere again, it can be absorbed almost instantly,
so that the adsorption layer can be supplemented. In the
process of sliding contact, the interaction of asperity goes
through four typical phases as shown in Figure 1.

① 0 < t ≤ ts, Growth phase. This is the initial phase of
the interaction of a pair of contact asperities, and the contact
area increases with time from the moment of the first point
contact (t = 0) to the stagnant point (t = ts). The adhesive
friction causes the surface profile of the asperity to produce
elastic deformation, and the shear strain also increases.

② ts < t ≤ tm, Stagnation phase. Starting from time ts, the
sliding contact begins to stagnate, and the shear force at the
boundary of the contact area begins to increase rapidly, and
the contact area reaches the maximum at (t = tm).

③ tm < t ≤ ti, Crack adhesion phase. This is a short
transition phase, and the relative displacement between the
asperities leads to the further increase of the shear traction
strength until the crack at the bonding of (t = ti).

④ ti < t ≤ 2tm, Crack propagation phase. The crack
propagates steadily, which leads to the destruction of the
adsorption layer, and at this time (t = 2tm) the contact of
this pair of asperities ends.

In the contact process, according to the Theory of Adhe-
sion, the normal load affects the sliding friction indirectly
only through its influence on the actual contact area. The
geometric structure of the asperity interaction is shown in
Figure 2. LetR1 andR2 be the radius of two contact asperities,
the central indentation is α, the relative moving velocity is
V , and the central distance between two asperities is s, the
time t is calculated from the moment s = sm that the contact
is established at the first point, when the central indentation
reaches the maximum value αm the indentation begins to
decrease, until 2tm, the contact ends.

For convenience, a coordinate system is added to each
of the two asperities. Figure 3 shows the size and relative
position of the contact area measured along X2 relative to
the X2 − Z2 coordinate system. The L and T in the figure
represent the position of the contact leading edge and the
contact trailing edge respectively. At different contact phases,
the interaction between the two asperities is reflected in the
change of their size and the position of the contact leading
edge and the contact trailing edge. Since the inclination of
typical contact between rough surfaces of nominal smooth
surfaces is usually very small, it is assumed that their effects
on the normal and tangential components of the contact force
can be ignored.

In the contact process, according to the Theory of Adhe-
sion, the normal load affects the sliding friction indirectly
only through its influence on the actual contact area. The
geometric structure of the asperity interaction is shown in
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FIGURE 1. Interaction between a pair of asperities in different phases of adhesive contact.

FIGURE 2. Geometry of interaction of asperity.

FIGURE 3. The Contact area and position of asperity at each phase.

Figure 2. LetR1 andR2 be the radius of two contact asperities,
the central indentation is α, the relative moving velocity is
V , and the central distance between two asperities is s, the
time t is calculated from the moment s = sm that the contact
is established at the first point, when the central indentation
reaches the maximum value αm the indentation begins to
decrease, until 2tm, the contact ends.

1) NORMAL CONTACT LOAD IN THE WHOLE CONTACT
PHASE
Referring to Figure 2 above, we can approximately estimate
the directional load and contact area. Assuming that the
problem is a pure normal indentation problem, the indentation
depth varies with time in the same way as in the case of
friction-free sliding, and at 0 ≤ t ≤ tm, α can be written
as a function of t .

α(t) ≈
V 2t(2tm − t)

4Rm
(1)

where Rm =
R1+R2

2 , the maximum central indentation

αm = α(tm) =
V 2t2m
4Rm

.

By quoting Hertz’s Theory of Elasticity [40], the radius of
the contact circle is a(t), and the contact area and normal load
are:

a2(t) = Rα(t) =
ψV 2t(2tm − t)

4
(2)

Pn(t) =
8
3R

t∫
0

G(t − t1)
d
dt1

a3(t1)dt1 (3)

where 1/R = 1/R1 + 1/R2 and the intermediate parameter
ψ =

R
Rm

characterize the geometric shape of the surface
roughness of the asperity; supposing that the elastic proper-
ties of the contact surface are the same and isotropic, then
E, ν and G are surface elastic modulus, Poisson’s ratio and
shear modulus, and E = 3G if ν is 0.5, then.
Substituting (2) into (3), obtains

Pn(t) =
8
√
R

3
[2G]α

3
2 (t) (4)

According to Boltzmann’s superposition principle
Boltzmann [41], the following is obtained:

Pn(t) =
8
3R

t∫
0

G(t − t1)
d
dt1

a3(t1)dt1 (5)

where G(t) = Gr 1+103

(1+ t
t0
)n

is the shear relaxation modulus

of the contact surface material., Gr is the shear modulus of
the contact surface material in the rubber state, and t0 and n
represent the position and span of the transition from rubber
state to glass state along the time axis, which is determined
by the surface properties of the asperity.

When tm ≤ t ≤ 2tm, the indentation decreases and the
contact area decreases accordingly. In the analysis of this
attenuation process, we introduced a new time variable tD(t),
which is a function of the current time t, as is shown in
Equation (6):

a(t) = a {tD(t)} , t ≥ tm, tD(t) ≤ tm (6)
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Therefore,

t∫
tm

G(t − t1)
d
dt1

{α(t1)} dt1

= −

tm∫
tD(t)

G(tD(t) − t1)
d
dt1

{α(t1)} dt1 (7)

In this case, the contact area and normal load are:

a2(t) = a2 {tD(t)} =
ψV 2tD(t) {2tm − tD(t)}

4
(8)

Pn(t) =
8
3R

tD(t)∫
0

G(tD(t) − t1)
d
dt1

a3(t1)dt1 (9)

where t1 is a dummy variable.
Combining (2) and (8), the solution tD(t) = 2tm − t

is obtained.Substitution of (2) in (5) and (8) in (9) obtains
0 < t ≤ tm, the normal contact load Pn(t) is shown in the
following equation:

Pn(t) =
V 3tmψ1.5

R
∫
t
0 G(t − t1)(

t1
tm
)
1
2 (1 −

t1
tm
)
(
2 −

t1
tm

) 1
2

dt1

(10)

Using Mathmatic software, the analytical solution and the
conditions to be satisfied are as follows:

Pn(t)

=
1

15Rtm
√

−
t(t−2tm)

t2m

2002t2V 3ψ1.5Gr (
t0

t + t0
)n

√
4 −

2t
tm

×

 −3tAppelF1[ 52 , n,−
1
2 ,

7
2 ,

t
t+t0

, t
t+t0

, t
2tm

] . . .

