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ABSTRACT This paper proposes a hybrid wideband millimeter-wave (mm-Wave) beamforming technique
for achievable rate maximization in single-user, multi-relay, multi-input multi-output (MIMO) systems. The
underlying network architecture is of great practical importance from the perspective of hybrid precoding
for enhancing coverage area, transmission range, link quality, and spectral efficiency. In hybrid transceivers,
the analog processing component in the radio frequency (RF) section of the system essentially needs to
follow an element-wise constant amplitude constraint, which makes the optimization problem non-convex
and hence mathematically intractable. Therefore, it is quite a challenging task to obtain the global optimal
solution.Moreover, the common analog precoder and combiner are required for different frequency-selective
channels in broadband systems, which adds another layer of design complexity. To address this problem,
the proposed algorithm transforms the original complicated optimization problem into a relatively simple
form. Leveraging this, the complexity of the optimization problem is reduced through decoupled design
using the norm preservation property of the unitary transform. Moreover, the analog beamforming design is
decomposed into two sub-problems by exploiting statistical independence among the first hop and second
hop channels. Each sub-problem is solved to harvest the array gain through RF precoding and combining
using an alternative optimization framework. Finally, the frequency-selective baseband processing compo-
nents are obtained by minimizing interference among transmitted data streams. The spectral efficiency of
the proposed scheme is evaluated by changing system parameters under imperfect channel and phase noise
(PN). Simulation results demonstrate that the achieved performance is close to full-complexity precoding
and outperforms traditional algorithms.

INDEX TERMS Amplify-and-forward relaying, hybrid beamforming, millimeter wave, MIMO, multi-relay.

I. INTRODUCTION
The advanced wireless networks (e.g., fifth generation (5G)
and beyond (B5G)) will support several new technologies and
services, such as autonomous vehicles, smart environments,
remote healthcare, industrial and agricultural automation, and
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virtual/augmented reality [1]. Thesemodern technologies and
services essentially require higher data rates, lower latency,
and increased connectivity [2], [3], [4], [5]. To address these
challenges, network operators will have tomove tomm-Wave
and terahertz (THz) frequencies, as these frequency spec-
trums contain huge bandwidth to meet the ever-increasing
demand for network capacity, data rates, and service qual-
ity [6], [7]. However, the signal strength decreases rapidly
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at such high frequencies due to excessive path-loss, rain
fading, atmospheric absorption by different gases, and pen-
etration loss. To overcome these unfavorable propagation
effects, mm-Wave and THz communication employ a large
number of antennas to achieve high beamforming gain and
increased signal directivity [8], [9]. Owing to the small wave-
length at mm-Wave/THz frequencies, it becomes possible to
deploy a large number of antennas packed closely together
in a small physical region. It is worth highlighting that the
huge propagation loss at mm-Wave/THz frequencies and the
blockage sensitivity of transmitted signals at these frequen-
cies make non-line-of-sight (NLOS) communication a major
challenge [10]. In this scenario, the cooperative communi-
cation paradigm comes into play, which enables efficient
transmission of signals from the source to the destination.
Moreover, relay-assisted MIMO communication enhances
network coverage, link quality, and spectral efficiency [11],
[12]. In addition, the deployment and operational costs of a
relay node are significantly lower when compared with a base
station (BS). There are two main signal processing strategies
at relay nodes, known as regenerative and non-regenerative
operations. The regenerative schemes perform decoding and
encoding of the received signal at each intermediate hop
before transmitting to the next hop. On the other hand, non-
regenerative schemes forward the received signal to the next
station after amplification [13]. Usually, non-regenerative
relaying protocol is considered for design simplicity with-
out loss of generality. Furthermore, low-complexity and
high security are essential characteristics of non-regenerative
relaying techniques.

It is worthwhile to mention that fully digital beamforming
is impractical for large-scaleMIMO systems as it requires one
dedicated RF chain per antenna in an array. Furthermore, the
RF chain is quite expensive and power hungry as well, and
hence, fully digital precoding in mm-Wave MIMO systems
increases hardware complexity, cost, and power consumption
[14], [15]. On the other hand, pure analog beamforming
provides a cost-effective and power-efficient solution due to
the support of only one RF chain. But it causes a consider-
ably low performance that is not favorable in actual practice
[16], [17]. Therefore, the notion of hybrid precoding was
introduced to achieve a good trade-off between performance
and complexity. Hybrid beamforming is realized by decom-
posing a process into a low-dimensional digital baseband
processing component to achieve multiplexing gain and a
high-dimensional analog RF processing component to obtain
beamforming gain [18]. Note that there is no restriction on the
baseband processing matrix except a power constraint, but
the RF processing matrix needs to follow an element-wise
constant modulus constraint. Simple analog phase-shifters
can be used for the practical implementation of phase-only
processors.

Normally, two types of hybrid beamforming architectures
are used: (1) a fully connected architecture, where each
RF chain is connected to all antennas in an array; this
structure can achieve performance close to its fully digital

counterpart but with a relatively high-power consumption
and increased hardware complexity; and (2) a partially con-
nected structure, where each RF chain is connected to a
fixed, non-overlapping subset of the antennas. This structure
provides energy-efficient hybrid beamforming with relatively
low hardware complexity, but at the cost of a small degrada-
tion in performance [19], [20], [21]. It is worth noting that
partially connected hybrid precoding may not always achieve
satisfactory performance [22], [23] for the following reasons:
(1) This structure can lead to less accurate beamforming as
it is difficult to sustain fine control over the beam (2) A
significant degradation in performance may result as the
underlying architecture limits the flexibility of large antenna
arrays.

A. RELATED WORK
Several hybrid precoding algorithms have been proposed for
point-to-point [24], [25], [26], [27] and point-to-multipoint
systems [28], [29]. In [24], the authors exploited the sparsity
of mm-Wave channels for designing a hybrid beamforming
solution using orthogonal matching pursuit (OMP) method.
Orthogonal frequency division multiplexing (OFDM)-based
hybrid precoding for large-scale MIMO systems was intro-
duced in [25], and the authors of [26] presented a hybrid
beamforming design for mm-Wave MIMO systems under
wideband assumption by exploiting Alternating Minimiza-
tion (Alt-Min) algorithms. The authors of [27] developed an
efficient hierarchical codebook design strategy for mm-Wave
channel estimation with a hybrid precoding architecture. In
[28], the authors proposed a joint hybrid precoding design
based on manifold optimization to increase the performance
of heuristic techniques considering antenna selection for
massive MIMO systems. The authors of [29] designed a
codebook-based hybrid precoding for mm-Wave multi-user
MIMO systems by taking into account the hardware con-
straints. In [30], partially connected coordinated beamform-
ing training was introduced for mm-Wave and sub-THz
systems.

In [31], the authors tried to extend the OMP-based
hybrid transceiver algorithm proposed in [24] for single-
user relay-assistedMIMOcommunication networks using the
amplify-and-forward (AF) relaying protocol. Moreover, the
OMP-based technique given in [24] was further extended to
a relay-assistedmulti-userMIMO system [32]. The authors of
[33] proposed a hybrid precoding design for both the partially
connected and fully connected structures, but this technique
is restricted to a single-user case. In [34] and [35], an attempt
was made to modify the hybrid beamforming algorithm
in [24] for hybrid transceiver design in multi-relay MIMO
systems. Specifically, the authors of [34] designed hybrid
precoder and combiner at the source and destination, respec-
tively, while analog processors were considered at relay
stations. Contrary to the previous design, hybrid beamformers
were taken into account at all communicating nodes in [35].
The authors of [36] used codebooks to drive the RF and
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baseband processing components separately in a single-relay
multi-user system, and this technique was adopted to avoid an
intractable searching problem. In [37], the authors addressed
a matrix factorization problem for hybrid transceiver design
considering the alternating direction method of multipliers
(ADMM), and this technique did not require any codebook
for the selection of beamforming vectors.

