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ABSTRACT In recent years, various technologies have been developed for hybrid vehicles, ranging from
energy management to the type of engines used, where Diesel engines have been used with the aim
to improve fuel efficiency. This work presents a novel scheme for energy recovery from the exhaust
gases of a turbocharged diesel engine integrated into a hybrid powertrain. The operation is explained
through simulations conducted in MATLAB, using a fifth-order dynamic model where the dynamics of
the compressor and turbine are not coupled and for which a feedback linearized controller is designed.
Simulation results confirm the presence of excess energy in the exhaust gases. To demonstrate this, an engine
velocity profile is simulated and the available o required power in both input and output manifolds is
determined. The integral of the difference between these two powers clearly identifies an energy excess that
can be converted to electric energy to be used in the propulsion system. This decoupling of the compressor
and turbine is crucial as in conventional turbochargers they are mechanically coupled. The implementation
of this schemes requires to couple to the shaft of the turbocompresor a high speed electrical engine that
absorbs the available energy excess. Finally, the achieved recovery ranges from 1−3%, which demonstrates
the effectiveness of the proposal.

INDEX TERMS Hybrid propulsion train, diesel engine control, feedback linearized control, mathematical
model, turbocharger.

NOMENCLATURE
α (radians) Efficiency Polynomial constants.
ηbat Battery charge or discharge efficiency.
ηc Compressor isentropic efficiency.
ηt Turbine isentropic Efficiency.
ηv Diesel Engine volumetric efficiency.
µ (J/(kg · K )) Air specific heat ratio.
ω (rad/s) Diesel engine angular velocity.
τa (s) Compressor time constant.
τe (s) Turbine time constant.
λ Compression relationship.
cp (J/(kg · K )) Specific heat at constant pressure.
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J (kg · m2) Diesel engine inertia constant.
ṁf (kg/s) fuel flow.
ṁao (kg/s) air flow entering the combustion chamber.
n Cylinders numbers.
pa, pe (Pa) Intake and exhaust manifold pressure.
Pa, Pe (W ) Intake and exhaust manifold power.
Pth (J/kg) Diesel calorific value.
r (J/mol · K ) Universal ideal gas constant.
Ta, Te (K ) Intake and exhaust manifold temperature.
To (K ) Environmental temperature.
υ1 (kg/s) Fuel flow.
υ2 (kg) Recirculated gas flow.
υ3 (kg) Airflow in the intake manifold.
υ4 (kg) Gas flow in the exhaust manifold.
Va, Ve (m3) Intake and exhaust manifold volume.
Vcy (m3) Cylinder volume.
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I. INTRODUCTION
Currently, one of the globally significant problems is the
reduction of polluting gases emitted by internal combus-
tion engines. This issue leads to public health problems
and contributes to global warming, among other concerns.
The introduction of forced air induction by turbochargers
in diesel internal combustion engines (ICE), has lead to
considerable improvements in the efficiency of all types
of engines [1]. This supports the reduction of environmen-
tal issues. However, with the current injection technology,
forced air induction, variable camshaft timing, etc., ICEs have
become more difficult to control [2]. In the literature, we can
find some control techniques, such as the ones presented
below. In [3], where a model-based control for a turbocharged
diesel engine is used, with the principal aim of achieving
the necessary torque and velocity while minimizing fuel con-
sumption and pollutant emissions. Feedback linearization is
utilized in [4], that proposes a Lyapunov function for con-
trolling a desired angular velocity in diesel engines. In [5],
a decentralized PI controller and state parametric estimation
are presented for different configurations of the mass air flow
sensor. A linearized model of the turbocharger around the
equilibrium points is used in [6] to derive values for control
design. In [7], the non-linear model and the demonstration
of control by linearization are described, with the aim of
regulating the angular velocity of the combustion engine.

The control of variable geometry turbocharger in a new
dynamic model that considers manifold escape dynamics is
analyzed in [8]. This model linearizes multiple operating
points to construct an input-state controller that achieves reg-
ulation around desired velocity, manifold pressure, and power
in the system. This work introduces a new configuration for
the turbocompressor system in a diesel engine, assuming it
is used in a hybrid powertrain. This system allows energy
recovery from the exhaust gases, which in turn leads to an
increase in the overall ICE efficiency. In [9], a robust and
optimal design method is proposed for the engine operating
area. The first proposal utilizes generalized predictive nonlin-
ear control to handle the specific load point. The management
of the motor operating point varies depending on the men-
tioned load point. To design this point, driving cycles and the
vehicle’s mass are taken into consideration. In [10], a solution
is presented that combines a small displacement turbocharger
Diesel with an axial flux permanent magnet electric motor in
a plug-in parallel mild-hybrid powertrain. This configuration
delivers the same power as a larger displacement and more
powerful engine while offering the advantages of reduced
emissions and fuel consumption.

