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ABSTRACT The problem of adaptive aperiodic intermittent synchronization scheme is studied for iner-
tial memristive delayed neural networks by using a piecewise Lyapunov function in this article. First,
an appropriate two-parameter variable replace technique is proposed about the second-order differential
equation, and inertial memristive delayed neural systems can be replaced by first-order derivatives of
states. Second, an aperiodic intermittent control strategy which can be degenerated periodically inter-
mittent controller or continue feedback controller is designed. Third, by building a piecewise Lyapunov
function and using piecewise analytical skills, a number of novel and effective norms to guarantee
the exponential synchronization and global exponential synchronization of memristive delayed iner-
tial systems are obtained. Besides, an adaptive control method is proposed to adjust control gains.
And asymptotic synchronization and exponential synchronization are ensured by constructing of Lya-
punov functional. In the end, simulation results are given to support the significance of the research
work.

INDEX TERMS Memristive neural network, aperiodically intermittent control, adaptive control, synchro-
nization, inertial terms.

I. INTRODUCTION

As we all know, the four fundamental variables are charge Q,
current /, voltage V and magnetic flux ® in circuit theory. The
three fundamental electric circuit elements are capacitance C,
resistance R and inductance L. According to the definition of
current and Faraday’s law, three circuit elements connect four
basic variables: R = fi—‘,’, C = Z—;O;, L= ‘fi—clb. In 1971, accord-
ing to the symmetry of variables, American scholars foretold
the existence of the fourth fundamental element: memris-
tor. We define the functional relationship between magnetic
flux @ and charge Q, i.e. % [1] as memristor. In 2008,
Williams of HP Labs and his colleagues produced nanoscale
solid-state memristors and pointed out that memristors are
memory nonlinear resistors: the resistance is variable and
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can remember the current flowing through them. Under the
periodic voltage, the memristor shows fingerprint character-
istics, that is, a twisted hysteresis ring (an oblique figure
of eight from the appearance). The resistance of memristor
changes continuously with the flow of current, so memristor
can be used in analog circuits. It is this characteristic of mem-
ristor that makes its application become a research hotspot
(21, [31, [4], [5], [6].

Foreign scholars pershin and others verified that the adap-
tive behavior of cells is similar to the property of memristor
through the experiment of single-cell amoeba. Moreover, they
successfully verified the associative memory function of dogs
by simulating the conditioned reflex behavior of dogs with
memristor simulator. This means that the memory resistance
is like a neuron’s synapse, and the variability of resistance
is similar to the variability of synaptic strength. Therefore,
we can use memristor to establish an artificial neural network
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with variable weight, which can better simulate the associa-
tive memory function of human brain. If the memristor is
combined with the powerful high-speed parallel processing
ability of neural network, it is expected to form a network
with stronger processing capacity, faster running speed and
more compact structure. It has great potential application in
many fields and will have a huge and far-reaching impact on
these industries.

In the past few decades, most scholars usually study
first-order ordinary differential equations. By leading induc-
tors into network circuits, the original inertial neural system
was put forward by Babcock and Westervelt in 1986, which
can be represented by second-order ordinary differential
equations [7]. The inertia term is the main element in the
application of chaos and bifurcation suppression. Hence, it is
very essential for us to research the dynamic action of inertial
network. However, owing to the inherent complexity of iner-
tial neural system, it is more challenging to deal with inertial
neural system than general neural system. In fact, iner-
tial neural networks have practical biological background.
For example, the quasi active membrane behavior of squid
axons and neurons can be simulated by circuits involv-
ing inductance [8], [9]; Some cell membranes of pigeons
can be modeled by artificial circuits containing inducible
elements [8].

The word synchronization comes from the Greek root,
which means sharing the same time. The Dutch physi-
cist Christian Huygens first studied the phenomenon of
synchronization. He found that two weakly connected
pendulums can achieve synchronization in phase. Now,
synchronization mainly refers to the time consistency of dif-
ferent processes. At present, many different forms of synchro-
nization of various neural systems have been successively
proposed, for example exponential synchronization [11],
anti-synchronization [12], delay synchronization [13], finite-
time synchronization [14], fixed-time synchronization [15],
projective synchronization [16], cluster synchronization [17],
lag synchronization [18] and so on.

In order to make the network system stable or synchronous,
we force the control input to the nodes of the network system.
So far, researchers have proposed many control methods,
such as feedback control [19], periodic intermittent con-
trol [20], adaptive control [22], impulse control [23] and so
on. Impulse control method and intermittent control method
are discontinuous control strategy, while feedback control
method and adaptive control method are continuous con-
trol methods. Periodic intermittent control method is more
economical and effective than continuous control strategy,
and can reduce the number of transmitted signals. As we
all know, adaptive control method is provided according to
the characteristics of the system under the control goal. The
control gains can be automatically adjusted on the basis of
the appropriate update law which is the advantage of adaptive
control strategy. Therefore, the synchronization of delayed
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memristive inertial neural systems via aperiodic intermittent
adaptive control method is worth studying.