+6tmAppelF1
[
3
2 , n,−

1
2 ,

5
2 ,

t
t+t0

. t
2tm

]


×

(
t0
t
/∈ Reals

∥∥∥∥Re [
t0
t

]
<−1

∥∥∥∥(
Re

[
t0
t

]
≥ 0&&

t0
t

̸=0
))

. . .&&
(
tm
t
/∈ Reals

∥∥∥∥2Re [
tm
t

]∥∥∥∥ > 1

∥∥∥∥Re [
tm
t

]∥∥∥∥ < 0
)
(11)

where Re is the real part, Reals is the real space, && is the
logic and, || is the logic or, and AppellF1[a;b1, b2;c;x, y]
refers to Appell’s hypergeo-metric function of two variables
[29], as is shown in Equation (12):

∞∑
m=0

∞∑
n=0

(a)m+n(b1)m(b2)n
m!n!(c)m+n

xmyn, · · · · · · |x| < 1, |y| < 1

(12)

When tm < t ≤ 2tm, in order to calculate the contact
load Pn(t), it is only necessary to replace t in Equations (10)
and (11) for tD(t).

2) TANGENTIAL FRICTION AND STIFFNESS IN THE
CONTACT PHASE
As can be seen from Figure 3, the contact area does not
grow in an axisymmetric manner, and the contact center
moves continuously in the sliding direction until it reaches
the stagnation point, which is essentially the eccentric growth
of the contact area leading to growth stagnation. In order to
simplify the model, however, it is assumed that the growth
of the region is axisymmetric and stagnates along the whole
boundary of the contact circle. With the increase of time,
the tangential force will slowly accumulate in the growth
phase. According to Mindlin’s [42] interrelationship among
shear force, displacement, and the relaxation function of the
elastic body, as well as the assumptions mentioned above,
the relationship between tangential friction force and time
in the growth contact phase is deduced.

(1) Contact growth phase
When 0 < t ≤ ts, the contact area is in the growth phase,

and the tangential force Fg (t) [39] is:

Fg(t) =
8
√
ψ

3
V 2tm ∫

t
0 G(t − t1)y(t1)dt1 (13)

where y(t1) =
√
(t1/tm)(2 − t1/tm).

Using Mathmatic software, the analytical solution and the
conditions to be satisfied are as follows:

Substituting tangential displacement ξ = Vt into
Equation (14), as shown at the bottom of the next page, and
using the tangential force Fg to derive the displacement ξ , the
tangential contact stiffness in the growth period is obtained as
follows:

Kg =
dFg
dξ

=
16016

√
2ψ

9
VGr . . .

× AppellF1
[
3
2
, n,−

1
2
,
5
2
,

t
t + t0

,
t

2tm

]
× (

t0
t + t0

)n
√
t
tm
tm (15)

(2) Contact stagnation phase
When ts < t < tm, the asperity, experiencing the contact

growth phase, arrives at the contact stagnation phase, when
the context area remains constant and the tangential force
Fs(t) [39] is:

Fs(t) =
8
√
ψ

3
V 2tm ∫

tt
0 G(t − t1)y(t1)dt1

+ ∫
t
tt G(t − t1)y(ts)dt1) (16)

where y(ts) =
√
(ts/tm)(2 − ts/tm).

Using Mathmatic software, the analytical solution and the
conditions to be satisfied are as follows:

Fs(t) =
8008
3

V 2t
√
ψ tmGr

×


2
√
2

3 AppellF1
[
3
2 , n,−

1
2 ,

5
2 ,

ts
t+t0

, ts
2tm

]
. . .

×( t+t0−tst0
)−n( t+t0−tst+t0

)n tst

√
ts
tm

+
(t0−(t+t0−ts)(

t+t0−ts
t0

)−n

t(−1+n) )
√

(2tm−ts)ts
t2m


(17)
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Substituting tangential displacement ξ = Vt into
Equation (17) and using the tangential force Fs(t) to derive
the tangential displacement ξ , the tangential contact stiffness
in the stagnation phase is obtained as follows:

Ks =
dFs
dξ

8008
3

V 2t
√
ψ tmGr

×


2
√
2

3 AppelF1
[
3
2 , n,−

1
2 ,

5
2 ,

ts
t+t0

, ts
2tm

]
. . .

×( t+t0−tst0
)−n( t+t0−tst+t0

)n tst

√
ts
tm

+
(t0−(t+t0−ts)(

t+t0−ts
t0

)−n

t(−1+n) )
√

(2tm−ts)ts
t2m


(18)

(3) Contact crack adhesion phase
When tm < t < ti, the contact of the asperity is in the

crack adhesion phase, which is a short transition, when the
tangential force Fr (ti) [39] is:

F r (ti) =
4
3

√
ψGrV 2

r t
2
m[arcsin ys(t) − ys(t)(1 − ys(t)2)1/2 . . .

+ 2ys(t)ks(Ir − 1)] (19)

where Vr indicates that when the modulus of the material
is Gr and the response is completely elastic, the minimum
sliding velocity of crack occurs at the bonding site; then
defining Ir = ti/ts as the crack factor, ks = ts/tm is the
stagnation ratio, ti = tmIrks, and ys = y(ts).
Substituting the tangential displacement ξr = Vr t

into (19), and using the tangential force Fr (ti) to derive the
tangential displacement ξr , the tangential contact stiffness in
the crack phase is obtained as follows (20), as shown at the
bottom of the page.