The new model configuration requires separating the
dynamics of the turbine and compressor. To develop the
new dynamic model, the angular velocity of the crankshaft
and intake manifold pressure are modeled as in [11], the
dynamics of the exhaust manifold follows from [8], and the
dynamics of the compressor and turbine has similarities with
that presented in [12]. A preliminary version of the model
was presented in [13], where the power excess between the

FIGURE 1. Schematic energy flow diagram.

exhaust and intake manifolds was derived for static engine
speed references. The thesis in [11] also presents a fifth-order
model that utilizes three driving cycles obtained from buses
operating in Mexico City as references. It is demonstrated
that throughout these cycles, there is an excess of power in
the exhaust manifold, which can be effectively recovered as
electric energy for hybrid propulsion powertrain.

The main objective of the present work is to describe the
modeling of an internal combustion diesel engine, which fea-
tures the integration of an attached electric generator with an
exhaust gas-driven turbine, as well as a compressor powered
by an electric motor for air supply. A control system for the
entire setup is also included, along with an analysis of the
amount of recovered energy. This is due to the presence of
excess power between the intake and exhaust manifolds when
tracking different static references. It is observed that as the
engine’s power demand increases, there is a corresponding
increase in power in both manifolds. This results in a greater
power surplus in the exhaust manifold. Consequently, the
recovery of this excess power is feasible.

This article is organized as follows: Section II describes the
diesel engine model, including the turbine and compressor.
Section III presents the calculation of equilibrium points and
their subsequent utilization as desired operation points, while
Section IV details the design of the controller. Section V
shows simulation results pertaining to the system’s behavior.
Finally, Section VI presents the conclusions of the work.

II. SYSTEM MODELING
Figure 1 shows the schematic diagram of the energy flow
of the entire hybrid electric propulsion powertrain, where
ME is the electric motor, SEP is the planetary gears system.
COM-TUR are the compressor and turbine andME/GE is the
mechatronic device that controls and uncouples the compres-
sor and turbine, finally Dif. is the mechanical differential on
the tractor axle.

A. ENGINE VELOCITY DYNAMICS
The model formulation begins with the balance of powers to
determine the engine angular velocity dynamics ω based on
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the kinetic energy.

d
dt

(1
2
Jω2

)
= Pi − Pf (1)

where, J represents the engine inertia, Pi denotes the power
generated by fuel combustion, and Pf signifies the power
induced by external loads, such as disturbances, wind, road
conditions, etc. The expression for Pi is as follows:

Pi = ηipthṁf (2)

where ṁf represents fuel flow, ηi represents conversion
efficiency, and pth calorific power. Since representing the
efficiency conversion of fuel is difficult, a second-degree
polynomial equation (3) is used as proposed in [7].

ηi = aλ + bλλ+ cλλ2 (3)

Using the air-fuel ratio λ,

λ =
ṁao
ṁf

(4)

where ṁao represents the rate of air flow entering the com-
bustion chamber.

Solving equation (1) and using equations (2), (3) and (4)
yields

dω
dt

=
1
Jω

[(
aλ + bλ

ṁao
ṁf

+ cλ
( ṁao
ṁf

)2)
pthṁf − Pf

]
(5)

If one assumes that the air in the intakemanifold behaves as
an ideal gas, neglects the heat interchange on the intake man-
ifold walls, and assumes that the temperature varies slowly
with respect to the pressure and engine velocity, then ṁao can
be determined by,

ṁao = ηv(ω)(ṁao)th (6)

and

(ṁao)th =
nVcyωpa
4πrTa

(7)

where ηv represents volumetric efficiency, Vcy represents the
volume associated with the linear piston displacement, n is
the number of cylinders, r is the universal gas constant, pa is
the pressure, and Ta is the intakemanifold temperature. Using
the same structure as in ηi, then ηv can be also represented by
a polynomial function that depends on engine velocity [7],

ηv(ω) = α0 + α1ω + α2ω
2

with α0, α1 > 0 y α2 < 0, by rearranging terms and correctly
defining the parameters, equation (5) transforms into

ω̇ = ϵ1
υ1

ω
+ ϵ2η

2
vpa + ϵ3ηv

p2aω
υ1

− ϵ4
Pf
ω

(8)

where υ1 = ṁf has been redefined and the rest of the defined
parameters are at the end subsection C.

