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ABSTRACT The paper investigates the problem of adaptive finite-time robust stabilization for a set of high-
order uncertain nonlinear systems in the presence of asymmetric output constraint, dynamic uncertainty and
complicated external disturbances. Via effectively integrating the artful Barrier Lyapunov Function (BLF)
in conjunction with the continuous control armed with a serial of integral functions consisting of embedded
sign operations, a continuous controller is generated, which promises that the closed-loop system’s states
converge to a compact set within finite time whilst preserving the validity of the output constraint. Preferable
to the current techniques, the suggested methodology unifies the construct and theoretical evaluation for the
constrained and unconstrained output as well as being able to concurrently handle the output asymmetric
constraints, zero dynamics and complex external disturbances. Finally, an instance of simulation is included
to illustrate the validity of the established methodology.

INDEX TERMS High-order nonlinear systems, finite-time convergence, robust, asymmetric output con-

straint, zero dynamics, external disturbances.

I. INTRODUCTION

It has been generally accepted that adaptive strategies are
capable of resolving the issue of nonlinear systems’ sta-
bilization with operational uncertainties [1], [2]. Despite a
number of strategies, such as the backstepping procedure and
feedback linearization, possess the capacity to be utilized
in adaptive fashion for nonlinear systems, they cannot be
appropriate for p-normal form nonlinear systems because of
the inherent nonlinearities initiated by the uncontrollability of
the Jacobian linearization. Thankfully, the notion of adding
a power integrator first put forward by [3] and [4], paved
the way for substantial improvements and encouraged lots of
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research on the adaptive stabilization of high-order uncertain
nonlinear systems; such as [5], [6], [7], [8], and [9]. In con-
junction with adaptive technologies for addressing uncer-
tainties, the finite-time stabilization for uncertain nonlinear
systems has additionally captured an extensive amounts of
focus; see, e.g., [5], [8]. As opposed to those with asymptotic
state convergence, systems with finite-time state convergence
benefit from desirable qualities like excellent control preci-
sion and powerful, reliable resistance to disturbances; as a
result, research into finite-time stabilization is important from
both a theoretical and practical standpoint [10], [11]. The key
is that intriguing solutions which includes fuzzy techniques,
neural networks, homogenous dominating procedure and fil-
ters [12], [13], [14], [15], are placed forth for addressing
increasing levels of nonlinearities.
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The theme of dynamic uncertainty/zero dynamic, has been
receiving considerable amount of interest alongside adaptive
tactics for controlling uncertainties [16], [17], [18], [19], [20].
In actuality, partly because of the restricted capabilities of
measuring methods and devices, management implemented
in real-life scenarios generally possess zero dynamics. The
changing supply-function theory [17] and small gain the-
ory [16] proved capable to successfully address this concern
by adding additional limitations on zero dynamic. Specif-
ically, the investigation [18] addressed the asymptotical
stability of certain kinds of tight feedback cascade systems
by employing the small-gain principle and parameter sepa-
ration mechanism. The finite-time stabilisation of a group of
high-order nonlinear systems in the presence of zero dynamic
was investigated in [19] by utilizing the identical approaches.
Further, the backstepping algorithm was employed in [20]
when dealing with the development of adaptive stabilizer
for specific nonlinear systems equipped with dynamic uncer-
tainty. Additionally, managing external disturbances has been
identified as one of the major problems with regards to sci-
ence and technology during a period of decades [21], [22].
Consequently, the process is essential to find a construction
to the stabilization subject for a class of high-order uncer-
tain nonlinear systems in the presence of both uncertainties,
dynamic uncertainties and external disturbances, and these
serve as one of the driving forces behind this study. Remark-
ably, focusing on temporarily behavior of system states,
particularly the output all during the stabilization task, like-
wise qualifies as an important and worth noting subject [23],
[24], [25], [26], [27], [28], [29], given that any violation of the
limitations on output might result in a not preferred tendency
to diminish system productivity or potentially trigger break-
down. As an illustration, a marine vessel’s position should be
constrained by its broadest possible range of travel [28]; sim-
ilarly, an adaptable crane system’s output should be restricted
in order to ensure accuracy and safety [29]. As a result,
throughout the stabilizing procedure, it can often be expected
that the system output adhere to certain established limita-
tion. This demand could also be deduced from the numerous
advantageous strategies that have developed for managing
various restrictions, such as [30], [31], [32], and [33]. Over
the years, many kinds of solutions to this challenge have
been proposed, which involves reference leaders, invariabil-
ity control, and model-predictable control [34], [35]. As a
whole, the BLF described in [23] and [24] has evolved into
a useful method for dealing with output restrictions, where
a log-type BLF was suggested for a specific category of
strict-feedback nonlinear systems containing asymmetric or
symmetric output limit. There are currently fairly several
creative solutions to cope with the multiple restrictions; for
example, [30], [31], [32], [33]. However, the findings in [30],
[31], [32], and [33] display three items which should be
noted. (i) Considering the time derivative of the BLF is just
not greater than zero, the procedure described in [23] is
not suitable for a system with particularly accurate control
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demands. (i1) In circumstances where there are no limitations
at all, management systems may excessively manipulate the
limitation. (iii) In cases where parameter uncertainties are
compensated by online estimations, the procedure negatively
affects the Barrier functions, such as logarithm or tangent
types.

The aforementioned fact prompts the investigation to con-
centrate on developing a single explicit stability guidelines
for assuring the feasibility of a generic control algorithm for
both limited and unlimited output. As a result, an attractive
issue is put forth concurrently: Can the problem of adaptive
stabilization for a set of high-order uncertain nonlinear sys-
tems endowed with parameter uncertainty and zero dynamics
be solved in anew approach that is acceptable for both limited
and unlimited output? Our recent result [26] has taken this
problem into account. However, [26] also leaves an unsolved
problem: it remains unknown how to reduce the conservatism
of the settling time while dominating complicated external
disturbances effectively.

