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ABSTRACT In this paper, we give a construction of strongly regular Cayley graphs on the finite field Fg».
As applications of these strongly regular Cayley graphs, a class of codebooks is presented and proved to be
asymptotically optimal with respect to the Welch bound. Further more, these constructed codebooks have

new parameters.

INDEX TERMS Gauss sums, codebooks, strongly regular graphs, Cayley graphs.

I. INTRODUCTION
The study of Cayley graphs is an important part of modern
graph theory. As a special class of Cayley graphs, strongly
regular Cayley graphs have attracted increasing attention
due to their important roles in algebraic graph theory and
applications in many areas such as expanders [12], chemical
graph theory [18] and quantum computing [1]. Let I" be a
graph with v vertices. Then I' is said to be a (v, k, A, i)
strongly regular graph if
1) every vertex is adjacent to exactly k other vertices, i.e.,
the graph is regular of valency k;
2) there are exactly A vertices adjacent to x and y, where
x and y are two adjacent vertices;
3) there are exactly u vertices adjacent to x and y, where
x and y are two nonadjacent vertices.
In [2], the structure of strongly regular graphs was studied,
and general theory of strongly regular graphs could be found
in [3], [5], [6], [13], and [15]. One of the most effective tools
to construct strongly regular graphs is by Cayley graphs and
strongly regular Cayley graphs were proposed in [4], [8],
and [9].
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Codebooks (also known as signal sets) with small
inner-product correlation are commonly utilized to differenti-
ate among signals of different users in code division multiple
access (CDMA) systems, and are applied in many practical
applications including space-time codes and compressed
sensing. In general, constructing codebooks that achieve the
Welch bound is extremely challenging. The construction of
asymptotically optimal codebooks, where the ratio of their
maximum cross-correlation amplitude to the corresponding
bound approaches 1, is also a fascinating research topic.
In this paper, we first present our construction of strongly
regular Cayley graphs. Then we apply the constructed Cayley
graph to obtain a class of asymptotically optimal codebooks
with respect to the Welch bound. The codebooks contain new
parameters. To give a comparison with known ones, we list
the parameters of ours in Table 1.

This paper is organized as follows. In Section II, we briefly
introduce some results which will be needed in obtaining
our main results. In Section III, we present our construction
of strongly regular graphs and explicitly evaluate the
eigenvalues of the Cayley graph Cay(Fg, E), where E is
givenin (4). In Section IV, we describe the construction of our
codebooks C and prove they asymptotically meet the Welch
bound. In Section V, we conclude this paper.
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TABLE 1. The parameters of codebooks asymptotically meeting the
Welch bound.

Ref. | Parameters (N, K) Constraints

M= @D

q
(¢ =)™+ M, M) s>1,m>1,
[21] q is a prime power.

1 1,
((qs _ 1)m + qsmflyqsmfl) s>1,m>

21] q is a prime power.

(@ + %47 q is a prime power.

[17]

(q3 +q¢%>—q,¢°> — q) q is a prime power.

[17]

@ > 1is an integer,

((pmin + I)QQa QQ) Pmin is the smallest,
[24] prime factor of Q.

Q@ > 2is an integer,

((pmin +1)Q%-Q,Q(Q — 1)) Pmin is the smallest,
[24] prime factor of Q.
p > 31is aprime,
(p2k7np +pkmp7pk7np _ h), k 2 1, h Z 1,

[10] misevenand h < p™.

where ¢ = p™,

(@®+q,q-1), p > 31is aprime,
[10] m > 0is even.
- 1S a prime,
(po'r 7p3r’p3r(p'r _ 1)) €> ]_p
[16] —
N=p7 (® —p" —1), p is a prime,
ey | K=" —p = 1) rzl
Ny > 1,
‘ Nz = N1 + o(N1)
271 (Pmin N1 N2, N1N2) Pmin i the smallest,
prime factor of No.
Ny > 1,
‘ N2 = N1 + o(N1)
271 (pmle N2, Ny NQ) Pmin 18 the smallest,

prime factor of No.

Thm (q", iq-1) <qn71 + q%)) p=1 (mod 4),

V.1 T 1S even.
n n—2
M=(-1)%q¢"7,
Thm| (¢", (g —1) (¢"~' +M)) | P=3 (mod4),
V.1 n 1S even,
t>1.

Throughout this section, we adopt the following notations.

p is an odd prime.

q = p' for some positive integer ¢.

n is an even positive integer and Q = ¢".

X1 is the canonical additive character of IF,.
x2 is the canonical additive character of [Fg.
Tryp is the trace function from [, to IF,.
Trp/4 is the trace function from g to IF,.