Inspired by the above analysis, conclusions on the synchro-
nization of delayed memristive inertial neural systems are
almost via impulsive control or feedback control. But, few
researchers concentrate on the asymptotic and exponential
synchronization of delayed memristive inertial neural sys-
tems under intermittent and adaptive control strategy. This
is of great significance to broaden the research of mixture
control based on memristive delayed inertial neural network.
Owing to the great performance of adaptive intermittent strat-
egy in complex systems, it ought to use in else classes of
neural systems, and this paper investigates its application in
inertial memristive delayed neural systems. A lots of conclu-
sions are obtained on the question consequently. Two main
difficulties will be investigated in the following. (1) How
to cut down the complicacy of synchronization analytical
for delayed memristive inertial neural networks caused by
memristive and delay. (2) How to designed the control param-
eter of adaptive intermittent control strategy to make delayed
memristive inertial neural networks asymptotic synchroniza-
tion and exponentially synchronization. In the paper, in order
to obtain the control gain, some synchronization criteria are
obtained. The merit of this article are summarized in the
following.

e Compared to lots of synchronization results on the
first-order memristive inertial networks, the synchronization
of the second-order memristive inertial systems via adaptive
aperiodically intermittent controller is first investigated in
this article and the previous results are further supplemented.

e To deal with the second-order derivatives, an appropriate
two-parameter variable substitution way is presented, and
then inertial memristive delayed neural networks may be
replaced in the form of first-order differential equation.

e An aperiodic intermittent control strategy which can be
degenerated periodically intermittent controller or continue
feedback controller is designed.

e By building piecewise Lyapunov functionals and using
piecewise analytical skills, some novel and effective criteria
to ensure the asymptotic and exponential synchronization of
memristive inertial delayed neural systems are obtained.

e Besides, an adaptive controller of memristive neural
networks is presented to automatically adjust control parame-
ters. Furthermore, asymptotic synchronization and exponen-
tial synchronization are reached under piecewise Lyapunov
functional.

The remaining of the article is organized in the following.
Model of memristive inertial delayed neural systems and
preliminaries are proposed in Section II. Asymptotic synchro-
nization and exponential synchronization of the researched
model via aperiodically intermittent adaptive controller are
researched in Section III. Some numerical simulations illus-
trate the validness of the systems methods in Section IV,.
Finally, in Section V, some brief conclusions are given.
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Il. PRELIMINARIES
A class of inertial delayed systems is investigated as follows
in the acticle.

Fi(t) = —cifi(t) — diri(t) + Zaij(ri(t))gj(rj(t))

j=1

n
+ D birie)gi(ri(t — ) + I, (1)

j=1
in which i,j € . = {1,2,...,n}, ri(t) stands for the state
of the ith nerve cell, the second derivative is known as an
inertial term of network (1). ¢;, d; > 0O represent constant
connection weights, g;(-) corresponds activation functions,
7; represents the transmission delay, and /; stands for the
external bias on the ith neuron. a;;(r;(¢)) and b;(r;(¢)) are
memristive connection weights and satisfy the conditions as

follows.

a;j(ri(t)) = 71_’ x signi, bij(ri(t)) = 7’? x sign;j,
1 1
. 1, i#j
szgn,-j = _1 i _]

where M ;, M ;j stand for the memductances of memristors
R;;, Rj, respectively. Besides,NR,-j stands for the memris-
tor between g;(r;(t)) and r;(t), R;; stands for the memristor
between g;(r;(t — t;)) and r;(¢). B

Capacitor C; is invariable and memductances M;;, M;
respond to change in pinched hysteresis loops. Hence,
a;j(ri(t)), b;j(ri(z)) will change as pinched hysteresis loops
change. Under the current-voltage characteristic and the fea-
ture of the memristor, then

aij, | ri@) <%,
aij, | ri(t) 1= T,

~

by, |ri(t) <%,
bij, | i) |= %,

A v

a;j(ri(t)) = [

bj(ri(1)) = [

in which switching jumps ¥; > 0, a;;, a;, by, by, i,j € S
are constants.

Based on the above discussion, the solution for the
right-hand sides discontinuous system (1) does not exist in
the conventional meaning. However, the dynamical behave of
system (1) can be discussed based on Filippov solution. Now,
in order to define Filippov solution, the non-autonomous
differential equation in the following is considered.

dz
- = t,2),
” 8, 2)

. . . dz
in which 7 represents time, z denotes state vector, — repre-
sents derivative of the time 7 and g(¢, z) is discontinuous about
zZ.
Definition 3 [24]: Assume that the set-valued map G : R x
R" — 2R satisfies
G, =) () @eolgt, Bz )W),

0>0 u(N)=0

VOLUME 11, 2023

where co[-] represents the closure of the convex hull, B(z, 0)
is the ball of center z and radius ¢ and w(N) is the Lebesgue
measure of set N, intersection is taken over all sets N of
measure zero and over all o > 0. A solution z(¢) of equation

dz R o ..
— = g(t, 7) in Filippov’s sense with initial condition z(ty) =

Z0 is an absolutely continuous vector value function which
satisfies differential inclusion