Thanks to our research and the resources offered previ-
ously, we are going to tackle the topic in question and propose
a suitable reply. Actually, the lack of particular theoretical
backing and strict instructions renders this type of strategy
a challenge. In this investigation, we create an architecture
that combines a skilled BLF with a continuous feedback
dominance that is outfitted with an array of integral functions.

Three categories are employed to classify the study’s main
accomplishments and improvements:

(i) The presented research offers a completely new guide-
lines for gaining the adaptive convergence for a type
of uncertain high-order nonlinear systems containing zero
dynamic, parameter uncertainties and complicated external
disturbances.

(ii)As opposed to earlier attempts [27], [28], [29], [30],
[31], the development and evaluation procedures for lim-
ited and unlimited output are unified without modifying the
controller’s construction in this paper. In other words, it is
possible to prevent the situation where the control techniques
overpower the constraint when there is none.

(iii) Innovative mathematical tactics, like the barrier
function and other inventive transformation procedures, are
utilized to avoid zero division and to improve stability
analysis.

Notations: The notations below will be applied during the
remainder. R displays the series of real numbers, Rt denotes
the series of nonnegative real numbers, and R” denotes
Euclidean space with dimension n, and Rgdid L g1 /g >
i| g1 and g are positive odd integers} with i = 0, 1. Presented
vector x = [x1,....x,]7 € R" and three real positive
numbers ¢y, ¢z, ¢z, fori=1,...,n,% 2 [x1,...,x]% € R,
Si(c1, ¢2) = {Filx € R with —c; < x1 < ¢} € R,
and 9S;(c1, cp) represents the boundary of Si(cy, ¢2); [s]1? =
|c|“sign(c) for all ¢ € R with sign(-) being the sign function
that meets sign(c) = —1if ¢ < 0, sign(c) = 1 if ¢ > 0, and
sign(c) = 0if ¢ = 0. ||A|| = v/ Amax(ATA) denotes the norm
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of A € R", where A, (AT A) denotes maximum eigenvalue
of square matrix ATA.

Il. PRELIMINARIES AND PROBLEM FORMULATION
In this paper, we study the high-order uncertain nonlinear
systems depicted by:

(1) = fo(z(1), (1), do(1)),
Xi(1) = Bi(x(O)x] L (D) +£i(2(0), x(1), di(1)+qi(0),
i=1, ,n—1, (1)
T ()= BuCe())u (1) +fu(2(1), X(1), dn(t))+gn(t),
@) = x1(),

where x(f) € R”, u(t) € R and z(r) € R™ are system
state, control input, and unmeasured state, respectively. For
eachi = 1,---,n, gi(t) represents the unknown bounded
time-varying vector; g;(¢) represents the unknown bounded
disturbances with the unknown upper bound; p; € ]Rfdld 1s
called high-order of the systems and p, = 1, fi(-), f,(-) and
Bi(-) # 0 are continuous functions. The initial condition is
x(0) = 0, z(0) = 0. y(r) € R is the output that is restricted by
—a < y(t) < b,Vt > 0 and a, b are predetermined positive
constants.

The control objective of this paper is to develop a con-
tinuous adaptive controller for system (1) such that (i) all
the states of the closed-loop system are globally uniformly
bounded and the system output satisfies the constraint —
y(t) < b,Vt > 0. (il) x(¢) converges to a compact set within
finite time.

The subsequent assumptions are necessary for us to
achieve the control goal.

Assumption I1: There is an unknown constant 6 > 0 and
continuous nonnegative functions f:)(-), fi(-) and f,-(O) =0
such that

O folllzl) +6 D gl ifi@), i=1,...,n,  (2)

J=1

where w; > 0,8 = h"h—t", h; are iteratively defined by
hn o= 1, hj = h’;'T",j = 2,...,n + 1, and 1 meets
-
ne(— ST po o~ 0). Notably, (2) can be rewritten as:
i
O! < follzID +6 D 1% 1)), 3)

j=1

where [;(%;(t)) £ Z;:l Ileﬂff'ﬁ-()_c,-) is nonnegative continuous
differential and /;(0) = 0

Assumption 2: There is a continuous differentiable and
positive definite function Upy(z) meets:

w(llzl) < Uo(z) < 7(llzID, @
3Uo(z)

folx1, 2, do(t)) < —m(llzI) + oz (x1]),

where n(-), (), (), () € Koo, m([I2ll) = koUg (2), ko,
o < 1 are positive constants, and ¢ > 0 is an unknown
constant.

VOLUME 11, 2023

Assumption 3: The unknown disturbance g;(¢) satisfies
lgi(H)] < ©, V¥t >0, (5)

with ® being an unknown constant.

Below are a couple of the lemmas that are crucial to the
demonstration of the main conclusion.

Lemma 1 [4]: Forx € R" and y € R”, there are smooth
functions a(x) > 0,b(y) > 0,c(x) > 1 and d(y) > 1 such
that [f (x, y)| < a(x) + b(y), If(x, )| < c(x)d(y) and f(x, y)
is continuous.

Lemma 2 [4]:
|ax™y"| < cCx, " alx, Y)|7(m)” y™
holds for any x € R and any y € R, where c(x,y) > 0,
m > 0, n > 0 are given constants.

Lemma 3 [4]: For any x € R and any y € R, the
1nequahtles |x+y|P <2~ 1(xp+yp) [x—ylP < < 2P~ 1()cp yP)

(IXI + |y|)1’ = IXIP + |y|" <27 [lx] + Iyllf’ le’ —ypl =
2 P |x —y|P hold for given p € Rodd, and (x| + - +xn)p <

There exist a function a(x, y) such

max (nP~1 1)(x +.--+x%) hold for given p € Rodd and any
X1,...,x, € R.
Lemma 4 [8]: Consider the following autonomous system

X=f(),f(0)=0,xeUCRY

where f : Uy — R" is continuous is continuous in domain
Uy containing x = 0. Assume the positive continuous func-
tion V(x) is defined on U and satisfies V(x) < —k1VP(x) —
koVa(x) + ¢, where k1 > 0,k2 > 0,0 <p < 1,9 > 1and
0 < ¢ < oo, then the following system is finite-time stable.
Further, the states will converge to the following compact set

= {IILH%X‘V = min {(Kl(lc— g))ﬁ’ (;Q(lg— g))g}}’

where0 <e <1, T <

< = T -

Ill. CONTROL DESIGN PROCEDURE
The developer first established the following Proposition with
to minimize the impact of zero dynamics.

