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ABSTRACT In this paper, we investigate self-dual double circulant, and self-dual and linear complementary
dual (LCD) double negacirculant codes over a finite ring R = F, + uF, + vF, + wF,, where u* = u,
v? = v, uv = vu and ¢ = p™. We study the algebraic structure of double circulant codes over R. We provide
necessary and sufficient conditions for a double circulant code to be a self-dual code. We give a formula to
get the total number of self-dual double circulant codes over the ring R. We compute distance bounds for
self-dual double circulant codes over R. In addition, by using a Gray map, we show that the families of self-
dual double circulant codes under the Gray map are asymptotically good. Moreover, the algebraic structure
of double negacirculant codes and necessary and sufficient conditions for a double negacirculant code to be
a self-dual code and to be an LCD code are also given. We determine the total number of self-dual and LCD
double negacirculant codes over R.

INDEX TERMS Double circulant codes, double negacirculant codes, self-dual codes, LCD codes, Gray
map, Artin conjecture.

I. INTRODUCTION codes or describe that all cyclic codes are asymptotically bad.
Assume that C(n) is a family of codes over the finite field (see [3], [22], [24)).

Fg and it has parameters [n, ky, dy]. The rate p and the Let C be a linear code, I be an identity matrix and B be

; ; ; Ky . . . .
relative distance of C(r) are expressed as p = nlllgo Sup 5, a circulant or a negacirculant matrix. Then C is a double
and § = lim inf %, respectively. If there is a sequence circulant (briefly, DC) code or a double negacirculant (briefly,

of codes inng(ori) satisfying o and 8 are finite, then C(n) is DN) code if C has a generator matrix of the form G = [1, B].

called to be asymptotically good. It is not an easy process to In 1969, [5] proved that binary DC codes are asymptotically
compute the rate and relative distance for any class of linear good.

codes. On other hand, for some special cases, we can find In 2006, [18] provided a class of cyclic codes over a finite
the rate and relative distance of particular families of linear ~ field that is asymptotically good. In 1969, Chen etal. [5]
codes. People want to discover asymptotically good cyclic showed that a class of quasi-cyclic codes over the finite fields

meets the Gilbert-Varshamov bound. In 2001, [15] studied the
The associate editor coordinating the review of this manuscript and algebraic structure of quasi-cyclic codes over finite fields and
approving it for publication was Zesong Fei . finite chain rings.
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At the latest, DC codes and DN codes over finite fields
are studied in [1] and [2]. In 2020, [21] used a Gray map and
provided some self-dual double circulant (briefly, SDDC) and
LCD double circulant codes over Z4. Reference [11] gave
SDDC and LCD double circulant codes over Z,.2, for p = 1
(mod 4) and p is an odd prime. Exact enumeration formulas
and asymptotic lower bounds on the minimum distance of p-
ary Gray images of these codes are also presented in [11].
In addition, Yao et al. [23] discussed the asymptotic perfor-
mance of SDDC and LCD double circulant codes over a
non-chain ring. Furthermore, asymptotically good self-dual
and LCD codes of length 6n over [F; are determined in [23].

SDDC codes, LCD double circulant codes and DN codes
over [Fy + ulF, are given by Shi et al. [22]. However, in their
enumeration formulas, there are some inaccuracies. After
that, [24] studied LCD double circulant codes and DN codes
over Fy + ulf; + vIF,.

Motivated by these, in this paper, we study on the SDDC
codes, self-dual double negacirculant (briefly, SDDN) codes
and LCD double negacirculant codes over R. We prove that
the families of SDDC codes and LCD double circulant codes
over R under a Gray map are asymptotically good.

The rest of our paper is organized as follows. In Section II,
the algebraic structures of R are provided. We prove that the
Gray image of a self-dual code is also a self-dual code.
Some examples of Gray images of DC codes are given.
In Section III, we provide the structures of DC codes and
the conditions for a DC code to be self-dual. The SDDC
codes over R are also presented in this section. In Section IV,
we enumerate the distance bounds of SDDC codes. On the
assumption that the Artin’s conjecture on primitive roots
holds true, the families of SDDC codes over R under the Gray
map are asymptotically good. In Section V, the structures of
DN codes and conditions for a DN code to be a self-dual
or LCD code are given. The SDDN codes and LCD double
negacirculant codes over R are listed in Section V. Finally,
Section VI concludes the paper with some open directions
for future work.

Il. PRELIMINARIES

Let IF, be the finite field where ¢ = p™. We consider the
finite commutative ring R. It implies that R has ¢* elements
including (g — 1)* units, g* — (¢ — 1)* non units. We see that
R has four maximal ideals. Let {o = (1 —u — v 4+ uv), {; =
(uv), & = (u—wuv) and 3 = (v—uv). We see that ¢o+¢1+ 8+
3=1,¢% = ¢and ;g = O where i,j =0,1,2,3 and i #
Jj- Then {&o, ¢1, &2, &3} forms a nonzero pairwise orthogonal
idempotent set of R. Therefore, R = {oRD RO HRB LR =
S0y @ 01F; © 02IF; @ ¢3IF;. Let us suppose that r € R. Then
r is of the form ag + ua; + var + uvaz. We see that

r=0—u—v+uv)by + uvby + (u — uv)br + (v — uv)bs
= by + u(by — b,) + v(bz — by) + uv(bg + by — by — b3)
= agp + uay + vaz + uvas

VOLUME 11, 2023

where ap = by, a1 = (b2 — b,), a2 = (b3 — b,), a3 = (bo +
by — by — b3). Hence, r = ¢obg + {1b1 + 0oby + £3b3.
Let

1

1-11 —1

11 —-1-1

1-1-11

Define a Gray map ¥ : R +— IF;‘ given by ¥ (r) =
(bo, b3, b2, b1)A, where by, by, by, b3 € [, It can also
extend component-wise from R" to IF‘;‘”.

A nonempty subset C of R” is a code of length n. Through-
out this paper, C is a linear code of length n over R, i.e., C is
a linear code if the subset C of R" is an R-submodule of R".
Let ¢ = (co,c1,...,¢p—1) and ¢ = (¢, ¢}, ....c,_)) €C
be codewords. The minimum Hamming weight wtg (C) of C
is defined as wty(C) = min{wtgy(c) | ¢ € C, ¢ # 0}, where
wty () is the Hamming weight of ¢ and wty (c) is determined
by the number of nonzero coordinates of the codeword ¢. The
Hamming distance between ¢ and ¢’ is defined as dy (¢, ¢/) =
I{i | ci # c}| = wtg(c — ¢/). The minimum Hamming
distance dy (C) of C is defined as dy (C) = min{dy(c, ¢')| ¢ #
¢’} = dy. Let k be the dimension of v(C). It is obvious
that the Gray map ¥ is a bijective linear distance preserving
map. Thus, ¥ (C) has parameters [4n, k, dy ], where d, = dy
(see [7)).

Letcand ¢’ € R". The Euclidean inner product of between
c and ¢’ is defined as

(¢, Vg = cocy +cicy + -+ cpic)_y.
The Euclidean dual code of C is given as
Ct={ceR"| (c,c)p =0, forall¢ eC}.

Let foap + ¢1a1 + {2a2 + $3a3 € R, where a; € Fy, @ =
0,1,2,3 and q is a perfect square. In [15], its conjugate is
given as follows:

foao + C1a1 + Graz + $3az = Lodp + §1a1 + $aan
+ g3a3

= Coa(}/q + CIGI@

+ Czagﬁ + {3a§/q.
Recall that the Hermitian inner product of ¢ and ¢’ is
given by
(e,c)y = COC_E) + C1C_/] +---+ Cn—lci,l_,l-
The Hermitian dual code of C is defined as
CH ={ceR"| (c,¢)y =0, forallc’ €C).

It is well-known that if C N Ct = {0}, C N C+# = {0}, and
C+ C C, then C is an Euclidean and a Hermitian LCD code,
a dual-containing code, respectively. C is a self-dual code with
respect to the Euclidean or Hermitian inner product if and
only if C = C* or C = C#, respectively.

92899
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In [6], the entropy function is given by

0, ify=0

ylog,(q —1) — ylog,(y)— (1)
(1 —y)log,(1 — ),

hq()’): 1
O<y<l1l-—-.
q

In order to construct DC codes, we need to determine when
the ring R contains a square root of —1. Similar to the proof
of [16, Theorem 6.1], we give the following result.

Theorem 1: The field F, and the ring R contain a square
root of —1 if and only if g = 1 (mod 4).

Example 1: We determine the solutions of the equation
y?> + 1 =0inFs and F3. Assume that g = 5, we have 5 = 1
(mod 4), by Theorem 1, then Fs5 contains a square root of
—1. They are 2 and 3. Therefore, solutions of the equation
y2 4+ 1 = 0 are 2 and 3. Assume g = 3, we have 3 =
(mod 4), by Theorem 1, then [F3 does not contains a square
root of —1. Thus, y2 + 1 = 0 has no solutions. Therefore,
solutions of the equation y* + 1 = 0 over Fs are 2 and 3; and
y2 + 1 = 0 has no solutions over Fj3.

