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ABSTRACT The design tolerances and material defects are frequently inevitable in the real manufacturing
process, where unexpected additional cogging torquemight be caused as a result. An approach fast estimating
the design performances under manufacturing uncertainties is highly expected. In this paper, the previously
proposedworst-uncertain-combination-analysis (WUCA) approach is further modified, where the influences
of rotor geometries could be taken into account. A 10-pole-12-slot (10P12S) permanent magnet (PM)
machine with non-uniform air-gap considering the rotor uncertainties is taken as an example. The cogging
torque robustness for designs with different air-gap saliency ratios are discussed and compared. A medium
value of air-gap saliency is suggested to achieve a balance between the ideal and worst-scenario performance
under rotor uncertainties. Three prototypes with different air-gap saliency ratios are manufactured, where the
possibly worst-case under uncertainties are imitated with a special PM assembling sequence. The deduction
is then verified by the experimental results of the prototypes.

INDEX TERMS Cogging torque robustness, robust design, non-uniform air-gap rotor, worst-uncertain-
combination-analysis approach.

I. INTRODUCTION
The permanent magnet (PM) synchronous machines have
been widely used in the industrial appliances, high-
performance numerical control machine and electric vehi-
cles [1]. Various techniques have been applied to improve
the design performances in terms of power density, torque
ripple and noise-vibration-harshness (NVH), and efficiency
in the last decades. To obtain the smooth output torque and
low cogging torque, many approaches could be adopted, such
as step skewing, unequal tooth tip, slummy slot, and non-
uniform air-gap rotor [2], [3], [4], [5].

Although these techniques could dramatically reduce the
cogging torque in theory, none of the techniques could
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eliminate the torque variations [6]. The reason might be
contributed to the effects of manufacturing uncertainties and
material defects, because the cogging torque is sensitive to
these factors. Various researches have been focused on the
analysis of manufacturing uncertainties and material defects
and their effects on the cogging torque [7], [8], [9], [10].
The influences of manufacturing uncertainties on the design
performances for different types of electric machines are
concerned, such as the axial flux PMmachines [11], [12] and
the stator-PM-flux-switching machines [13].
Aiming to search for a design scheme whose cogging

torque is not fragile to the unexpected disturbs, i.e. which
has high robustness of cogging torque, the robust design
and optimization are becoming more and more popular [14],
[15], [16]. Analysis of the design performance considering
manufacturing uncertainties is the first step for robust
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design and optimization, which is frequently the most
time-consuming part as well. A system level based robust
optimization approach [17], [18], [19], [20], [21] could be
adopted for the PM machines, where the design variables are
categorized into different groups based on their sensitivities
to the objectives. Consequently, the optimization with high
number of variables is converted to two optimizations with
low number of variables, and the computational cost is
significantly reduced.

Conventionally, the influences ofmanufacturing uncertain-
ties on the cogging torque are estimated by calculating and
comparing many uncertain design variants featuring small
deviations. The probability distribution function (PDF) [22]
and cumulative distribution function (CDF) [23] could
be frequently used to estimate the design performance.
The design for the six-sigma (DFSS) robust optimization
approach [14] is based on the six-sigma level of the PDF.
In [23], the CDF of cogging torque performance considering
manufacturing tolerances was estimated by the Dvoretzky-
Kiefer-Wolfowitz inequality [24] and bootstrapping method,
where the number of design variants required for FEA
calculations could be reduced. However, even with the
help of design of experiment approaches, the number of
representative samples and the consequent computational
time are still too large for engineering.

An approach that could fast estimate the design per-
formances considering uncertainties is highly expected.
Considering that the cogging torque could be estimated by
the variation of magnetic energy, the analytical approaches
[7], [10] are then modified to analyze the torque performance
under manufacturing uncertainties. Thus, the harmonic
orders of the additional cogging torque introduced could
be estimated. Unfortunately, the accurate estimation of
the magnitudes of additional cogging torque considering
uncertainties is frequently not easily achieved at this moment,
especially for the IPM machines.