(4) Contact crack propagation phase
When ti < t< 2tm, in the propagation phase, the relative

motion between the asperities is steadily expanded by the
relative velocity of the whole joint. The specific process is
shown in Figure 4. The two asperities are combined in the

FIGURE 4. Model showing regions of re-adhesion and breakdown at the
leading edge of a sliding contact.

region (l). Due to the adhesion, the shear traction force of
the asperity increases continuously, and at the exit of this
region, the shear traction force increases rapidly, and the
strength reaches the finite breakdown traction force τB to
produce cracks, and further expands to form a crack layer.
The bonding zone is approximately regarded as a straight strip
with a length of l and a width of πa, and the length of the
breakdown zone is β.
According to the local energy balance equation of crack

propagation when the velocity is constant as given by
Schapery [43], it is inferred that, at the propagation phase of
sliding friction, the tangential force Fp(t) [39] is:

Fp (t) =

{
B(V ,Vtm)

[
t̄(2 − t̄)

] 3
4 · · · · · · tm < t < ti

B(V ,Vtm)
[
tD(2 − tD)

]
· · · · · · ti < t < t2tm

(21)

where the parameter t = t/tm, tD = tD/tm,
B(V ,Vtm) = Gr ε

√
π

τB
Gr
ψ

3
4 (Vtm)

3
2 [β rω(V )]

1
2 , the

intermediate parameter ω(V ) =
n−1
n

√
3t ′VV
βr

( GgGr
1+103

)
1
n ,

D(t) =
1
Gg

1+103(
t′0
t

)n is the creep function of an elastic body,

D(∞) = 1/GR, D(0) = 1/Gg, and Gr and Gg are the
shear moduli of viscoelastomer in rubber state and glass state,
usually represented as Gg/Gr = 103. βr is the value of β in

Fg(t) =
16016
9

√
2tV 2

√
ψAppellF1

[
3
2
, n,−

1
2
,
5
2
,

t
t + t0

,
t

2tm

]
. . .

× Gr (
t0

t + t0
)n

√
t
tm
tm . . .

×


0 < t < ts

. . .& &ts < tm
. . .& &( t0t /∈ Reals|Re

[ t0
t

]
< −1||(Re

[ t0
t

]
≥ 0&& t0

t ̸= 0)) . . .

&&( tmt ) /∈ Reals|
∥∥2Re [ tm

t

]
> 1

∥∥Re [ tm
t

]
< 0

∥∥

 (14)

Kr =
dFr (ti)
dξr

=
4
√
ψ

3t
GrVt2m

×

 arcsin
√

ts
tm
(2 −

ts
tm
) −

√
ts
tm
(2 −

ts
tm
)(1 −

ts
tm
(2 −

ts
tm
))1/2

+2
√

ts
tm
(2 −

ts
tm
)ks(Ir − 1)

 (20)
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rubber state, γF is the strength parameter of the adsorption
layer, which, together with βr and τB, represent the effects
of physical and chemical properties of asperity surface on
friction. Among them, γF is determined by local energy
balance equation 8γF =

2F2
r (ti)

πGrV 3
r t3my3sψ3/2 of crack propagation

given by Schapery [43]; as to βr and τB, one is free to be
chosen, while the other is determined by πγFGr

βr τ
2
B

= 1. ε is

a numerical constant, represented as ε =
π2

2 ( la )
1
2 , whose

value depends upon the shape of the attenuated traction field
and has nothing to do with the sliding velocity and contact
area. t0′ is a parameter, for the sake of simplification of the
representation of D(t), related to t0. Two time parameters t0
and t ′0 are interrelated by means of the standard convolution
integral between D(t) and G(t), which, when substituted into
the equation, can be shown as:

Fp =



ετBξψ
3
4V

1
2 (tm)

3
2

t
√
π

βr n−1
n

√
3t ′0V

βr
(
GgGr
1 + 103

)
1
n


1
2

. . .

×

[
t

tm(2 −
t
tm
)

] 3
4

, tm < t < ti

ετBξψ
3
4V

1
2 (tm)

3
2

tD(t)
√
π

βr n−1
n

√
3t ′0V

βr
(
GgGr
1 + 103

)
1
n


1
2

. . .

×

[
tD(t)

tm(2 −
tD(t)
tm

)

] 3
4

, ti < t < 2tm

(22)

Using tangential force Fp to derive its displacement ξ ,
the tangential contact stiffness Kp in the stagnation phase is
obtained as follows:

Kp =



ετBψ
3
4V

1
2 (tm)

3
2

t
√
π

βr n−1
n

√
3t ′0V

βr
(
GgGr
1 + 103

)
1
n


1
2

×

[
t

tm(2 −
t
tm
)

] 3
4

, tm < t < ti

ετBψ
3
4V

1
2 (tm)

3
2

tD(t)
√
π

βr n−1
n

√
3t ′0V

βr
(
GgGr
1 + 103

)
1
n


1
2

×

[
tD(t)

tm(2 −
tD(t)
tm

)

] 3
4

, ti < t < 2tm,

(23)

3) NORMAL CONTACT LOAD AND FRICTION THROUGHOUT
THE CONTACT PHASE
During the whole contact phase, due to the continuous change
of the contact area, the normal contact load and tangential
friction of the asperity are constantly changing, but their
macroscopic performance is fixed. The average contact load

and friction force of each contact phase are regarded as macro
normal contact load Pav and tangential friction Fav

Pav =

ts∑
t=0

Pn(t)/Nts +

ti∑
t=ts

Pn(t)/N(ti−ts)

4
. . .

+

Pn(ti) +

2tm∑
t=ti

Pn(t)/N(2tm−ti)

4
(24)

Fav =

ts∑
t=0

Fg(t)/Nts +

ti∑
t=ts

Fs(t)/N(t−tt )

4

+

Fr +

2tm∑
t=ti

Fp/N(2tm−tt )

4
(25)

whereNts ,N(ti−ts),N(2tm−ti) are the numbers of discrete points
in each phase.