« is a primitive element of [Fg.
B = a a1 is a primitive element of IF,,.
11 is the quadratic multiplicative character of IF,,.

12 is the quadratic multiplicative character of [Fp.
2r4/—1
é‘n = e n

V VVY VVYVYVYVYYVYYVYY

Il. PRELIMINARIES

This section collects some mathematical foundations which

will be used in the sequel.
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is the n-th primitive root of complex unity.

A. CHARACTERS OVER FINITE FIELDS
Denote the finite field with g elements by F,. The trace
function Tr,,, mapping from F, to I, is defined by

-1
Trq/p(x)=x~|—x”+~-~+xpt , xeF,.

Then the function y; given by

27z[Trq/p()c)

Trgp
) _ o forall x € IF,

x1(x) = &p
is an additive character of I, and the character y; is called
the canonical additive character of IF,. The following lemma
notes that all additive characters of I, can be expressed
with x;.

Lemma 1 ([19], Theorem 5.7): For a € Ty, the function
with

Xa(x) = x1(ax) forall x € F,

is an additive character of ¥y, and every character of Fy is
obtained in this way.

In particular, the character xo witha = Ois called the trivial
additive character of . For an additive character x of [y, its
orthogonality relation ([19], Theorem 5.4) is given by

L
Zx<x>=” "X = 0. )

0, otherwise.
xeFy

Characters of the multiplicative group IF:; = F, \ {0} of
F, are referred to as multiplicative characters of F,. Since
the multiplicative group IFZ is cyclic of order ¢ — 1, all
multiplicative characters of IF; can be easily determined.

Lemma 2 ([19], Theorem 5.8): Let B be a primitive ele-
ment of Fy. For eachj = 0,1,...,q — 2, the function ;
with

ky _ ik it
@i(B ):;{H =ed! fork=0,1,...,9g—2
defines a multiplicative character of ¥y, and every multiplica-
tive character of ¥ is obtained in this way.

Note that the character ¢y with j = 0 satisfies ¢g(x) = 1 for
allx € ]FZ and ¢y is called the trivial multiplicative character
of F,. By setting j = (¢ — 1)/2, we get the multiplicative
character n; which is called the quadratic character of [F,.
Obviously, n; is defined by

1, if i is even,
—1, otherwise.

nm(B) = [

We can extend the multiplicative character ¢; (0 < j <
q — 2) of F, by setting ¢;(0) = 1if j = 0 and ¢;(0) = 0 if
J # 0. For a multiplicative character ¢ of I, its orthogonality
relation ( [19], Theorem 5.4) is given by

o
prm:[’ Lo @)

0, otherwise.
xely
The Gauss sum G(g, x) is defined by [19]
Glp, )= D p)x (),

%
xe]Fq
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where ¢ denotes a multiplicative character and x an additive
character of IF,;. Obviously, the absolute value of G(g, x) is
at most g — 1, but in general is much smaller than g — 1, as the
following lemma shows.

Lemma 3 ([19], Theorem 5.11): Let ¢ be a multiplicative
character and x an additive character of . Then the Gauss
sum satisfies

0, if ¢ # @0, X = X0,
Glp. x)=1-L  ifo=90 x # xo
g—1, ifo=wo, x = Xo
Furthermore, if ¢ # @o and x # xo, then

Gle. 0l = q'%.
The following lemma describes a number of useful
identities of Gauss sums.
Lemma 4 ([19], Theorem 5.12): Gauss sums for the finite
field I, satisfy the following properties:

(i) G(@, xap) = @(@)G(p, xp) for a € Fyand b € Fy;
(ii) G(p. 70) = p(~=DG(g, x); o
(iti) G(@, x) = ¢(=1)G(e, x), where p(a) = ¢(a) for all
ac IFZ and the bar denotes complex conjugation.

By the above lemma, we know G(¢j, x4) = WG((pj, X1)
for all a € ]Fj; For abbreviation, we use G(g;) to denote
G(gj, x1) for 0 < j < ¢q — 2. Normally, the explicit
values of G(¢, ) are very difficult to determine. Fortunately,
Gauss sums can be computed in some particular cases. The
following lemmas state some results of Gauss sums, which
will be used to obtain our main results.

Lemma 5 ([19], Theorem 5.15): Let n1 be the quadratic
character of ¥, and x1 be the canonical additive character
of Fy. Then

(—1) g2,
(_l)t—litql/z’

fp=1
fp=3
where q = p', p is an odd prime and t is a positive integer.