Let ¢ = (co,¢1,...,cp—1) and € = (c(. ¢}, ..., ¢)_))
C, where ¢; = Soa; + $1b; + {adi + 364, ¢ = Coa) + ¢1b;
sod] + C3e), where a;, al, b;, b}, d;, d, e;, e, € Fy, for O
i < n— 1.If C is a self-dual code over R, then {(c, ¢')g
> Coait b +§2d +23€))(Soa; +§1b/+C2d/+§36 )=
Itshowsthatz o aid, = 0, 30 bk, = 0, > ldd’ =
0and >/ 0 ei¢; = 0. From the def1n1t10n of the Gray map,
the Euclidean inner product between

.OIII/\—l-m

Y (Soao + ¢1bo + L2do + S3e0, ...,
Soan—1 + C1bu—1 + Lodn—1 + $3€n-1)

and

§0a;z—1
|+ 8en)

equal to zero. It shows that ¥(¢/) € ¥(C)* as ¥ (c) € ¥(C).
Therefore, ¥(C1) € ¥ (C)*. Since ¥ is a bijection Gray map,
it is simple to verify that ¥ (C+) = y(C)*. Summarizing our
discussions above, the following theorem shows that the Gray
map ¥ preserves properties of a self-dual code.

Theorem 2: A linear code C of R is self-dual if and only if
¥ (C) is a self-dual code over IF,,.

Recall that the multiplicative surjective norm func-
tion is given from Fm to F; as Norm(b) = b -

m—1 g1

bII...b‘I = b T s for b € ]F;;m and NOrm(O) =

By [14, Theorem 2.28], Norm is an onto group homomor-
phism from FZ’” to ;. By the fundamental theorem of group
homomorphism, we see that

IF%, |

T
|[Ker(Norm)| IEql.

v (Loay + L1bg + Gady + G3eg, - . -,
+ 01by,_y + Gady

|
where Ker(Norm) = {b € ]FZW | bqu — 1 = 0 }. Therefore,

m_q . . m—1
TKer(Norm)| =q— 1. It 1mplles that |Ker(N0rm)| = qul

92900

Let H be a subgroup of a group G and a,b € G. Then a
is congruent to » mod H if ab~! € H. In notational form,
we writtea = b mod H.

By Lemma 2.4.3 in [10], this relation is an equivalence
relation. Corresponding to the equivalence relation, we get
equivalence classes. For any a € G, the equivalence class of
a is given by

clla)y={xeG|x=a mod H}.

Let H be a subgroup of group G and let a € G be any
element. Then Ha = {ha | h € H} is called a right coset
of H in G. Lemma 2.4.4 in [10] states that for any a € G,
the set Ha = {ha | h € H} is an equivalence class of a
with respect to the relation @ = b mod H if and only if
a~'b € H. This means that Ha is the equivalence class of a
in G/H, the quotient group of G by H. Lemma 2.4.5 in [10]
states that any two distinct right cosets of H in G have no
element in common, and each has |H | elements. This follows
from the fact that the cosets partition G and the equivalence
classes partition G modulo H, so the number of cosets and the
number of equivalence classes are the same. Since |G/H| =
[G : H], the index of H in G, |Ha| = |H| for any a € G.
Therefore, Ha = cl(a) and any two distinct right cosets of H
in G have no element in common, and each has |H | elements.

Let G be a finite group and H be a subgroup of G. Accord-
ing to Lagrange’s Theorem, |H| divides |G||G1|\/Ioreover the

number of distinct right cosets of H in G is A In our case,

H = Ker(Norm) and G = IF‘Z,,,, the number of distinct
— 1 and

I gm ‘

right cosets of Ker(Norm) in F Z’” is m

each right coset has exactly "m—_l elements. Therefore, the
preimages for each element in ]F make a right coset in ]F*

Each right coset consists of exactly T ! elements in IF* We
can see that Ker(Norm) is also a r1ght coset that has exactly
51;"%11 elements. Hence, in particular, the number of different

solutions of the equation b% =—1is L_ll. We summarize
our discussion above in the following result.

Proposition 1: Let the multiplicative surjective norm
function from Fg» to F, be given as Norm(b) =

m_q

b1 forb e FZ'”’ and Norm(0) = 0. Then each element
in IF;; has exactly % different preimages elements in ]F;;m.

m_i

In particular, the equation b ¢-T

different solutions in IF jm
Example 2: We solve the equation y>! 4+ 1 = 0 over Fss.

= —1 has precisely q:T_l]

Using ¢ = 5 and m = 3, the norm function from Fs3 to
531

Fs is Norm(y) =y51 =yl fory e IFSK, we see that

Norm(y) = y3! = —1 By Proposmon 1, the equation y*! +

1 = Ohas exactly =31 dlfferent solutlons inF53. These
_,16 20

different solutlons are —1, =yt =y, —p12 16—y

24 28 32 36 40 44 48 52 56
_)/ ’_y Pl A A 2 e e et el

—y e o 8104y " 108)/76’ _171/280’_)ff2’ _yié_y%,

—y %0, =100, 108 108y P TV Y - Here

we cons1der a flnlte fleld of size 5% to be A.
(y3+3y+3)

VOLUME 11, 2023
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Let p be an odd prime, m, e be positive integers and g be
an odd prime power such that gcd(p q) = 1. Assume that the
order of g modulo p is f = 2= ! and ¢ =1+ pi, where p
does not divide A. Let O;(q) denote the order of ¢ modulo ¢.
Then we have the following proposition.

Proposition 2:  [20] Opmn(q) f™! and there are
em+ 1 distinct g-cyclotomic cosets modulo p™ for allm > 1.

Example 3: We find the number of distinct irreducible
factors of y*7 — 1 over Fs. In this situation, n = 27 and
q = 5, we can see gcd(27,5) = 1 then by Euler’s theorem
[10, page 43], we have 5% = 1 (mod 27) but 5¥ # 1
(mod 27) for all positive integers k < 18), i.e., O27(5) = 18,
we can write it as 033(5) = 2 % 3°~!. Using Proposition
2forp = 3,m =3,f =2ande = 351 = 1, then
the number of distinct 5-cyclotomic cosets modulo 27 is
1 %3 + 1 = 4. Therefore, the number of monic irreducible
factors of y*’ — 1 over F is equal to the number of cyclotomic
cosets of 5 modulo 27 (see [17, Corollary 3.4.12]). Hence, the
number distinct irreducible factors of y2” — 1 over Fs is four.
Theyarey +4,y> +y+ 1,0+  + 1,18 437 + 1.

Let A, B be n x n matrices. Then A is circulant if

ap ap ... dp—1
ap—1 4g ... A2
A=

a ay ... ap

The matrix B is negacirculant if

ap a;  ax ...ap—
—ap—1 ay ai ... 0ap—>
—dap-2 —4p—1 4gp ...d04p-2
B =\ ... ... ... ...
—a; —ar) —az ... ap

A linear code C is said to be DC code if C has a generator
matrix of the form G = [I,, A]. If it has of the form G =
[1,, B], then it is a negacirculant code, where I, denotes the
identity matrix of order n. Moreover, aDC code of length 2n is

a "[y ] -submodule of ( Labl. ) and a DN code of length 2n

"= =1

]F
1sa<,u[rl submoduleof( ‘131]) (see [13], [15], [16], [21]).

Assume that n = ml. Then C is called a (A, [)-quasi-
twisted code of index [/ if for any ¢ € C, we get
(Aem—1, ACm—i+1s - -« s ACm—1, €05 - - ., Cm—i—1) € C.Byiden-
tifying a polynomial ¢(y) = co+c1y+- - Fep_y' e &F,,?Eyl])
by a codeword (cp, c1, ..., ch—1) € C, itis easy to prove that
a (A, I)-quasi-twisted code of length n with 1ndex [ can be

identified with a = "M -submodule of ( Eqbl [y1]>) ,

we have ¥ : R —>

From the def1n1t10n of the Gray map, w
Fg such that

Y (Sobo + C1b1 + Lobay + $3b3) = (bo, b3, by, b1)A,

VOLUME 11, 2023

where b, b1, b2, b3 € F; and

11 1 1

1-11 -1

11 —-1-1

1-1-11
By assumption, B = {oBo + {1B1 + 5232 + ¢3B3, where
B; —[ak]nxn,t—O 1,2,3;j,k=1,2,.