< 6.2
dt o

Under the above differential inclusion theory and (1),

ii(t) € —cifi(t) — diri(t) + Z cola;j(ri(t))1g;(ri(1))

j=1

+ D colby(riO)gi(rit — o) + i, (2)

j=1
in which

ai, | ri(0) |< %,

colajj(ri(t)] = | colay, a}, | ri(®) |= %,

agj, | ri(®) 1> %,

[ by, | ri(0) |< %,

colbj(ri(t)] = § colby, by}, | ri(®) |= %,

| bij, | i) |> i,

or equivalently, assume that aj(ri(t)) €
bij(ri(1)) € colby(ri(1))], then

cola;;(ri(t))],

Fi(t) = —ciri(t) — diri(t) + Za?}(ri(l))gj(rj(t))

j=1
+ Zb?}(ri(t))gj(rj(t—rj))+li. 3)
j=1

Throughout the paper, the drive system is given by the
model (1) and we discuss the following response network.

hi(t) = —cihi(t) — dibi(t) + D ay(hi(1))gj(hj(1))
j=1

+ D bihi()gi(hit — 7)) + I + &),
j=1
“)

in which &;(¢) is an suitable controller to be determined.
Similar to the analysis of (3), we obtain

hi(t) € —cihi(t) — dihi(t) + Y colay(hi()1g(hi(1))

j=1

+ D colbyj(hi)g;(hi(t — 7)) + I + &),
j=1

)
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where
aj, | hi(t) |< %,
colajj(hi(t))] = | colay, aj}, | hi(t) |= %,
ag, | hi(t) 1> T,
[ by, | hi(r) |< %,
colbij(hi()] = | colby, by}, | (@) |= %,
by, | hi(?) |> %,

or equivalently, assume that a;;.*(hi(t)) € cola;j(hi(1))],
bz.“/.*(hi(t)) € colb;j(h;i(t))], then

hi(t) = —cihi(t) — dihi(t) + D al (hi())g; (1))
Jj=1

+ D b )8 (it — ) + I + (D).
=1

Q)

ri(s) = @i(s), hi(s) = Vi), #i(s) = xis), hi(s) =
¢i(s), i € F are the initial values of systems (1)
and (4), respectively, s € [—7,0], in which t =
m%;i{fi}, @i($), Yi(s), xi(s),
lE.
¢i(s) € C([_Tv 0]7 R)

Assumption 1: For any j € #, there exist constants
L;j, M; > 0 such that

1gj(r;) — gj(hp)| < Ljlrj — hjl, | gi(r)) IS M;, 1j,hj €R.

Assumption 2 [27]: Under the intermittent controller,

assume that
inf(& — L) = 0,
m

sup(Sm1 — Tm) = 6, ™

hold for constants 0 < 6 < § < 4ocoand m € 77 =
{0,1,2,...}. .

Lemma 1 [28]: Assume that 7(-) : [Ty — T, +00) —
[0, +00) is a continuous function and 77 (1) < —an (t)+b7 (1)
holds for + > %, in which () = sup (#(t + k)). If

—1<k=<0
a > b > 0, then
7 (1) < 7(Tp)exp{—et — To)}, = Ko,

in which & > 0 meets equality ¢ — a + bexp{etr} =0
Lemma 2 [29]: Assume that 7 (-) : [‘30 - 7,400) —

[0, +00) is a continuqus function and 7(¢) < a(®)7(t) +

b(t)7(t) holds fort > Tg,inwhichw(t) = sup (w(t+k)).

—7<k=<0
If b(t) > 0, a(t) + b(t) > m*, then
(1) < #(%o) explm*(t — To)}, t > .
Especially, when a(t) = a and b(¢) = b are constants,

(1) < 7(Zo) expl(a + b)t — Zo)}, 1> Xo.

93080

By leading into the variable substitution
ui(t) = ii(t) + nirit), i € I,
system (3) changes into

ii(t) = —niri(t) + ui(t),

iti(1) = —piui(t) — oiri(t) + D af(ri1))g;(ri(t) ©
j=1

+ > by = ) + I,
=1

in which p; = ¢; — 1;, 0; = d; — cini + n7.
So, by leading into variable substitution

vilt) = hi(t) + nihi(0). i € 7,
system (4) changes into
hi(t) = —nihi(t) + vi(t) + éli,n
vi(t) = —pivi(t) — oihi(t) + Za;;*(hi(t))gj(hj(t))

j=1

+ Db i) hi(t — 1) + I + Eai.
j=1

©))

Ill. SYNCHRONIZATION AND EXPONENTIAL

SYNCHRONIZATION
First, assume the synchronization error is wy;(t) = hi(t) —

ri(t), woi(t) = vi(t) — u;(t). From (8) and (9), then
w1;(t) = —njw1;(t) + w2i(t) + £1;(1),

@(t) = —piwni(t) — ojwi(t) + Z (a;‘;‘*(hi(t))gj(hj(t))

j=1

GO ) RN CACD
j=I

| =) — bji(ri()gj(rj(t — tj))) + £2i(1).
(10)

Now, the adaptive intermittent control strategies &1;(¢),
&»i(t) are introduced as follows:

n t
—anw) — npi (3 / ofi(s)ds)
=1 /17T
il = i A ~
) g i<,
i (@)l -
[0, G <t < Ty,
(11)
Otu(@o), t =%,
a1i(t) = 1 @1i(Gy), t = Tt1, (12)
05 éI’l‘l <t < éEW!*FI’
and
a1 = o), Tw<t <Gy, (13)
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(1) = —a2i(Dwi(t) — Posign(@ri(t)), T <t < G,
2T —osign(ait)), G <t < st
(14)
012,'(@0), t= io,
i) = i S), 1 =%, (15)
0, G <1t < Sppt,
and
@i(t) = 023 (1), T <1 <Gy, (16)

here m € Z*, u, Bi1, P2, C1i, {2 > O are the control
strengths.