Proposition 1: For a given continuous and monotone non-
decreasing function K : Rt — [1, 00) and the function
Vo@) = J,""“K (s)ds with Uy (z) being continuously differ-
ential, positive and radially unbounded, there exist a smooth
nondecreasing function 7(-), an unknown constant ¢ and a
positive constant € € (0, 1) such that

3Uo(z)

fo<—(1—e)K(s) o x(llzID7 (llzll) + Gx{ (x1), (6)

Proof: Check Appendix A. ]
We next offer coordinate transformation:

i A Ak
& = %1% — [aim1(Fi-1, 6, ©)17,
U= an('x’ é’ é)a (7)
a,'()_ci, é, C:)) = _gl./’li+l ()_Civ é’ (:))l'gﬂhHl ,

wherei = 1,...,n, O is the estimation of ®, 0 is the esti-

mation of 6 £ max{a 9, 91 1}.81(), -, gun(-) are positive
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smooth functions to be specified later. For ease of use, let
go = X9 = g = 0. Based on Assumption 1, one has

1
52 1,2—=hi+hi1pi=2+n,0<hippi<l,i=1,---,n,

1

®)
according to (8), we introduce an integral function equipped
with nested sign functions Wy : R' xR - R,i=1,--- ,n

as
Xi n 1 72 hivapi
Wi()= [M h— fai—ﬂ”i—‘ ds, ©))
aj—|
Repeat the procedures in [5], it can prove that W(-) is con-
tinuously and satisfie

[ OW; Ch—
=&,
8)6,'
an' Xi 1 1 L—hi—n
o — / % =l 1| ds@—hiyap)
Qi1

d 1
—([ai—11%),
3 Xk ,

-n
: 2
cit | xi—aim| i < Wi <cpl&l™™",
(10)

where yp = x fork = 2,---,i— 1, 5 = 0, ¢y =
zfi—"n2(2_hi+”’i)(hi_l)/hi and ¢ = 2! 7" Relying on (7), there
holds

n n o 1 hn
w=a, == > (g 6. &) 1% | an
=1 j=I
The goal is to subsequent to iteratively establish the specific
configuration of g;.
step 1 Indeed, symmetric constraints are an advanced form
of asymmetric constraints. The designer tries to investigate a
more comprehensive and versatile BLF with the goal to offer
flexbility and diversity in the control development process.
In other words, the BLF should be configured to cope with
both symmetric and asymmetric instances and to fully exploit
the nonlinear properties of the system. Ths, we build the BLF
as:

a2—7]b2—17 |xl |2—n
2 —m)(b—x1)> @+ x>’
if x; — 09Si(a, b), then Vpy — oo holds. y(t) — —a or
y(t) — b implies Vpy — oo if—a < y(0) < b and y(z) is
bounded, for —a < x1(0) = y(0) < b; in other words, the
output constraint —a < y(f) < b can not be broken if Vjr
and y(¢) are bounded. Moreover, it follows from (12) that

Vi = (12)

WVpr(x1) @ (x4 ab) -
= X
ax1 b-—x13a+x 3"
2 pe)0 17, —a < x1 < b, (13)

where p(x1) is a positive smooth function. To obtain the goal
of (1) with output limitation, specify
1

1- 3
Vi= Vi + Vo + 592 +3 2, (14)
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where 8 20 — 9, ® 2 ® — ©. The time derivative of V; as
Vi=pla 1B, O +fi +q1) — 60
— (1= OK(®s) om(lzhm(llzll) + 6x7T(x1) — OO
= M1 — o) + pBi[xi 1 T 66 - 66
—(—OKoxm +5xi7 +plul'"lfi + q1l, (15)
based on (3), (8) and Lemma 2, there has

o1 g1 < lplfxi 11770
plele_zn@)

/ p2x12*2n + &2

260 + 6700 (16)

<e®+

where Q| = . The next task is estimate the last

N p2x12_2”+£2
two terms on the right-hand of (15). Depending on (3), (8)
and Lemma 2, one has

pla 1 71 < ol (0 + 6 1 P2 1y 4 G Jxy P12 71)
2

<GEE+FTT AT+ 0phEL, (17)

‘ N

—A 1+ —
where ¢ = pl0 + I_T”(%)'IT?,O 1, ¢1 and [ are positive
smooth functions. Additionally, there holds

2
T—

Gx7T(x1) < OEFT(x1) + 02T (x1) (18)

substituting (17) and (18) into (15), it can be observed from
1 —n+pihy =2and by = 1 that [x;]' 8" = —¢"""2&2.
Then, (15) can be simplified as

2 2hy

Vi < —(n+ D&+ pBi[x 17160 — o) + 77 + 77
FENG +n+1+0T+ 010 — ppig) " (x1))
— (1 OK(s) o — 06 + f78>
+8phE} + B(Q15] — ©) + £0. (19)

So far, one can choose

A= A L
o1 = (¢1 +n+1 +91(x1)+Q1®)p,h2. (20)

pB1(x1, 1)
(19) takes the form

2

2
Vi < —(n+DEX+pB1 xS =) + fT 4+ F
— (1 — K o zmw + (i (x1)E} — )
+O(Qi1E] - 0) +¢0, 1)
where @ (x1) = pl; + T(x1).
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step 2 Choose V, = V| + W,. Taking (10) and (21) into
account, one has