4) ENERGY DISSIPATION THROUGHOUT THE CONTACT
PHASE
The energy dissipation values for four contact phases of solid-
solid interface in macroscopic relative motion are as follows:

Dg =

ξg∫
0

Fgdξ =

Vt∫
0

Fgdξ, 0 ≤ t < ts

Dsi =

ξsi∫
ξg

(Fsi − Fg)dξ =

Vt∫
0

(Fsi − Fg)dξ, ts ≤ t ≤ ti

Dp =

ξp∫
ξsi

∣∣Fp − Fsi
∣∣dξ =

Vt∫
0

∣∣Fp − Fsi
∣∣dξ, ti ≤ t ≤ 2tm

(26)

B. CALCULATION OF TANGENTIAL CONTACT STIFFNESS
AND DAMPING OF SOLID-SOLID INTERFACE IN
MACROSCOPIC RELATIVE MOTION
Suppose the height of the asperity is z, the height of the
asperity on the rough surface obeys the Gaussian distribution,
the function is φ(z), the density of the asperity is ηn, and
suppose A is the nominal contact area of the joint surface,
d is the normal distance between the ideal rigid plane and
the average height surface of the asperity, and δ is the
normal deformation of the asperity under normal load, then
z = δ + d . Using the statistical theory, when the above
contact characteristic parameter model of a single asperity
is extended to the whole solid interface, the total contact
stiffness Kτ s of the contact surface is:

Kτ s = Aηn

∫ d+δ

d


ts∑
t=0

Kg/Nts+
ti∑

t=ts
Ks/N(ti−ts)

4 . . .

+

Kr+
2tm∑
t=ti

Kp/N(2tm−ti)

4

φ(z)dz
(27)
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Using Equations (15), (18), (20) and (23) to calculate Kg,
Ks, Kr , Kp, and substituting them into Equation (27), Kτ s can
be obtained.

It is assumed that the total energy dissipation of the contact
surface is Dτ s, which is the sum of the energy dissipation
of each contact phase (growth phase, stagnation phase, crack
phase and propagation phase), as shown in Equation (28):

Dτ s = Aηn

d+δ∫
d

(Dg + Dsi + Dp)φ(z)dz (28)

Since the work done by the viscous damping force is
equal to the product of the damping force and the moving
displacement and is equal to the energy consumed by it, the
total equivalent viscous damping energy consumption EC is:

EC = Cτ sV 2t, 0 ≤ t ≤ 2tm (29)

where Cτ s is the equivalent viscous damping coefficient. The
total contact friction energy consumption of each contact
phase is equivalent to viscous damping energy consumption,
that is, if Equation (28) is equal to Equation (29), then

Cτ s =
Dτ s

2V 2tm
(30)

Substituting Equation (28) into it, the results will be obtain.
The total normal contact load of macroscopic relative

motion solid-solid interface is:

Pnsum = Aηn ∫
d+δ
d Pavφ(z)dz (31)

The total tangential friction force of macroscopic relative
motion solid-solid interface is:

Fsum = Aηn ∫
d+δ
d Favφ(z)dz (32)

The friction coefficient of macroscopic relative motion
solid-solid interface is

fsum =
Fsum
Pnsum

(33)

III. TANGENTIAL STIFFNESS AND DAMPING MODEL
OF SOLID-LIQUID INTERFACE IN MACROSCOPIC
RELATIVE MOTION
The calculation of tangential contact characteristics of solid-
liquid interface can be reduced to the solution of tangential
contact stiffness and damping of solid and fluid. The
calculation of fluid tangential contact stiffness and damping
starts with the average flow equation considering roughness
lubrication effect, and the oil film pressure distribution,
film thickness distribution, oil film bearing capacity and
tangential viscous shear force of oil film are obtained,
and then the tangential stiffness and damping of oil film
are obtained. It is assumed that the lubricating oil in the
macroscopic relativemotion joint is in t The calculation of
tangential contact characteristics of solid-liquid interface can
be reduced to the solution of tangential contact stiffness and
damping of solid and fluid. The calculation of fluid tangential
contact stiffness and damping starts with the average flow

equation considering roughness lubrication effect, and the oil
film pressure distribution, film thickness distribution, oil film
bearing capacity and tangential viscous shear force of oil film
are obtained, and then the tangential stiffness and damping of
oil film are obtained. It is assumed that the lubricating oil in
the macroscopic relative motion joint is in the state of mixed
lubrication, and the thermal effect in the lubricating oil is not
considered, and it is isothermal.

A. FLUID CONTACT MODEL OF SOLID-LIQUID INTERFACE
IN MACROSCOPIC RELATIVE MOTION
1) REYNOLDS EQUATION CONSIDERING ROUGHNESS
LUBRICATION EFFECT
For the macroscopic relative motion solid-liquid interface in
the state of mixed lubrication, it is necessary to consider the
effect of surface roughness on the lubrication effect. Using
the Reynolds Equation established by Wu et al. [44]:

∂

∂x
(
h3r
ηf
φx
∂pf
∂x

) +
∂

∂y
(
h3r
ηf
φy
∂p
∂y

= 6U
[
φc
∂hr
∂x

+ σ
∂φs

∂x

]
+ 12φc

∂hr
∂t

(34)

where pf is the average oil film pressure; hr is the nominal
oil film thickness of each point; σ is the comprehensive
roughness of two rough surfaces; φx and φy are the pressure
flow factor along the x and y directions,φs is the pressure flow
factor, φc is the contact probability factor, and their values are
calculated by the empirical fitting equation in [27]; U stands
for the relative sliding velocity of the two surfaces in the X
direction, that is V; ηf is the viscosity of lubricating oil, which
is calculated using Reoland’s Viscosity-Pressure Relation in
[45] in Equation (35).

ηf = η0exp
{
(ln η0 + 9.67)

[
−1 + (1 +

p
p0

)2
]}

(35)

where ηf is the viscosity under pressure p; η0 is the viscosity
under atmospheric pressure; p0 is the pressure coefficient,
preferably 5.1 × 10−9; and for general mineral oils, z is
usually 0.68.

In the actual working condition, the relative moving
surface is not completely parallel, and the thickness of the
lubricating oil film changes continuously in the whole contact
lubrication area during the sliding process. For example,
when the sliding guide of the machine tool moves relatively,
the experiment shows that [46], a wedge-shaped oil film
with an inclination angle α will be formed between the two
surfaces, as shown in Figure 5.