Theorem 1: Under Assumptions 1-2, for B1, B2, A > 0,
assume that

. I
®: b1 = > ijiLi,
j=1

n

(iD): Z (|&lj at/| + |b1/ lj|)M B2 <0,

J=1
[1—0il A <0
5 =Y

'S (o L7
(i): —pi+52(a,~j+b,-j)Lj+

jl
|1—Ui|

W) —ni+B1+ 3 Za]z i )

the inertial networksJ(S) and (9) are global synchronized via
control scheme (11)-(16).
Proof: Under assumption 1, then
|a (hi(2))gj(hj(1)) — a,,(n(t))g/(r,(t))|
< |a* (hi(0))gj(hj(1)) — a3 (hi(0))g;(r;(1))]
+ |a *(hi(1))gj(ri(1)) — a}}(ri(t))gj(rj(t))|
< @li|oy(0)| + |ay — ay|M;. a7

A
—5 < 0, hold, then

where a;; = max{|a;l, |a;l}.
In a similar way, we can get

’b;‘*(hi(t))gj(hj(t — 7)) — bj(ri(1))g;(ry(t — )|
< byLj|wt — )| + by — by|M;,  (18)

where b; = max{|b;|, |b;l}.
Construct the following piecewise function

) Z[ (o — i)

L — () ] Th=1=6,

o
{ 2i

1 . NS S
S expla(t = &) — u(Sp — T} ; [E(“”

A 1 A
—a1i (G + — (05— a2’
. i

G <t < Ty,

0@) =

(19)
where «j;, «j; are positive constants. From (19),
Q(t) is continuous apart from ¢ = T+l
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withm € ZT and

0+ (Eni1)
= exp{u(Sy — — G}0-(Zs1),

(20)

Am) - )\(§m+l

in which Q,(’i’mﬂ) and Q+(§m+1) represent respectively the
left limit and the right limit of Q(¢) at time ;4.
Assume that

H@) = W)+ Q1), (21)
in which
1 n n t 1 n
W(t) = 3 ; (1) + B ; /t B Wt (s)ds + 3 ; w3;(1).
(22)

Obviously, W(z) is continuous at every ¢ > ‘io. o) is
continuous apart from 7 = %4 withm € Z7T. But, Q(t)
is rightAcontinuou§ fort = %,41.

For%, <t<G6,, meZt

H(t) < =" miofi(0) + D oiiwni(t) — D ai(t)

i=1 i=1 i=1

x w;(1) + i Zw%i(t) - B wai(t - 1)

i=1 i=1

- Z piey (1) — Z oiw1(Dw(t) + 5 Z Z

11]1

(ﬁij + Eij)Lja)i.(t) =+ % z Z EjiLia)%i(t)

i=1 j=1

n n n n
+ % D D biLiojt =+ D> (lflij — al

i=1 j=1 i=1 j=1

n
o+ Iby = byl )Ml ()] = > aai(03,(0)

i=1

n n t
— B2 loni(t) — upr Y / wi(s)ds — pQ(t)
i=1 i=1 /17T

—expl—putt = T} Y [ (@ — ),

i=1
+ (@ — i)

n n n
1 _
<> (-m+p+ > D@Ll + >
i1 =1

i=1

oo+ 3 (~ i+ 5 D bils)
j=1

i=1
n l 1 B
w%i(t - 1)+ Z ( —pi+ 3 Z (51-,- + bij)Lj)
i—1 =1
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n

n
W30+ D (X (g — gl + by — byl)M;
= =1
j .
~B)lon0l - upr Y. [ whds - uQ)
i—1 t—71;
— exp{—u(r — Tn)} Z (o j0; + a3,0%)
=1
n ll n
< Z(—m+,31 +§ZajiLi
i=1 j=1
|1 — o M\ 2 123 . 2 .
+ o+ D )eh =5 D et +
| i ) i=1 i=1
= pit 5 2 (@ + byl

— exp{—udlaj;

— exp{—udlas;

j=1
-0l 1 I~
S ; 10
n t
—upr Yy / i (s)ds — pQ(). (23)
=117

Itis easy to see that some suitable ofl"l., cx;l. can be chosen such
that

1w _ 1—oil

—Tli+/31+§ ZajiLi — exp{—pudlaj;+ l t5 = 0,

j=1
and

-0l
—pit= Z:‘ (@+by) Lj — exp{—pdlas+——+5 <0,
J_
which leads that
H(t) < —pH(1). 24)

So, for @m <t< ém,

H(t) < exp{—u(t — ) H (S). (25)

When é’m <t < ‘im+1,
Hty <> ( —ni+p1+ %Zﬁjib‘)wﬁ(’)
i=1 J=1
+ Z(l — opw1i(H)wi(t) + Z ( -
z )a)ll(t ‘E,)+Z(
=1