2
Vo < —(n+ DEX+ pPi a1 16 — oy + T +f”‘h2

+60—(1—€)K o mm+0(w €2 — 0) + OQ1E% — @)
— Wi+ cnn(1 + 522)'7"522 + BalEa] b
oW, x
+ B2 fsﬂz*"*@(xg’z - 2
BW W,
26 2=n-ha(f, 4 gy) + To (22)

we next 51mp11fy the indefinite terms of (22). The selection of

m= hl b= Ih ,X = X2,y = o1 in Lemma 3 together with

Lemma 2,(7) and (8), one can get
pB1 [x1 11!
1 1
< pBilxi |77 2P 1T — oy P2t
< 27 B 1&g 1

1
< 16 onsd (23)

—ozf‘)

where ¢» is posmve smooth function. It deduces from (7)

and (8) that [x;| T <|&IP2M + g1 [P gy |P2 i = 1,2,
Next, based on (3) and Lemma 2, there holds

(6177172,

2
- - pahy
<&l "R+ Il b)
i=1
2
< &P+ Obg 16D (&P
i=1

1 -
< 3 +f"2’” + 56 + 0o, (24)
- 2h3 ..
where ¢y, wy; and g1 > 1 + g']’ are positive smooth

functions. By employing (3), (7) and Lemma 1, the developer
is able to calculate the following estimate:

’W”hzﬁ\ < (0 + 15281 bl ) o+ Bl )

<y (eD)(fo + 01611, (25)

where y2; > (81 + ‘3§1§1‘) (14+1) is a smooth positive
function. Further, since |xp1| < (&l +gil&aD™! < 1+
1
gM(EIT + &7, we have

Bfaﬂ”zﬂ
<lgi +I85 El-1Bil- (14+gT (&l 16 7]
2
<ou () > |g|"", (26)

J=1
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where 021 > |g1+| % g S1llBi(xr, 1) (1+g'17+1)is smooth and
positive. Moreover, usmg Lemma 3 results in

i 1|1
—~2-n—h) [s1%2 — oy (x1)1% ds
<Q=n—h)x—ay|- |7
<217 2~y — ) |Ep |2 |5y 12
<& lelr, 27)

where ¢, = 27" (2 -y —hy) > 01is a constant. Subse-
quently, according to (3), (8), (25)-(27) and Lemma 2, one
has

oW, .
—X =
x|

~@=n—~h) / 1 = G s
—(fal(xlﬂ n YBxXE + i+ q)

2
< Galou + ya0l&a' (o + X I + Ol ™)
j=1
+ (021 + vl e

1 2 -
< 5512 + 6235 + £, + g
+ 2021 + y21)1E2 g1, (28)

where @9, and ¢»3 are positive smooth functions. According
to Assumption 3, there has

&0 + vaDl&l g1 + &P,
<l&(021+y20llea] 1O+ EITTTO £ 0160,
£0:0

where 0r = &(021 + ya)l&a| ™ + [€1177772, 0) =

\/Q—i are smooth functions. Define u; = Qléf, itis easy

52 Q2+s
to deduce that:

<eO+ 2 :0 + 070, (29)

—0)+ 0,826

(30)

where py = w1+ 0265 = 017 +0»£5 is a smooth function.
It should be noted that:

A% oW 1
8—@2u2 = 8—(:)2(@5% + 08D = S8 gl (D)

where ¢4 is a smooth function. On the other hand,

8W2

1
(&l +0283) < 6l + o583, (32)

where ¢;5 is a smooth function, and wy| + @y = @,. Let
@2(x2) = P21 + 22 + P23 + Poa + 5. Substituting (24)-(32)
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into (22) and considering [£,]>772a5? = —g§2h3$22, then

(22) takes the form of

2 2

2
+2fT Z pikix1

oW,

Vo< —(n— DE +E) -

wi§i2 - é )

+ Bl (a2

8+ n—1— Bagl? (1 +ED 7T + 0,0)

~ W, A
+2e®+( @)(m—@)—u—e)Koln.
(33)
Choose
_n N
$rtn—1+cn(1+8) * + 00\ 50
o e T

Finally, (33) takes the form

e
—‘512+2f01+” +Zfoplh,+1 _ W2
i=1

—(l—€)omm + B [617777 (x? —

2 . .
+ (é_aggz)(zwig,z_é)+(@ - 8V(;2)(M2_@).

(35)

Vi< —(n— 1)(E + &)

oh?) + 260

stepk (k =3, ..., n) Given that at step k — 1, we have
created a continuously differential function Vi _1(x;—_1) along
with smooth positive functions g1, - - - , gx—1 such that

k—1 L
Vicl £ —(n—k+2) D & —& + (k — Dfy™ Z i
i=1
k—1
> Witk —1e0 —(1 - K omn
i=2

+ﬂk71|—§k 112_"_}”"1( ot

+(5—Z )(szé -9)

- -1 ow; X
+ (@—é aé)(uk_l —0), (36)

where zzrl(x,, é) is a nonnegatlve continuous function and
w;(0, 6) =0, ug—1 = Z QEZ Subsequently, what we
should to prove is that (36) also holds in step k. So choose
Subsequently, what we should do is to prove that (36) still
holds in step i. So select V; = V;_1 + W;. Making use of (10),
(36) could be rewritten as

k—1

Vi< —(n—k+2) > & — &+ — D" + Z 7

i=1
+ Bel& 1> ol + g TR — ak>

100712

k
= D Wit Wi = (1 — K (s) o z(llzl)m (l1z])

=2

= 1 8Wk
+(9—122: Py )(Zw,§ - ) fx,

oWy x
+ ((:) - kii %)( e W &

< 8: Mk—1 =

+ Bt 61 12t — o . (37)

The estimate of the last five terms of (37) is included in
Appendix B to prevent tiresome calculating. Or to put it
another way, we achieve the inequality shown below after
tedious calcuations:

Br1 [&—1 1771k (xP oe;Zk ) + 1817
— k
oWy . oW,
+ ™ Xi-i- R Mk-l- (Z ié,-2+Zwk$,?)
! =1 =2
k—1

‘ L]

< 252 + ‘»bkék +f0 khk+1 +]?0r7+1 + éwksz
i=1
k—1
+&l&l"T D (v + or)din (38)
i=1
next, the designer can develop the smooth positive function g
with k > 2 as:

G +n—k+1+ o1+ 7 + %6
w=(
B
where cx2 > 0 is design parameters which directly shows the

rate of convergence, control cost and CPU time. substituting
(38) and (39) into (37) yields

) I’kh}(+1 (39)

k L k 2
ka_(n_k+1)z,§l.2_§l ~|—kf s +pr,/1,+1 1 ke®

i=1 i=1
+/3k|—$k-|2 e kﬂ—akk)—(l—e)Konn

>we (- > aéi)(zwffz ~0)
i=2 =2 i=1

k—1 : .
) — ©. (40)

~ aW;
+ (@ — Z —
) 00

It is worthy pointing out that (40) is holds for k = n with
&n+1 = 0. Thus, we can develop an adaptive stabilizer as:

. n

0= &, (1) = b,

CoE 41)
O =y =Y Qi O(tg) = By,

i=1
n

T D (| FR) [ e

=1 j=I
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It should be pointed out there is no constraints on the control
signal. At last, applying (40) and setting k = n, one has

n L n
Vns_zgiz +nf+ +zfp, z+1 ZWi
i=1 i=2
— (1 —€)K(s) oz(llzll)n(IIZIl) +ne®, (43)

where V,, = V| + ELZW,-. Currently, the design process is
completed. Ultimately, we highlight Vj;’s unique qualities
from two distinct perspectives.

Remark 1: (i) The process for design is capable of being
integrated by Vyir while confronted with both limited and
unlimited systems, In deed, we define b = a — o0 and gain

472n|x1|2n
hm Viir(x1) = hm
) = o e e — P F
P
i

Contrarily, some of the most recent studies [5], [6], [7], [8]
similarly make use of the subsequent Lyapunov function:

Wi(x)= / (s ds = / [s1' s = '21_

It turns out that the case in which a = b — 00 and x| pos-
sesses no limit are equivalent. Therefore, the barrier function
becomes identical as well, further the rest of development and
evaluation employ the comparable procedures as [5], [6],
[7], and [8].

(ii) By successfully working with the properties of nonlinear-
ities, Vpjr is generated. The fact that 1 goes into the powers
of Vpyr nicely demonstrates the nonlinear characteristics of
functions f;’s. Nevertheless, when constructing barrier func-
tions in [23], [24], and [30], this information is neglected.
It provides additional insight why using tangent or logarithm
functions to regulate design is not practicable from an alter-
native angle.

>~

IV. MAIN RESULTS
The following is a summary of the paper’s key finding.
Theorem 1: For the high-order uncertain nonlinear sys-
tem (1) under Assumptions 1 and 2, if (1) meets:
- 72
lim sup ﬁ < 400, lim sup~m < 4o00. (44)
s—0t s—0t 7(s)
there is a continuous stabilizer assures that the states of
system (1) be drived to a compact set within finite time while
keeping the output limitation unbroken.
Proof: The whole proof can be divided into two parts.
(a) Verification of finite-time convergence.

T > 2 ann > 2, (44,

At the very begining, since

f T and f, Foit ’“ , it follows from the boundedness near the

/|()

o) < O and

zero that lim;_, o+ sup

2 no2
Azl = nfy Az + D KT . @5)

i=1
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define:

mhm(s)up “m +1,5s=0,

K(s) = (46)

2
(I—e)(1— 6) (s

sup 1) +1,5s>0,
§'<s

where 0 < e < 1 is a specified constant. K (s) is nondecreas-
ing, continuous and positive on [0, co). Utilizing (44),

(I —e)l—e)
2
which blends with —(1 — €)K (s) (]|z]|)7 (||z]l) < O causes

K(s)yr(lzDm(lizl) +jillzl) <0, (47)

Jidlizl) = (1 = OK )z Izl (l1z1)
(1 —e)l—e)
< —fK(S)z(IIZII)JT(IIZII)- (48)
Combining (48), (4) with (43), one can obtain

) I—e)1=ko, o ~.0 .2 <~
Vy < —————KU§ —> & —E =D Wi+tneo
i=1 =2
2 _y¥(x,2) + ns®. (49)

To facilitate calculating, let V. = W+ Vo with W = 31| W,
Wi — a? N2 xq |20

L e VA D
Vo=V + %52 + %@2. In this position, define a continuous
function L(x,0) = (0 + |é|)Z;’=1 w;, and it is not hard
to prove that there has a positive parameter A such that
L(x,z.0) < L, V|IY| < A with Y = [z, x]T. Utilizing (36)
and (49) yields

then V,, can be redefined as

n
Va+ (0 +10) D wi&} +ne®

i=1
125 - &

i=1
n 1 n

S Wim G K38 e
i=2 i=1

1 —e)1 — ek 1<
(I —e)(1 —eko g zzglz
i=1

= 2
n
— ZWi+n8®' (50)
i=2

V=V, +60<

(- -0k

< > KUy —

K(US

By means of Lemma 2 and (10), one has

2

1 — 1 2 4 & 1
‘525 =W +Z|s "N+ 5 W“ - &

2
=2
4— L 1 % 1 2
5——(W1+§|s M oW = 36
<—&FEwd lw g (51
- 2 2! 2°
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thus, (50) takes the form

v < Do (LB wes
1 L
+5W AR —gl ZW,- + ne®. (52)

i=2
Next, define U(A) = {Y|||Y||} < A. Applying mean value
theorem of integrals leads to

Uo(2)
Vo(2) = / K()ds = K@UpUp,  (53)
0
where 0 < 6 < 1 is a constant. Then there holds
Vo(z) .
im = lim K@Uy < oo, 54
lzl=0 Up llzl—0 “to) G

therefore, for any ||z]| < Ap, thereis A; > 0 such that Vy(z) <
k1Up holds with k1 being a positive constant. And we have

Uy 1

lim —Oa = lim — = ——

lzl—0 K(Uo)Ug  lzll—0 K(Uop(z))  K(0)
which shows there exists Ap > 0 such that U(‘)" <
kKUy)US, Y|zl < Ap and ky is a positive con-
stant. As can be seen from above, there exists V(‘j‘ <
ki koK (Uog)Ug , YizIl < min{A1, A2} such that