A=

0 0 0 -
[ay, ay - .- aj,

0 0

a a ... a
Ifi =0, then By = [a%] = | 20 "2
0 0 0
a anz ... a
- 1 1 1 9
all a12 aln

1 1 1
Ay Ayy ... 4y,

Ifi=1,then B| = [a k] =7 7 -1,
1, 1
_anl 2 e Clnn_
-2 2 2 -
6111 6112 v aln
2 2 2
a a .. a
Ifi=2thenBy=[a}]=| - 2
2 2 2
—anl n2 Ay
-3 3 3 -
ap ap .- ay,
3 3 3
a a )
Ifi=3thenBs = [a)]=| - 2
33 3
_anl (ln2 e a,m_
Hence,
0 23 d 23 d 23 d
= i=0 Sid1y 2ui=0 Sidyp - -+ 2ui=0 Sidy,
3 . 30 . 30 .
G 1...0 D 0gidhy Doimgtithy - D ig Lith,

3 i3 i 3 ;
20 Giany 2o Sy - i Sily

Then we have

S0G ¥ (0G)
aG Y(61G)
0G| [ v@o) |
;G ¥ (336)
where
¢ 0...0 g“ia’:“ {ial:lz {l‘ain
= | 05O i i i
LG Gidy Gidly . g,
fori,j=0,1,...,3, i;éj,andg'l.2 = ¢, ¢igj = 0. By Gray
map, we see that
Y (£:G)
V&) YO . 0) Y(Gay) Y(Giayy) ... Y(Ga),)
YO v 0 Y(Giay) Y(Giay,) ... Y(Giay,)
Y(0) Y(0) ... ¥ (&) Y(gd,) v, ... Y(ta,
92901
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Thus,

¥ (50G)
v (£16)
¥ (5206)
W(§3G) 4nx8n

Hence, the generator matrix of ¥(C) can be determined as
follows

1 I I I By B By By
I -1 -1 I By —B1 —B1 Bj
I 1 -1 —-1By B —B, —B)

I -1 I —I By —B3 B3 —B3 dnx8n

By the discussions above, for finding their parameters,
we give the following lemma.

Lemma 1: Let! be an x nidentity matrix and B;be an xn
matrix over IF, such that B = {oBo + {181 + {282 + {383 and
B; are g-ary matrices of order n fori = 0, 1, 2, 3. Assume
that G = [I, B] is the generator matrix of code C. Then the
generator matrix of {(C) is as follows

I 1 I I By B By By
I -1 -1 1 By —By —B1 B
I I -1 —-I1By By —By —Bp
I -1 I —I By —Bs B3 —B3

We discuss some examples of DC codes by the map .
By Lemma 1, we present some DC codes parameters over
Fs5 + ulF5 + vIF's + uvF5 in Table 1. We use Magma software
to compute [4]. The length of codes C over F5 + ulFs +
vIF5 + uvlF'5 is provided in the first column of Table 1. In the
second, third, fourth and fifth columns, we list the genera-
tor polynomials ai(y), a2(y), a3(y) and a4(y), respectively.
In the sixth column, corresponding parameters as the Gray
images of C over F5 + uFs + vF5 + uvlF5 are listed in
the Table 1.

The coefficients of ai(y), ax(y), a3(y) and a4(y) in decreas-
ing order are presented in the second, third, fourth and fifth
column of Table 1; for example, we express a polynomial
agy® +ag_1y* '+ +ag by agaq_1 . .. ao.

Example 4: We find the parameters of a Gray image of a
DC code over F7+ulF7 +vIF74uvF;. Let By = [1],31 = [2]
B, = [3] and B3 = [4] be 1 x 1 matrices over 7 such
that B = oBo + ¢1B1 + (2B + ¢3B3. Assume that C has

the generator matrix G = [/, B]. By Lemma 1, the generator
matrix of ¥(C) is as follows

111 111 1 1
l—1-112-2-22
M=111_1-133 -3-3
111 —14—4 4 —4

We use Magma software to compute [4], we get parameters
of the code over F7 is [8, 4, 4].
Example 5: We find the parameters of a Gray image of a

DC code over F17 + ulF17 + vIF17 + uvlF17. Let By = :15 i ,
56 9 10 13 14
B = [7 8]’32 = [11 12] and By = [15 16} be 2 x

2 matrices over [F17 such that B = ¢{oBg + {1B1 + $HB2 +
¢3B3. Assume that C has the generator matrix G = [1 s B].
By Lemma 1 the generator matrix of ¢(C) is as shown in the
equation at the bottom of the page.

We use Magma software to compute [4], we get parameters
of the code over [F17 is [16, 8, 2].

Example 6: We find the parameters of a Gray image of a
10
o1

Bi = |:(1) ?]’ By = |:(1) (1)j| and B3 = [(1) }il be 2 x 2 matrices

over F13 such that B = ¢gBo + ¢1B1 + 2B + {3B3. Let
G = [1, B] be the generator matrix of C. By Lemma 1, the
generator matrix of ¥ (C) is as shown in the equation at the
bottom of the next page.

We use Magma software to compute [4], we get parameters
of the code over [Fy3 is [16, 8, 3].

Example 7: We find the parameters of a Gray image of a

DC code over F13 + ulF |3 + vF13 + uvF 3. Let Bg =

DC code over [F19 + ulF19 + vIF19 + uvFi9. Let By = |:(1) (1):|,

By = |:(1) (]):|,Bz = |:(1) (l)i| and Bz = [(1) i] be 2 x 2 matrices

over [Fi9 such that B toBo + ¢1B1 + By + £3Bs.
Assume that G = [l , B] is the generator matrix of a code C.
By Lemma 1, the generator matrix of ¥ (C) is the same as the
generator matrix of ¥ (C) given in Example 6. We use Magma
software to compute [4], we get parameters of the code over
Fi9is [16, 8, 3].

111 1 1 1 1 1
111 1t 1 1 1 1
11 -1 -1 -1 —1 1 1
11 -1 -1 -1 —1 1 1

M=111 1 1 —Z1 -1 -1 -1
11 1 1 —1 -1 -1 —1
11 -1 -1 1 1 —1 —1
11 -1 -1 1 1 -1 -1

92902

O 3 D W =

13
15

2 1 2 1 2 1 2
4 3 4 3 4 3 4
6 -5 -6 -5 -6 5 6
8 -7 -8 -7 =8 17 8
10 9 10 -9 10 -9 —-10
12 11 12 —-11 —-12 —11 —12
14 —-13 —14 13 14 —-13 —14
16 —15 —16 15 16 —15 —16]

VOLUME 11, 2023
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TABLE 1. Gray images of DC codes over Fg + uF5 + vF5 + uvFs.

Ill. SDDC CODES

n ar (y) as(y) as(y) ay(y) Parameter over 5

1 4 0 2 3 [844]

2 42 40 42 40 [16 8 4]

2 40 23 24 34 [16 8 5]

2 11 32 40 42 [16 8 4]

3 121 402 131 240 [24 12 7]

4 3242 0334 3242 0334 [32 16 6]

5 02402 03133 24020 31330 [40 20 9]

5 43030 04131 12003 22314 [40 20 10]

6 002402 003133 240200 313300 [48 24 9]

7| 2132202 4010044 2132202 4010044 [56 28 §]

8 | 24002000 | 31330000 | 24002000 | 31330000 (64 32 9]

9 | 421322021 | 240100442 | 421322021 | 240100442 (72 36 10]

As discussions in [15] and [22], (tl,f[_’]n = % ®

In this section, we obtain necessary and sufficient conditions s Rl ! Rl RIf] -
for a DC code to be a self-dual code over R. In addition, ( izlm) o (eaj:l ((kj(t)) & (kj*(t)>)) = R 9

we give an enumeration of SDDC codes over R.

A. ALGEBRAIC STRUCTURE OF DC CODES

In this subsection, let n be an odd positive integer and ¢ be an
odd prime power satisfying gcd(n, g) = 1. The factorization
of t" — 1 into irreducible polynomials over R is

s 1
" —1=a@t— D[]0 []KOK @.
i=1 j=1

where

e a € R* (R* is the set of all units of R);
e Foreach 1 <i <y, fi(?) is a self reciprocal polynomial
of even degree 2¢; and
e Foreach 1 <j <1, k]f*(t) is a reciprocal polynomial of
ki(t) with degree d;.
Recall that if a(t) = a*(¢), then a(r) is a self reciprocal
polynomial, where a*(r) = r9€%(t~!) is the reciprocal
polynomial of a(z).

(®11Rae) @ (®}:1(R<d,~) EBR@))), where Rq)
Fg + uFy + vFyr + uvFyr such that w o= uv?
2
v, uv = vu. Hence, (%) =R (@Ll (R(zgi))z) ®
(@fz | (R(dj))2 ® (R(d_,.))z) . It implies that the linear code C

RIt]
(f"—1)

over R of length 2 over can be expressed as

cxao (@0 (e o). O
where Cy is a linear code of length 2 over R, C; is a linear
code of length 2 over Ry, foreachi = 1,---s and C]f, ij/
are linear codes of length 2 over R(dj) foralll <j < [
Furthermore, the component codes Cy, C; and {le, CJV } are
called the constituents of C and their generators are S
(1, cep), Bi = (Lice), Bj = (1,cy) and B = (1, c3),
respectively, where ¢, € R, ce; € R(2¢;), c;lj , cgj € Ru)-

By [16, Theorem 4.2], C is a SDDC code over R if and
only if Cy is a Euclidean self-dual code, C; are Hermitian
self-dual codes, forall 1 < i < s, and C]f’ is a Euclidean

111 1 1 1 1
111 1 1 1 1
11 -1 -1 -1 —1 1
11 =1 —1 -1 —1 1

M=111 1 1 -1 -1 -1
11 1 1 —1 —1 —1
11 -1 -1 1 1 =1
11 -1 -1 1 1 -1

VOLUME 11, 2023

101 0 1 0 1 0
01 0 1 0 1 0 1
10 -1 0 -1 .0 1 0
01 0 -1 0 -1 0 1
101 0 -1 0 -1 0
01 0 1 0 —1 0 -1
11 -1 =1 1 1 —1 —1
01 0 -1 0 1 0 —1]

92903



IEEE Access

H. Q. Dinh et al.: Self-Dual Double Circulant, Self-Dual Double Negacirculant and LCD Double Negacirculant Codes

dual code of C’ forall 1 <j <. Since fo = (1, cey). Bi =
(1, ce)s ,3 = (1 cd) and ,3” = (1, ¢ )are the generators
of the codes Co, Ci, C and C/ "Cisa self dual code if and
only if 1 +¢2 = 0, 1+e ‘*f” = 0and 1+ cjcj = 0.
We summarize our dlscussmns above in the following result.