+

l\)l>—‘

=

z (@ + by)L )wzz(t)

j=1
n

+>° (Z \ay — | + |byj — byl )M

i=1 j=I

=

+
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ﬁ2)|wzz(t)| +20(0)
" l 11— o
( 77i+,31+§zajiLi+ 3

i=1 j=1

- %)w%i(t) 2 w0+ (-
i=1 i=1

1 " _ - |1 —oil
T E (@ + by)Lj + T —) w3 (1)
)\, n
+3 l;a)gi(t) +20()
< AH(), (26)
SO,
H(t) < exp{M(t — G,)}H(G,). 27)

Via (17), (22) and (25), then
H_($11) < expiA(Emi1 — S} expl—iu(Spy
— S (E)
< exp{—a}H_ (%) + (1
— exp{—a))0—(Sn),
where @« = u6 — A(§ — 0) > 0 and
H_(%,11) — H_(%,) < (expl—a} — DH_(Z,,)
+ (1 —exp{—a)O— (%)
= (exp{—a} — DW(Z,),
and then
H_(Tp11) — H(o) < (exp{—a} = 1) D W(E)),
i=0
it leads that
Z Wity < 100 (8)
1-— exp{ a)’
hence,

lim W(%;) = 0.

i—+400

Besides, when @m <t< ‘i"m+1, owing to the nonnegative-
ness of a1;(¢), aoi(t) and upy, it’s easy to get

) < Z (=t pr 2 SaL)odo

]—1

+ Z(l — oj)w1i(H)w(t) + Z ( -

i=1 i=1

1 n _ n
T3 lebjiLi)w%i(t - T)+ le ( -
Jj= i=

VOLUME 11, 2023
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n

1
+ Zizzl(alﬂrb,, )wh(tH;(,Zl

(1 — gl + by — byl)M; = B ) lon(o)

1 1 i
SZ(—ﬂi+ﬁ1+§ZﬁﬁLz‘+| Ul')
i=1 =1
n 1 n _
X a)%i(l) + Z ( —pi+ 3 Z (a,-j + b,‘j)Lj
i=1 j=1

[T —oil\ 5, .~
<+— )wZi(t)AH(t), (29)
where
A [1 — g
A= X{ ni+p+z Za]lL—‘f_ ) z’
] 1
1 — 11— o
— T — 0O
—p,-+§zl:(a,-j+b,~j)L,-+ s
J:
Hence,
W(t) < exp{i(t — T)}W(Z)

<expAWEn), Sn<t<%urr.  (30)
Clearly, m — oo for t — o0, so
Iim W) =0
—+400

Hence, the proof of Theorem 1 is achieved. O
Now, the adaptive control strategy &£1;(¢), &»i(¢) is intro-
duced in the following.

—o1i(Dw1i(t), K <t < Gy,
b1y = | _1O@) (1)
01 Gm <t < fgm+1,
an(t), =%,
ali(t) = 1 1i(Gp), t =Ty, (32)
0, ém <t< §m+1,
and
dni(t) = criexpipittol(t). T <1t <&y, (33)
Exi(t) = —a2i(Dwi(t) — Posign(@ni(t)), T <1< &,
l —Basign(wy;(1)), S <t <%yt
(34)
a(to),  t =%,
ai(t) = aZi(Gm)a = (Im+1 s (35)
0, Sm<t< §m+1,
and
di(t) = Giexp{pitld (1), Emw<t<&u  (36)

in which m € Z*, p1, B2, C1i, ¢ > O are the control
strengths.

Theorem 2: Under Assumptions 1-2, if there exist con-
stants B2, q, p1, p2 > 0 such that
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(@):g—p1 <0,
(i0): Z (|&lj at]| + |bl] lj|)M B2 <0,
=1
) - v 2 2 7
J
1 —oil p2—p1
@(v): —ni+ = Za],L + 3 - 3 <0,
j_

Wt < 1nfm{6m — Sm},
i) p =€ —1)—y( —0),
then the inertial networks (8) and (9) are global synchronized
via control scheme (31)-(36).
Proof: Assume that

1 "r
S explpit) Z [E(“Ti — ai(1))?

1 A
— (a3~ azm)] wst =6y,
o=@

—exp{—plt}Z[g (of; — a1i(&m))?
1i

+§_*(05>2kl‘ - 052i(6m)) :Iv G%m <t < {%erl ,

2i
(37)
here of;, a3; > 0 are positive constants.
Give the following Lyapunov function
H(t) = W)+ Q@), (38)
in which
1 n 1 n
W = > o)+ 5 > w30). (39)
i=1 i=1
Obviously, W(z) and H () are continuous.
When%,, <t <6, meZT
n n
H(t) < =D niofi() + D o1(Hwi(t)
i=1 i=1
n n n
— D o) = D piws ) — D oi
i=1 i=1 i=1
1 n n
— 7 2
o) + 5 3> (@ + By Lok
i=1 j=1
1 n n 1 n n
t3 Z ZajiLiw%i(t )+ > Z Z bjiLioi (t
i=1 j=1 i=1 j=1
n n
— )+ > > (lag — gl + by — by)
i=1 j=1
n n
Mjleni(t)] = D a2y (t) = B2 D lwai(d)]
i=1 i=1
n
— 00 = [ — ano)el + (o
i=1
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- azi(t))wg,-]

< Z ( —ni+ % ZajiLz)w%i(t) + Z(l
i=1 j=1 i=1
n 1 n _
— oo + Y (5 2 bili)
j=1

i=1

n 1 n _
Wt =+ (= i+ 52 @+ b))
i=1 j=1
n n . .
w30+ D (D (lag — gl + by — byl)M
=1 j=1