Luckily, the possibly worst-scenario cogging torque under
uncertainties are predicted with the analytical approach and
the vector diagrams [25], [26], [27]. The worst-case cogging
torque performance is then estimated by calculating several
specific designs featuring uncertainties, rather than thousands
of design variants. With this approach, the uncertainties on
the dimensions and the residual flux density of PM, the
dimensions of stator tooth [25], [27], rotor eccentricity [28]
are possibly concerned with this approach. The sensitivities
of cogging torque performance under uncertainties to the
design parameters, such as the pole/slot configuration and
pole-arc coefficients, are discussed in [29] and [30].
Based on the robustness index with worst-case perfor-

mances under uncertainties [15], [31], the computational
cost of robust optimization could be significantly reduced.
Although the optimal results of the worst-case index based
optimization might be a little conservative, it could provide
some insights for the engineering.

In the authors’ previous work [27], a worst-uncertain-
combination-analysis (WUCA) method was proposed, where

the equivalent magnetic motive force (MMF) excited by
one PM is regarded as a rectangle. The possibly worst-case
combination of uncertainties is only related to the pole/slot
configurations, where the abundant features on the rotor of
real electricmachines could not be concerned. Amodification
on the WUCA approach is highly required.

The main contribution of this paper is to propose a
modified WUCA approach to estimate the cogging torque
performances under manufacturing uncertainties. With this
approach, the abundant details on the rotor geometries
could be taken into consideration. Consequently, the design
robustness of different types of electric machines could be
roughly compared with the analytical approach in the early
design stage. This work would benefit a lot to the robust
design and optimization of the real electric machine.

The upcoming sections of this paper are arranged as
follows: The WUCA approach is briefly introduced in sec-
tion II. A single-pole slotless-stator model is then proposed
to modify the WUCA approach. In the next section, the
additional cogging torque performances of designs featuring
different pole-arc and non-uniform air-gap are analyzed with
the modified WUCA approach. A 12-slot/10-pole (12S10P)
interior PM (IPM) machine is selected as an example, and
three prototypes are then designed andmanufactured to verify
the efficacy of the proposed approach.

II. COGGING TORQUE ANALYSIS APPROACH
CONSIDERING MANUFACTURING UNCERTAINTIES
A. THE COGGING TORQUE ANALYSIS APPROACH
The cogging torque could be estimated by calculating the
variation rate of the total energy stored in the air-gap [33].
In the equivalent MMF-permeance model, the open-circuit
flux-density distributions Bg(θr , θm) in the air-gap and the
cogging torque could be obtained [34] through (1).

3g(θs, θm) = 3r (θr )3s(θs)

Bg(θr , θm) = F ′
pm(θr )3g(θs, θm) = Fpm(θr )3s(θs), (1)

where F ′
pm(θr ) represents the MMF excited by the PMs

without consideration of the effects of stator slot-opening.
3g(θr , θm) is the equivalent permeance in the air-gap, θr
represents the circumferential position in the rotor reference
frame, and θm is referred to as the rotor position.
The equivalent air-gap permeance model 3g(θs, θm) can

be divided into two components: the stator permeance
model 3s(θs) and rotor permeance model 3r (θm) as shown
in (1), which are determined by the stator slot effects
and rotor saliency effect [35], [36]. The equivalent MMF
on the rotor contour Fpm(θr ) is the interaction of the
PM-excited MMF F ′

pm(θr ) and 3r (θr ) [37]. Consequently,
the air-gap flux density Bg(θr , θm) can be calculated by
the stator permeance model 3s(θs) and equivalent rotor
MMF Fpm(θr ).
Thus, the cogging torque can be analyzed by the variation

of coenergy W stored in the air-gap versus rotor position θm,
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as follows:

Tcog(θm) = −
∂W
∂θm

= −
∂

∂θm

(
1
2µ

∫
V
F2
pm(θr )3

2
s (θs)dV

)
(2)

B. COGGING TORQUE CONSIDERING UNCERTAINTIES
Without considering the saturation on the iron and flux
leakage between the adjacent PMs, the 3r (θr ) can be
regarded as constant. Consequently, the equivalent MMF
F2
pm(θr ) of the SPM machine within the pole-pitch is often

approximated by a rectangle [38].While for the IPMmachine
where the PMs berried in the rotor, a trapezoidal shape [39]
or rectangle is frequently adopted. A rectangular shape of
F2
pm(θr ) is used to simplify the analysis process, just as

illustrated in Fig. 1 (b). The pole-pitch and PM width are
denoted as αp and α0, respectively. The pole-arc coefficient
is defined as ac = α0/αp.