In [38], the authors proposed low-complexity hybrid pre-
coding and diversity combining by exploiting the angular-
domain sparsity of themm-Wave channel. The authors of [39]
suggested non-uniform quantization codebook-based hybrid
beamforming algorithms for fully connected and partially
connected architectures to reduce the feedback overhead. In
[40], hybrid wideband mm-Wave transmit precoding was
designed by exploiting the channel’s covariance matrix and
the angle of departure information for multi-user MIMO
systems. Furthermore, the effect of beam squint was alsomin-
imized using the phase compensation mechanism. In [41],
the authors developed hybrid wideband mm-Wave transmit
precoding techniques for constructing analog beamformer
common to all sub-carriers, considering the effect of beam
squint.

B. MOTIVATION
The fundamental concern in this work is to design a hybrid
wideband mm-Wave transceiver for a multi-relayMIMO sys-
tem, as practical broadband systems are frequency-selective
in nature. Furthermore, the underlying network architecture
can increase transmission range, network coverage area, and
achievable rate. Therefore, these networks are of great prac-
tical significance when hybrid structures are considered at
all communicating nodes. The hybrid processing matrices
need to be derived considering channel estimation error
and PN to make the design robust. To achieve this target,
the proposed algorithm uses tensor decomposition on the
first-hop and second-hop channels to derive the common ana-
log RF precoder and combiner at the source and destination,
respectively. Then, the iterative procedure based on L1−norm
maximization is followed to design the RF beamforming
solution at relay nodes. Finally, digital baseband processing
components at various communicating nodes, corresponding
to different sub-carriers, are derived by indirectly minimizing
inference among transmitted data streams.

C. CONTRIBUTION
The contribution of the proposed scheme can be summarized
as follows:

• A novel hybrid wideband transceiver design is pro-
posed for multi-relay MIMO systems for achievable rate
maximization, where an attempt is made to exploit the
property of unitary transform to decouple the design
of analog RF and digital baseband processing compo-
nents. Then, the complicated optimization problem is
decomposed into sub-problems using the notion of sta-
tistical independence between the first hop and second

hop channels. Furthermore, each sub-problem is tackled
using an alternating optimization approach for deriving
the RF beamforming solution at relay nodes. Finally, the
digital baseband processing components are obtained by
minimizing interference among different sub-channels
in the equivalent baseband channel corresponding to
different sub-carriers.

• To achieve good performance in the presence of channel
estimation error and acceptable performance consider-
ing PN in hybrid processing matrices, the optimization
problem is transformed into L1−norm maximization
problem, which is a robust technique when outliers in
the form of channel error and PN exist in the underlying
data.

• Computer simulations are conducted by changing
system parameters to evaluate the performance of the
proposed hybrid precoding for broadband systems, con-
sidering channel estimation error with different accuracy
factors such as 90%, 80%, and 70%. The obtained results
reveal that the presented technique shows good perfor-
mance when compared with full-complexity precoding.
Moreover, the performance degradation occurs in a grad-
ual fashion by increasing the channel estimation error.

• The impact of PN on the performance of the proposed
hybrid beamforming scheme is also observed in the sim-
ulation results. It is evident from the obtained results that
performance degradation occurs when PN is included
in hybrid processing components. In addition, the per-
formance achieved by contributing PN is approximately
equal to the performance attained with a 20% channel
estimation error.

The rest of this paper is organized as follows. System
model and problem formulation are given in Section II. Ana-
log RF beamforming solution, at different communicating
nodes, is illustrated in Section III. Digital baseband pro-
cessing components corresponding to different sub-carriers
are derived in Section IV. Computational complexity of
the proposed algorithm is provided in Section V. Computer
simulations for the performance evaluation are included in
Section VI. Concluding remarks are given in Section VII.
Notation: Upper-case and lower-case lettersA and a denote

a matrix and vector, respectively. For a given matrix A;∥A∥F ,
∥A∥1, A (:, i), A (:, 1 : j), Tr (A), det (A), AT , AH , ∡A and
|A (i, j)| denote the Frobenius norm, L1−norm, ith column,
first j columns, trace, determinant, transpose, conjugate trans-
pose, element-wise phase, and the element-wise modulus of
a matrix A, respectively. C denotes the field of complex num-
bers and Im is the m× m identity matrix, and CN

(
0, σ 2In

)
is the complex Gaussian distribution with mean 0 and covari-
ance matrix σ 2In. r , ×r (r = 1, 2, 3) represent the con-
catenation of tensors or matrices along the r th dimension
[42] and r−mode product between a tensor and matrix [43],
respectively. bd (A1, . . . ,AK ) shows a block diagonal matrix
with sub-matrices A1, . . . ,AK , diag (a1, . . . , aK ) specifies
diagonal matrix, and E [.] denotes the expectation of the
argument.
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FIGURE 1. Block diagram of the proposed hybrid transceiver for a single-user
multi-relay MIMO system.

II. SYSTEM MODEL AND PROBLEM FORMULATION
A. SYSTEM MODEL
Fig. 1 shows the system model of a single-user multi-
relay MIMO system, where multiple antennas are deployed
at each communicating node. All relay nodes are operat-
ing in half-duplex mode using AF relaying protocol. Fur-
thermore, it is assumed that the direct transmission link
between the source and destination is not favorable due to
excessive path-loss and deep fading. The number of anten-
nas at the source, each relay node, and destination are
denoted as Nt , Nr and Nd , and the number of RF chains
is specified by NRF

t , NRF
r and NRF

d , respectively. There are
Nsub sub-carriers for the transmission of data streams. Let
s [n] =

{
s1 [n] , s2 [n] , . . . , sNs [n]

}
∈CNs×1, n∈{1, ..,Nsub}

be a complex information symbol vector consisting of
Ns data- streams such that E

{
s [n] s [n]H

}
= INs .

Note that the system must satisfy the condition Ns≤
min

(
NRF
t , NRF

r ,NRF
d

)
≪min (Nt , Nr ,Nd ) to ensure effec-

tive multi-stream transmission.
After hybrid precoding, the transmitted signal from the

source xs [n]∈CNt×1 on the nth frequency-carrier can be
expressed as

xs [n] = FRFFBB [n] s [n] , (1)

where FRF ∈ CNt×NRF
t and FBB[n] ∈ CNRF

t ×Ns are the
analog beamformer common to all sub-carriers and the digital
baseband processing component corresponding to the nth

frequency-carrier at the source, respectively. The transmit
power constraint at the source is given as

∥FRFFBB [n]∥2F≤Ns, ∀n∈ {1, . . . ,Nsub} . (2)

In relay-assisted networks, two time slots are required for
the transmission of signal from the source to the destination.
In the first time slot, each relay station receives the source
transmitted signal, and the processed signal is transmitted
to the destination in the second time slot. This functionality

at the relay node essentially requires a hybrid combiner to
process the received signal and a hybrid precoder to transmit
the processed signal to the destination. Let F1k ∈ CNr×NRF

r

be the RF combiner and F2k ∈ CNr×NRF
r be the RF precoder

at the k th relay node, which are common to all sub-carriers.
The corresponding baseband combiner and precoder at the
nth frequency-carrier are represented by GBB1,k [n]∈CNRF

r ×Ns

and GBB2,k [n]∈CNRF
r ×Ns , respectively. The hybrid relay filter

Fk [n]∈CNr×Nr at the k th relay station corresponding to the nth

sub-carrier, using F1k , F2k , GBB1,k [n] andGBB2,k [n], can be
expressed as

Fk [n] = F2kGBB2,k [n]GHBB1,k [n]F
H
1k

= F2kGBB,k [n]FH1k , (3)

where GBB,k [n] = GBB2,k [n]GHBB1,k [n]∈CNRF
r ×NRF

r is the
combined baseband processing matrix at the k th relay station.
The received signal at the k th relay node yk [n]∈CNr×1 can be
written as

yk [n] = Hk [n]FRFFBB [n] s [n] + nk [n] , (4)

where Hk [n]∈CNr×Nt and nk [n]∈CNr×1 are the channel
matrix between the source and the k th relay node, and zero
mean circularly symmetric complex Gaussian (ZMCSCG)
noise with variance σ 2

k , i.e., nk [n] CN
(
0, σ 2

k INr
)
, respec-

tively. When yk [n] (4) is passed through the relay filter Fk [n]
(3) then the transmitted signal from the k th relay node can be
characterized as

xk [n] = Fk [n] yk [n]