B. INTAKE MANIFOLD DYNAMICS
According to mass conservation law, the dynamic mass ma
on the intake manifold can be express as:

dma
dt

= ṁai − ṁao (9)

where ṁai is the inflow into the intake manifold and ṁao was
defined in equation (6). The inflow to the intake manifold is
expressed as [4]

ṁai = υ2 + υ3 (10)

where υ2 represents the recirculation exhaust gas flow, and
υ3 is the flow coming from the compressor, where normally
up to 10% of the total exhaust gases are recirculated [8].
Va is the volume. The mass in the intake manifold satisfies:

ma =
paVa
rTa

(11)

Taking the time derivative of equation (11) and utilizing
equations (6) and (9) yields

dpa
dt

=
Tarṁai
Va

−
Vcynωpa
4Vaπ

ηv

Finally, after replacing (10) and defining parameters
properly:

ṗa = ϵ5(υ3 + υ2 − ϵ6ηvωpa) (12)

C. EXHAUST MANIFOLD DYNAMICS
To achieve a similar mass balance in the exhaust manifold,
as was done in the intake manifold [8], we can utilize the
form in equation (11) to determine the output conditions in
the exhaust manifold, therefore

dpe
dt

Ve
rTe

= ṁeo − ṁei (13)

where ṁei and ṁeo represent the airflows entering and leaving
the exhaust manifold respectively, pe, Ve and Te are pressure,
volume and temperature in exhaust manifold. If a similar
argument to the one used in the intake manifold is used, then
the entry flow in the exhaust manifold can be expressed as

ṁei = ϵ8ηvωpe + υ1 (14)

where the injected fuel flow υ1 added to combustion chamber
is also considered. The outflow represents the flow of gases
as

ṁeo = υ2 + υ4 (15)

where υ4 represents the flow of gases passing through the
turbine. By substituting equations (14) and (15) into eq. (13),
we obtain the dynamic equation for the exhaust manifold
pressure.

Ve
dt
dpe
dt

= υ2 + υ4 − υ1 − ϵ8ηvωpe (16)
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From here, the pressure dynamics in the output manifold can
be expressed in the following form

ṗe = ϵ7(υ2 + υ4 − υ1 − ϵ8ηvωpe) (17)

In summary, the model parameters ϵ1 to ϵ8 are defined as
follows:

ϵ1 =
a pth
J

ϵ2 =
c pthV 2

cyn
2

16Jr2T 2
a π

2 ϵ3 =
b pth Vcyn
4JrTaπ

ϵ4 =
1
J

ϵ5 =
rTa
Va

ϵ6 =
nVcy
4πr Ta

ϵ7 =
rTe
Ve

ϵ8 =
nVcy
4πr Te

The values of the set of parameters were obtained from [7].

D. TURBINE AND COMPRESSOR DYNAMICS
Theoretically, the maximum power that can be delivered by
the turbine depends directly on temperature Te and the pres-
sure pe in the exhaustmanifold. If the process is reversible and
the realized work is isoentropic, the equation that describes
the turbine power is:

Pt = kt

(
1 −

(
po
pe

)µ)
(18)

where

kt = ηtυ4CpTe

with ηt , the turbine efficiency;Cp the specific heat to constant
pressure; and po, the atmospheric pressure. Lastly, µ =

1−γ
γ

,
where γ = Cp/Cv and Cv represents the specific heat at
constant volume.

The equation describing the power of the compressor is
very similar to the turbine equation, with the difference being
that the compressor requires power.

Pc = kc

((
pa
po

)µ
− 1

)
(19)

where

kc = υ3CpTo
1
ηc

with ηc the compressor efficiency and To environment tem-
perature.