Lemma 2: LetC = Co @ (®;_,Ci) @ (69;:1(6; ®C/)) bea
DC code over R. We have the generators Sy = (1, ¢¢y), Bi =
(1, ce)s ﬂjf = (l,c;j),ﬁ]f’ = cgj) corresponding to the
codes Cy, C;, C]f , C]f’ over R, R, Ry, Riaj respectively,
forall1 <i<ws, 1 <j</I[. ThenC is aself-dual code if and
only if the following three equations hold true 1 + c =0,
1+ce 1+q —Oandl—i—cdc
of SDDC codes over R equals the product of the numbers of
solutions of these three equations.

= 0. In particular, the number

B. ENUMERATION OF DC CODES

By applying Lemma 2, we have the following result.
Theorem 3: Let n be an odd positive integer, g be an odd

prime power, and gcd(n, g) = 1. If " — 1 can be expressed

into the irreducible polynomials over R as

K !
" —1=at - D] [0 ] koK ©),

i=1 j=1

wherea € R*andn = 14+ >}, 2¢; + ZZ;:I d;, then the
total number of SDDC codes over R is

s l
2Tl + 0 [T@’ =Dt if g=1 (mod 4)
i=1 j=1

0 ifq=3

Proof: Let C be a SDDC code over R as specified in
Equation (2). We can determine the total number of SDDC
codes over R by counting the number of SDDC codes of the
constituents Cp, C; and {C; , C/f’ } of C. By Lemma 2, the number
of SDDC codes over R equals to the product of the numbers
of solutions of the following three equations
D1+c =0,

D 1+ecl ‘*q =0, forall 1 <i<s,and
3)1+cdc =0foralll <j<I.

We obtain the numbers of solutions of each of the afore-
mentioned three equations separately as follows:

1) For the code Cy over R, we need to determine the number
of solutions of the equation 1 + Cgo = 0. Since ¢,, € R,
we have c., = aglo+a181 +ax$z +aziz, where a; € I, and
Jj = 0,1,2,3. Substituting the value of ¢, in 1 + cgo =0,
14 (a%{o + a%{l + a%{z + CZ%Q) =0.

Since 1 = ¢y + &1 + & + &3, we get a% = —1, a% =
—1,a5 = —1,a3 = —1, where qj € Fyandj = 0, 1,2, 3.
We have two cases as follows:

Case 1. If ¢ = 1 (mod 4), by Theorem 1, then IF,; con-
tains a square root of —1. Thus, the number of solutions for

(mod 4)

92904

equation a] = —lis2forallj = 0, 1,2, 3. Thus, the total

number of solutions such that 1 4 ceo = 0is 2%

Case 2. If ¢ = 3 (mod 4), by Theorem 1, then F, does
not contains a square root of —1. Thus, a> = —1 for all
Jj = 0,1,2,3 has no solutions. Hence, the total number of
solutions such that 1 + cgo =0is0.

2) Since c,; € Roe;),

Ce; = bolo + D181 + b2l + b33,

where b; € 7 andj = 0, 1, 2, 3. Substituting the value of
Ce; in 1+ ce qu =0,

g+l
0=1+ (boéo + 0181 +b25o + b3§3)
= 1+b5 oo+ b o+ 6] o+ ] g,

Tt implies that 57 ' zo+ 57 Moy +57 e 57 1y =
—l==f— &1 — &% — 8.
piIt =,

—1 where bj € F 2; andj =0, 1,2, 3.

For m = 2, the multlphcatlve surjective norm function
2e;
m;*l
from F pei 10 F4ei can be calculated as Norm(b) = b «-1 =

bt for b € IF*ZK We see that Norm(bg) = b"url =
—1, Norm(by) = b"’“ = —1,Norm(by) = b ' = -1,
Norm(b3) = bq . By Proposmon 1, each element in

F* i has a preimage of exactly £ 7 _11 = ¢° + 1 elements in

Therefore, bqgi +1 -1, bqq +

—1,p0 ! =

F*Ze,-' Hence, the number of solutions for equation b]{f"“ =
—lis g%+ 1forj = 0,1,2,3. Thus, foralli = 2,...s,
the total number of solutions satisfying 1 + cel.czl,ei = 0 are
(¢ + D"

3) For {ij, C]f’}, where 1 < j < I, we will determine the
total number of {c/dj, cgj} satisfying 1+ c;lj cgj = 0. To do that,
we consider two cases as follows.

, % _ 1 . .
Case 1. If Cq, € R(d), then cd = —7. As discussed in

4
the preliminary, the ring R(g;) has (¢% — 1)* units. Thus, for
eachj = 1, ..., 1, the total number of choices for such pair

/ /" : : di _ 1\4
{cdj,cdj} satisfying 1 —i—cd cd =0is (g% — ).

Case 2. Assume that cdj € Ry \RE“dj), and c;,j = cplo +
c181 + 28 + 28 + 383, where ¢; € quj fori=0,1,2,3.
Putcd = colot+cili+cyta+c383 € Ry ¢ € quj, andi =
0,1, 2 3. Then

1+ ci,jcﬁlf/ =1+ (CoCo +cali+ab+ 63§3) (c6§0

+ o+ o + c’3§3)

=1+ cocplo + c1ci &1 + cachr + e3¢583
= (14 cocp)o + (1 + crcDer + A+
2698 + (1 + ¢3¢5)83.
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From 1 + cd cd =0, we have (1 + coco)g‘o + 1+ clcl)g‘l +
1+ czc2)§2 + 1+ C3c3)§3 = 0. It implies that

coc0 =1, c1c1 = -1, C2C2 =—1, ,C3C3 =—1. (3

We see that ¢, is a unit of R(4,) if and only if ¢; are nonzero
elements of F 4 fori =0, 1,2, 3. Slncecd € R(d)\R(d),cl =
0, forsomei =0, 1,2,3. Thisis a contradlctlon with (3)

Consequently, by combining (1), (2) and (3), the total
number of SDDC codes over R is

K I
2Tl + v - v
i=1 j=1

O

Example 8: We consider R = F5 +ulFs +vIF5 +uvlF5, and

n = 3. Then gcd(3, 5) = 1 and the factorization of 3 —1into
irreducible polynomials over F5 is

B-1=0-D+t+1).

We see that the self-reciprocal polynomial is > 47+ 1. Hence,
e1 =1landd; =0.Thus,n = 1+ 2e;42 % dj 3=
1+ (2 x 1)+ 2 x (0)). By Theorem 3, the total number of
SDDC codes over Fs + uFs + vFs + uvFs is 24 Hl (5% +
D* 1‘[ (5% — D =24+ DS - 1) = 0.

Example 9: We consider R = F5 4 ulFs + vIF5 + uvlFs
and n = 39. Hence, gcd(39, 5) = 1 and the factorization of
3% — 1 into irreducible polynomials over Fs is 13 — 1 =
=D+t 4+ D +33 43+ D+ 53+ 42 +1 +
D483+ 2+ D 283+ 242+ D 12 +41+ D(* +
2634302+t + DAt 4202 420+ V(e 283 1262+ D+ +
3t> 4 2t 4 1). We see that four self-reciprocal polynomials
are >+t 4+ 1, 4+ 3 +4r2 4141, 14+ 203 + 12+ 2t + 1 and
t* 4313 +3t+ 1. Hence, e; = 1 and ey = e3 = e4 = 2.

The reciprocal polynomials of t* 4 % +4r + 1, t* + 21> +
24+ land* + 83 4+32 42t +laret* +423 + 2+ 1,14 +
213 + 2ty2 +land 4 +283 +32 +1 + 1, respectively. Thus,
dy = dp» = d3 = 4. Hence,

4 3
n=1+> 2+2) d
i=1 j=1

39=1+2x1+2x2+2x2+2x2)+
2x(44+4+4).