= F2kGBB,k [n]FH1k (Hk [n]FRFFBB [n] s [n] + nk [n]) .
(5)
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The transmit power at the k th relay station, using (5),
is given as

Tr
{
Fk [n]

(
(Hk [n]FRFFBB [n]) (Hk [n]FRFFBB [n])H

+σ 2
r INr

)
FHk [n]

}
≤Pr,k , ∀, k, n. (6)

Using (5), the received signal at the destination
yd [n]∈CNd×1 through K relay nodes can be expressed as

yd [n] =

K∑
k=1

Gk [n] xk [n] + z [n]

=

K∑
k=1

Gk [n]Fk [n] (Hk [n]FRFFBB [n] s [n] + nk [n])

+ z [n] , (7)

where Gk [n]∈CNd×Nr and z [n]∈CNd×1 are the channel
matrix between the k th relay node and destination, and
ZMCSCG noise with variance σ 2

d i.e., z [n] CN
(
0, σ 2

d INd
)
,

respectively. Finally, the received signal at the destination
y[n]∈CNs×1 after applying hybrid combiner is given as (8),
shown at the bottom of the next page, where WRF ∈

CNd×NRF
d and WBB[n] ∈ CNRF

d ×Ns are the common analog
RF combiner and digital baseband processing component
corresponding to the nth frequency sub-carrier at the desti-
nation, respectively. Moreover, H [n] =

[
HT

1 [n] , . . . ,HT
K

[n]]T ∈CKNr×Nt , G [n] = [G1 [n] , . . . ,GK [n]]∈CNd×KNr ,

n [n] =
[
nT1 [n] , . . . ,nTK [n]

]T
∈CKNr×1 and F [n] =

bd (F1 [n] , . . . ,FK [n])∈CKNr×KNr denote the first-hop
channel, second-hop channel, combined noise vector of K
relay nodes with n [n] CN

(
0, σ 2

r IKNr
)
, and block diagonal

matrix of hybrid relay filterers due to the spatial distribution
of relay stations, respectively. The compact representation
of (8) is given as

yF [n] = A [n] s [n] + v [n] , (9)

where
A [n]≜(WRFWBB [n])HG [n]F [n]H [n]FRFFBB [n]
v[n]≜(WRFWBB [n])HG [n]F [n]n [n]
+(WRFWBB [n])H z [n]

Using (9), the achievable rate averaged over Nsub sub-
carriers can be obtained as

R =

(
1

Nsub

) Nsub∑
n=1

(
1
2

)
log2de t

(
INs + A [n]R−1

N [n]AH [n]
)

×

(
bps
Hz

)
, (10)

where

RN = E
[
v [n] vH [n]

]
= σ 2

r {(WRFWBB [n])HG [n]F [n]}

×

{
(WRFWBB [n])HG [n]F [n]

}H
+ σ 2

d (WRFWBB [n])H (WRFWBB [n])

is the equivalent noise covariance matrix. The scaling fac-
tor (1/2) in (10) shows that the achievable rate reduces by
one-half as data transmission from the source to the destina-
tion takes two time-instances.

B. PROBLEM FORMULATION
In this work, the main objective is to maximize the achiev-
able rate in (10) by deriving a hybrid beamforming solu-
tion at different communicating nodes of the underlying
system when frequency-selective fading comes into play.
To achieve this target, the optimization problem is formulated
in (11), as shown at the bottom of the next page, where R is
defined in (10). The coupling between the analog and digital
beamforming components, and the element-wise constant
amplitude constraint imposed by the RF processing matrices
make the problem (11) non-convex, non-linear, and often
intractable [44]. Therefore, an attempt to directly solve this
problem is mathematically challenging that requires joint
optimization of RF and baseband processing components to
achieve global optimal performance. Note that fully digi-
tal precoding for multi-relay MIMO systems is also quite
complicated, and an alternating optimization framework is
usually employed to approach the optimal solution. In the
context of hybrid beamforming, a decoupled approach is
normally followed, where the RF and baseband process-
ing components are designed separately to facilitate a low-
complexity solution. It is possible to transform the original
complicated optimization problem (11) into a relatively sim-
ple form that can also lead to the same end goal. (Proof:
Appendix A) Therefore, the reformulated problem is given
in (12), as shown at the bottom of the next page, where
A [n]≜(WRFWBB [n])HG [n]F [n]H [n]FRFFBB [n].
The objective function in (12) corresponds to the received

power at the destination, i.e., Tr{A [n]AH [n]} = ∥A [n]∥2
F

(9), and hence, this approximation of the original objective
function is considered to be a valid, and the achievable
rate maximization can also be obtained by solving the
reformulated problem as mentioned in (12). While solving
this problem, an attempt is made to decouple the analog
RF and digital baseband processing components. This task
can be achieved by assuming that the analog beamform-
ing solution is known at different communicating nodes.
In this case, the objective function Tr{A [n]AH [n]} can
be maximized considering that the baseband processing
components are unitary matrices. The condition associated
with baseband processing matrices lead to the function
Tr{A [n]AH [n]} that contains the RF beamforming matrices
only. After decoupling the baseband processing components
under unitary transform, the resultant function consisting
of phase-only processing components can be decomposed
into two factors by exploiting the statistical independence
property. This process facilitates converting the optimization
problem (12) into two independent sub-problems. These
sub-problems are transformed into L1−norm maximization
problems, as it is required to find the analog RF processing

93604 VOLUME 11, 2023



H. M. T. Mustafa et al.: Hybrid Wideband mm-Wave Transceiver

components that maximize the achievable rate in the presence
of channel estimation error and phase noise in hybrid beam-
former. Finally, the required digital baseband processing
components are derived by diagonalizing the corresponding
equivalent baseband channels. In summary, the solution of
optimization problem demands to find the list of decision
variables

(
FRF , FBB [n] , F2k , GBB2,k [n] ,GBB1,k [n] , F1k ,

WRF ,WBB [n]) that lead to the achievable ratemaximization.