The main objective of this paper is to decouple the com-
pressor and turbine, treating them as independent systems,
and demonstrate that there is energy to be recovered in the
exhaust gases. Since this is not a mechanical design issue,
the article assumes that the compressor is coupled to an
electric motor, which provides sufficient energy to compress
the gases entering the combustion chamber. Similarly, the
turbine is coupled to an electric generator, which transfers
the recovered energy to the hybrid powertrain’s battery bank.
Assuming a stationary state, equations (18) and (19) represent
the available power for operating the turbine and compressor,

respectively. Consequently, the power dynamics in the intake
Pad and exhaust Pes can be represented by:

Ṗad =
Pc − Pad

τa

Ṗes =
Pt − Pes
τe

where τa and τe are time constants for the power evolution in
both manifolds.
The required power compressor and the available in the tur-
bine are rewritten as follows:

Pc = Ec · υ3 (20)

Pt = Et · υ4 (21)

where Ec and Et represent the specific energy for the com-
pressor and turbine, respectively. These can be observed in
equations (18) and (19) as functions of pressure and temper-
ature in the intake and exhaust manifolds, respectively. The
constants τa and τe are denote the delays in the compressor
and turbine, respectively. Substituting equations (20) and (21)
into (18) and (19), respectively, yields:

Ṗad =
(Ec)υ3 − Pad

τa
(22)

Ṗes =
(Et )υ4 − Pes

τe
(23)

E. COMPLETE MODEL
By incorporating equations (8), (12), (17), (22) and (23),
the complete mathematical model for the turbocharged diesel
engine is obtained as:

ω̇ = ϵ1
υ1

ω
+ ϵ2η

2
v
p2aω
υ1

+ ϵ3ηvpa − ϵ4τ

ṗa = ϵ5(υ2 + υ3 − ϵ6ηvωpa)

ṗe = ϵ7(υ2 + υ4 − υ1 − ϵ8ηvωpe)

Ṗad =
(Ec)υ3 − Pad

τa

Ṗes =
(Et )υ4 − Pes

τe
(24)

III. EQUILIBRIUM POINTS
Equilibrium points are obtained by setting the dynamic equa-
tions of the system equal to zero, i.e.

0 = ϵ1
ῡ1

ω̄
+ ϵ2η

2
v
p̄2aω̄
υ1

+ ϵ3p̄a − ϵ4τ̄

0 = ϵ5(ῡ2 + ῡ3 − ϵ6ηvω̄p̄a)

0 = ϵ7(ϵ8ηvω̄p̄e + ῡ1 − ῡ2 − ῡ4)

0 = (Ec)ῡ3 − P̄ad
0 = (Et )ῡ4 − P̄es (25)

To obtain an algebraic system from five equations and ten
unknowns, we consider the controls υi and the load torque τ
as unknowns. In the following, the notation ·̄ denotes a fea-
sible solution for the corresponding variable in the equations
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(25). To solve the system, we propose fixing four variables:
ω̄, τ̄ , λ̄ and F̄egr . The last variable corresponds to the fraction
of exhaust gases that are recirculated to the intake manifold.
The desired air flow in the compressor, ῡ3, is obtained from
the air-fuel ratio, λ̄, and the fraction of recirculated gases,
F̄egr , as proposed in [4].

ῡ3 =
ῡ1

2
(λ̄(1 − F̄egr + 15.6F̄egr − 1+

+ ((λ̄(1 − F̄egr ) + 15.6F̄egr )2+

+ 4(1 − F̄egr )λ̄)
1
2 ) (26)

The recirculation exhaust gases flow to the intake mani-
fold, ῡ2, can be calculated as a fraction of F̄egr , as described
in [8]

ῡ2 =
F̄egr

1 − F̄egr
ῡ3 (27)

To obtain the value ῡ1, as defined in (26), the auxiliary
variableWe is used as follows:

WE =
1
2
(λ̄(1 − F̄egr ) + 15.6F̄egr − 1+

+ ((λ̄(1 − F̄egr + 15.6F̄egr − 1)2+

+ 4(1 − F̄egr )λ̄)
1
2 )

Similarly, in (27), FE is defined as follows:

FE =
F̄egr

1 − F̄egr

These variables, ῡ2, ῡ3 and ῡ4 can be described as:

ῡ2 = ῡ1 · FE ·WE (28)

ῡ3 = ῡ1 ·WE (29)

ῡ4 = ῡ3 + ῡ1 (30)