Lemma 6 ([19], P.195): Let ¢ be a multiplicative charac-
ter of F,. Then we obtain

(mod 4),

G, x1) = [ (mod 4)

1
px) = - z G(@, Xa)Xa(x) for x € Fy.

acly,
Lemma 7: Let x be a non-trivial additive character of I,

with q odd and let f(x) = ax? 4+ aix +ap € I, [x] with
ay # 0. Then

> K@) = x (a0 — ada™") m@)Gon. .
xelf,

where 11 is the quadratic character of .

B. CODEBOOKS AND CAYLEY GRAPHS

An (N,K) codebook C is a set {c,-}].v= 61 of N unit-
norm complex vectors, where ¢; € (C& . The maximum
cross-correlation amplitude of C is given by

H
Inax(C) = max |C,'Cj [,
O=i<j=N-1

106982

where ch denotes the conjugate transpose of ¢j. Minimizing
the maximum cross-correlation amplitude I1,,x(C) of a code-
book C is an important problem in CDMA communication
sytems, as it can approximately optimize many performance
metrics such as outage probability, average signal-to-noise
ratio, and symbol error probability [20].

For a given K, it is desirable to construct an (N, K)
codebook with the maximizing value of N while simulta-
neously minimizing the magnitude of Iax(C). Nevertheless,
Welch [25] has established a lower bound for I,,x(C) as
follows.

Lemma 8 ([25]): For any (N,K) codebook C with

N > K,
I (C) > [ N K
max Z 1w = (N I)K.

Moreover, the equality holds if and only if for all pairs of (i, j)

with i # J,
| N-K
ol = [ ———.
leic;” | N DK 3

The codebook C is referred to be optimal with respect
to the Welch bound if the equality in (3) holds. Searching
optimal codebooks is an interesting topic for the past few
years. Unfortunately, Sarwate in ( [14], p. 100) pointed out
that constructing optimal codebooks is very difficult, and the
constructed codebooks so far have restricted parameters N
and K. Hence, researchers focus on studying asymptotically
optimal codebooks, i.e., Imax(C) asymptotically meets the
theoretical bound for sufficiently large K. In the literature,
there are some constructions of asymptotically optimal
codebooks with respect to the Welch bound and readers are
suggested to refer to [11], [22], [23], and [26].

Motivated by the construction in [7], we employ strongly
regular Cayley graphs to give a class of asymptotically
optimal codebooks. Let G be a finite abelian group and D
be a subset of G \ {0} such that D = —D, where 0 is the
identity of G and —D = {—d : d € D}. The Cayley graph
Cay(G, D) on G with connection set D is the graph with
elements of G as vertices; two vertices are adjacent if and
only if their difference belongs to D [8]. Let G be the character
group of G, i.e., G is consist of all characters of G. Then the
eigenvalues of Cay(G, D) are given by ¢(D) = > ., d(x),
where ¢ € a\{e} and e denotes the identity of G. It is well
known that Cay(G, D) is strongly regular if and only if ¢(D)
with ¢ € G \ {e} takes exactly two values.

IIl. A CONSTRUCTION OF STRONGLY REGULAR CAYLEY
GRAPHS

In this section, we provide a construction of strongly regular
Cayley graphs. Let symbols be the same as before. Then a
subset E of F is defined by

E =[x eFg:m(Trgq®) =1}. )

VOLUME 11, 2023
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In order to compute the eigenvalues of Cay(Fp, E),
we begin with the following lemma which gives the
cardinality of E.

Lemma 9: Let E be the subset defined by (4). Then the
cardinality |E| of E is

|E|

q—1 _ n=2
5 (q" Y )
= — 1 nt n=2
= (¢ +0¥eT).

ifp=1

ifp=3 (mod4).

(mod4),

Proof: By the definition of the quadratic multiplicative
character ; of F;, we deduce that

Z n (TrQ/q(xz)) + 1

E| = ;

XEFQ
Trg /q(xZ);éo

= % Z 1 —i—% Z n (TrQ/q(xz))

xeFg x€lFg
TrQ/q(xz)#O
_q 1 1 2
=55 2 5 2 m(Tgued). ©
XEFQ XGFQ
TrQ/q(xz):O

where Q = ¢" and n is an even positive integer. Let

A = Z 1,

xeFQ
TrQ/q(x2)=0

Ay = z n (TrQ/q(xz)) .

XGFQ

Next we compute the values of A and A, separately. By the
orthogonal relationship in (1) and Lemma 7, we have

1
Al = a z Z X1 (ZTI'Q/q(xz))

xelFg zeF,

=q"'+ é D> x@d

z€lFy xelFg

1
=4¢"""'+ =D mERGm).