C. IMPERFECT CHANNEL FOR ROBUST DESIGN
It is hard to acquire perfect CSI in actual practice, as there
always exists an estimation/quantization error while obtain-
ing the channel matrix. Therefore, imperfect CSI needs to be
considered for the robust design of RF and baseband pro-
cessing components at different communicating nodes. The
conventional channel estimation algorithms are not feasible
for large-scale mm-Wave MIMO systems owing to the large
training overhead. To circumvent this problem, recent CSI
estimation techniques exploit the angular-domain sparsity
of massive MIMO systems, and compressed sensing (CS)
tools can be employed to resolve the problem with reduced
training overhead. Furthermore, the mm-Wave channel esti-
mation problem is transformed into estimating the parameters
of dominant propagation paths, for instance, complex path
gains, angles-of-arrival, and angles-of-departure. In addition,
deep learning (DL) models are quite effective in acquiring
CSI with minimum estimation error, and more importantly,
these DL algorithms shift the computational burden from
real-time to the off-line training process. Note that the novel
wideband mm-Wave channel estimation algorithm is beyond
the scope of this paper, and hence, this topic is left for
future work. To make the proposed hybrid transceiver design

robust, imperfect channels are considered in the optimization
problem (12) for deriving the analog RF and digital baseband
processing components. Without loss of generality, the esti-
mated channels Gk [n] and Hk [n] for design simplicity can
be modeled as [45]

Gk [n] = δGk [n] +

√
1 − δ2E, (12a)

Hk [n] = δHk [n] +

√
1 − δ2E, (12b)

where Hk [n] denotes the perfect channel matrix between the
source and the k th relay station, Gk [n] represents the ideal
channelmatrix between the destination and the k th relay node,
δ∈[0, 1] indicates the accuracy of the estimated CSI, and E
is the error matrix that contains independent and identically
distributed (i.i.d) Gaussian random variables, i.e., CN (0, 1).

III. PROPOSED HYBRID BEAMFORMING
A. ANALOG BEAMFORMING AT COMMUNICATING NODES
Before deriving the RF beamforming solution at each com-
municating node, the reformulated problem (12) is decom-
posed into two independent sub-problems. As

Tr
{
A [n]AH [n]

}
=

∥∥∥WH
BB[n]W

H
RFG [n]F [n]H [n]FRFFBB [n]

∥∥∥2
F
. (13)

Using the definition of H [n], F [n] and G [n] given in
Section II, the relation in (13) can also be written in (14), as
shown at the bottom of page 8, whereFk [n] = F2kGBB2,k [n]
GHBB1,k [n]F

H
1k . It is known that ∥A1 + . . .+ AK∥

2
F≤∥A1∥

2
F+

. . .+∥AK∥
2
F , and hence, the relation in (14) can be expressed

in (15), as shown at the bottom of page 8. Moreover,
the inequality ∥A1A2∥

2
F≤∥A1∥

2
F∥A2∥

2
F transforms the result

y[n] = (WRFWBB [n])H
{

K∑
k=1

Gk [n]Fk [n] (Hk [n]FRFFBB [n] s [n] + nk [n])+ z [n]

}
= (WRFWBB [n])HG [n]F [n]H [n]FRFFBB [n] s [n] + (WRFWBB [n])HG [n]F [n]n [n] + (WRFWBB [n])H z [n] , (8)

max
[FRF ,FBB[n], F2k ,GBB2,k [n], GBB1,k [n],F1k , WRF ,WBB[n]]

R

s.t. ∥FRFFBB[n]∥2F≤Ps ,

Tr
{
Fk [n]

(
(Hk [n]FRFFBB [n]) (Hk [n]FRFFBB [n])H + σ 2

r INr
)
FHk [n]

}
≤Pr,k , ∀, k, n,

|FRF (x, y)| =
1

√
Nt
, |F1k (x, y)| =

1
√
Nr
, |F2k (x, y)| =

1
√
Nr
, |WRF (x, y)| =

1
√
Nd
,∀ x, y, (11) (11)

max
[FRF ,FBB[n], F2k ,GBB2,k [n], GBB1,k [n],F1k , WRF ,WBB[n]]

Tr{A [n]AH [n]}

s.t. ∥FRFFBB[n]∥2F≤Ps ,

Tr
{
Fk [n]

(
(Hk [n]FRFFBB [n]) (Hk [n]FRFFBB [n])H + σ 2

r INr
)
FHk [n]

}
≤Pr,k , ∀, k, n,

|FRF (x, y)| =
1

√
Nt
, |F1k (x, y)| =

1
√
Nr
, |F2k (x, y)| =

1
√
Nr
, |WRF (x, y)| =

1
√
Nd
,∀ x, y, (12)
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obtained in (15) into the following form in (16), as shown
at the bottom of the next page. Applying summation on
the independent factors individually leads to the following
product (17), as shown at the bottom of the next page. Under
the assumption of given RF beamforming solution at differ-
ent communicating nodes (i.e., FRF , F1k , F2k , WRF ), the
optimal baseband processing components can be obtained
by minimizing interference among transmitted data streams
indirectly through diagonalizing the corresponding baseband
equivalent channels [46]. It is obvious from this process that
baseband processing components, so obtained, are unitary
matrices. Furthermore, the norm of a matrix remains constant
under unitary transform. This norm preservation property
allows to modify the product in (17) as (18), shown at the
bottom of the next page. Now, the objective function in (12)
for the achievable rate maximization can be further approxi-
mated in (19), as shown at the bottom of the next page. The
above result reveals that the achievable rate maximization
can be obtained by maximizing the product of the sum of
the equivalent baseband channels over K relay nodes in the
first-hop and second-hop.

Using (19), the optimization problem in (12) can be con-
verted into a simplified form in (20), as shown at the bottom of
the next page. The cost function in (20) contains the product
of the sum of first-hop and second-hop baseband equivalent
channels over K relay nodes. It is worth mentioning that the
source analog beamformer FRF and the destination analog
combinerWRF are common to Nsub sub-carriers and K relay
stations to achieve beamforming gain.

Moreover, these factors are independent of each other. One
factor contains the RF beamforming components (F1k , FRF )
corresponding to the first-hop of the network, and the
other factor comprises of the analog processing matrices
(F2k , WRF ) corresponding to the second-hop of the sys-
tem. Also, the channels from source-to-relay nodes and relay
stations-to-destination are statistically independent.

Under the wideband assumption, it is quite complicated
to derive the frequency-independent phase-only processing
matrices at different communicating nodes without following
the decoupling strategy. To reduce the complexity associated
with the joint optimization of problem (20), the property of
statistical independence is exploited to decompose it into
two sub-problems for deriving the required RF processing
components as

max
[FRF , F1k ], n∈{1,...,Nsub}

(
K∑
k=1

∥∥∥(FH1kHk [n]FRF
)∥∥∥2

F

)
s.t. ∥FRFFBB[n]∥2F≤Ps ,

|FRF (x, y)| =
1

√
Nt
, |F1k (x, y)|

=
1

√
Nr
,∀ x, y, (21)

max
[F2k , WRF ], n∈{1,...,Nsub}

(
K∑
k=1

∥∥∥(WH
RFGk [n]F2k

)∥∥∥2
F

)

s.t. Tr {Fk [n] ((Hk [n]FRFFBB [n])

(Hk [n]FRFFBB [n])H + σ 2
r INr

)
FHk [n]

}
≤Pr,k , ∀, k, n,

|F2k (x, y)| =
1

√
Nr
, |WRF (x, y)|

=
1

√
Nd
,∀ x, y. (22)

It is mathematically challenging to directly solve the
problems defined in (21) and (22) for deriving the phase-only
processing components. To obtain a feasible solution,
an alternating optimization strategy is adopted, where
one optimization variable is evaluated while keeping the
other fixed. Following this strategy, the aforementioned
sub-problems can be solved by finding the common analog
precoder at the source FRF and the common RF combiner
at the destination WRF by exploiting the notion of tensor
decomposition with the assumption that the corresponding
phase-only processing components at the k th relay node are
known. After finding FRF and WRF , the RF beamforming
solution at the k th relay station can be obtained by harvesting
the array gain.