By Theorem 3, the total number of SDDC codes over F5 +
uFs + vFs + wFs is 24 T, (54 + D[], (59 — D* =
2451+ DA% 4+ D125t - D2

Example 10: We consider R = F7 + ulF7 + vF7 4+ uvlFy
and n = 9. Then ged(9, 7) = 1 and the factorization of |
into irreducible polynomials over F7 is

2 —1=(t— D)t +3)t+ 5 +3)° +5).

The reciprocal factors are (¢t + 3)* = 3t + 1 = 3(t + 5),
t+5* =5t+1=5t+3), (> +3)* =32+ 1 =3 +5)
and (> + 5)* = 513 + 1 = 5(¢> + 3). Therefore, there is
no self-reciprocal polynomial. Hence, e; = 0. The reciprocal
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polynomials of 7 + 3 and 3 + 3 are 3(t + 5) and 3(r> + 5).
Thus, di = 1 and dp = 3. Thus,

0 2
n=1+> 242> dj
i=0 j=1

9=14+2x0)+2x(14+3).

By Theorem 3, the total number of SDDC codes over F; +
ulf7 + vF7 + uvlF7 is 0. Note that if ¢ =3 (mod 4), then any
odd integers n with gcd(n, g) = 1. By Theorem 3, the total
number of SDDC codes over R is 0.

Example 11: We consider R = F3 +ulF13 +VvIF13 +uvlF3
and n = 15. Then gcd(15, 13) = 1 and the factorization of
% — 1 into irreducible polynomials over Fy3 is 1> — 1 =
12(t — D(* + 2 + 12 + 1+ D(10r + D(t + 10)9* + 13 +
3249t + D)(* + 93 + 32 + 1 +9). Itis easy to verify that
t* + 13 + 1> + 1 + 1 is a self-reciprocal polynomial. Thus,
e1 = 2. We also see that the reciprocal polynomials of 107 +
1and 9r* +134-3t24-9¢ 41 are £+ 10 and £* 93 + 31>+ 4-9.
Hence, d; = 1 = dy = 4. Thus,

1 2
n=1+> 2e+2> d
i=1 j=1
I5=14+2x2)+2x(1+4).

By Theorem 3, the total number of SDDC codes over i3 +
uF 13 +vF 13 +uvFys is 24 [T (139 + DA T, (139 — 1)* =
24131 + D*3! — D*3* - DA

Example 12: We consider R = Fo5 +ulFys5 +vIFo5 +uvlFos
and n = 21. Then gcd(21, 25) = 1 and the factorization of

2l _1intoi i i = _Fslwl
t 1 into irreducible polynomials over o5 = D)

21— 1 =wit — D@+ w2 + %t + D@ + dn?le? +
4wt + DWW + D)2 +w?0) (3 4+ dwe +aw Tt + D3 +
A2 +4wBt F D@+ 4w 4wt 4+ 1) (3 + 4w +
4wt + 1). We see that two polynomials 3 + 4w”t? 4 4w’r +
1and 3 +4w?1 12 + 4wy + 1 are self-reciprocal. Thus, e] =
e = % The reciprocal polynomials of w?0r% 41, 13 +4wt* +
4w't4-1 and P +4w 12 +4w'3 41 are 24w, 3 Haw! 712+
4wt 4+ 1 and 13 + 4w'3r% + 4wt + 1, respectively. It implies
that d = dp = d3 = 3. Thus,

2 3
n=1+> 2+2) d
i=1 j=1

3 3
21 =142 x §+2x §)+2x(3+3+3).
By Theorem 3, the total number of SDDC codes over Fp5 +
ulFs +vFos +uvFas is 24 [T7 (254 + 1)* [, (254 — 1)* =
24255 + 1)8(25% — 1)'2.

IV. DISTANCE BOUNDS FOR SDDC CODES
In this section, we study the distance bound of SDDC codes.
Furthermore, we prove that the family of Gray images of
SDDC codes is asymptotically good.

Let n be an odd prime and g be a primitive modulo n
(""" = 1 (mod n), but g* % 1 (mod n) for all positive
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integers k < n—1),i.e., 0,(g) = n — 1. Using Proposition 2
forp =nm=1f = ”%1 = ”1;1 Then the number of
distinct g-cyclotomic cosets modulonis 1% 1 4+ 1 = 2.

Recall that n is a positive integer with ged(n, ¢) = 1. Then
the number of monic irreducible factors of y" — 1 over [,
equals to the number of cyclotomic cosets of ¢ modulo 7 (see
[17, Corollary 3.4.12]).

By the above discussions, the factorization of " — 1 into
two distinct irreducible polynomials over Fy is

M—1=@G—=DA+t+2+ -+ =@ = Dh@),
4

where h(r) = 1 + 1t 4+ 1> + --- 4+ " is an irreducible
polynomial over F,. Now we proceed to show that /(%) is also
irreducible over R.

Letio =0 —u—v+uv), {; = (wv), & = (u — uv) and
{3 =(v—uv). Wehave {o+ {1+ & + &3 = 1,7 = ¢; and
¢i¢j = Owhere i,j =0, 1,2,3and i # j. Then {o, ¢1, &2, &3}
forms a nonzero pairwise orthogonal idempotent set of R.
By the CRT, R = ¢F,; @ 61F; @ F; @ $3F,. Assume
that A(r) is reducible over R, i.e., h(t) can be presented as a
product h(t) = hy()ho(t), with hi(t) = ofo(t) + ¢1fi(®) +
0fO+8f3(0) and ha(1) = Sofg(D+E1f{ (D82 (D+83f5(1)
from R[¢] are non-unit, fi(t), f/(t) € Fy[t] fori = 0,1,2,3.
We have

h(t) = Sofo(Ofy () + S1fiOf (1) + L (OO +
Gf3(Of3 (1)
= (1 —u—v+w)fp)fy (1) + @)fi (Of (1)+
(= ) Of(0) + v — u)fs(Of5(1)
= foOfg@®) + uti(OF (1) — fo(fg )+
VAOFO = HOf ) + w(fofy )+
ADF@) = L@O)f 1) = Of0)). Q)
Comparing h(t) from (4) and (5), fo(1)fy(t) = fi()f{(t) =
LOf @) = f3(O)f5(). By using &o + &1 + & + & = 1,
h(t) = hi()ha(t) = fo(t)fy (1), where fo(t), £y (1) € Fy[t]. This
contradicts the fact that A(t) is irreducible over IF,. Therefore,
h(t) is also irreducible over R.

Let n be an odd prime and g be a primitive root modulo 7.
By the above discussions, the factorization " — 1 into distinct
irreducible polynomial over R is

M—1=@G—=DA+t+2+ -+ =@ = Dh@),

(6)
where h(r) = 1 + 1t 4+ 1> + --- + " is an irreducible

polynomial over R. Using the discussions in [15] and [22],
and by the CRT, we obtain

R[{l . RIt] _ Rl
= @ =R R(n—l)»
(=1 (t=1)  (hQ@)
where Ry—1) = F -1 + uF jn-1 + VE gu1 + uvF o1 such that

W =u, v =v, uv = vu.

The cyclic code C = ("' +¢"2 4. .41) is just the code
consisting of multiple of all-one vector. Then 0 # ¢ € Cis a
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constant vector. Let 0 # z = (e, g) € R*" be an element such
that e is not a constant. By the CRT, z = (e, g) = (e1, g1) &
(e2, g2). Assume that z € C,. Then g = ea, g1 = eja; and
g2 = exap, where e, g1,a1 € R and e, g2, a2 € R(—1).
We consider a; = rofo + 7181 + 1282 + 1383, forr; € Fy, and
ay = robo+ri61+ry6 +r36, forr, € Fp,i=0,1,2,3.

For the first constituent of the code C,, by Theorem 3, Cy
has at most 2* choices.

For the second constituent of C,, we need to determine
the choices for a through e;. Recall that g2 = ezap and
ay = r{lo+ri¢1+ry¢0 41583, where e, g2, az € R(,—1y and
ri € Fp,fori=0,1,2,3.1f e; € R*, then ap = ‘5—; has
unique choice for ap. If e = 0, then e is a constant vector.
Thus, choices for e are not possible. If e; 7% 0 and e> € (o),
then for some #y € ]an,l and t) € Fp1, e2 = &oto and
g = {()t(/). Then g = erap = §()t0a/2 = {0[()}’(/). Hence,

oth, = Cotor). It shows that r, = E. Since C, is self-
0 0 0 t
0
n—1
dual, 1 + apap, = 1 + azag oo Substituting ap in

the above equation, and following a similar proof process as
1 n—1

n— n—1

2 2 2
Theorem 3, riry? = = —1, rir}? ° = =1, rjr}? " =
n—1
1, ,rr,? ? = —1. Hence, Norm(r})) = —1, Norm(r/) =
=1, , 33 = —1. Hence, Norm(r;) = —1, Norm(r}) =
—1, Norm(rj) = —1, Norm(rj) = —1. Thus, there are

1+ q%f choices for a;.

Similarly, if 0 # e; € C, where C ils generated by ¢
idempotent elements, then a» has (1 + q%)“_e choices for
each ¢ = 11, 2, 3, 4. Itis easy to verify that the a; has at most
a+ q"T)3 choices. Finally, combining both constituent’s
number of choices, for z € C,, a has at most 2*(1 + q%)3
choices. We have the following proposition.