Therefore, according to the geometric size of the slider
with a length of 2d and a width of b, the nominal film
thickness hr can be expressed as follows:

hr (x) = h0 + αx (36)

where the inclination angle α = (h1 − h0)
/
d . The equation

of film thickness differs between two rough surfaces with
different characteristics, that is, Equation (36) takes different
forms.
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FIGURE 5. Contact of a lubricating rough surface with finite length in
relative motion.

Due to the existence of different degrees of surface
roughness of processed parts, the true oil film thickness hT
between the bonding surfaces can be expressed as:

hT (x, y) = h0(x, y) + δ1(x, y) + δ2(x, y) (37)

where h0 indicates the minimum oil film thickness between
the two rough surfaces; δ1 and δ2 represent the roughness
amplitudes of upper and lower rough surfaces, respectively.

The common methods for solving Reynolds equation (34)
include: finite difference method, multigrid method and finite
element method. The finite difference method is one of the
earliest and mature numerical analysis methods, which is
selected in this article.

Dimensionless treatment of Reynold’s equation are dealt
with:

T = t/t0, H = hr/h0; P = pf /p0; X = x/L; Y = y/L;

ψ1 =
6Uηf L

h20p0
; ψ2 =

6Uηf Lσ

h30p0
; ψ3 =

12ηf L

h20p0

The average Reynold’s equation after dimensionless treat-
ment is:

∂

∂X
(φxH3 ∂P

∂X
) +

∂

∂Y
(φyH3 ∂P

∂Y
)

= ψ2
∂φc

∂X
+ ψ1φs

∂H
∂X

+ ψ3
∂φc

∂T
. (38)

In order to facilitate the calculation and solution, the
difference form of Equation (38) can be obtained using the
finite difference method:

A(i, j)P(i, j) − B(i, j)P(i− 1, j) − C(i, j)P(i+ 1, j)

− D(i, j)P(i, j− 1) − E(i, j)P(i, j)P(i, j) = F (i, j) (39)

where

B(i, j) =

[
φx(i− 1, j)H3(i− 1, j) + φx(i, j)H3(i, j)

]
21X2

C(i, j) =

[
φx(i+ 1, j)H3(i+ 1, j) + φx(i, j)H3(i, j)

]
21X2

D(i, j) =

[
φy(i, j− 1)H3(i, j− 1) + φy(i, j)H3(i, j)

]
21Y 2

E(i, j) =

[
φy(i, j+ 1)H3(i, j+ 1) + φy(i, j)H3(i, j)

]
21Y 2

A(i, j) = B(i, j) + C(i, j) + D(i, j) + E(i, j)

F(i, j) =
ψ2

21X
[φc(i+ 1, j) − φc(i− 1, j)] +

ψ1

21X
φs(i, j)

× [H (i+ 1, j) − H (i− 1, j)]

+
ψ3

21T
[φc(i+ 1, j) − φc(i− 1, j)] (40)

Therefore,

Pk+1(i, j) = κ ∗ G+ (1 − κ) ∗ Pk (i, j) (41)

where κ is the relaxation factor. According to the calculation
experience, the overrelaxation iteration is adopted, preferably
κ = 0.95,

G =

[
B(i, j)Pk (i− 1, j) + C(i, j)Pk (i+ 1, j)
+D(i, j)Pk (i, j− 1) + E(i, j)Pk (i, j+ 1)

]
+ F(i, j)

A(i, j)

2) CALCULATION OF BEARING CAPACITY OF OIL FILM
The contact pressure of solid-liquid interface consists of two
parts, one is the bearing capacity caused by asperity contact,
and the other is the bearing capacity of oil film produced
by hydrodynamic pressure under mixed lubrication [47]. The
bearing capacity Q1 of oil film on surface of length L and
width W and is:

Q1 = ∫
W
0 ∫

L
0 p̄ydxdy (42)

The bearing capacity Q2 of asperity is:

Q2 = ∫
W
0 ∫

L
0 Pnsumdxdy (43)

The total bearing capacity Q0 is:

Q0 = Q1 + Q2 (44)

3) OIL FILM PRESSURE DISTRIBUTION AND FILM
THICKNESS DISTRIBUTION
The solution process of oil film pressure and film thickness
is shown in Figure 6.

FIGURE 6. Solution flow of oil film pressure distribution and film
thickness distribution.
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When solving the problem, the knownmaterial parameters,
the number of nodes and the initial values of the parameters
such as moving velocity, lubricating oil viscosity and oil
film thickness are given, and the film thickness of each
node is calculated according to Equation (36). Thus, the film
thickness ratio of each node is obtained, and the flow factor
and contact factor under each node are calculated according to
the film thickness ratio. The partial film lubrication equation
is solved by the relaxation iterative method of Equation (41),
the oil film pressure under each node is obtained, the partial
bearing capacity of the oil film is calculated according to the
Equation (42), and the bearing capacity of the solid part is
calculated according to the Equation (43). Judge whether the
difference between the sum of the partial bearing capacity of
the oil film and the solid part and the set load value is less than
the given tolerance value, if not. The solid bearing capacity
and the oil film bearing capacity are updated by adjusting
the oil film thickness until the error is less than the given
tolerance value, and finally the result is output.

4) CALCULATION OF VISCOUS SHEAR FORCE OF OIL FILM
The viscous shear force of oil film is calculated based on the
model proposed by Patir and Cheng [48].

Ff = −∫
W
0 ∫

L
0

[
ηfU
hr

(φf + φfs)
]
dxdy (45)

where φf and φfs are shear stress factors, and their numerical
calculation equations can be found in [45].