B. ANALOG BEAMFORMING AT SOURCE AND
DESTINATION
Considering Nsub sub-carriers, the first-hop channel H [n] =[
HT

1 [n] , . . . ,HT
K [n]

]T
∈CKNr×Nt and the second-hop

channel G [n] = [G1 [n] , . . . ,GK [n]]∈CNd×KNr can be
represented as HSR∈CKNr×Nt×Nsub and HRD∈CNd×KNr×Nsub ,
respectively. The tensor decomposition of HSR is given
as [42]

HSR = S1×1A(1)×2A(2)×3A(3), (23)

whereS1∈CKNr×Nt×Nsub is a core tensor and,A(1)∈CKNr×KNr ,

A(2)∈CNt×Nt and A(3)∈CNsub×Nsub are unitary matrices com-
prising of orthonormal basis. In particular, A(2) consists of
orthonormal basis for the column space spanned by

H1 =

[(
H [1]
SR

)T
,
(
H [2]
SR

)T
, . . . ,

(
H [Nsub]
SR

)T]
. (24)

By applying SVD onH1∈CNt×KNrNsub , the unconstrained
beamformer Ftmp∈CNt×NRF

t common to all sub-carriers can
be obtained by selecting first NRF

t columns of A(2). For
instance, H1 = U161VH

1 , A(2) = U1 and Ftmp can be
derived as

Ftmp = A(2)
(
:, 1 : NRF

t

)
(25)

=


r11ejθ11 · · · r1NRF

t
e
jθ1NRFt

...
. . .

...

rNt1e
jθNt 1 · · · rNtNRF

t
e
jθNtNRFt

 .
It is worthwhile to mention that the computational cost

in finding SVD of H1 is unaffordable in practice due to its
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large dimensions. Therefore, it is desired to reduce the imple-
mentation complexity in determining A(2), which can also
be derived from eigen decomposition of [H1H1

H ]∈CNt×Nt .
Moreover, the beamforming matrix in (25) is infeasible in
actual practice due to the absence of element-wise constant
amplitude constraint. Hence, the required analog RF beam-
former is given as

FRF =

(
1

√
Nt

)
ejX11 · · · e

jX1NRFt

...
. . .

...

ejXNt 1 · · · e
jXNtNRFt

 . (26)

It is desirable to transform (25) in the form of (26) for
designing the analog beamforming solution at the source.
Unfortunately, it is quite a challenging task to complete this
transformation without avoiding error due to the associated
constant modulus constraint. In this scenario, an endeavor is
made to minimize the reconstruction loss between (25) and
(26) to find the required phase-shift values. For this purpose,
the optimization problem that can lead to theminimum recon-
struction error is formulated as

min
FRF

∥∥Ftmp − FRF
∥∥2
F = Tr

{(
Ftmp − FRF

) (
Ftmp − FRF

)H}
|FRF (x, y)| =

1
√
Nt
,∀ x, y. (27)

It is possible to reduce (27) into a simplified form as

min
FRF

NRF
t∑
i=1

(
Ftmp(:, i) − FRF (:, i)

) (
Ftmp(:, i) − FRF (:, i)

)H
|FRF (x, y)| =

1
√
Nt
,∀ x, y, (28)

where Ftmp (:, i)∈CNt×1 and FRF (:, i)∈CNt×1 are the ith

column of full complexity beamformer and the required con-
stant modulus precoder, respectively. Using (25) and (26),
Ftmp (:, i) and FRF (:, i) can be written as

Ftmp (:, i) =


r1iejθ1i

r2iejθ2i
...

rNt ie
jθNt i

 and FRF (:, i) =

(
1

√
Nt

)

ejX1i

ejX2i
...

ejXNt i

.
Therefore, the objective function in (28) can be further

decomposed into its simple components as

min
Xmi

NRF
t∑
i=1

Nt∑
m=1

(
rmiejθmi − ejXmi

) (
rmiejθmi − ejXmi

)H
|FRF (x, y)| =

1
√
Nt
,∀ x, y. (29)

Tr
{
A [n]AH [n]

}
=

∥∥∥∥∥
K∑
k=1

WH
BB[n]W

H
RFGk [n]F2kGBB2,k [n]GHBB1,k [n]F

H
1kHk [n]FRFFBB [n]

∥∥∥∥∥
2

F

, (14)

≤

K∑
k=1

∥∥∥(WH
BB[n]W

H
RFGk [n]F2kGBB2,k [n]

) (
GHBB1,k [n]F

H
1kHk [n]FRFFBB [n]

)∥∥∥2
F
. (15)

≤

K∑
k=1

{∥∥∥(WH
BB [n]W

H
RFGk [n]F2kGBB2,k [n]

)∥∥∥2
F

∥∥∥(GHBB1,k [n]FH1kHk [n]FRFFBB [n]
)∥∥∥2

F

}
. (16)

≤

(
K∑
k=1

∥∥∥(WH
BB [n]W

H
RFGk [n]F2kGBB2,k [n]

)∥∥∥2
F

)(
K∑
k=1

∥∥∥(GHBB1,k [n]FH1kHk [n]FRFFBB [n]
)∥∥∥2

F

)
. (17)

=

(
K∑
k=1

∥∥∥(WH
RFGk [n]F2k

)∥∥∥2
F

)(
K∑
k=1

∥∥∥(FH1kHk [n]FRF
)∥∥∥2

F

)
. (18)

Tr
{
A [n]AH [n]

}
≈

(
K∑
k=1

∥∥∥(WH
RFGk [n]F2k

)∥∥∥2
F

)(
K∑
k=1

∥∥∥(FH1kHk [n]FRF
)∥∥∥2

F

)
. (19)

max
[FRF , F2k , F1k , WRF ]

(
K∑
k=1

∥∥∥(WH
RFGk [n]F2k

)∥∥∥2
F

)(
K∑
k=1

∥∥∥(FH1kHk [n]FRF
)∥∥∥2

F

)
s.t. ∥FRFFBB[n]∥2F≤Ps ,

Tr
{
Fk [n]

(
(Hk [n]FRFFBB [n]) (Hk [n]FRFFBB [n])H + σ 2

r INr
)
FHk [n]

}
≤Pr,k , ∀, k, n,

|FRF (x, y)| =
1

√
Nt
, |F1k (x, y)| =

1
√
Nr
, |F2k (x, y)| =

1
√
Nr
, |WRF (x, y)| =

1
√
Nd
,∀ x, y.

(20)
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After simple manipulation, the optimization problem (29)
can be transformed into the following form:

min
Xmi

NRF
t∑
i=1

Nt∑
m=1

{
1 + r2mi − rmiej(θmi−Xmi) − rmie−j(θmi−Xmi)

}
|FRF (x, y)| =

1
√
Nt
,∀ x, y. (30)

It is obvious from the objective function that the optimal
solution to minimize (30) can be obtained for designing the
required RF beamformer at the source when θmi = Xmi ∀i,m.
Moreover, the obtained result also indicates the condition for
deriving the analog beamforming component from the uncon-
strained beamformingmatrix under minimummean-squared-
error (MMSE). Furthermore, the extracted phase-shift values
describe the direction in which beamforming vectors cast
maximum energy [47].