Proposition 3: Let 0 # z = (e, g) € R*", where e is not a
constant. Then there are at most 2*(1 —i—q% )? self-dual codes
Cqa = (1, a) satisfying z € C; and a € R(—1).

Example 13: We verify that there are no more than 24(6)3
self-dual codes C, = (1, a) satisfying z € C,, where z =
(e,g) € R® be a nonzero element, e is not a constant and
a € Ry. In this situation, n = 3 and ¢ = 5, we can see
gcd(3,5) = 1. By Proposition 3, there are at most 2*(6)°
SDDC codes, and by Example 8, the total number of SDDC
codes over Fs + uFs + vFs5 + uvFs is 2%(6)3.

Example 14: We find the value of ¢ and n such that (k +
D*k 4 5)? are at most SDDC codes, where 0 < k € Z.
If (k + D*(k + 5)3 are most SDDC codes, by Proposition 3,
then it should at least equal to 2*(1 + qnzl ), where n is an
odd prime and q is a primitive modulo n with ged(n, g) = 1.
Therefore, (k + 1)*(k +5)3 = 2*(1 + q%)? We can write it
as (k+ (1 + (k + 413 =241 +¢"7 ). Thus, k + 1 = 2,
k+4=gqgand 1 = %.Hence,wegetk =1,g =5 and
n=3.

The conjecture proposed by Artin regarding primitive roots
states that there exist an infinite number of prime numbers
n satisfying ¢ is a primitive root modulo n and ¢ is neither
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a perfect square nor —1. Assuming the validity of Artin’s
conjecture on primitive roots, we can deduce that there is
an endless series of prime numbers n satisfying ¢ is a prim-
itive root modulo n for a fixed value that is not a square.
By factoring y* — 1 into a product of two irreducible fac-
tors, we are able to generate an infinite family of DC codes
over R.

It is well-known from [12, Lemma 2.10.3] that the A, (x)
quantity (1) is crucial for estimating the volume of high-
dimensional Hamming balls over [F,. If n goes to infinity
and 0 < x < |1, the volume of the Hamming ball with
radius xn is asymptotically equivalent to ¢, Denote the
size of the families of codes as D,. By Theorem 3, D, is
asymptotically equivalent to 24¢>"*=1 for SDDC codes when
n is tending to infinity. Let y € R?" such that wy (Y(y)) <
dy (*). Denote f(d,) contains all y satisfying (*). Assume
that D, > anB(dy), where a, = 2437 and dj is the
largest value satisfying D, > «,B(d,). Hence, there exists
a family of codes C; where C; are codes of length 21 over R
such that wy (¥(C;)) < d,. Let § be the relative distance of
the family of codes C; above. Let d, ~ 8ndp, for some .
By [12, Lemma 2.10.3], B(d,) is approximately equal to
¢¥"a0) By using an entropy estimate hy(80) = % for SDDC
codes, D,, ~ «, (dy) holds for n large enough. By definition
of §, 8§ > 8y which is equal to hq’1 (%) for self-dual codes.
Hence, if hy(8) > 1 for SDDC codes, D, > aB(dy)
holds when n is large enough. Finally, we see that p§ > 0,
and hence, both of the aforementioned families of codes are
asymptotically good.

For a family of asymptotically good SDDC codes, we need
to find a sequence of SDDC codes in the family of SDDC
codes such that p and § are finite. According to this Artin’s
conjecture on primitive roots, there are an infinite number of
prime numbers 7 satisfying ¢ is a primitive root modulo 7 for
afixed value that is not a square. As discussed in [5], we factor
t" — 1 into a product of two irreducible factors. As a result,
over R, we have an infinite family of DC codes. Since the
parameters for DC codes are [2n, n] [12], their rates are %
Moreover, by above discussion, relative distance of the family
of SDDC codes is 0 < hq_1 (%) <1- % Hence we see that
p and § are finite. So we have p§ > 0.

We summarize our discussions above in the following
theorem.

Theorem 4: Letnbe an odd prime and g be a primitive root
modulo n, where n > ¢g. The family of Gray images of SDDC
codes over R of length 2n with relative distance § and rate %
satisfies 24(8) > %. Then the families of SDDC codes under
the Gray map are asymptotically good.

Example 15: We will calculate the entropy value hs(8)
for a set of SDDC codes with a length 2n over F5 + ulF5 +
vIF5 + uvlF5 where the code has a rate of % This calculation
is performed for a given § > 0,, which represents the relative
Hamming distance between Gray images of the codes over
Fs with § > 8p. Then the family of codes is asymptotically
good.
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Let g = 5. By using Artin’s conjecture on primitive roots,
if 5 is not a square, then there are infinitely many prime n
satisfying 5 is a primitive root modulo #. In this case, x" — 1
has two irreducible factors. Thus, an infinite family of DC
codes over 5 + ulFs + vIF's 4+ uvFs is determined.

To find h5(8¢), suppose that

Dy > a,B(dy), )

where Dy, «,, dy,, B(d,) are defined in summarize our dis-
cussion of Theorem 4. We see that D, ~ 24520=D ¢ =
2453(%), d, ~ 8ndp and B(d,) ~ 58nh5(30) Thus, to enforce
the inequality (7) for large n,

Dy ~ a,B(dy)
2452(1=1)  2453("51) 58nhs(80)

n—1
8nhs(8p) ~ —

n—1 1
hs(80) ~ Tor " T6

Hence, by Theorem 4, the family of Gray images of SDDC
codes over F5 + ulFs + vIF's 4+ uvlF'5 of length 2n, of relative
distance § and rate % such that h5(8) > 11—6 is asymptotically
good.

Example 16: For a given § > 0, considering a family of
SDDC codes of length 2n over F'17 + ulF 17 + vIF17 4+ uvFy7.
We denote the entropy value of this family as /17(8p), where
8o represents a relative Hamming distance of Gray images of
these codes over F17, with § > §g. Furthermore, we demon-
strate that this family of codes exhibits asymptotically good
properties. Assuming ¢ = 17, Artin’s conjecture on primitive
roots states that if 17 is not a square, there exist infinitely
many prime values of n for which 17 is a primitive root
modulo #. In such cases, the polynomial x"” —1 can be factored
into two irreducible factors. Thus, we obtain an infinite family
of DC codes.

To find h17(8p), we assume that

Dy > o, B(dy), (8)

where Dy, a,, d,, B(d,) are defined in summarize our dis-
cussion of Theorem 4. We have D, ~ 2417200 ¢, =
21733 d, ~ 8nSo and B(d,) ~ 1781760 Therefore,
for large n, to enforce the inequality (8), we get

Dy ~ anf(dn)
241 720=1)  p4173("5) | 78nh17(0)

n—1
8nhy7(0) ~ 5

n—1 1
h17(80) ~ T " 16

Hence, by Theorem 4, the family of Gray images of SDDC
codes over F17 +ulF 17 +vIF17 4+ uvF17 of length 2n, of relative
distance é and rate %, satisfies h17(8) > % is asymptotically
good.
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Example 17: Consider the binary repetition code C =
{(0,0...0),(1,1...D}. It is easy to see that [n,k,d] =
[n, 1, n]. When n — o0, we have

1) rate p = lim sup% = lim sup% =0

n—oo n— 00
2) relative distance § = lim inf % = lim inf % =1.
n— 00 n— 00
This code has the largest possible relative distance. It has
excellent error-correcting potential. However, this is achieved
at the cost of very low efficiency, as reflected in the low
information rate.

Example 18: In this example, we aim to compute the
entropy value h25(80) for a set of SDDC codes with a length of
2n over the field Fas +ulF»5 +vIFa5 +uvFo5. These codes have
a rate of %, given a parameter § > 0, which represents the
relative Hamming distance of Gray images for this code fam-
ily over [Fp5, with 6 > §p. Additionally, we will demonstrate
that this code family is asymptotically good. Let’s assume
that ¢ = 25. According to Artin’s conjecture on primitive
roots, if 25 is not a square, then there exist infinitely many
prime numbers n for which 25 is a primitive root modulo n.
In such cases, the polynomial x” — 1 can be factored into
two irreducible factors. Consequently, we obtain an infinite
family of DC codes over the field F»5 + ulF25 + vIFo5 + uvFas.

To find hy5(8p), we assume that
Dy > a,B(dy), )
where Dy, o, dy, B(d,) are defined in summarize our dis-
cussion of Theorem 4. We have D, ~ 2%2520-D ¢, =

242535 4, ~ 8ndy and B(dy) ~ 175"25(0) Thus,
to enforce the inequality (9) for large n, we get

Dy ~ a,B(dy)
2495201=1) _ 949 53("51 ) 58nh2s(80)
n—1
8nhys(80) ~ >
n—1 1
16n 16

Hence, by Theorem 4, the family of Gray images of SDDC
codes over Fas5 +ulFo5 + Va5 4+ uvFas of length 2n, of relative
distance § and rate %, satisfies /5(8) > %. This demonstrates
that it is asymptotically good.