(1 —e)(1 — ko (1 —e)l — e)ko

KU < —— 90 7R 56
2 U = 2%k, - (56)

<00, (55

Besides, according to the continuity of Vol_“ and
Vok!=(0) = 0, one can deduce that there is a positive
constant A3 such that

o (=)l -6k
ylme o2 77 57
T G7

Based on V(0) = 0 and the continuity of V, it is uncompli-
cated to conclude that there is a positive constant A, > 0 such
that V < 1 holds for any given ||y(¢)|| < A4.In addlthl’l there
also exists A5 = min{l, (a + b+ ab — ab(2 — n)"~ 2)2} For
any given |x;| < A5, we have
az_"bz_”|x1 |2—n

2 = mb —x1)>"a + x1)*7"
where A = min{A, A, - - - , As, a, b}. It should be noted that
V < 1 means W; < 1. Combining this and (58) leads to

3

1 % 3.,
EWl + W = —551 +3
3, 3 a* P20 |xp |20 2
2t T 5((2 — )b —x1)2(a + xl)zf”)

<0. (59)
Then substituting (56), (57) and (59) into (54) yields

: (1 —e)1 —e)ko
V<—— ~ "y
= 2k%ks 0~ (

< 1. (58)

3
- &+

6-n 2
o pr

Lo +1W4 .
2 2

n
Z Wi + ne®
i=2

3
_5512_

100714

U=l -ak o
4k ko 0
(1 —e)(1 — ko
4k ko

1) —n V™ + ne®, (60)

F VRV, — )+ ne®

< —mVg + e

_ 61
_ _ _ (—e)d—e)koks 1Nz
where ny = 1,m; = 1,np, = max{—‘”{?k2 (7))

Since V. < 1,so W < 1 and Vy < 1. Combining the
definition of V with Lemma 2 leads to

2
Ve + Wi = Vi + W™ = (Vo + W)™ = V™, (61)

where 0 < mp = max{«, ﬁ} < 1. Let ne® = ¢, thus (60)
can be rewritten as

V< —m V™ — V™ 4 ¢ (62)

To sum up, According to Lemma 4, the designer can obtain
the states of the closed-loop system are capable of converging
to a compact set

- €1 - 1
o= {linelv < min{ (75 5)" (=) " 1}
(63)

where 0 < ¢ < 1. Additionally, it follows from Lemma 4 that
the states of the closed-loop system are steered into a compact
set within finite time 7', and T < 1

nlt(ll—WH) + npu(1—my)*

(b)Verification of output constraints. What follows is a test
to see whether @ < |y(¢)| < b holds for all + > 0. Firstly,
we define the initial condition x(0) € S}. By making use
of (49), we can conclude that 0 < V,(x(¢)) < V,(x(0)) for
all + > 0, which illustrates that

a?=Np> x| 27N
2= —x1)* 7 (a+ x>
On the basis of V(0) = 0 and the continuous property

of V, there exists a constant Ap > 0 such that for any given
[[l¥@®)|l < A2,V < 1holds. Besides, there also exists a positive

1
constant 3 = min{1, (a + b + ab — ab(2 — n)72)7} such
that for any |x1| < A3, the following holds

= Vax(0). (64

a2 np2—n |x1 |2—n
2 = b —x1)*"a +x1)*7"
Let A = min{Aq, A2, A3, @, b}, |y| < A holds. That is, for all
t >0, |y(®)| = |x1(#)| < A holds, which implies S} C R" is
an estimation of attractive region. |
Remark 2: It is important to note that challenges faced
and innovations created from two angles.
(i) In this study, we incorporate the asymmetric restriction,
which poses barriers with regard to both practical scenarios
aswell as control theories. In light of this, the initial challenge
of this study may be seen as how to construct a new barrier
Lyapunov function to unify the control design to handle both
restricted and unrestricted systems devoid of altering the
basic framework of the stabilizer. The asymmetric output
limitation is kept unbroken by an inventive barrier Lyapunov

< 1. (65)
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0.8

0.6

y(¢) for [0.5,0.2, —0.4,0.4,0.5]"

—-—--y(t) for [—0.3,0.5,0.5, —0.4,0.5]" |
b=0.55

- = --a—-0.35

0.4

0.2

output y(t)

0 1 2 3 4 5 6
Time (sec)

FIGURE 1. Trajectories of y.

w5(t) for [0.5,0.2,—0.4,0.4,0.5]T
—-===z5(t) for [~0.3,0.5,0.5, —0.4,0.5]"| |

State 2,(t)

1 2 3 4 5 6
Time (sec)

FIGURE 2. Trajectories of x,.

function that is delicately built via successfully incorpo-
rating the properties of nonlinearities. Remark 1 provides
supplementary information. (ii) The iterative construction
ultimately becomes useless in controlling terms related to 0
as well as possessing mismatched powers with other unstable
nonlinear terms caused by the high-orders p;’s. On the other
side, pi > 1 undoubtedly induces distinct homogeneous
degrees in every formula of system (1). A stabilizer generating
efficient responses is created to compensate for the impact
of fundamental nonlinearities whilst controlling high-orders
pi’s through the creation of delicate state transformations
along with enhancing the continuous domination methodol-
ogy armed with a series of integral functions which includes
embedded sign functions.

V. SIMULATION EXAMPLE
To illustrate the validity of the designed mechanism,
we choose the following example:

. 31,8

z=—2z5 + 70x;,

X1 =x3 4+ 0x1 +2° +q1, (66)
4

X =u+0x; +22+ g

where y = x1, q1, g2 are unknown disturbances. Choose 81 =

Br = 1,& = 0.01. Besides, p; = 3,p = 1,9 = —% €

h h
(=3.0) k1 = Ly = B8 = & hy = 28 = L. By (3),
we have
Ifil = 10x1 + 22| < [0x1] + |22] < 10]]x1] + 22
4 1
= 101]x1 |5 |x1|5 + 22,
3,2 4, 1.4
1ol = 10x5 + 221 < 1011x2l3 + 122] < 101(1x1] 55 |x2 3
4 7 7 3
+ x2l3) + 22 = 101(x115 + |x2]2)|x2|F + 22,
(67)
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z(t) for [0.5,0.2,—0.4,0.4,0.5]T
0.4 —-—--2(t) for [—0.3,0.5,0.5, —0.4,0.5]T|

State 2(t)

0 1 2 3 4 5 6
Time (sec)

FIGURE 3. Trajectories of z.