FRF =

(
1

√
Nt

)
exp

{
j arg

(
Ftmp

)}
, (31)

where arg(.) represents the argument operator. The same
procedure is equally applicable to derive the common ana-
log combiner WRF at the destination, and the main design
steps are given to avoid repetition. The tensor decomposition
of second-hop channel HRD, as mentioned earlier, can be
expressed as

HRD = S2×1B(1)×2B(2)×3B(3), (32)

where S2∈CNd×KNr×Nsub is a core tensor, andB(1)∈CNd×Nd ,
B(2)∈CKNr×KNr and B(3)∈CNsub×Nsub are unitary matrices
consisting of orthonormal basis. Here, B(1) is of prime signif-
icance, as it contains orthonormal basis for the column space
spanned by

H2 =

[
H [1]
RD,H

[2]
RD, . . . ,H

[Nsub]
RD

]
∈CNd×KNrNsub . (33)

Eigen decomposition of [H2HH
2 ]∈CNd×Nd is performed to

derive B(1) with relatively low computational complexity. Let
U2∈CNd×Nd be the matrix comprising of eigen vectors such
that B(1) = U2, and the unconstrained combining matrix at
the destination W tmp∈CNd×NRF

d common to all sub-carriers
can be obtained by selecting firstNRF

d columns ofB(1). There-
fore,

W tmp = B(1)
(
:, 1 : NRF

d

)
, (34)

This solution is infeasible for practical implementation that
requires element-wise constant modulus constraint. There-
fore, the required RF combining matrix using (34) can be
designed as

WRF =

(
1

√
Nd

)
exp

{
j arg

(
W tmp

)}
, (35)

C. RF BEAMFORMING AT RELAY NODES
For deriving the phase-only processing components at each
relay node, the sub-problems (21) and (22) can be expressed
as

max
[FRF , F1k ], n∈{1,...,Nsub}

(
K∑
k=1

∥∥∥(FH1kHk [n]FRF
)∥∥∥2

F

)

=

∥∥∥(FH11H1 [n]FRF
)∥∥∥2

F
+ . . .

+

∥∥∥(FH1KHK [n]FRF
)∥∥∥2

F

s.t. ∥FRFFBB[n]∥2F≤Ps , (36)

|FRF (x, y)| =
1

√
Nt
, |F1k (x, y)|

=
1

√
Nr
,∀ x, y,

max
[F2k , WRF ], n∈{1,...,Nsub}

(
K∑
k=1

∥∥∥(WH
RFGk [n]F2k

)∥∥∥2
F

)

=

∥∥∥(WH
RFG1 [n]F21

)∥∥∥2
F

+ . . .

+

∥∥∥(WH
RFGK [n]F2K

)∥∥∥2
F

s.t. Tr {Fk [n] ((Hk [n]FRFFBB [n])

(Hk [n]FRFFBB [n])H + σ 2
r INr

)
FHk [n]

}
≤Pr,k , ∀, k, n,

|F2k (x, y)| =
1

√
Nr
, |WRF (x, y)|

=
1

√
Nd
,∀ x, y. (37)

It is clear from (36) and (37) that the objective function
is the sum of K independent terms as FRF and WRF have
already derived. Therefore, it is sufficient to optimize the
k th term in both optimization problems for finding the RF
beamforming solution at the k th relay node, and the same
procedure is exactly valid to design the analog precoder and
combiner at any relay station. Hence, the above-mentioned
optimization problems can be reduced into the following
form:

max
[FRF , F1k ], n∈{1,...,Nsub}

∥∥∥(FH1kHk [n]FRF
)∥∥∥2

F

s.t. ∥FRFFBB[n]∥2F≤Ps ,

|FRF (x, y)| =
1

√
Nt
, |F1k (x, y)|

=
1

√
Nr
,∀ x, y, (38)

max
[F2k , WRF ], n∈{1,...,Nsub}

∥∥∥(WH
RFGk [n]F2k

)∥∥∥2
F

s.t. Tr {Fk [n] ((Hk [n]FRFFBB [n]) (Hk [n]

FRFFBB [n])H + σ 2
r INr

)
FHk [n]

}
≤Pr,k ,
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∀, k, n, |F2k (x, y)| =
1

√
Nr
, |WRF (x, y)|

=
1

√
Nd
,∀ x, y. (39)

The phase-only processing components at the k th relay
station i.e., F1k and F2k , can be obtained by maximizing
∥Hk [n]FRF∥

2
F and

∥∥WH
RFGk [n]

∥∥2
F over the whole frequency

spectrum, respectively. Considering this aspect of design-
ing the RF beamforming, the optimization problems can be
reduced into the following form:

max
n∈{1,...,Nsub}

(
∥Hk [n]FRF∥

2
F

)
s.t. ∥FRFFBB[n]∥2F≤Ps ,

|FRF (x, y)| =
1

√
Nt
,∀ x, y,

max
n∈{1,...,Nsub}

(∥∥∥WH
RFGk [n]

∥∥∥2
F

)
(40)

s.t. Tr
{
Fk [n]

(
(Hk [n]FRFFBB [n]) (Hk [n]FRFFBB [n])H

+ σ 2
r INr

)
FHk [n]

}
≤Pr,k , ∀, k, n,

|WRF (x, y)| =
1

√
Nd
,∀ x, y. (41)

The solutions to the problems (40) and (41) can lead to the
design of F1k and F2k , respectively. It is worth mentioning
that the interest lies in finding F1k and F2k enabling good
performance in the presence of channel estimation error and
PN in hybrid beamformers. Before moving further, it is sig-
nificant to describe the inherent feature of the optimization
technique that shows robustness even in the presence of
error, noise, and other irregularities in the underlying data.
Robustness is referred to as resistance to outliers in a dataset.
The more able a design is to avoid undesirable values, the
more robust it is. Furthermore, it is known that L1−norm
is more robust, against unexpected and irregular values in
measurements, than L2−norm. Note that the Frobenius norm
and L2−norm of a matrix are closely correlated to each other.
Keeping this perspective in view, the task of designing the
RF processing components can be achieved by converting
the objective function in both optimization problems into
L1−normmaximization problems, as the new objective func-
tion has a great potential to achieve better results in the
presence of outliers or noisy channels. Therefore,

max
n∈{1,...,Nsub}

(
∥Hk [n]FRF∥

2
1

)
s.t. ∥FRFFBB[n]∥2F≤Ps ,

|FRF (x, y)| =
1

√
Nt
,∀ x, y, (42)

max
n∈{1,...,Nsub}

(∥∥∥WH
RFGk [n]

∥∥∥2
1

)
s.t. Tr

{
Fk [n]

(
(Hk [n]FRFFBB [n]) (Hk [n]FRFFBB [n])H

+ σ 2
r INr

)
FHk [n]

}
≤Pr,k , ∀, k, n,

|WRF (x, y)| =
1

√
Nd
,∀ x, y. (43)

Moreover, the reformulated problems based on L1−norm
maximization can achieve performance close to the upper
bound defined by full-complexity precoding, provided the
rank of the equivalent baseband channels in the first-hop and
second-hop is sufficient to support the transmission of the
maximum allowable data streams simultaneously [48]. Also,
the equivalent channels observed from the baseband process-
ing components harvest array gain, which in turn increases
sub-channel gains for multi-stream transmission.

Note that the optimization problems (42) and (43) are
still non-convex due to the element-wise constant modulus
constraints associated with the RF beamforming matrices.
To avoid mathematically intractable situations while solving
these problems, the constant amplitude constraint can be
relaxed temporarily for the extraction of phase-shift values
that lead to the better design of required RF beamforming
solution at relay nodes. Specifically, this temporary relaxation
strategy may help non-codebook-based methods for finding
the optimal phase-shift values, where array gain attains maxi-
mum value. In codebook-based hybrid precoding techniques,
standard beamforming vectors are already available in the
dictionary matrix for the proper choice of phase-only pro-
cessing components. Therefore, the problems (42) and (43)
without constant amplitude constraints are given as

H tmp1 = max
(∥∥Hk [n]Ftmp

∥∥
1

)
, ∀n∈{1, . . . ,Nsub}

s.t. ∥FRFFBB[n]∥2F≤Ps , (44)

H tmp2 = max
(∥∥∥WH

tmpGk [n]
∥∥∥
1

)
, ∀n∈{1, . . . ,Nsub}

s.t. Tr {Fk [n] ((Hk [n]FRFFBB [n]) (Hk [n]

FRFFBB [n])H + σ 2
r INr

)
FHk [n]

}
≤Pr,k ,

∀, k, n. (45)