FIGURE 1. Equivalent MMF of the IPM motor. (a) Geometry of IPM rotor;
(b) Equivalent F 2

pm excited by one pole; (c) The equivalent F 2
pm along the

rotor considering the manufacturing uncertainties, where Gpi and αpi
represent the magnitude and width of the i th equivalent rectangle [27].

During the real manufacturing process, uncertainties or
material defects, for instance, the variations on the residual
flux density Br and dimensional defects on the PMs, are
always inevitable. These uncertainties might affect the MMF
excited by the PMs, and the corresponding effects could be
represented by the variations of magnitude and position of
rectangles of F2

pm, just as illustrated in Fig. 1 (c).

C. THE WUCA APPROACH
Under imperfect manufacturing conditions, each PM might
feature imperfections and the MMF magnitude can be
different. In this case, the F2

pm distribution within (0, 2π ) can
not directly be expressed into a Fourier series.

Luckily, the F2
pm could be regarded as the superposition of

several rectangles, whose period is assumed to be infinity. Its
Fourier transformation isFd (ω) = 2Gp sin(ωα0/2)/ω, where
Gp represents the magnitude of each rectangle. The F2

pm0 is
then rewritten as (3), and further details are referred to the

authors’ previous work [27].

F2
pm(θr ) =

1
2π

∫
∞

−∞

Fpm(ω)ejωθr dω

= F2
pm0 +

1
π

∞∑
n=1

G(n) cos nθr

G(n) =

2p∑
i=1

Gd (n)e−jnθpi =

2p∑
i=1

2Gpi
n

sin
nαpi
2︸ ︷︷ ︸

Pi

e−jnθpi ,

(3)

where 2p is the number of poles, Fpm(ω) represents the
fourier transformation and F2

pm0 is a constant, Gpi and αpi

represent the magnitude and width of the ith rectangle. The θpi
corresponds to its center position, where θpi = 2π/2p×(k−1)
with k = (1, 2, . . . , 2p).
The G(n) could be regarded as the superposition of several

vectors, whose magnitudes and direction are determined by
the Pi and ϕi(= nθpi) in (3). The additional nth cogging
torque harmonics caused by uncertainties are mainly related
to the magnitudes of F2

pm0(n) and G(n). Consequently,
the additional cogging torque harmonics due to the rotor
uncertainties are the multiples of slot-number kQs, and those
of 2pi orders of harmonics are frequently caused by the stator
uncertainties, with k and i are integers. In this paper, only
the uncertainties on the rotor aspects are concerned. Based
on the typical manufacturing technique, the tolerance ranges
of the PM uncertainties are listed in Table. 1.

TABLE 1. Typical value of tolerance and nominal values.

For the 12S10P machine with rotor uncertainties con-
sidered in this paper, the magnitude of G(kQs) should be
concerned. Based on the vector diagram, theG(12) andG(24)
could be analyzed by Fig. 2. The basic value of magnitude
of each vector P0 is determined by the magnetic energy
in each PM, where the residual flux density and the PM
dimensions pose similar effects. The magnitudes Pi are
mainly affected by the uncertainties on the PM 1Br and
dimensions (1tm and 1wpm), while the phase angle ϕi of
each vector is influenced by the PM assembling position
n(θpi + 1θpi).

As can be seen from Fig. 2 (a), P1 and P6 are the main
components of G(12), and vectors of PM (3, 4, 8, and 9)
have negative effects on theG(12). The largest value ofG(12)
can be achieved when the sum of each vector Pi reaching
the maximum value. Considering that the magnitude Pi is
related to the magnetic energy in each PM, the uncertainties
of (1Br , 1tm, and 1wpm) would pose similar effects within
the small tolerance ranges. For example, the largest P1 can
be achieved through assigning positive uncertainties on
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FIGURE 2. Additional 12th and 24th MMF harmonics caused by the
uncertainties on the PMs [27].

(1Br , 1tm, and 1wpm). For the uncertainties on PM 3, all of
them should be with negative values. The analyzing processes
for the uncertainties on other PMs are similar.

The uncertain combinations achieving themaximumG(12)
and G(24) are reported in Table 2. Thus, the combinations of
1wpm are not listed in Table 2.

TABLE 2. The possibly worst-uncertain combinations considering rotor
uncertainties.

The first column in the Table 2 indicates the magnet
number, and columns of (a), (b), and (c) indicate the
uncertainty combinations of residual flux density, width,
and assemble position that results in the maximum value
of G(12) and G(48). Similarly, columns (d)-(f) are the
uncertain combinations resulting in the maximum value of
G(24) and G(36).