Additionally, p̄a from (25) is

p̄a =
ῡ2 + ῡ3

ϵ6ω̄
(31)

Substitute (31) into (25) to get

ω̄ =
1
ϵ4τ

(
ϵ1ῡ1 + ϵ2η

2
v
(ῡ2 + ῡ3)2

ϵ26 ῡ1
+ ϵ3ηv

ῡ2 + ῡ3

ϵ6

)
(32)

Then substitute (28) and (29) and factorize ῡ1 in (32) to obtain

ω̄ = ῡ1

(
ϵ1h26 + ϵ2η

2
v (3WE )2 + ϵ3ηvϵ6ηv3WE

ϵ4τh26η
2
v

)
(33)

Finally, ῡ1 is solved for in equation (33)

ῡ1 =
ω̄ϵ4τh26η

2
v

ϵ1h26η
2
v + ϵ2η2v (3WE )2 + ϵ3ηvϵ6ηv3WE

(34)

where 3 = (1 + FE).
With ῡ1, it is possible to obtain ῡ2, ῡ3, ῡ4 from (28)-(30).

The known value of ῡi is substituted into the other equa-
tions, starting with (31)

p̄a =
(ῡ2 + ῡ3)(ϵ4ϵ6ηvτ̄ ῡ1)
30 + ϵ2η2v (ῡ2 + ῡ3)2

(35)

where 30 = (ϵ6ηvῡ1)(ϵ1ϵ6ηvῡ1 + ϵ3ηv(ῡ2 + ῡ3))

Use (19), (20) and (31) in (26) to obtain

P̄c = kc

[(
σ1

po
(
σ2σ3 + σ4

))µ
− 1

]
(36)

where

kc = CpTa
1
ηc

σ1 = (ῡ2 + ῡ3)(ϵ4ϵ6ηvτ ῡ1)

σ2 = ϵ6ηvῡ1

σ3 = ϵ1ϵ6ηvῡ1 + ϵ3ηv(ῡ2 + ῡ3)

σ4 = ϵ2η
2
v (ῡ2 + ῡ3)2

and

p̄e =
ῡ2 + ῡ4 − ῡ1

ϵ8ηvω̄
(37)

Substituting ω̄ from (32) yields

p̄e =
(ῡ2 + ῡ4 − ῡ1)(ϵ4ϵ26η

2
v ῡ1τ̄ )

ϵ1ϵ
2
6η

2
vϵ8ηvῡ

2
1 + ϵ2ϵ4ϵ8τ̄ (ῡ2 + ῡ3)2 + σ5

(38)

where σ5 = ϵ3ηvϵ4ϵ6ηvϵ8ηvτ ῡ1(ῡ2 + ῡ3). Similarly to (26)

P̄t = k̄t

[
1 −

(
po(σ6 + σ7 + σ8)

(σ9)(σ10)

)µ]
(39)

with

k̄t = ῡ4CpηtTe
σ6 = ϵ1ϵ

2
6η

2
vϵ8ηvῡ

2
1

σ7 = ϵ2η
2
vϵ4ϵ8ηvτ̄ (ῡ2 + ῡ3)2

σ8 = ϵ3ηvϵ4ϵ6ηvϵ8ηvτ̄ ῡ1(ῡ2 + ῡ3)

σ9 = ῡ2 + ῡ4 − ῡ1

σ10 = ϵ4ϵ
2
6η

2
v ῡ1τ̄

A. EQUILIBRIUM POINTS SET

ω̄ =
1
ϵ4τ̄

(
ϵ1ῡ1 + ϵ2η

2
v
(ῡ2 + ῡ3)2

ϵ26η
2
v ῡ1

+ ϵ3ηv
ῡ2 + ῡ3

ϵ6ηv

)
p̄a =

(ῡ2 + ῡ3)(ϵ4ϵ6ηvτ̄ ῡ1)
30 + ϵ2η2v (ῡ2 + ῡ3)2

p̄e =
(ῡ2 + ῡ4 − ῡ1)(ϵ4ϵ26η

2
v ῡ1τ̄ )

ϵ1ϵ
2
6η

2
vϵ8ηvῡ

2
1 + ϵ2η2vϵ4ϵ8ηvτ̄ (ῡ2 + ῡ3)2 + σ5

P̄c = kc

[(
σ1

po
(
σ2σ3 + σ4

))µ
− 1

]
P̄t = kt

[
1 −

(
po(σ6 + σ7 + σ8)

(σ9)(σ10)

)µ]
(40)
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FIGURE 2. Angular velocity and tracking error.