Example 19: Consider the g-ary code C = IF‘;. It is easy
to see that [n, k, d] = [n, n, 1]. Hence,

1) rate p =n1_i)ngosup% =n1_i)nolosup% =1

ha5(80) ~

2) relative distance § = lim inf< = lim infl =0
n— 00 n n—00 n

This code achieves the highest achievable information rate,
but it has a minimal relative distance of 0. The minimum
distance of a code is closely associated with its ability to
correct errors, so a low relative minimum distance indicates
a comparatively limited error-correcting capability.

V. SELF-DUAL AND LCD DN CODES
In this section, we present the essential criteria for a DN code
to be both self-dual and an LCD code over R. Moreover, we
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provide an enumeration of SDDN codes and LCD DN codes
over R.

A. ALGEBRAIC STRUCTURE OF DN CODES

In this subsection, we discuss SDDN codes and LCD DN
codes structures over R. Let n be an even positive integer and
q a prime power such that gcd(n, g) = 1. The factorization of
t" 4 1 into distinct irreducible polynomials over R is

s 1
"+ 1 =a [ [0 [ ] KOk @),
i=1 i=1

where

e X € R*,

o fi(?) is a self reciprocal polynomial of even degree 2e;
forall1 <i <s;and

. kj*(t), is the reciprocal polynomial of k;(¢) with degree
diforeach 1 <j <I.

Using the CRT, we obtain

Rl (. Rl
<r"+1>_(@"ﬂ(ﬁ-(t)))eB

. (R _ R
=i (<k,~<r>> ® <k;<z>>))

(®L1R2e) @ (8 Ry @ Rap) ) -

e~

where R,y = Fy + ulfy + vy + uvFyr such that

w = u, v o= v, uv = vu. Extending the above
2

decomposition, we see that ( (yl,f[_’]n) = (@f.:l (R(ze,.))2) ®

! 2 2 .
Dy (R(dj)) @ (R(dj)) . Hence, a linear code C over

R of length 2 can be expressed as follows
c=(a,0) @ (el o)), (10)

where C; is a linear code of length 2 over R(y;), ij is a
linear code of length 2 over R(g;) and C/” is a linear code of
length 2 over R(dj), foralll < i < sandl1 < j < [
Moreover, the component codes C; and {C]f, C]f’ } are called the
constituents of C.

LetC = (@_,Ci)® (@jl.:l(C]f @ ij’)) be a DN code over R.
By applying Lemma 2, C is a self-dual code if and only if

I+ e ™ =0and 1+ cjc) =0foralll <i<sand

1 <j < [.By [8, Theorem 3.1], C is an LCD code if and
only if C; are LCD codes with respect to the Hermitian inner
product over Re,) forall 1 < i < s, and ij’ N (ij)L = {0}
and C]f N (ij’)L = {0}, for all 1 <j < [. Then using the given
generators, the above LCD andition implies that C is an LCD
code if and only if 1 + ¢ " € RY,, and 1+ ¢ € REy .
where | <i <sand 1 <j <[. Summarizing our discusions,
we provide necessary and sufficient conditions for a DN code
to be a self-dual code or an LCD code over R by the following
lemma.
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Lemma 3: Let C = (®]_,C;) ® (@;:1(@{ ® C/)) be a DN
code over R. Bi = (1, ¢ce,), /3; = (1,c;lj), ,3/{/ = (1, cgj)
are generators of the codes C;, C/, C]f/ over Ry, Ry,
R(dj), respectively; forall 1 < i < sand1 < j < L
Then

1.) C is a self-dual code if and only if the following two
equations hold true 1 + Cij_qel =0and 1 +¢)c) =0.
In particular, the number of SDDN codes over R équals
to the product of the numbers of solutions of these two
equations. _

2.) Cis an LCD code if and only if 1 + c;j_qe’ € Rz<2€i) and

1+c;,jcgj eRE"dj)foralll sissandl =j=<L

B. ENUMERATION OF DN CODES
Let C be a SDDN code over R as defined in Equation (10).
In order to find the total number of SDDN codes over R,
we need to compute the number of SDDN codes of the
constituents C; and {C]f , C]f/ } of C. By Lemma 3, the number
of SDDN codes over R equals to the product of the numbers
of solutions of the following two equations

1)1 —i—c;fqe' =0,forall 1 <i<s;and

2)1 —i—c&jc&’f =0,foralll <j<I.

The numbers of solutions to each of the aforementioned
two equations are obtained independently as follows:

1.) For C;, where 1 < i < s, we need to determine the
total number of SDDN codes with respect to the Hermitian
inner product. Thus, by Lemma 3, we need to Edetermine the
number of solutions of the equation 1 + ¢,,cf, = 0. Using
same argument as in the proof of Theorem 3, we get that the
total number of solutions of the above equation is (g% + 1)*,
foreachl <i <.

2.) For {CJf, C;/}, where 1 <j < [, we need to compute the
dual pair solution { c;j , cgj} with respect to the Euclidean inner

product of codes. Since Lemma 3, we need to find the total
number of solutions of the equation 1 + c;,/,c;i’/_ = 0. Using
same argument as in the proof of Theorem 3 again, we obtain
that the total number of solutions of the above equation is
(g% — 1)* foreach 1 <j <.

Multiplying the total number of solutions of the above two
equations, the total number of SDDN codes over R is

K 1
[ @+ v ] = v
i=1 j=1

Summarizing our discusions and the first part of Lemma 3,
we have the following theorem.

Theorem 5: Let n be an even integer, and ¢ be a prime
power satisfying ged(n, ¢) = 1. The factorization of y" +
1 over R is

K 1
Y+ 1 =a [ [0 [ [0k o).

i=1 j=1
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whereo € R* andn =Y} | 2¢; + 2 Z]Ll d;. Then the total
number of SDDN codes over R is

K 1
[T@ + 1] Jw@’ - v
i=1 j=1

Using the second part of Lemma 3, the total number of
LCD DN codes over R can be determined.
Theorem 6: The total number of LCD DN codes over R is

N

[ @™

i=1
Proof: Let C be an LCD DC code over R as defined in
Equation (2). In order to find the total number of LCD DN
circulant codes over R, we need to count the number of LCD
DN circulant codes of the constituents C; and {C/, C/'} of C.
From Lemma 2, the total number of LCD DN circulant codes
over R is equal to the product of the total number of solutions
of the following equations

l
_qei _ 1)4 H(q2d, _ Cldj + 1)4
j=1

1)1+ c;fqei € RY,,, foreach 1 < i <s; and
2)1 —i—c’djcgj € RE“dI_) foreach1 <j <.
1.) For C; with 1 < i < s, we find the total number of
LCD DN circulant codes with respect to the Hermitian inner
product. By Lemma 2, we need to compute the total number

of solutions of the equation
1+, " e RY, .
We consider the following possible cases.
i)Ifc, = 0, then 1 + cp 7"
we have only 1 choice for such c;.
ii.) If ¢,; # 0 and ¢,; € ({o), then

=1¢€ RZ“ZEI,). Therefore,

ce; = bolo, for some by € IFZzL,l..

1+q°i

Hence, 1 + ;"' = 1+ foby™" € RY,, if and only if

b(1)+qei # —1. From Proposition 1, we have g% + 1 options

for bé”gi = —1. Thus, we have (¢ — 1) — (¢ + 1) =
2 — g% — 2 choices for c,, satisfying 1 + ¢, ¢ € Ry,
2e; _

Similarly, if ¢,; # 0 and c,; € (), then we have (g
q° — 2) choices for p = 1, 2, 3. The total number of ideals
generated by one element out of four elements is (‘ll) Hence
total number of choices in this case is (411) (g% — ¢ —2).

If c,; # 0 and c; € (%o, 1), then ¢,; = boly + b1&1, for
some by, b| € ]F‘Zzei. Hence,

1+ c;f‘fi =1+ Cob(l)Jrqu + Clb}ﬂgi € R?Ze,-)

ifand only if by 7" # —1,b] 77" £ —1. As discussed above,
we have (¢>% — g% — 2)? choices for the above type of Ce;-
Similarly, if ¢, # 0 and ¢, € (g, ¢5), forp,p’ = 1,2, 3 and
p # p', then we have (g% — ¢¢ — 2)? choices for each case.
It is easy to verify that the total number of ideals generated by
two elements out of 4 elements is (421) Hence, the total number

of choices is (‘21) (q% — g% — 2)%.
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Similarly, c.; # 0in the ideal generated by £ = 3, 4 elements,
then the total number of choices for these cases is

4 2e; e
(z)(" q

Thus, the total number of choices for c,, satisfying 1 +
1 . . . . .
et ! € Ry is 1+ ()@ = ¢ =2 + ()@ — ¢ —

2)2 4ot (3)(q2€,‘ — gt — 2)4 — (q2e,- — gt — 1)4'

2.) Now for {ij, ij’}, where 1 < j < [, we need to find
{c;,j, cgj} satisfying 1 + c’djcd € Rz"d)

Case 2. If C; € R(d), then Cd = 1t9¢o + 1181 + i +
b + 383, for some t; € ]F andl =0,1,2,3. Put cg =

1080+ 1181+ 1500 + 1583 ER(d_/), t] Gqu andi =0, 1, 2 3.
We have

i —2)¢, for ¢ =3, 4.