M
zeIFq

where x1 and yx, denote the additive characters of the finite
field IF, and Fo, respectively, and 1, denotes the quadratic
multiplicative character of Fp. Let o be a primitive element
of Fgp. For each z € F, we have

n_1

z=a 1 forsome 0 <j < g — 2.

Since n is even, the number (¢" — 1)/(g — 1) is even. Then we
have

n2(z) = 1 foreach z € Fy. (6)

VOLUME 11, 2023

It follows from Lemma 5 that

A
et =@ -1d'T, ifp=1 (mod 4),
¢ = (-D¥g-1g'T, ifp=3 (mod 4.
(7
Using Lemma 6, we deduce that
1
Ay == D" D" G, 1) xe(Trg(x))
xelFg zeF,
1
== > G, %) D xa2(xx?)
q zEF”‘; xeFg
1
=— D> M@Gm)Gn) ®)
ze]F;

where the second equality follows from Lemma 1, and the
third equality follows from (6), Lemmas 4 and 7. Combining
(8) and (2), We know

Ay =0. ®

The desired result follows from (5), (7) and (14). O
We now propose the construction of strongly regular
Cayley graphs.
Theorem 10: Let symbols be the same as before. Then

1) if p = 1 (mod 4), then the Cayley graph Cay(IF‘nQ,2 E)
is strongly rfgzular with eigenvalues —(q + 1)q 2 /2
and (g — 1)qg 2 /2;

2) ifp = 3 (mod 4), then the Cayley graph Cay (Fg, E)
is strongly regular with eigenvalues (—1)121(51 + 1
¢'T 2and —(—D¥ (g — 1)g'T 2
Proof: For each y € ¥, we deduce that

T ) +1
Samm= 3 oo rQ/qz(x )

xeE xEFQ
TrQ/q(xz)yéO
1
=5 (B1 + B2) (10)
where

Bi= " x20mm (Trg/g()).

XEFQ

> x0w.

xEFQ
Trg /q(xz)#O
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Next we will determine the explicit values of By and B;.
It follows from Lemma 6 that

1
Bi== > 120%) X Gl X x:(Tro/q(x)

xeFp zelfy
1 _
== > G, %) D, x2(zx® + yx)
zelFy xeFg

_ G1)Gan)
=)

1 y?
n (_Z) X2 (_E) s (11)

where the second equality follows from Lemma 1, the third
equality is obtained by Lemmas 4 and 7. By (11), we have

%
zqu

2
B, _Gn)Gn2) 3 m@u (ZTTQ/q (yz))
1 ze]FZ
Y , Y
N1 (TrQ/q (Z)) G(n2), ifTrgyy (Z) # 0,
= . 2
0, it Trp/q (Z) =0,

12)

where the second equality is derived from Lemmas 3 and 4.
Now our task is to determine the values of B,. For each
y € %, by (1) we have that

> xox) =0
XEFQ

which means that

> x0ow. (13)

xe]FQ
Trg/q(2)=0

It follows from (1) that

> xalw) L DD xi@ g )xa(yx)

xelFg xeFg zely,

Trg,q)=0
== Z z Xa(zx® + yx)

ze]F* xeFg

G 2
_G(n) S 0 (_‘y‘_z)

q
zeIFj;

G 2
oy ()

%
zqu

G(n2)

2
7 if Tro/q ( ) # 0,
(g — DG(2)

52
, ifT —)=0,
p irg/q ( 4 )

(14)

where the second and fourth equalities derive from
Lemma 1, and the third equality follows from Lemma 7.
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By (13) and (14), we have

G
(;72), 1fTrQ/q ( ) 7& 0,
By = 15
2= (- 1DGp) 2\ (1)
- ifTrg, (=) =0,
q 4
For y € %, by (10), (12) and (15) we have
Zm(yx) =
xeE
(g + DG(p) y
T, fTI'Q/q Z 75 0 and
2
y
T )] =1
o (e (5))
-G 2
_W, if Tro/q (yz) # Oand (16)
2
y
T —))=-1
o (e (5)) -
(g—DG() . y
—z—q, lfTrQ/q (Z =0.

Therefore, the Cayley graph Cay(IFp, E) has exactly two
eigenvalues and the explicit eigenvalues of Cay(Fg, E) derive
from Lemma 5. O

IV. A CONSTRUCTION OF ASYMPTOTICALLY OPTIMAL
CODEBOOKS
In this section, we propose a construction of asymptotically
optimal codebooks based on the strongly regular Cayley
graph Cay(Fg, E) defined in Theorem 10. We begin with
the connection between strongly regular Cayley graphs and
codebooks.