5) CALCULATION OF TANGENTIAL STIFFNESS AND
DAMPING OF OIL FILM
The tangential stiffness of the oil film on the solid-liquid
interface in macroscopic relative motion is calculated by
the small disturbance method, and the tangential damping is
calculated by the derivation of the oil film shear force. The
oil film stiffness and damping at each moment (t ∈ [0,T ])
are as follows:


K (t)
τ f = kτ =

1Ff
1x

=
F ′
fd − Ffd

1x

C (t)
τ f = cτ =

∂Ff
∂U

=

η(t)
f

h(t)
r

(φ(t)
f

+ φ(t)
fs
)

(46)

where kτ is the tangential stiffness of the oil film, cτ is
the tangential damping of the oil film, 1x is the tangential
displacement, the value is V1t , 1Ff is the change of the
viscous shear force of the oil film caused by the displacement
disturbance, and Ffd ′, Ffd are the transient viscous shear
forces caused by the displacement disturbance at the previous
time and the current moment, obtained by Equation (45).
η(t)
f
, h(t)

r
, φ(t)

f
, φ(t)

fs
are the viscosity, thickness and shear factor

of oil film at the current time.

The average contact stiffness and damping of the oil film
in the four contact phases is

K̄τ f =
1
2tm

2tm∑
0

K (t)
τ f

C̄τ f =
1
2tm

2tm∑
0

C (t)
τ f

(47)

B. FRICTION COEFFICIENT OF SOLID-LIQUID INTERFACE
IN MACROSCOPIC RELATIVE MOTION
The total friction force F of solid-liquid interface is the sum
of the viscous shear force of oil film and the friction force of
solid part.

F = −∫
W
0 ∫

L
0

[
ηfU
hr

(φf + φfs) + Fsum

]
dxdy (48)

Then, it is only necessary to substitute Equation (32) into
it.

Therefore, the friction coefficient f of the solid-liquid
interface in macroscopic relative motion is

f =
F
Q0

(49)

Then, it is only necessary to substitute Equation (44), i.e.
the total bearing capacity of solid-liquid interface, into it.

C. CALCULATION MODEL OF TANGENTIAL CONTACT
STIFFNESS AND DAMPING OF SOLID-LIQUID INTERFACE
IN MACROSCOPIC RELATIVE MOTION
From theoretical analysis and experimental demonstration in
[23], [26] and [49], it can be seen that the total tangential
contact stiffness of the relative motion solid-liquid interface
is the sum of the solid contact stiffness and the oil film
tangential stiffness, and the total tangential damping is the
sum of the solid contact damping and the oil film tangential
damping. The tangential contact stiffness of solid-liquid
interface is obtained from Equations (27) and (47).

Ksum = Kτ s + K τ f (50)

From Equations (30) and (47), the tangential equivalent
viscous damping coefficient of solid-liquid interface can be
obtained as follows:

Csum = Cτ s + Cτ f (51)

IV. SIMULATION ANALYSIS OF TANGENTIAL CONTACT
MODEL OF SOLID-LIQUID INTERFACE WITH
MACROSCOPIC RELATIVE MOTION
The changes of normal contact load and moving velocity
will affect the contact parameters of the solid part and the
fluid part, and then affect the tangential contact stiffness
and damping of the relatively moving solid-liquid interface.
In order to reveal the influence law of various factors,
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the numerical simulation is carried out by using MATLAB
software.

The parameters in the model are dimensionless with
reference to [26], and represented by the symbol ‘‘∗’’.

The mechanical parameters of the surface are selected as
E1 = E2 = 2.07 × 1011 Pa, Poisson’s ratio ν1 = ν2 = 0.29,
H = 1.96 GPa, material’s yield strength py = 18 GPa,
standard deviation of height distribution of rough surface
σ = 1.89 × 10−6, radius of curvature R1 = R2 =

1.00 × 10−6m, shear modulus in the elastic phase Gr =

1.403 × 10−14, nominal contact area A = 7.07 × 10−4 m2,
lubricating oil viscosity η = 80 mm2/s, oil film inclination
α = 0.02, joint surface length l=1e−3 m, width w=1e−3 m.
The parameters in the asperity contact model are selected in
[39], preferably, n = 0.25, Ir = 3.9, ks = 0.26, ετB =

0.175 × 10−11, the moving velocity V ∗
=

V
Vr

= 1, V ∗
r = 1.

Time parameters, compared with t0, are given dimensionless
processing, preferably t∗s = 0.011, t∗m = 0.043, t∗i = 0.045,
t∗0 = 1, and t ,∗0 = 2.52.

A. VARIATION OF TANGENTIAL FORCE AND NORMAL
LOAD OF ASPERITY WITH TIME IN DIFFERENT
PHASES OF SOLID CONTACT
The analysis of the variation law of tangential force and
normal load of a pair of asperities at different phases of
contact is helpful to reveal the mechanism and essence of
solid contact microscopically. As shown in Figure 7 (a),
(b), (c) and (d), the tangential friction and normal load
of the asperity change with time at each contact phase.
It can be seen from Figure 7 (a), (b) and (c) that in the
growth phase, the tangential force of the asperity increases
nonlinearly with the increase of time, this is due to the fact
that with the sliding, the two asperities contact each other and
gradually embed into each other’s surface, forming a bonding
area, and the contact area is increasing. In the stagnation
phase, the sliding contact stagnates, but the bonding area
formed between the two asperities is not destroyed, the
contact area further increases, and the tangential force at
the boundary of the contact area begins to increase rapidly,
and then the increase of the contact area slows down. The
nonlinear increase of tangential force becomes slow, followed
by a short crack adhesion phase, where the crack appeared
in the contact bonding zone, the sliding continued, the
crack gradually expanded and propagated, the two asperities
gradually separated, the contact area began to decrease, and
the tangential force of the asperity gradually decreased until
the end of the contact. As is shown in Figure 7 (d), during the
whole contact phase, the normal contact load of the asperity
changes in the same way as the contact area, which first
increases and then decreases nonlinearly.

B. SIMULATION ANALYSIS OF OIL FILM PRESSURE
DISTRIBUTION AND FILM THICKNESS DISTRIBUTION ON
SOLID-LIQUID INTERFACE IN MACRO RELATIVE MOTION
In the state of mixed lubrication, the relative motion of solid-
liquid interface contact, solid contact and oil film contact

FIGURE 7. Variation of tangential contact force and normal load with
time in each period.

coexist. By simulating the distribution characteristics of oil
film pressure and film thickness, the degree of solid and oil
film contact can be analyzed. Figure 8 shows the oil film
pressure distribution and oil film thickness distribution under
normal load. Because the oil film thickness equation is a
wedge-shaped oil film formed by the sliding guide, the oil
film thickness is distributed in an oblique plane. The oil film
pressure shows a parabola shape which first increases and
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then decreases along the X and Y directions, and the value
is zero at the boundary.