While solving the problem (44), it is required to find the
RF combiner F1k common to all sub-carriers at the k th relay
station. To achieve this target, an iterative method is followed
that leads to the unconstrained beamforming matrix, which
can be employed to drive the required phase-only combiner.
Let H tmp1 be the solution of the optimization problem (44)
that gives maximum gain of the effective baseband channel
FH1kHk [n]FRF over all frequency-carriers. Therefore,

max
∣∣∣FH1kHk [n]FRF

∣∣∣ ,∀n = FH1kH tmp1 . (46)

The above formulation has the same form as that of equal
gain transmission (EGT) method in [48] with phase-only
precoding to harvest the large array gain. It is accomplished
by extracting the element-wise phase of H tmp1 that can be
considered as a useful approach in obtaining the performance
close to the theoretical upper bound. Hence, the common RF
combiner at the k th relay node F1k can be evaluated as

F1k =

(
1

√
Nr

)
ejarg(H tmp1), (47)
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where
(

1
√
Nr

)
is the power normalization factor. It is worth

highlighting that EGT technique in MIMO communication
for deriving the phase-only processing component is valid
only when equal number of RF chains is deployed on both
sides of a communication link. When this condition is sat-
isfied then FH1kHk [n]FRF must be a square matrix and
diagonal elements represent sub-channel gains. The non-zero
off-diagonal elements show inter-chain interference, which
can be eliminated by indirect method as discussed in the
forthcoming baseband precoding section. Similarly, the RF
precoder at the k th relay station F2k can be derived by solving
the optimization problem (45). Let H tmp2 be the solution of
the problem (45) corresponding to the maximum gain of the
effective baseband channelWH

RFGk [n]F2k over the allocated
frequency spectrum. The formulation of the problem (45) for
designing F2k by exploiting the notion of EGT is given as

max
∣∣∣WH

RFGk [n]F2k

∣∣∣ ,∀n = H tmp2F2k , (48)

Just like (44), the element-wise phase-extraction of H tmp2
can facilitate in obtaining the required RF precoding matrix
F2k as

F2k =

(
1

√
Nr

)
e
jarg

(
HH
tmp2

)
, (49)

IV. DIGITAL BASEBAND PRECODING
After designing the analog RF beamforming at communicat-
ing nodes, it is required to derive the corresponding base-
band processing components at different frequency-carriers
to complete the hybrid transceiver design. To achieve this tar-
get, SVD is performed on the equivalent baseband channels
in the first-hop Hk

eq[n] = FH1kHk [n]FRF and second-hop
Gkeq[n] = WH

RFGk [n]F2k . This process enables to find
the orthonormal digital precoder and combiner at the k th

relay node corresponding to the nth frequency sub-carrier.
As Hk

eq[n] = USR,k [n]6SR,k [n]VH
SR,k [n] and Gkeq[n] =

URD,k [n]6RD,k [n]VH
RD,k [n] and therefore, the optimal

baseband precoder GBB2,k [n] and combiner GBB1,k [n] at the
k th relay station, on a per sub-carrier basis, can be obtained
by taking the Ns column vectors of VRD,k [n] and USR,k [n],
respectively, corresponding to the Ns largest singular values.
Hence,

GBB1,k [n] = USR,k [n] (:, 1 : Ns) ,

GBB2,k [n] = VRD,k [n] (:, 1 : Ns) . (50)

Now, it is possible to define the equivalent baseband
channel from the source to the destination for designing
the optimal digital precoder FBB [n] and combiner WBB [n],
respectively, as

HSD,eq [n] = WH
RFG [n]F [n]H [n]FRF ∈ CNRF

d ×NRF
t .

(51)

The equivalent channel in (51) can be expressed as
HSD,eq [n] = USD [n]6SD [n]VH

SD [n] and the required base-
band processing components are obtained by taking the Ns

column vectors of VSD [n] and USD [n]. Therefore,

FBB [n] = VSD [n] (:, 1 : Ns) ,WBB [n] = USD [n] (:, 1 : Ns) .

(52)

This design strategy, for deriving the low-dimensional dig-
ital precoders and combiner, minimizes interference among
transmitted data streams indirectly.

A. EFFECT OF PHASE NOISE
To improve the robustness of the proposed design, another
imperfection in the hybrid beamforming matrices, i.e., PN,
is taken into consideration. Note that PN is modeled with
two independent contributions at the source and destination.
Moreover, the hybrid beamforming matrix after including the
effect of PN can be obtained through multiplication of the
diagonalmatrix. This process induces errors in the phase-shift
values of the hybrid processing matrices. For instance, the
PN matrix MT

PN∈CNRF
t ×NRF

t at the source that acts between
FBB[n] and FRF is given as

MT
PN = diag

(
ej∅T ,1 , . . . , e

j∅T ,NRFt
)
, (52a)

where ∅T ,p, p∈{1, ..,NRF
t } are zero-mean Gaussian random

variables. Similarly, the PN matrix MR
PN∈CNRF

r ×NRF
r at the

destination that acts betweenWBB[n] andWRF is given as

MR
PN = diag

(
ejϕR,1 , . . . , e

jϕR,NRFr
)
, (52b)

where ϕR,q, q∈{1, ..,NRF
r } are zero-mean Gaussian random

variables. Considering the effect of PN, hybrid precoders at
the source and hybrid combiners at the destination can be
expressed as

(
FBB [n]MT

PNFRF
)
and

(
WBB [n]MR

PNWRF
)
,

respectively.

V. COMPUTATIONAL COMPLEXITY
In the previous sections, the hybrid wideband transceiver
design was proposed for achievable rate maximization
in multi-relay MIMO systems. Tensor decomposition was
employed to derive the common orthonormal beamforming
vectors at the source and destination over the allocated fre-
quency band, and then the reconstruction loss minimization
problem was formulated for the extraction of optimal phase
values under the MMSE criterion. In this case, the computa-
tional complexity for finding the required phase-shift values
is in the order of O (MNtNrNsub) , M := max {NtNrNsub} .
Moreover, the computational cost for finding the solution
of max

n

∥∥WH
RFGk [n]

∥∥2
1, n∈ {1, 2, . . . ,Nsub} is in the order

of O(NRF
d NrNd ). Therefore, the complexity for deriving the

phase-only beamforming solution is given as

Z1 = N 2
t NrNsub + NRF

d NrNd

= Nr
(
N 2
t Nsub + NRF

r Nd
)
. (53)

The computational cost, for deriving the baseband beam-
formers, is in the order of O

(
N 3
s
)
. Finally, the overall com-

plexity of the proposed algorithm can be approximated by the
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TABLE 1. Complexity expressions of the proposed and the other hybrid
precoding designs.

following expression as

Z tot1 ≈Nr
(
N 2
t Nsub + NRF

r Nd
)

+ N 3
s . (54)

It is required to compare the computational complexity of
the proposed scheme with other hybrid beamforming algo-
rithms, as this comparison helps highlight the usefulness of
the proposed algorithm. Table 1 summarizes the complexity
expressions of the proposed approach and the hybrid precod-
ing algorithms presented in [25] and [49]. Fig. 2 illustrates the
complexity of the proposed algorithm compared with hybrid
precoding techniques given in [25] and [49] as a function of
the number of antennas deployed at communicating nodes.
To generate simulation results, 64 sub-carriers are taken into
account with NRF

t = NRF
r = NRF

d = Ns = 4. It is evident
from the obtained results that the computational cost of the
proposed hybrid transceiver is less than the algorithms given
in [25] and [49]. In particular, the complexity of the presented
technique is approximately two times lower than the hybrid
precoding design in [49]. Table 2 provides numerical data that
describes the low-complexity profile of the proposed scheme
as a function of the number of antennas at communicating
nodes. For instance, the computational burden of the pro-
posed method is approximately 26 times less than the hybrid
precoding design in [25] when 100 antennas are considered
at communicating nodes. Similarly, the computational cost is
nearly 50 times less than the hybrid beamforming design in
[25] when 196 antennas are deployed at communicating units.