With the application of the WUCA approach, the possibly
worst-case considering uncertainties could be determined.
The deduction was verified for various pole-slot configura-
tions by the FEA calculations. More details are referred to
as the authors’ previous work [27]. The FEA calculations on
only a few design schemes are required, instead of thousands,
significantly reducing the calculation time.

D. APPLICATION OF THE WUCA APPROACH
With the help of the vector diagram in Fig. 2, the effects
of uncertainties on the cogging torque could be analyzed
through the magnitude and phase angle of vectors. The
magnitude of Pi(n) could be affected by the uncertainties, but
it is mainly determined by the ideal-case value of P0(n).

If the MMF excited by one pole is regarded as a rectangle,
the P0(n) could be written as (4). Once the term M (n) in (4)
can be reduced to zero with proper selection of the pole-arc
coefficient ac, the corresponding additional harmonic ofG(n)
might be eliminated.

P0(n) =
2Gp
n

sin
nα0

2
=

2Gp
n

sin
nac
2

2π
2p︸ ︷︷ ︸

M (n)

. (4)

In the conventional design practice, the pole-arc coefficient
is usually selected within the range of (0.6,0.95). Once the
pole/slot configuration is selected, the values of M (n) for
different pole-arc coefficients ac could be determined.

The 12S10P configuration is taken as an example, and
the magnitudes variation of several orders of harmonics
are illustrated in Fig. 3. The main order of cogging torque
harmonics of 12S10P machine is the n = LCM (12, 10),
which is highlighted in Fig. 3. The additional kQs orders of
cogging torque harmonics caused by the rotor uncertainties
[10], [27] could be estimated by |M (n)/n|, where n = kQs.
The higher value of |M (n)/n| might indicate the relatively
larger value of G(n) and magnitude of nth order of cogging
torque.

FIGURE 3. The magnitude of different harmonic orders |M(n) | for various
pole-arc coefficients through analytical approach.

It could be seen from Fig. 3 that |M (12)/12| decreases
as the pole-arc coefficients go up within the range of
ac = (0.67, 0.83), which indicates the variation of additional
12th cogging torque under rotor uncertainties. As for the
variation of |M (60)/60| within the range pole-arc, its value
dramatically changes as illustrated in Fig. 3. The minimum
value of |M (60)| achieves when (ac = 0.67) and (ac = 0.83),

107022 VOLUME 11, 2023



Y. Yang et al.: Approach for Estimating the Cogging Torque Performance

and this means the minimum value of Tcog(60) would be
achieved around these values of pole-arc coefficients.

E. THE SINGLE-POLE SLOTLESS-STATOR MODEL
In the real design practice, the rotor geometries are frequently
complicated with non-uniform air-gap length and dummy
slots to reduce the cogging torque and NVH. Besides, due
to the saturation effects and flux leakages between the
adjacent PMs, the PM-excited MMF is frequently not the
ideal rectangular shape.

To modify the MMF in real design practice, a single-
pole slotless-stator (SPS) model-based approach is proposed,
where the air-gap flux density and the equivalent MMF are
obtained through FEA calculations. In the SPS model, only
one pole with the real rotor counter is required. Since only the
PM-excited MMF is concerned in this part, the symmetrical
boundary could be adopted regardless of the real pole/slot
configurations. The FEAmodel and the corresponding results
are illustrated in Fig. 4.

FIGURE 4. The single-pole slotless-stator model and the corresponding
no-load results with FEA.

In the slotless model, the relative permeance variation
due to the stator slot effect is eliminated, and the 3s(θs)
could be regarded as a constant. The rotor MMF is mainly
related to the distribution of radial component of the
air-gap flux density with (Fpm ∝ Bg). Consequently, the
rotor MMF (Fpm) considering various rotor geometries and
pole-arc coefficients could be taken into account.

With the adoption of the SPS model, the air-gap flux
density of the design in Fig. 4 within one pole-pitch is
shown in Fig. 5(a), whose shape is similar to a rectangle.
The equivalent F2

pm is estimated by the distribution of air-gap
flux density, where F2

pm = AB2g with A is a constant. The
calculated F2

pm is illustrated in Fig. 5(a) as well. The Fast
Fourier Transform (FFT) is carried out on the calculated F2

pm,
and the first 70th orders of harmonics are presented in
Fig. 5(b).