FIGURE 3. Compressor pressure.

IV. CONTROLLER OF THE TURBOCHARGED DIESEL
ENGINE
It is necessary to design a controller that ensures conver-
gences to the system trajectories at the calculated equilibrium
points from the previous section. To achieve this, a sim-
ilar process is followed as proposed by [7] and [14] for
designing a controller using state-feedback linearization for
a fifth-order dynamic system.

The following outputs for system (24) are proposed to
construct the controller

y1 = ω (41)

y2 =
pe
ϵ7

−
pa
ϵ5

(42)

y3 = Pad (43)

y4 = Pes (44)

Rewriting the output in error terms, where i = 1, 2, 3, 4

ỹi = yi − ȳi (45)

where ȳi are the outputs obtained by substituting the equilib-
rium points found in the previous section.

Starting with equation (45) where i = 1 and deriving it
with respect to time yields

˙̃y1 = ẏ1 − ˙̄y1 (46)

Following the methodology proposed in [7] and [14] for
static-feedback, the control for υ1 is proposed in such a way
that the closed-loop system exhibits a linear structure, with

FIGURE 4. Turbine pressure.

FIGURE 5. Intake power compressor.

FIGURE 6. Exhaust power turbine.

FIGURE 7. Fuel flow.

respect to the gain k1

˙̃y1 = ϵ1
υ1

ω
+ ϵ2η

2
v
p2aω
υ1

+ ϵ3ηvpa − ϵ4τ = −k1ỹ1 (47)

By rearranging equation (47), the control signal υ1 is
obtained:

υ1 =
−ψ1 +

√
(ψ1)2 − 4(ϵ1/ω)(ϵ2)η2vp2a)

2ϵ1/ω
(48)
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FIGURE 8. EGR flow.

FIGURE 9. Intake manifold air flow.

FIGURE 10. Exhaust manifold gas flow.

FIGURE 11. Power difference between exhaust and intake manifolds.

Here, ψ1 = (ϵ3ηvpa − ϵ4τ + k1ỹ1) and the control is valid if
and only if υ1 > 0, ω > 0, and k1 > 0.
To design the signal control for υ2, equation (45) is used with
i = 2, and derived with respect to time

˙̃y2 = υ4 − υ1 − ϵ8ηvωpe − υ3 + ϵ6ηvωpa = −k2ỹ2 − k3 ˙̃y2
(49)

It can be observed that the control does not appear in
this first derivative, which was already expected because the

FIGURE 12. Recovered energy and fuel consumption.

FIGURE 13. Total energy delivered and recovered percentage.

chosen output has relative degree of two. Therefore, equation
(49) is derived again with respect to time to obtain

¨̃y2 = ψ2 + ψ3 + ψ4 − ψ5 + ψ6 (50)

where ψ2 = −υ1 + ((ϵ1υ1/ω), ψ3 = ((ϵ2ωη2vp
2
a)/υ1) +

ϵ3ηvpa − ϵ4τ )(ϵ6ηvpa − ϵ8ηvpe), ψ4 = ωϵ6ηvϵ5(υ3 −

ϵ6ηvωpa), ψ5 = ωϵ7ϵ8ηv(υ4 − υ1 − ϵ8ηvωpe) and ψ6 =

υ2(ω(ϵ6ηvϵ5 − ϵ7ϵ8ηv)).
After taking the second derivative, the control signal

υ2 appears, confirming the relative degree of the system. The
control signal υ2 is calculated from:

υ2 =
υ̇1 − (κ1 + κ2 + κ3)(κ4) − κ5 + κ6 − k2ỹ2 − k3 ˙̃y2

(κ7)
(51)

where κ1 = (ϵ1κ1/ω), κ2 = (ϵ2ωη2vp
2
1)/κ1, κ3 = ϵ3ηvp1 −

ϵ4τ , κ4 = ϵ6ηvp1 − ϵ8ηvp2, κ5 = ωϵ6nηvϵ5(υ3 − ϵ6ηvωp1),
κ6 = ωϵ7ϵ8ηv ·(υ4−υ1−ϵ8ηvωp2),ϒ7 = ω(ϵ6ηvϵ5−ϵ7ϵ8ηv,
k2 > 0 and k3 > 0. Now, use the equation (45) with i =

3 to obtain the control signal υ3, which is then derived with
respect to time.