0(t) for [0.5,0.2, —0.4,0.4,0.5]T
—-=-=0(t) for [—0.3,0.5,0.5, —0.4, 0.5]T

Time (sec)

FIGURE 4. Trajectories of 9.

——6(¢) for [0.5,0.2, —0.4,0.4,0.5]T
----- &(t) for [—0.3,0.5,0.5, —0.4,0.5]

3
Time (sec)

FIGURE 5. Trajectories of 4.

40

u(t) for [0.5,0.2, —0.4,0.4,0.5]T
30 —-=--u(t) for [—0.3,0.5,0.5, —0.4,0.5]T|]

Controller u(t)

1 2 3 4 5 6
Time (sec)

FIGURE 6. Trajectories of u.

. - 1 - 3
some calculation illustrate that fi = |xi[5.2 = |xl?,
fo = z2, Here we select Uy = z*, thus —8%";0 fo (x1, 2, dy) =

3 3 2 I
473 (—ZZS + }‘doxf) < —% (™ + dfIxi|5 satisfies

Assumption 2, where o = %, 1—¢ = 3—1,6 = %,a =1,
T(lx1)) = dg|x1|%,® = max{l, ®}. After complicated
calculation, we provide the controller as u = —g»(g1x1 +

ol B)5, where g1 = (@1 + 3 + dnix) + Q1)
© = ( + 1 + 141 + EHn + 0,0)7,
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5 i
0 = psj—’Qz = (o +y)l&l>s +

26 _p, 03 oL 5
(6157, 0) = —2— ¢ =0p(1 +x2)10 +0.2p3,
,/EZQ2+0012

A 3 7%\ 50 oI5
¢ = 61 + x2)8 + 0.636(1 + g)BA + x3)™ +
~ 5
2.1p3 +2.47(0n + ) + (6 + 1060021 + y2)7 +27
(g1 + @ -F(ag1 Yx? )Z(ZU1 + ?H2)(§1 +c§2 ))3 +2.47(g1 +

(1 + B ) + )] +87).

To conduct the simulation, we assign 6§ = 1,a = 0.35,
b = 0.55,dy = 0.2, and select the initial values as g1 =
@ = e, [x1(0), 1200, 20), 6(0), OO = [0.5,02,
—0.4,0.4,0.51", [x1(0),%2(0),2(0),6(0),0(0)]7 = [-0.3,
0.5,0.5,-0.4, O.S]T. Just as shown in Figs.1-6, the states
of the closed-loop system can be drived to the compact set
within finite time and the output constraint —0.35 < y(f) <
0.55 can not be broken.

It should be noted that the selection of parameters
is independent, and each variable plays a different role.
(1) Within the selected range, n and ci> have an effect
on the convergence speed, the control size and CPU time.
(i) The control strategy in this paper cannot guarantee
that these parameters in simulation part are optimal and
we only choose the relatively appropriate parameters in the
simulation.

VI. CONCLUSION

The study provides a solution on the topic of adaptive
finite-time stabilization for a kind of high-order uncertain
nonlinear systems with zero dynamics, asymmetric output
constraint and external disturbances. The construction of the
continuous feedback controller is based on a novel Barrier
Lyapunov Function (BLF) along with the tool of continuous
state-feedback domination armed with a series of integral
functions containing nested sign functions. Future research
will need to address several difficulties, for example, (i) it
is unknown whether method could be utilized to cope with
the fast finite-time stabilization or even the prescribed-time
stabilization, (ii) the question on how to tackle asymmetric
time-varying output constraints by improving the proposed
method is still open, (iii) Whether this strategy can be
employed to tackle the stabilization of nonlinear stochastic
systems. (iv) How to apply Theorem 1 in dealing with the
practical problems?

APPENDIX

A. PROOF OF PROPOSITION 1

The specific supporting material for Proposition 1 is provided
in this section. In the beginning, because Uy(z) is positive,
continuously differential and radially unbounded, it follows
from Assumption 2 that

= K(Uo(2)Uo(2)
< —7(|zIDK (Uo(2)) + o (|x1 DK (Uo(2)),

Un(2)

100716

Here, we’ll talk about two instances:
Instance 1: if ot(|x1|) < e€m(]|z]]), there has
— 7w (|lzIDK (Uo(2)) + o t(|x1 DK (Uo(2))
< —w(lzIDK (Uo(2)) + e (l1zINDK (Uo(z))
= —(1 — e (zZIDK (Uo(2))-
Case 2: if ot(|x1]) > en(llzlD), m(llzl) < Zz(|x1]) and

lzZl <7 lo (Z(|x1)). Considering Up(z) < 7(|lz|l) as well
as K being nondecreasing, then the following inequality holds

K(Uo(@) < Kﬁn*‘(%mxmx

further,

— 2 (DK (Wo(@) + o 7131 DK (Uo(2))
< —(1-m (DK WoE@)+or(n DKFr ! (Zr (i ).

On the basis of Uy(z) > m(J|z]|), we know

K(Uo(2)

> K om(llzID,
— w(|lzIDK (Uo(2)) + o t(|x1 K (Up(z))
_ .0
<= =ezx(lzlDzdlzl) + or(x1DKrxx 1(;f(l)ﬂl))-
As Lemma 2.5 in [18], the designer find there is a constant
¢(o) relying on o and positive smooth function 7(|x;]) > 1

such that Kﬁn_l(%t(m ) < c(o)t(x1]). Let & = oc(o)
and 7(s) = 7(s)7(s), there holds

3U0(Z)

fo = —(1 —eKx(lzDm(lzI) + o T(|x1]).