The magnitude of each order of harmonics obtained in
Fig. 5(b) could be adopted to modify the Pi(n), and then
further used to estimate the design performance for the
ideal-case and scenarios with manufacturing uncertainties.

The main additional cogging torque harmonic orders,
caused by the rotor uncertainties, are those multiplies of slot
numbers. Thus, the lower orders of 12k th of harmonics in
|M (n)| should be mainly concerned in this paper.

FIGURE 5. The equivalent F 2
pm and corresponding harmonics obtained

through single-pole slotless-stator approach.

To estimate the cogging torque performances of designs
featuring different ac, several design schemes are analyzed
through the SPS model-based approach. The air-gap flux
density of the different designs are calculated and presented
in Fig. 6. The shapes of air-gap flux densities Bgi are similar
to rectangles, whose width and magnitudes increase with the
rise of pole-arc coefficients ac.

FIGURE 6. Rotor geometries and the corresponding air-gap flux densities
with various pole-arc coefficients ac .

The equivalent F2
pm of each design is calculated and

then analyzed with the FFT operation. The magnitudes
of F2

pm(n) versus ac are illustrated in Fig. 7. Compared
with the analytical approach in Fig. 3, the variation of each
order of harmonics is quite similar in these two figures,
which indicates the efficacy of the analytical and SPS based
approaches.

Considering the effects of flux leakages and saturation
in the rotor iron, the minimum value of the nth harmonics
slightly vary. However, the main trend of each harmonics is
quite similar in the two figures.
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FIGURE 7. The magnitude of different harmonic orders F 2
pm(n) versus

various pole-arc coefficients ac through the SPS based approach.

As mentioned previously, the cogging torque harmonic is
related to the magnitude of the corresponding F2

pm(n). Thus,
the 60th cogging torque for designs with different pole-arc
coefficients should show similar variation as that F2

pm(60)
in Fig. 7. The cogging torque performance of 12S10P IPM
machines featuring different pole-arc are then analyzed.

Several models of 12S10P IPM motor with different
pole-arc coefficients ac are built and calculated through
the FEA. These models feature the same stator and rotor
geometries, and the only difference is on the pole-arc
coefficient ac, which is reflected on the width dimension of
the PM.

The FFT operation is then adopted to analyze the cogging
torque harmonics for each design. The magnitude of the 60th

order of cogging torque is illustrated in Fig. 8.

FIGURE 8. The magnitude of 60th order cogging torque for 12S10P
machine with different pole-arc αc .

As can be seen from Fig. 8, the variation trend of the
60th order of cogging torque is similar to that of F2

pm(60)
in Fig. 7. The minimum value of M (60) is achieved when
ac = 0.67 and ac = 0.83 from the analytical approach of (4),
while the minimum value of F2

pm(60) was obtained when
ac = 0.69 and ac = 0.86 in the proposed approach. Although
there are slight differences between the proposed approach
and the results of real FEA calculation in Fig. 8, the basic
trend and location of the ac are similar. The differences might
be contributed to effects of the saturation and flux leakages,
which are not considered in the analytical and slotless model.

Thus, the 60th order of cogging torque results from the
magnitude of F2

pm(60), and both the analytical approach and
the proposed slotless model could estimate the variation trend
of Tcog(60). Moreover, a rapid increase of Tcog(60) could be
observed when the ac is larger than 0.85, and the reasonmight
be concluded to the local saturation on the stator teeth.

F. THE MODIFIED WUCA APPROACH
In this part, the WUCA approach is then modified with the
SPS model calculated MMF, instead of the ideal rectangle
in previous work [27]. Even with the modified approach,
the possibly worst-case cogging torque considering rotor
uncertainties could be identified by the vector diagram as
well. The modified WUCA approach is then applied to
analyze the cogging torque performances of the ideal case
and worst-case.

For the previously concerned 12S10P IPM machines, the
main additional cogging torque harmonic orders are those
of 12k th. The possibly worst scenarios might related to the
maximum value of G(Qs) and G(2Qs), where the uncertain
combinations are identified by vector diagram and Table. 2.
Only the uncertainties of 1Br with a range of ±0.03T is
considered in this part. The two possible worst cases cogging
torque are denoted as Tw1 and Tw2.