— B2)lon(D)] = p1O() = D (afiwhs + a3,03)

i=1
n

1 — oj]
<Z(—n,+ Zaj,, all 21
P1 P1
+ ?)wﬁ-(z) -5 Zw]zl-(t) + Z ( -
i=1 i=1

n

1
+2Z(a’]+bl])

j=1

+ )i -5 12%0) o)

[T — ol
2

a21 +

+q sup H(s), (40)

t—T<s<t

where q= % Z};] EjiLi.
Some appropriate o};, o3; can be selected such that

1 —ail  p1
—ni+ = Za]l i al, l +—= =<0,

2 2
and
—pi+ = ]ZI“ (@ +By)L, — o + 1 _20” +% <0,
which lead to
HO) <—piHO+q sup H(s), Sp<t<6&, (41
t—1<s<t

Similarly, when ém <t< §m+1,
n 1 n n
2 - 2
LCED) (—m+3 Z:aiiLi)wli<t> + 20
= J= =

n 1 n _
— oDt + Y | 3 D bl

i=1 < j=I

—w+ > (—pt s Za,,+b,,) ;)3
i=1

j 1
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n n
+ 3 (2 (14 — ayl + by -

i=1 j=1

— B2)loa0] = p10()

byjl)M;

n

QG Il—0il p2—pi
SZ(—ni+—ZajiLi+ = — )
— 2].7l 2 2

n

;pl Zw]zl(t)—‘f_Z(_
i=1 i=1

1 — ol

p2
a)]zl-(t) +

e -
+§Z(aij+bij)Lj+

=
n
P2 —pi P2 —pi 5

2 2 ;“’Zi(t)

)w%i(t) +

—p1O(@)+q sup H(s)

t—1<s<t

<@2—pH@)+qg sup H(s). (42)

t—T<s<t

H(t) < —piH®) +q( sup H(s), S <1 <6,

t—T<s<t

H(t) < (po—pDH@®) +q( sup H(s)),

t—T<s<t

G <t <%Tpnyr-

Now, H(t) W111 be estlmated via above equations.
When 0 = SO <t< 60, based on Lemma 1

H(t) < max H(s)exp{—et},
—7<s<0

in which ¢ > 0 is the only positive solution of ¢ — p; +
gexplet} = 0.
When 60 <t< 51, based on Lemma 2

H() <  max
So—1<5<6)

H(s)exp {y(t — 60)} < _maxOH(s)

exp {y(t — &) — (&g — 1)},

where y = p2 — p1 +q.
Hence, via Assumption 2, then

H(E)) < _max H(s)exp{y@ ~ &) — e(So — 1))

< _max H(s) exp {y(8 —0)—¢e(0 — r)}

= max H(s)exp{—f},
—7<5<0
in which i = &(@ — t) — y(8 — 0). evidently,

f.—rfsffl

max H(s) < max H(s)exp{—f}.
—1<s5<0

When fl <t< él, via Lemma 1

H() < max H(s)exp{—s(t—@l)}

T —T<s<%
< max H(s)exp{ n—e(t — 31)}

—7<s<0
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Therefore
max H(s)
S 1—1<5s<6,
< max H(s)exp{ i—e& —% — D}
—7<s<

When (‘%1 <t< Tg, via Lemma 2
H(@) < max  H(s)exp{y( — él)}
& —1<s<6
< max H(exp{—i+y(—6)

—T<s<
—e&,-%, - 0}

Thus
~ max _ H(s)
T—1<s<%p

< max H(s)exp{ a+y@G —0)

—T=<s<

—e(0 — r)}
= max H(s)exp{ 2[i}.

—T=<s<
Repeat the above process, it can be obtained

max  H(s) < max H(s)exp{—mji}.
3 —1<s<0

Tm—T<5<%T

For any t > 0, ‘:?fm* <t < fm*_H for m*. If fm* <t <
S,#, then

H(@) <  max H(s)exp{—s(t—‘%m*)}

TW* —Tfsffm*

< max H(s) exp{ —m*i—e(t — ‘:?fm*)}
—7<5<0

< max H(s)exp{—m"[i}. (43)
—7<s<0

Otherwise, if ém* <t< i:m*+1, then @m* <t< @m*ﬂ,
it can be gotten —m* 1 < (_E + 1)jx. Hence

H(t)<  max  H(s)exp {y(t—ém*)}

(G} m*— —7<s<8 m*
< max H(s)exp{ m*i+y( — m*)}
T<S

< max 0H(s) exp {

—T<

—m [L+)/5}

< max H(s)exp {/L—i-yé}exp{ — —t} (44)

Based on (43) and (44), it can be easily gotten
max H(s)exp{—m*ji} < _max H(s) exp {iL + v}

—T<S<
exp{ — Et}

So, for any ¢ > 0, then
In
H(t) <M max H(s)e — —ty,
(<M max H(s) xp{ -1}

where M = exp { n+yé } So, the proof is achieved. O
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In system (8), if the constants b?(r,-(t)) = 0 and
b;}*(ri(t)) = 0, then network (8) become the following form