Asa result, there is a smooth nondecreasing function 7 satis-
fies 7(|x1]) = x77(|x1 ). Finally, there holds

3Uo(z)

fo < —(1 = K )z (llz)m llz]) + Gx7T(x1).

B. PROOF OF (39)
The specific proof of (38) is offered in this part. At beginning,
based on Lemmas 2 and 3, one has

- 2—n—h
Br—1Gr—1, D[ E—117717" (xF" — o))
Z 2—n—h
< Bro1 G—t1, ) |E—1 7777 | — o]
- 1—pi_1h 2—n—nh 1h,
< Br1(Rp—q, )27 PR gy |77 gy PR K

1
< 55,3_1 + 1 £, (68)

1Pk
where ¢; is a constant. Then, based on [x;| " <

|Ei |thk+l +|gi_ |thk+1 i1 |pkhk+1 i=1,...,k,Lemma?2,
(3) and (8), one has

(& 1217k fy

k
< Il o+ P g 1 [
i=1

> 1 | — ~
< G2 7 +ob ity D HITE.  (69)
=1
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_ 1 peh
where ¢po, iy and g1 > 1 + fozll g7+ are smooth

positive functions. Then, it follows from (10) that

k—1
oWy .
RS
—~ Ox;
i=1

Xk 1 1
< —(2—77—hk)/ 777 — fotg—1 (Fg— 1)1 7 |17k dis
—1

k—1

a h
> @(ﬁmxl,m S+ ). (70)
i=1 !

By conducting the same process in [5], forany i = 1,-- -,

k—1,k=2,---,n,itis not hard to get that
k—1

|—<rak VO = maGEenGo+8 > 1gI™Y, 1)
j=1

where yi; > 0 is a smooth function. Naturally, (25) is the
instance that k = 2. Assuming when k = m — 1, (71) holds,
then whenk =m,i=1,---, m — 2, there has

1
dam—1]m
| ox, fil
1
ara 72-| Pyp—1 g 1
< |———gm-1fil + | ——En-1fil
3)6,'
B ag 1 pihit1
< |77 | Z|,| )
m—1
+0 D 15 @1 Vm1.0)
j=1
; 9gm—1
+f0(gm71)/m7],i + &1l - | )
8x,~
m—1
< YmiGEn—D)(fo + 0 D 15", (72)
=1
with Vmi = gm—1¥Ym—1.i + é|§m71|_n |()g+x;l|

. piliy1
Z]l':l |x; Y el - |8g,,, L| being a smooth positive

function. if i = m — 1, one has
1
atm—11™
| —"——fn—1l
0xm—1
m—1 Pm—1hm 8
P 5 = gm—-1
=(o+0 2 bl 7 fuet) (16015 2
. m—1
j=1
8m—1 1
+ 8 e 17T ). 73)
hm—l
Utilizing Lemma 2, the following holds
It VT N
0> gl T 1P
j=1
m—1
S0 D (g - (g i)
j=1
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<ymm LCTTIR D ([ | R B Y Ll )

. 9_ Z(|%‘j|pmflhm + |§/._1|Pm71hm)

j=1
m—1
< Fmm—1Gn1) -6 > 15", (74)
j=1
= _ Pm—1hm T g1
where Vi m—1 = (2m—3)[P57 ((2‘“7)/1,7, 1) b1 4
1— h,—,, m— hm
1]7/mm 1, ymm 1 = (1+g 1)92 (1+gp !

are all smooth positive functions. C0n51der1ng (73) and (74)
we know

1
3 et—11mn
|m—fm—l|
0Xm—1
g 1 8m—1 L
< fol&m—1] - |22 4+ =[xt 11" ])
m—l hm 1
gml n ”’",ﬂ"’"— n+1
et 15—l ezpc, i &m-il
N 1Z|5|"+1
]’l m— m,m—
< Y1 Gm-1)(fo + 0 Z 11", (75)
j=1
where
1 _
Ymm—1 = /’ln_l(l m— 1|hm T +fm71)7m,m71)
m
1
dgm-1 B _m Pm—1hm
| (sl il O 51T )
j=1
(76)

On the basis of (72) and (75), (71) holds. Additionally, fol-
lowing the same procedure in [5], one can deduce that there
is a smooth positive function g;(Xx) > 0 such that:

\W B <le<xk>21|s, k=2,
- (77)
Similar to (27), one has
42—n—hkfk 117 gy 1P s < g,
" (78)

where ¢y = (2 —n — hk)2]’hk is a constant. As a summary,

(7 1) takes the form

2

Z__xtf¢kz$k+ T+ ZE + Skl

k—1

+ Ol + T &l Z (v + oK) - i
i=1
(79)
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where ¢y3 and @y, are positive smooth functions. According
to Assumption 3, there has

k—1
G gl Y (v + ok) - g+ 1&g

i=1
k-1

< )Ek > (o + Vkl)‘|§k|l_n®
i=1

F &0 < £0 + QiE2O

wherer =& 5 (or1 + i) 1T T8N T, O =

—Q" are smooth functions. Easily, one has
(2021 02
Sk Qk +&

k—1
3ka'\ ~ BWZ' A 2~
—O+[ 06— — V-1 — ©) + 0rECO
;3@ (kl ) kSk
(80)

—o- ) &y + e

where pr = pr—1 —|—Qk§k2 = Zi:l Q,-Eiz, it should be pointed
out:

BWk
3@

3 Wk

< 4Zs +< sk,1+¢k4sk,

81

where ¢4 is a smooth function. On the other side, let @y, =
Wy + @y2, and taken Lemma 3 and (10) into account, one
has

(Zw,é +Zw5k) 25 +z Ek7]+¢k5§k,

(82)

where ¢ys is a positive function. Finally, letting ¢x = ¢x1 +
dr2 + dx3 + dra + Prs and conduting simple substitution
operation, it is directly deduced from (68), (69), (79), (81)
and (82) that the inequality (38) holds. ]
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