A sensitivity index Sen is proposed to estimate the design
robustness considering manufacturing uncertainties, where
a lower value of Sen indicating higher robustness. Further
details are referred to [29].

Sen = max(Tw1,Tw2) − Tn (5)

The ideal-case peak-to-peak cogging torque Tn of the
models with different ac are shown in Fig. 9 (a), and the
sensitivity index Sen is presented with blue circles as well.

It can be seen from Fig. 9 that the sensitivity index Sen
varies for different pole-arc coefficients ac, whose trend is
different from that of the ideal-case torque Tn. Taking the
design Awith ac = 0.7 as an example, the ideal-case cogging
torque is about 0.1Nm. However, the corresponding value of
Sen is as high as 0.9Nm in the worst scenario, indicating its
high sensitivity to the rotor uncertainties. The reason could
be contributed to the high values of (F2

pm(n)|n = 12, 24, 36)
when ac = 0.7 in Fig. 7. On the contrary, the minimum value
of F2

pm(n) is achieved when (ac = 0.85), where the sensitivity
index Sen is approximately 0.2Nm.

In Fig. 9, the design A is better than B with the lower
value of Tn in ideal-case, however, it is more susceptible to
the manufacturing uncertainties, whose value of Sen is much
higher. The worst-case cogging torque components of the two
designs are presented in Fig. 9 (b) and (c).

As can be seen, almost all the additional 12k th harmonics
are high in design A, which is in consistent with the
high values of M (n) and F2

pm(n) (for A in Fig. 3 and
Fig. 7). In the real design practice, designs like A with good
nominal performance but highly susceptible tomanufacturing
uncertainties should be avoided. On the contrary, the design B
with a lower value of F2

pm(n) should be recommended,
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FIGURE 9. Cogging torque performance of the 12S10P IPM motor;
(a) Peak-to-peak cogging torque and its sensitivity versus pole-arc
coefficient; (b)-(c) Cogging torque harmonic analysis for the worst-case of
design A and B under uncertainties. [29].

where good design performances of ideal-case and imperfect-
case could be achieved.

III. APPLICATION OF THE MODIFIED WUCA APPROACH
In the real design application, the rotor with a non-uniform
air-gap is frequently adopted. The non-uniform air-gap
technique involves the inverse cosine pole shoe, center-offset
arc pole shoe [32], and the eccentric arc pole shoe [40].
The third one is easy to achieve in mass production as it
is consisted of two separate arcs instead of a complicated
mathematical curve.

An example of rotor with the non-uniform air-gap is
illustrated in Fig. 10. The saliency ratio kdq is defined as the
ratio of air-gap length of q-axis and d-axis, (kdq = gq/gd ).
The rotor with uniform air-gap rotor corresponds to (kdq = 1).

FIGURE 10. The geometry of non-uniform rotor.

The single-pole slotless model modified WUCA approach
is applied on the PM machine with a non-uniform air-gap,

and the cogging torque performance of designs considering
manufacturing uncertainties are analyzed in this part.

A. ROTOR WITH DIFFERENT AIR-GAP SALIENCY
The rotor geometries for different kdq are presented in
Fig. 11 (a), where the d-axis air-gap and the PM width keeps
the same. The PM-excited MMF within one pole-pitch is
then calculated with the SPS approach. The distribution of
radial component of air-gap flux density Bg for different kdq
is illustrated in Fig. 11 (b).

FIGURE 11. The rotor geometries and the corresponding air-gap flux
density distribution within one pole-pitch for different kdq.

It can be seen that the one PM excited Bg becomes rel-
atively more sinusoidal as the air-gap saliency kdq increases,
and this would frequently result in a smoother cogging torque
and output torque.

As mentioned in the previous section, the larger magni-
tudes of F2

pm(n) might contribute to higher cogging torque.
Thus, the equivalent F2

pm within a pole-pitch is calculated
based on the SPS model, and the 60th order of harmonic is
illustrated in Fig. 12. The cogging torque of designs featuring
different kdq are calculated, and themagnitudes og 60th orders
of harmonics are presented in Fig. 12 as well.

It could be seen from Fig. 12 that the 60th cogging torque
and F2

pm(60) show a similar trend with the variation of air-gap
saliency kdq. The 60th order of cogging torque decrease
with the kdq increasing, where similar phenomenon could
be observed from the SPS model based F2

pm(60). It is a
little weird that minimum value of Tcog(60) locates around
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FIGURE 12. Comparison on the magnitude of cogging torque harmonics
and the equivalent F 2

pm for different air-gap saliency kdq.