˙̃y3 = Ecυ3 − Pad = −k4ỹ3 (52)

from where control signal υ3 is

υ3 =
Pad − k4ỹ3

Ec
(53)

The dynamic equations of the turbine and compressor exhibit
great similarity to each other. In obtaining the control signal
υ4, the methodology used to find υ3 is reproduced,

˙̃y4 = Etυ4 − Pes = −k4ỹ4 (54)
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Using equation (45) with i = 4 yields:

υ4 =
Pes − k5ỹ4

Et
(55)

with k4 > 0 and k5 > 0.
It should be noted that three out of the four outputs have

a relative degree of one, while the remaining output has
a relative degree of two. The total relative degree of the
system is five, indicating the absence of zero dynamics. The
terms ȳi represent system references, calculated based on the
equilibrium conditions presented in the previous section. This
selection ensures exponential stability, as yi − ȳi = 0.

V. SIMULATIONS
The controller was tested using a 10% gas recirculation frac-
tion, an air-fuel ratio of 40, and a simulation sampling time of
0.1ms [8]. The proposed controller for the new ICE achieved
good results, which can be observed in the following figures.

Figure 2 shows the tracking of a representative piecewise
constant speed reference ω rad/s. The tracking error remains
very small and smaller that 2% int the step angular velocity
changes, for all ranges of velocities.

Close to idle speed, the model remains valid when the elec-
tric motor is engaged to meet the power demand of the hybrid
electric vehicle. The behavior of the other states involved in
this model, such as the pressures in the intake and exhaust
manifolds, is illustrated in figures 3 and 4. As expected,
step changes in velocity produce a transient behavior with a
relatively small settling time.

The power on the compressor and turbine (5 and 6) are
monitored. The states are compared to the previously con-
structed references, which were established in Section III.
It can be observed that sudden changes in the reference
velocity result in transients in the pressure and power signals,
but these are quickly dampened by the designed controller.
The first group of simulations was conducted using a stepped
velocity profile as an initial test to assess the reliability of the
control.

The next set of figures displays the variables that were
used as control inputs. These variables include fuel flow 7,
recirculation gases flow 8, intake manifold air flow 9, and
gases exhaust manifold flow 10. that are shown in figures 7-
10, respectively.

Figure 11 illustrates the power difference between the
exhaust and intake manifolds, with the intake manifold con-
suming power and the exhaust manifold delivering it. The
figure depicts the available power that can be utilized.

Finally, figure 12 depicts the recovered energy and fuel
consumption, while figure 13 presents the relationship
between the delivered energy and the recovered energy in
percentage terms.

VI. CONCLUSION
In this work, a new fifth-order mathematical model was pre-
sented for a turbocharged diesel engine that incorporates an
electric machine directly coupled to the turbocharger shaft.

This fifth-order model allows for decoupling of the compres-
sor and turbine dynamics. The model was developed to show
the feasibility of energy recovering from the exhaust gases.

While the focus of the exhaust gas energy recovery sys-
tem, as mentioned earlier, is on hybrid propulsion systems,
no power distribution tests were conducted between the inter-
nal combustion engine (ICE) and the electric machine in
this study. The static feedback controller used demonstrates
good state tracking, although some peaks observed in the
simulations are a result of sudden changes in the angular
velocity reference for themotor. These peaks can bemitigated
by using saturated controls and smoother references, which
are commonly used in driving cycles.

During the simulation tests, a segment of a drive cycle
was employed that explores typical operating speeds of a
diesel engine. The results showed good tracking of engine
speed, recirculated exhaust gas fraction, and air-fuel ratio,
even in the presence of sudden changes in the applied load
torque. More importantly, simulation results signal that over-
all engine recovering reaches up to 1% of the total energy
content of the supplied fuel. Considering the ICE efficiency
ranges, this is equivalent to an increase close to 3%. More
energy is recovered with more aggressive driving cycles.
If the speed is constant, the recovery is not significant.

Implementation of this strategy in a hybrid powertrain
is ongoing work, as well as the analysis of other control
strategies.
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