Fi(t) = —niri(t) + ui(1),
n
iti(t) = —piui(t) — oiri(t) + Y @ (ri(1)) 45)
j=1
xgj(ri(t)) + 1,
in which p; = ¢; — n;, 0i =d; — cini + 77,~2-

Accordingly, system (9) become the following form

hit) = —nihi(t) + vi(t) + &1,

n
Pit) = —pivi(t) — oihi() + D @ (hi(1) (46)
j=1
x gj(hj(t)) + I; + &2
Here, £1;(¢), &(t) are similar with the equations (11)-(16) of
B =0.
Corollary 1: Under Assumptions 1-2, assume that B2, A >
O’ n
(i): > (lay — gl + |byj — byl)M; — B2 <0,
=1
J [
(ii): —pi+ 3 le (@; + by)L; +
=

|1 —oil A
__<()’
5 =

1—0‘,‘|

(@) —ni+ = Zajl i 3

/
networks (15) and (16) are global synchronized.
Proof: Give Lyapunov function

A
—3 < 0, then the inertial

H(1) = W(n) + Q(@), (47)
in which
e e
W =5 > on) + 5 > w3(). (48)
i=1 i=1
By the Theorem 1, Corollary 1 is achieved. ]

Remark 1: In[10], [11], and [21], the problem of synchro-
nization for inertial delayed neural system via intermittent
control strategy was researched. However, the problem of
adaptive aperiodic intermittent synchronization is researched
of memristive delayed inertial neural systems in this article.
If Im+ 1 — ‘Z = T, 6 T = (, the intermittent
adaptive control strategy develops into the periodic form,
where T, ¢ > 0 are constants, Ty = 0, m € Z*. In other
words, the conclusions given in [10], [11], and [21] are the
distinct form of the conclusions in the article.

Remark 2: 1t is well known that the control gains can
automatically regulate themselves on the basis of some
appropriate updating rules which is the advantage of adap-
tive control strategy. Hence, an adaptive control strat-
egy of inertial memristive neural networks is applied to
automatically regulate control gains. Synchronization is
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obtained by the construction of piecewise Lyapunov func-
tional. From Theorem 1, we know that each term in (11)-
(16) has various contribution in order to reach synchro-
nization. The influence of —oay;(H)wy;(t), — a2;(t)wri(t)
is to guarantee the synchronization of memristive inertial
delayed neural systems. —posign(w;i(t)) can remove the
influence of memristive error. Ultimately, the integral term

—upi Z/ w?,()ds) 12(;'2 can remove the influ-

ence of delayed error nonhneanty about the states of inertial
memristive delayed neural networks.

Remark 3: Although some results on exponential or
asymptotical synchronization for memristor-based inertial
neural systems contain time delays [12], [14], [19], [24] are
obtained, there are little works concerning asymptotical or
exponential synchronization for memristive inertial neural
systems contain delays by aperiodic intermittent adaptive
control. The major difficulties in researching the asymp-
totical or exponential synchronization of memristor inertial
neural systems contain delays, memristive connection terms,
aperiodic intermittent adaptive controller and the compli-
cate structures of inertial term. In the light of the existing
analysis technology, these difficulties should be solved in
time. Nevertheless, disposing of these difficulties is not easily
work. Some innovative analysis techniques to deal with the
difficulties are adopted in this paper.

Remark 4: By employing the variable substitution u;(t) =
7i(t) + niri(t) and vi(t) = h,-(t) + n;h;(t), we can transform
the driven network (1) and response network (3) into the
first-order differential equality (8) and (9). What we need to
note here is that we introduce the free weights n; in (8) and (9).
By changing different values of n; according to various cases,
the different variable substitutions can be reached. Hence, the
research results can be popularized in application.

Remark 5: Obviously, from intermittent adaptive control
strategy (11)-(16), the adaptive control gains o1;(t), a2i(t)
in [ém, ‘:Y,,H_ 1] are equal to zero and increasing in [‘:Tm, ém]
on the basis of the update law (13), (16). The values of
o) i(t),A ani(t) are gather in certain positive constants in
[%,:, 6] when the synchronization is reached. In the four
section, the adaptive control gains will be reflected.

Remark 6: In [2],

Z e1i(t)exi(t) — Bi Zelmezl(r) < Z

i=1 i=1

1+ |:31

(€7,(0)
+e3.(1)).
In this paper,
> w1wit) = Bi Y 1i)wai(t)
i=1 i=1

n ] _ ;
< Z' 2’3 L @2,0) + w3,

i=1
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Obviously,

11— Bil =1+ 1Bil.

From this point of view, our conclusion is less conservative.

IV. NUMERICAL SIMULATIONS
This part presents a chaotic system to support the validness

of the methods and results.

Example: Investigate a inertial network model as below.