(kdq = 1.5), which is not consistent with the variation of
F2
pm(60). The reason might be contributed to the tangential

flux leakage or local saturation on the teeth for the larger air-
gap saliencies.

To further analyze the design performances under the
imperfection scenarios, the additional cogging torque related
harmonics of kQs are concerned. The equivalent F2

pm(n) for
different kdq are then analyzed with FFT, and the magnitudes
of F2

pm(kQs) are illustrated in Fig. 13.

FIGURE 13. The magnitudes of harmonics for the equivalent F 2
pm with

different air-gap saliency kdq.

The cogging torque performances of designs featuring
rotor uncertainties are analyzed and calculated, where the
tolerance ranges are presented in Table. 1. The possible
worst-cases are estimated through the WUCA approach,
and the two possibly worst uncertain combinations are as
presented in Table. 2. The magnitudes of Tcog(n) is estimated
by the two possibly worst-cases under uncertainties with
Tcog(n) = max[Tw1(n),Tw2(n)]. The magnitudes of cogging
torque harmonics considering uncertainties for different
air-gap sailency kdq are then presented in Fig. 14.

FIGURE 14. Cogging torque harmonic analysis considering uncertainties
for designs featuring different kdq.

The maximum 12th order of cogging torque caused by the
uncertainties increases with the rise of kdq in Fig. 14, where
a similar trend could be observed from F2

pm(12) in Fig. 13.
Similar phenomenons could be found for the cogging torque
harmonics of 24th and 48th.

Although the variation trend of the 36th cogging torque and
F2
pm(36) are slightly different, the main trend within the range

of (1, 3) is similar. The difference might be caused by the
local saturation or tangential flux leakages in the teeth.

Based on the analysis result of F2
pm(n) through the SPS

model and Fig. 12 to Fig. 14, some deductions could be
obtained. The ideal-case cogging torque decreases with the
air-gap saliency kdq increasing, but a minimum value might
occur around (kdq = 1.5). As the magnitude of F2

pm(12) is
much larger than the other orders of harmonics, its effects
on the cogging torque performance should be concerned. The
higher value of additional Tcog(12) might be introduced under
rotor uncertainties when the rotor is large saliency.

B. COGGING TORQUE ROBUSTNESS CONSIDERING
UNCERTAINTIES FOR DIFFERENT KDQ
To verify the deductions, the peak-to-peak cogging torque
and its sensitivity Sen considering rotor uncertainties are
compared, as illustrated in Fig. 15.
Several designs are highlighted in Fig. 15. It can seen

that the peak-to-peak cogging torque is approximately 0.5Nm
for the design A (with kdq = 1), and its sensitivity index
value becomes about 0.83Nm under the worst-case uncertain
combinations. As for the design E (with kdq = 3), the nominal
value Tn is 0.12Nm, but its corresponding Sen might achieve
an extremely high value of 1.35Nm in the worst scenario.

In other words, if the design E is manufactured for mass
production, the peak-to-peak cogging torque could be any
value within the range of (0.12Nm, 1.47Nm), and this might
not be acceptable for the manufacturers and customers.

Two design models with different air-gap saliency ratios
are built and calculated by FEA. The cogging torque
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FIGURE 15. The peak-to-peak cogging torque and the corresponding
sensitivities considering rotor uncertainties for designs featuring different
air-gap saliency kdq.

performance of the uniform rotor (design A with kdq = 1)
and the salient rotor (design D with kdq = 2.5) under the
ideal scenario (Tn) are compared. The two possible worst-
cases (Tw1 and Tw2) considering PM uncertainties for the two
designs are presented in Fig. 16.
As can be seen from Fig. 16 that the worst-case cogging

torque for design with a higher value of kdq is higher,
which indicates a higher sensitivity and low robustness to the
manufacturing uncertainties.

Consequently, if a robust design with low sensitivity to the
rotor uncertainties is expected, a medium value of air-gap
saliency kdq might be recommended.

C. MOTOR PROTOTYPES AND EXPERIMENTAL
VERIFICATION
A 10P12S IPM machine is taken as an example in this part.
Three small prototypes with a rated power of 1.5kW are
then fabricated to verify the effects of kdq on the cogging
torque robustness. The basic parameters of the prototypes
are presented in Table. 3. The only differences among the
three prototypes are the rotor saliency ratio kdq. All the other
parameters, such as the dimensions of the PMs and the d-axis
air-gap length gd , keep the same.