Let Cay(G, S) be a strongly regular Cayley graph with two
restricted eigenvalues §; and 6. For each ¢ € 6, define the
vector ¢y by

C¢=(m¢( )) L

where |S| denotes the cardinality of S. A codebook C is given
by

= {cs : ¢ € G).
It can be easily to be checked that

Inax(C) = max_ {|c¢c |}
p#1eC

1
= iS] o max. {loT(H1}

1
=— S
5] ¢éna){ce}{|¢( )}

1
= o max{|81], [82[}.
IS]

Let

E= {x eFo:m (TrQ/q(xz)) = 1} .

VOLUME 11, 2023
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For each a € Fp, we define a vector ¢, by

1
Cq = (ﬁxz(ax))er.

In this paper, the codebook C is given by

C={cs:acFpl (17)

Theorem 11: Let symbols be the same as before. Then we
have

1) ifp=1 (mod 4), then C is a (¢", K) codebook with

¢+ g?

Inax (C) = 2qK

)

where K = ‘72;1 g+ q%
2) ifp=3 (mod 4), then C is a (¢", K) codebook with

(g + Dg>

Imax (C) = qu

where K = 51 (q”*‘ +(—1)%q%) .

Proof: By the definition of the codebook C in (17) and
Lemma 9, we deduce that (1) if p =1 (mod 4), then

N=4q",
K =|E|= q%l (q”_l +q%);
(2)if p =3 (mod 4), then
N=¢q"
K =|E|= % (" +n3g" ).

Given two distinct codewords ¢, and ¢, in C, it is easy to
check that

1 I
leach | = X > xa(ax)xa(bx)
xekE
1
= 2 |2 xa(@=bw|. (18)
xeE

where a # b and a,b € Fp. Combining (16) and (18),
we obtain that

a | @+Ddd - D¢
leqcy, | € ) .
2gK 2gK

Therefore, we get

g+ Dg>

Imax(c) = ZqK

’

where K is the cardinality of the set £ and is given in
Lemma 9.

Theorem 12: The codebook C defined by (17) is asymptot-
ically optimal with respect to the Welch bound.

VOLUME 11, 2023

Proof: If p =1 (mod 4), we have

n n—2

9" —q>+q" ' +q 7

Iy = —
@ —Dg— D@ " +q7)

Then we deduce that

Imax(C)
Iy

_ \/ (g+D*q"(¢" =1
- n—2 n n—-2_°

Pa-D@" " +q )" —q> +q" +q7)

It is easy to check that
Imax(C
lim @y
g—>+oo Iy

which implies that the codebook C is asymptotically optimal
with respect to the Welch bound. If p = 3 (mod 4), using
a similar argument, we can prove that the codebook C is
asymptotically optimal with respect to the Welch bound.

In Table 2, we give some parameters of codebooks given
in (17). As Table 2 shows, we know that Iy approaches
Imax(C) as p increases. This implies that the codebooks
presented in this paper are asymptotically optimal with
respect to the Welch bound for sufficiently large p, which is
consistent with Theorem 12.

TABLE 2. The parameters (N, K) of the codebook C in (17).

p (n7t) N K Imax IW Imax/IW
5 2,1) 25 12 1/4 0.21246 1.1767
23 | (2,1) 529 242 1/121 0.04739 1.0463
31 | (2,1 961 450 8/225 0.03439 1.0338
41 | (2,1) 1681 840 1/40 0.02412 1.0241
59 | (2,1) 3481 1682 15/841 0.01753 1.0174
71 | (2,1) 5041 2450 18/225 0.01449 1.0144
101} (2,1) 10201 | 5100 1/100 0.00990 1.0099
109] (2,1) 11881 | 5940 1/108 0.00918 1.0091

Remark 1: In this paper, we limit the integer n to be an
even positive integer. Readers may wonder what results will
be obtained when n is an odd number. Using a similar method
in Theorems 10 and 11, we can calculate the eigenvalues
of Cay(Fg,E) given in Theorem 10 and In.(C) of the
codebook C constructed in (17). Unfortunately, it can be
easily verified that Cay(IF g, E) is not a strongly regular graph
and the codebook C is not asymptotically optimal with respect
to the Welch bound, if n is odd.

V. CONCLUDING REMARKS

In this paper, we have given a construction of strongly
regular graphs and asymptotically optimal codebooks. As a
consequence, we get one infinite series of strongly regular
graphs. And the results on strongly regular graphs have
applications on codebooks. Table 2 confirms that these
presented codebooks are nearly optimal with respect to the
Welch bound.
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