Fi(t) = —niri(t) + ui(t),

J=1

in which p; = ¢; — n;, 0 = d;
an(r) = { };25’
ap(r) = { :giz
aiz(r) = { :gii
ax1(r2) = { :gii
ax(r) = { 1; :
a(r2) = { :324
a3 (r3) = { :g§2
az(r3) = { 8:4
az3(r3) = { 12 :
bii(r) = { 1>

-1,
bia(ry) = { :g;
biz(r) = { :g;
bai(r2) = { :8;
by(r) = { :15

3
j(t) = —piu(t) — ojri(t) + Z a;j(ri(1))g;(ri(1))

J=1

+ D bi(ri)gj(ri(t — ) + I,

—cimi+nfi=1,2,3.

| ri(r) 1< 0.8,
| ri(r) 1= 0.8,

| (1) |< 0.8,
| ri(r) 1= 0.8,

| () |< 0.8,
| ri(r) 1= 0.8,

| r2(2) |< 0.8,
| r2(1) 1= 0.8,

r(t) |< 0.8,
ra(r) |= 0.8,

| r2(2) |< 0.8,
| r2(1) 1= 0.8,

| r3(1) |< 0.8,
| r3(r) 1= 0.8,

| r3(1) 1< 0.8,
| r3(t) |= 0.8,

r3(t) |< 0.8,
r3(t) 1= 0.8,

| r1(2) |< 0.8,
| ri(2) |= 0.8,

| r1(2) |< 0.8,
| ri(2) |= 0.8,

| r1(r) |< 0.8,
| ri(2) 1= 0.8,

| (1) |< 0.8,
| r2(2) |> 0.8,

| r2(1) |< 0.8,
| r2(2) |2 0.8,
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i) ' r(

FIGURE 1. The phase trajectory of neural networks (49).

1.5

- U)"(t)
—0,(0)]]

0.5) —— o,

1,2,3)

o, ()
&
o

0 5 10 15 20
t

FIGURE 2. Synchronization error between r;(t) and h;(t), i = 1,2,3.

bty = | 0L TR0 1< 08,
BYTN 05 | m) = 0.8.
parry = | 0L I 1< 08,
BITN 03, | i) 1= 0.8.
by | 15 10 1<08,
WRITY L s =08,
bty = | 1L 11@1< 08,
ST s 1) 1= 08.

Leteciy=c=a=n=m=mp=d=db=d4d=1
In the following, the controlled system (50) is described by

[ hi(t) = —nihi(t) + i),

3
uj(t) = —piui(t) — ojhi(t) + z a;j(hi(1))gj(hj(1))
=1

+ > bijhi()gj(hit — 1) + i,
j=1

(50)

in which p; = ¢; — n;, oi =d; — cin;i + 77,'27 i=1,2,3.
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FIGURE 3. Synchronization error between u;(t) and v;(t), i = 1,2,3.
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FIGURE 4. Adaptive intermittent control gain «;;(t),i = 1,2, 3.

i=1,2,3)
w

o i(t)(|=

N
M
[

0 10 20 30 40 50 60 70
t

FIGURE 5. Adaptive intermittent control gain «,;(t),i = 1,2, 3.

Take g1(-) = g2(-) = g3(-) =tanh(-), ) = hL =5 =
0, 71 = ©p = 13 = 0.7. The dynamic behavior of (49) with
the initial conditions ri(s) = 0.8, r(s) = —0.6, r3(s) =
0.2, Vs € [—0.8,0) is given in Fig. 1. System of (50) has
the initial conditions h(s) = —0.8, hy(s) = 0.6, h3(s) =
—0.2, Vs € [—0.8, 0). The controller (11)-(16) exists on the
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fOllOWiI‘lg time period [9] A. Mauro, F. Conti, F. Dodge, and R. Schor, ““Subthreshold behavior and
phenomenological impedance of the squid giant axon,” J. Gen. Physiol.,

[0,3]U[4,7]1U[9, 13]U[14, 171 U[19,22] U [23, 27] vol. 55, no. 4, pp. 497-523, Apr. 1970.
[10] M. Hui, J. Yan, J. Zhang, H. H. Iu, R. Yao, and L. Bai, ‘“Exponential

U [28, 32]U [33, 36]U [37, 40] U[42, 46] U [47, 50]
U[52,56] U [19,22]U[57,60]U[61,64] U [66,70]U - - -.

Hence, 6 = 3, § = 5. By simple computing, we obtain
Ly =1, =13 =1, M| = My = M3z = 1. Now, let
B1 =18, B = 2, A = 45, nu = 3.5. Now, all the
conditions of Theorem 1 are contented. Under Theorem 1,
(49) and (50) are synchronization via the controller method
(11)-(16). Figs. 2 and 3 describe the synchronization error
of w11(?), w12(t), w13(?), w21(t), wn(t), wr3(t) between
systems (49) and (50). Time evolution of «1;(t), ai(t) with
«1;(0) = a»i(0) = 0and ¢; = &; = 10fori = 1,2, 3 are
given in Figs. 4-5.

V. CONCLUSION

By building aperiodically intermittent control scheme and
applying the Lyapunov functional method, we study the
asymptotic and exponential synchronization of delayed mem-
ristive inertial neural systems in the article. First, a class of
aperiodically intermittent adaptive controller including time
delayed term and integral term are proposed. Besides, com-
pared with other classes of neural systems, adding inertia term
and memristive term to electronic neural system may lead to
very complex behavior. In addition, by constructing a com-
mon Lyapunov functional and applying the inequality skill,
we obtain lots of less conservation conditions to guarantee
the synchronization for delayed inertial memristive neural
systems. The conclusions of the article can be regarded as
an improvement and generalization of the earlier asymptotic
synchronization and exponential synchronization for memris-
tive delayed inertial neural systems. In the end, a numerical
example make clear the validness of the conclusions and the
proposed way.
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