FIGURE 8. Thickness and pressure distributions of oil film under load
P∗

n = 4.42e − 7.

FIGURE 9. Oil film pressure distribution under different loads.

As shown in Figure 9, the oil film pressure distribution
at the central section of the sliding rail slider in the X and
Y directions under different normal loads at the moving
velocity V ∗

= 1. It can be seen from the figure that the oil
film pressure first increases and then decreases along the X

direction and Y direction, and the greater the normal load, the
greater the oil film pressure. This is due to the increase of the
normal load, the increase of the number of contact asperities,
the decrease of the oil film load ratio, but the increase of
the total oil film pressure. It can be seen from Figure 9(a)
that the oil film pressure in the X direction is asymmetrically
distributed due to the influence of the oil film inclination
angle α. Because the oil film inclination angle here is small,
the skew degree of the pressure distribution is not obvious.
It can be seen from Figure 9 (b) that the oil film pressure
in the Y direction shows a symmetrical parabolic distribution
because the oil film thickness is the same at the same Y value.

FIGURE 10. Effect of moving velocity on bearing capacities of oil film and
solid.

The effect of moving velocity on the bearing capacity of
oil film and solid is shown in Figure 10. It can be seen
from the figure that with the increase of velocity, the bearing
capacity of oil film increases almost linearly, while the
bearing capacity of asperity decreases.

From the numerical point of view, the asperity contact
is still the main body in the solid-liquid interface, and
the proportion of oil film contact is very small. But
microscopically, the residual lubricating oil in the gully
formed by the asperities on the surface will occur the
phenomenon of hydrodynamic lubrication at the asperity
level when the moving velocity increases, which improves
the bearing capacity of the lubricating oil film.

Figure 10 shows the effect of moving speed on the bearing
capacity of oil film and solid. It can be seen from the figure
that with the increase of speed, the bearing capacity of oil
film increases almost linearly, while the bearing capacity of
asperity decreases. From the numerical point of view, the
micro-convex contact is still the main body in the solid-
liquid interface, and the proportion of oil film contact is
very small. But microscopically, the residual lubricating oil
in the gully formed by the asperity on the surface will occur
the phenomenon of hydrodynamic lubrication at the micro
level when the moving speed increases, which improves the
bearing capacity of the lubricating oil film.

C. SIMULATION ANALYSIS OF FRICTION COEFFICIENT OF
SOLID-LIQUID INTERFACE WITH MACROSCOPIC
RELATIVE MOTION
Figure 11 shows the relationship between the friction
coefficient of the solid-liquid interface and the normal
load. With the increase of normal contact load, the friction
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FIGURE 11. Relationship between friction coefficient and normal load of
solid-liquid interface.

coefficient of the solid-liquid interface decreases, and the
curve is consistent with the curve obtained by experiment
in [50] and [51]. When the normal load increases, the
number of contact asperity increases, the proportion of solid
load increases, the fluid action weakens, and solid-solid
contact gradually occupies a dominant position. When the
rough surface slides macroscopically, the sliding resistance
increases with the increase of normal load, but the increasing
rate is less than that of normal load, so the friction coefficient
decreases with the increase of normal load. In addition, with
the relative sliding of the joint surface, the residual part of
the lubricating oil in the micro-convex gully will form a
microscopic hydrodynamic lubrication effect at the edge, and
the lubricating oil will be drawn out from the micro-convex
gully and spread to the contact area of the micro-convex body.
The friction performance of the contact surface is further
improved, that is, the friction coefficient is reduced.

FIGURE 12. Relationship between friction coefficient and moving speed
of solid-liquid interface.

It can be seen from Figure 12 that the friction coefficient of
solid-liquid interface decreases nonlinearly with the increase
of velocity. The curve is consistent with the curve obtained by
experiment in [50] and [51]. With the increase of the moving
speed, the hydrodynamic pressure effect becomes stronger
and stronger, which makes the thickness of the lubricating
oil film and the average distance between the contact surface
become larger and larger, and the contact deformation of the
micro-convex body on the rough surface decreases gradually.
at this time, the fluid load increases gradually, the solid load
gradually weakens, and the fluid contact is dominant, but it
is still in the state of mixed lubrication. According to the

Stribeck effect, the friction coefficient decreases with the
increase of moving speed.Therefore, the friction coefficient
decreases with the increase of moving speed.

FIGURE 13. Effects of normal contact load and moving velocity on oil film
tangential contact stiffness.

D. SIMULATION ANALYSIS OF TANGENTIAL STIFFNESS OF
SOLID-LIQUID INTERFACE WITH MACROSCOPIC RELATIVE
MOTION
1) EFFECT OF NORMAL CONTACT LOAD AND MOVING
VELOCITY ON OIL FILM TANGENTIAL CONTACT STIFFNESS
Figures 13 (a) and (b) show the variation of tangential
shear stiffness of oil film with normal load and moving
velocity. It can be seen from the diagram that the tangential
contact stiffness of oil film increases nonlinearly with the
increase of normal load. This is because with the increase
of normal contact load, according to Equation (33), the
viscosity of lubricating oil increases, the ability of oil film
to resist deformation in tangential direction increases, so the
tangential stiffness increases.With the increase of the moving
velocity, the tangential stiffness of the oil film increases
almost linearly, because the increase of the moving velocity
will increase the shear rate of the oil film, thus the tangential
stiffness increases. The variation of tangential shear stiffness
of oil film at normal load and moving velocity is consistent
with the results of [24] and [25].