1+ Céljc/d/j =1+ (loé“o +1e1 +0i+ t3§'3) (t6§0+

61 + 156 + 1563

= 1410190 + 11151 + 021502 + 131343

= (1 + 10t)¢0 + (1 + 111))¢1 + (1 + 0215) 02
+ (1 + 3t5)¢3.

From 1+cd cd € RZ“d »» we have (1+tot6)§o+(1+t1t/)é“1+(1+
nt))52 + (1 + t3t3)§3 € R 1f and only if 1 + ;2] # 0O for all
i=0,1,2,3. Foreacht, We have the following possibilities:
Ift,_Othen1+t,t =1#0, foreacht G]F . Thus,
there are g% choices for 1.
Ift; e F*d , then 1 + ;1) # 0. It implies that 1] # —-

and we have qd/ — 1 choices for 1/ corresponding to the glven
t;. Also, for t;, we have g% — 1 ch01ces Therefore, we have
(¢ — 1) choices for the pair {#;, #/} such that 1 + ;] # 0.
Combining the two possibilities mentioned above. For each
j = 1,...,1, the total number of choices for such pair
{c&j, cgj} satisfying 1 + cd ; € RZ‘d) is (¢% + (g% — 1)?)* =
(@™ —q% + D*.

By multiplying the total number of solutions of these two
equations, the total number of LCD DN codes over R is

H(qk’ — g =1 H(q =4+ DY,

completing our proof. U

Example 20: We consider R = F5 4 ulFs + vFs + uvFs,
and n = 4. Then gcd(4, 5) = 1 and the factorization of Y1
into irreducible polynomials over Fs is

0? +2)0% 4 3) = 307 +2)2y* + ).

From the above factors, the reciprocal polynomial of y* 42 is
2y2 + 1. Following the earlier notations, e; = 0. and d; = 2.
Thus, we have

Wl=

1 1
n= > 2+2> d (4=@2x0)+2x(2).

i=1 j=1
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By using Theorem 5, the total number of SDDN codes over
Fs + uFs +vFs + wFs is [T, (5% + D* ], (5% — )* =
(5°+ 1)*(5% — 1)* = 2*24*. By applying Theorem 6, the total
number of LCD DN codes over F5 + ulFs + vIF5 + w5 is
Hil:l(52e,- —5e _ 1)4 H (52d 54 4 1)4 (52X0 50 _
D522 -2+ 1)t = (601)4.

Example 21: We consider R = Fos+ulFps +vIFos +uvFos,
and n = 4. Then gcd(4,25) = 1 and the factorization of

4 . . . . _ ]FS [W] 1
¥* + 1 into irreducible polynomials over 5 = Widwia) 18

YW 1T=0+wHo+wHy +w)y+whd) = w2w?ly +
D& + w*HwBy + 1)y + w). From the above factors,
the reciprocal polynomials of w?'y 4+ 1 and w'>y + 1 are
y + w?! and y + w3, respectively. Following the earlier
notations, ¢; = 0. and di = dp = 1. Thus, we have
n=3_12e4+237  di (4=2x0)+2x(1)+2x(1)).
By using Theorem 5, the total number of SDDN codes over
Fas + uFas + vFas + uvFas is [, (254 + D* [T, (259 —
D* = 2594+ 1)*25! —1)8 = 24248, By applying Theorem 6,
the total number of LCD DN codes over Fps + ulFo5 + vIFps +
ulas is [T, (257 —25¢ — D* ]2 (25%4 — 254 + 1)* =
(252%0 — 250 — 1y*4(252%1 — 251 4 1)8 = (601)8.

Example 22: We consider R = Fg + ulFg + vIFg + uvlFy,
and n = 4. Then gcd(4, 9) = 1 and the factorization of y4 +1

into irreducible polynomials over Fg = % is y* +

1=G+wo+wHy+wHy+w) =wwy+ Do+
wH Wy + 1)(y + w’). From the above factors, the reciprocal
polynomials of w’y + 1 and wiy 4+ 1 are y + w’ and y + w’
respectively. Following the earlier notations, we get that ey =
O.anddy =dy = 1. Thus,n = ¥, 2¢; + 237 d; (4=
2x0)+2x(1)+2x(1)). By applying Theorem 5, the total
number of SDDN codes over Fo5 + ulfo5 + vIFas5 + uvlFas is
[T, 25% + 1)* H}:I(zsd D* =259+ A5t — 18 =
24248, By using Theorem 6, the total number of LCD DN
codes over Fas + ulFp5 + vIFas5 + uvlFos is Hl-l:] (252 —25¢ —
D4 H2 12524 —25% 4 1)* = (252%0 — 250 — 1)*4(252%! —
251 + 1)® = (601)8.

Example 23: We consider R = F7+ulF74+vF74uvF7, and
n = 6. Then gcd(6, 7) = 1 and the factorization of y®+1into
irreducible polynomials over F7 is y0 + 1 = (y* + D(y* +
) + 4) = 2(v* + 1)(4y* + 1)(y* + 4). From the above
factors, the reciprocal polynomial of y* 42 is 2y> + 1. Hence,
e; = 1 and d; = 2. Thus,

1 1
n= > 2+2> d (6=@2x1)+2x(2).

i=1 j=1

From Theorem 5, the total number of SDDN codes over 7 +
ulf7 + vIF7 + w7 is

+ 1) H(7df ~Dt="+

= 24484,

D*7* - 1)

1
[0+
i=1
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By using Theorem 6, the total number of LCD DN codes over
F7 + ulF7 + vF7 + w7 is [T, (7% — 75 — D* ], (74 —
79 4 D = (721 — 70 — DHTP2 =72 4 D = 41423524,

Example 24: We consider R = Fp5 + ulFo5 + vlFps +
wlFys, and n = 8. Then gcd(8,25) = 1 and the

factorization of y® + 1 into irreducible polynomials over
Fs(w] -
(W2 +4w+2) 1S

Fas =

y8+1=

From the above factors, the reciprocal polynomials of y* +
w3 and y? 4+ w? are y + w?! and y + w!d, respectively.
Therefore, ey = 0. and di = dp» = 2. Thus, we have n =
1264237 di (8 = (2x0)+2x(2)+2x(2). By using
Theorem 5, the total number of SDDN codes over s +
uFas + VFas + uvFos is [T, (25 + D* [, (254 — 1)* =
(259 4 1)*(25% — 1)8 = 2*6248. By applying Theorem 6, the
total number of LCD DN codes over Fas + ulfo5 + vlFas +
wlos is [11 (257 — 254 — D* [, (25%4 — 254 + 1)* =
(252%0 — 250 _ 1)*4(252%2 — 252 4 1)8 = (390001)8.

VI. CONCLUSION
In this paper, we studied the algebraic structure of double
circulant codes and DN codes over a finite ring F, + ulF; +
vFy + uvF,, where g is an odd prime power. We provided
some examples of Gray images of double circulant codes by
Lemma 1. We obtained the necessary and sufficient condi-
tions for a double circulant code to be a self-dual code over R
in Lemma 2. We enumerated the number of SDDC codes in
Theorem 3 by using the factorization of y” — 1 into irreducible
polynomials over R. Assume that n is an odd prime and g is a
primitive root modulo n with the factorization of y* — 1 into
distinct irreducible polynomials over R. Then we obtained
a distance bound for SDDC codes over R (Proposition 3).
On the assumption that the Artin’s conjecture on primitive
roots holds true, there are an infinite number of prime num-
bers n such that g is a primitive root modulo  for a fixed value
that is not a square, we gave the factorization of y* — 1 into a
product of two irreducible factors. As aresult, over R, we have
an infinite family of double circulant codes. In addition,
we used a Gray map and proved that the families of SDDC
codes under this Gray map are asymptotically good (Theorem
4). A necessary and sufficient condition for a DN code to be a
self-dual code or an LCD code over R is provided by Lemma
3. Furthermore, we assumed 7 to be a even positive integer
and the factorization of y" + 1 into distinct irreducible polyno-
mials with ged(n, ¢) = 1, then we determined the number of
self-dual and LCD DN codes computed in Theorems 5 and 6,
respectively.

Let A and B be two circulants (resp. negacirculant) matri-
ces and I, be an identity matrix of order n. We take

g I,0 A B
“lo1, —BT AT |"

A linear code C is a four circulant code (resp. four negacir-
culant) if C is generated by S. In addition, a four circulant
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4
code of length 4n is a (Fq[xl]> -submodule of (<F"[x] ) and a

X — X"—l)

four negacirculant code of length 4n is a %—submodule
]Fq[x]

4
of (m) (see [9]). In the future, it would be interesting
to study the self-dual four circulant codes, LCD four cir-

culant and four negacirculant codes over a finite ring R =
Fylu,v]

(2 —u,v2—v,uv—vu) *
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