FIGURE 16. The cogging torque performance of two designs considering
rotor uncertainties.

TABLE 3. Motor data of the prototypes.

Three values of the (kdq = 1, 1.4, 2.5) are selected for
fabricating the motors, and their geometries are presented in
Fig. 17. The corresponding motors are then denoted as S1R1,
S1R2, and S1R3 in the following parts.

FIGURE 17. Three rotor geometries with different kdq.

To imitate the effects of PM uncertainties under the worst
scenarios, a batch of PMs are manufactured. The magnetic
flux value of each PM is measured and categorized into
several groups based on their variations to the ideal value.
Several PMs with the maximum and minimum magnetic flux
values are selected, and then assembled in a special sequence
as that in Table. 2 (a) for the prototypes. Consequently, the
maximum 12th order of additional cogging torque would be
introduced.

The cogging torque performances of the three prototypes
are thenmeasured with the test bench, as illustrated in Fig. 18.
A high-performance torque transducer with KISLER mea-
surement, whose minimum measuring accuracy is 0.1 mNm,
is adopted in the test bench. The tested motor is rotated by the
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FIGURE 18. Three rotors with different kdq and the test bench for cogging
torque.

load motor with a rotational speed of 1rpm, and the cogging
torque data is then saved and transferred to a laptop.

Considering that other types of uncertainties due to the
motor assembling and testbench are inevitable, the lower
order of harmonics of the test data are filtered. Only
those orders of harmonics related to the rotor and stator
uncertainties are remained in this work. The cogging torque
performances considering the PM uncertainties for the
prototypes S1R1 to S1R3 are illustrated in Fig. 19. It can be
seen that the peak-to-peak value of the threemotors under PM
uncertainties are at a similar level. The torque harmonics of
the three prototypes are analyzed through the FFT analysis.

FIGURE 19. The experimental test results of the cogging torque for the
three different designs. (a)-(c) are the measured cogging torque for the
three designs, (d) the comparisons of the cogging torque harmonics.

The 60th order of harmonics are the main components if
the uncertainties on the PM are not considered. The design
S1R3 with larger kqd present the lowest value of 60th torque
harmonics, indicating its superiority in the ideal scenario.

However, a much higher value of additional Tcog(12) could
be observed in the S1R3. This indicates that the cogging
torque would be much higher than the theoretically designed
value in the real manufacturing process.

The measured additional cogging torque harmonics for
prototypes with different kdq have a similar trend with that
in Fig. 15. Consequently, the effectiveness of the SPS-model
modified WUCA approach could be verified.

Among these three prototypes, the design S1R2 with a
small kdq shows good performance under the ideal-case
(60th order of harmonics) and worst scenarios (additional
12k th orders), and this makes it a good option for
mass production where the manufacturing uncertainties are
inevitable.

IV. CONCLUSION
In this paper, the previously proposed worst-uncertain-
combination-analysis approach (WUCA) is further modi-
fied, where the details on the rotor geometries could be
taken into account. The proposed approach is applied to
estimate the cogging torque performance of IPM machine
with different rotors. The results are verified with both
the FEA calculations and the experimental tests of the
prototypes. Some conclusions could be obtained in the
following.

(1) A single-pole slotless-stator (SPSS) model based on
the FEA is proposed to modify the WUCA approach, where
the effects of the real rotor geometries could be taken into
account. The analysis result of the additional cogging torque
based on the rectangular MMF shows a similar trend with
the modified approach, indicating the efficacy of the two
approaches.

(2) With the proposed approach, the worst scenario cog-
ging torque performances for rotors with different pole-arc
coefficients ac and rotor saliencies kdq could be fast estimated
and compared.

(3) The cogging torque sensitivity of designs with var-
ious ac could be different. The design with low nominal
value of Tcog might show higher sensitivity to manu-
facturing uncertainties, and the robustness evaluation is
critical/

(4) Although the lower cogging torque can be theoretically
obtained with a large kdq, the introduced lower orders of
additional cogging torque might not be ignored when the
manufacturing uncertainties are involved. A medium value
of air-gap saliency is suggested to achieve a balance between
the ideal and worst scenario performances.
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