2) COMPARISON OF TANGENTIAL CONTACT STIFFNESS
BETWEEN SOLID-SOLID INTERFACE AND SOLID-LIQUID
INTERFACE IN MACROSCOPIC RELATIVE MOTION
Figures 14 (a) and (b) compare the tangential contact
stiffness of solid-solid interface and solid-liquid interface
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FIGURE 14. Tangential contact stiffness contrast between solid-solid
interface and solid-liquid interface in relative motion.

with normal contact load and moving velocity. It can be
seen from Figure 14 (a) that with the increase of normal
contact load, the contact stiffness of solid-liquid interface
and solid-solid interface increases nonlinearly, and then the
increase becomes smooth. This is because with the increase
of normal contact load, the actual contact area between
asperities increases, and the number of contact asperities
increases, thus the ability to resist tangential displacement
is enhanced, that is, the tangential stiffness of solid-solid
interface increases, but to a certain extent, the actual contact
area between asperities and the number of contact asperities
almost reach the maximum, this effect becomes smaller and
smaller, and the trend slows down, which conforms with the
results from [52] and [53]. For the solid-liquid interface, due
to the increase of the oil film stiffness, the oil film stiffness
is one order of magnitude smaller than that of the solid-
solid interface, and the influence is limited. As a result, the
tangential contact stiffness of the solid-liquid interface is the
same as that of the solid-solid interface, and the value is
always slightly higher. It can be seen from Figure 14 (b) that
the tangential contact stiffness of solid-liquid interface and
solid-solid interface decreases nonlinearly with the increase
of moving velocity. This is because the larger the moving
velocity is, the smaller the friction coefficient of the solid-
solid interface [54]. When the normal load is constant,
the tangential friction force decreases, and the tangential
displacement increases with the increase of the moving
velocity, so the tangential contact stiffness of the solid-solid
interface decreases., this variation law is consistent with
the results from [55]. As can be seen from Figure 13(b),

the stiffness of the oil film increases with the increases of
the moving velocity, but it is an order of magnitude smaller
than that of the solid-solid interface, the solid-solid contact
is still dominant, and the influence of the oil film is limited,
so the solid-liquid interface shows the same trend as the solid-
solid interface, and the numerical value is always slightly
higher.

FIGURE 15. Effects of normal contact load and moving velocity on oil film
tangential contact damping.

E. SIMULATION ANALYSIS OF TANGENTIAL CONTACT
DAMPING OF SOLID-LIQUID INTERFACE IN
MACROSCOPIC RELATIVE MOTION
1) EFFECT OF NORMAL CONTACT LOAD AND MOVING
VELOCITY ON OIL FILM TANGENTIAL CONTACT STIFFNESS
Figures 15(a) and (b) indicate the variation of tangential
damping coefficient of relative motion oil film with normal
load and moving velocity. It can be seen from the diagram
that the tangential damping coefficient of oil film increases
nonlinearly with the increase of normal contact load, for with
the increase of normal contact load, the viscosity of lubricat-
ing oil increases, the friction energy consumption increases,
so that the tangential damping coefficient increases; and
that with the increase of moving velocity, the tangential
damping coefficient of oil film increases nonlinearly, in that
the increase of moving velocity will increase the shear
rate of oil film and the energy consumption of tangential
shear resistance, so that the tangential damping coefficient
increases. The variation of tangential damping coefficient of
oil film at normal load and moving velocity is consistent with
the results of [24] and [25].
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FIGURE 16. Comparison of tangential contact damping between
solid-solid interface and solid-liquid interface in relative motion.

2) COMPARISON OF TANGENTIAL CONTACT DAMPING
BETWEEN SOLID-SOLID INTERFACE AND SOLID-LIQUID
INTERFACE IN RELATIVE MOTION
Figures 16 (a) and (b) illustrate the variation of tangential
damping coefficients of solid-solid interface and solid-liquid
interface with normal contact load and moving velocity.
It can be seen from the diagram that the tangential contact
damping coefficients of solid-liquid interface and solid-solid
interface increase slowly and nonlinearly with the increase
of normal contact load. For the solid-solid interface, with
the increase of the normal contact load, the actual contact
area between the asperities increases, the number of contact
asperities increases, the tangential friction energy dissipation
increases, so the tangential damping coefficient increases.
For the solid-liquid interface, although the effect of oil film
damping is increased, the oil film damping is one order of
magnitude smaller than the solid-solid interface damping,
and the effect is limited. As a result, the tangential contact
damping of the solid-liquid interface varies with the normal
load, and the value is always slightly higher. With the
increase of moving velocity, the tangential contact stiffness
of solid-liquid interface and solid-solid interface decreases
nonlinearly. This is because the This is because the greater
the moving velocity, the smaller the friction coefficient of
the solid-solid interface [54]. When the normal load is
constant, the smaller the tangential friction force is, the
smaller the friction energy consumption is, and the tangential
displacement increases with the increase of velocity. It can
be seen from equation (28), the damping coefficient of solid-
solid interface decreases rapidly. Although the damping of
oil film increases with the increase of moving velocity, the

damping of oil film is one order of magnitude smaller than
that of solid-solid interface, and the effect is limited, so the
change trend of solid-liquid interface is the same as that of
solid-solid interface, and the value is always slightly higher.

V. CONCLUSION
In this article, aiming at the lack of tangential contact
modeling of macroscopic relative motion solid-liquid inter-
face considering the interaction between lubricating oil and
rough surface, based on the sliding friction adhesion model
of Savkoor single pair of asperity, the tangential contact
models of solid part and fluid part of macroscopic relative
motion solid-liquid interface are established respectively,
and the tangential contact stiffness and damping models
of solid-liquid interface are proposed. The law of variation
with normal load and moving velocity is simulated. The
results show that: (1) the contact characteristics of solid-
liquid interface and solid-solid interface are similar, and
the tangential contact stiffness and damping of solid-liquid
interface are always larger than those of solid-solid interface,
which shows that the macroscopic relative motion interface
of oil-bearing medium has good stiffness and damping
characteristics, which is more suitable for mechanical
equipment. (2) the tangential contact stiffness and damping of
solid-liquid interface increase nonlinearly with the increase
of normal contact load and decrease nonlinearly with the
increase of moving velocity. Therefore, the low velocity and
heavy load conditions can improve the tangential stiffness
and damping of the equipment.
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