VI. SIMULATION RESULTS
In this section, computer simulations are conducted to
demonstrate the performance of the proposed hybrid pre-
coding. Table 3 shows the main simulation parameters with-
out considering the spatial wideband effect, and Table 4
depicts system parameters for simulation when the beam
squint effect is taken into account. The relay nodes in the
underlying system are spatially distributed; therefore, inter-
ference among the channels from the source to the relay
nodes can be ignored. Moreover, it is assumed that relay
nodes are deployed at approximately equal distances from
the source and destination. Hence, channel statistics remain

FIGURE 2. Computational complexity vs. number of antennas with
64 sub-carriers. Proposed scheme compared with other hybrid
beamforming algorithms when Ns = 4. The number of RF chains is equal
to the number of data streams.

TABLE 2. Low complexity profile of the proposed design.

the same under this deployment strategy. In addition, 64 sub-
carriers (IEEE 802.11a WLAN) are considered as in [50],
but the proposed approach works for any arbitrary number of
sub-carriers (e.g., 128, 256, etc.). All the simulation results
are averaged over 500 channel realizations. The frequency
domain description of mm-Wave channel for the nth sub-
carrier Hmm−wave [n]∈CNr×Nt is given as [26]

Hmm−wave [n]

=

√
NtNr
NclNray

Ncl−1∑
i=0

Nray∑
l=1

αilar
(
ϕril, θ

r
il
)
at
(
ϕtil, θ

t
il
)He−j2π i.n

Nsub ,

(55)

where Ncl and Nray are the number of clusters and the num-
ber of data transmission paths per cluster, respectively. αil
denotes the complex gain of the l th propagation path in the ith

cluster such that αil∼CN (0, σ 2
α,i), at

(
ϕtil, θ

t
il

)
and ar

(
ϕril, θ

r
il

)
are the transmit and receive array response vectors,
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TABLE 3. System parameters for simulation without beam squint.

respectively, and (ϕtil, ϕ
r
il) and (θ

t
il, θ

r
il) are the angles of depar-

ture (AoDs) and the angles of arrival (AoAs) in azimuth and
elevation, respectively.

A. PERFORMANCE EVALUATION WITH NUMBER OF DATA
STREAMS
Fig. 4 shows the spectral efficiency performance of the pro-
posed algorithm, by changing the number of transmitted data
streams, i.e., Ns = {4, 6, 8}, in a mm-Wave propaga-
tion environment with uniform planar arrays (UPAs) for the
deployment of antennas at different communicating nodes.
To generate simulation results, the number of antennas at the
source, each relay node and the destination are set as Nt =

Nr = Nd = 100, respectively. Themm-Wave channel matrix,
corresponding to different frequency-carriers, is generated
according to (55), where channel parameters are initialized
as Nray = 10, Ncl = 3, σ 2

α,i = 1 ∀i, and AS = 10o that
describe the number of rays/cluster with Laplacian distributed
azimuth and elevation angles of arrival and departure, number
of clusters, average power of each cluster and standard devi-
ation, respectively. It is worth mentioning that the number
of RF chains is equal to the number of data streams, i.e.,
NRF
t = NRF

r = NRF
d = Ns for the evaluation of the

achievable rate.Moreover, the number of RF chains cannot be
less than Ns according to the essential condition that hybrid
beamforming needs to follow, as mentioned in Section II.
The spectral efficiency achieved by the proposed scheme is
compared with full-complexity precoding under two main
conditions associated with CSI such as (a) perfect CSI (b)
imperfect CSI with different levels of accuracy.

It is obvious from the obtained results that there is a small
performance gap between the proposed approach and fully
digital precoding under the assumption of perfect CSI, but
degradation in the performance occurs when the estimated
channel with a different accuracy factor is taken into account.
For instance, the performance of the proposed hybrid beam-
forming is close to that of perfect CSI when δ = 0.9, and the
performance gap increases by decreasing the value of δ such
as 0.8 and 0.7. It is also clear from Fig. 4 that the proposed

FIGURE 3. Spectral efficiency vs. SNR when N t = Nr = Nd = 100 and
Ns = {4, 6, 8}. It is assumed that 2 relay stations are deployed between
the source and destination. The mm-Wave propagation environment is
described by the following parameters channels Ncl = 3, Nray = 10 and
10o spread angle to generate channel matrix for different sub-carriers.

method achieves nearly consistent performance over a range
of transmitted data streams.

B. EFFECT OF PHASE NOISE ON PERFORMANCE
Fig. 5 illustrates the impact of phase noise (PN) on the
performance of the proposed hybrid beamforming technique
(a) when estimated channel with δ = 0.8 is employed, and
(b) PN is incorporated at the transmitter and receiver using
(52a) and (52b). To generate simulation results, the number
of antennas at different communicating nodes are set as Nt =

Nr = Nd = 100 for the transmission of Ns = {4, 8} data
streams by deploying 2 relay nodes between the source and
destination. Moreover, mm-Wave channel parameters are set
as Nray = 10, Ncl = 3, σ 2

α,i = 1 ∀i, and AS = 10o to
generate channel matrix for different sub-carriers.

It is evident from the obtained results that the performance
degradation due to PN is approximately equal to the per-
formance loss when imperfect channel is considered with
δ = 0.8. Again, the proposed approach achieves consistent
performance in the presence of PN over a range of transmitted
data streams.

C. PERFORMANCE EVALUATION BY INCREASING
NUMBER OF RELAY NODES
Fig. 6 describes the achievable rate by increasing the number
of relay nodes. The system parameters in this case are ini-
tialized as Nt = Nr = Nd = 100 for the transmission of
Ns = {6, 8} data streams with the deployment of 4 relay
nodes between the source and destination. The mm-Wave
channel matrix corresponding to different frequency-carriers
is generated using (55) with these channel parameters Nray =

10, Ncl = 3, σ 2
α,i = 1 ∀i, and AS = 10o. In addition to the

increase in spectral efficiency, the obtained results follow a
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FIGURE 4. Spectral efficiency vs. SNR when PN in hybrid beamformers,
at the source and destination, is taken into account. The number of
antennas and data streams are set as N t = Nr = Nd = 100 and
Ns = {4, 8}. There are 2 relay nodes between the transmitter and
receiver.

FIGURE 5. Spectral efficiency vs. SNR when N t = Nr = Nd = 100 and
Ns = {6, 8} The mm-Wave channel parameters are initialized as
Ncl = 3, Nray = 10 and 10o spread angle. There are 4 relay nodes
deployed between the source and destination to facilitate long-distance
transmission.

similar pattern as that of Fig. 4. For instance, the performance
of the proposed scheme with 10 % channel estimation error is
close to the performance under perfect CSI assumption. There
is a gradual decrease in performancewhen channel estimation
error increases 20 % and 30 %, respectively, as shown in
Fig. 6.

Fig. 7 describes the impact of PN on the performance of the
proposed algorithm by increasing the number of relay nodes.
The system parameters and mm-Wave channel parameters
are the same as in the previous case for the generation of
simulation results. It is obvious from the obtained results that
spectral efficiency achieved by the proposed approach in the
presence of PN is approximately equal to the performance

FIGURE 6. Spectral efficiency vs. SNR when PN is considered in hybrid
beamforming matrices at the source and destination. The number of
antennas and data streams are set as N t = Nr = Nd = 100 and
Ns = {6, 8} There are 4 relay nodes deployed between the transmitter
and receiver to enhance the range of communication.

when imperfect channel matrix is generated with δ = 0.8
using (56).

Fig. 8 plots the spectral efficiency by further increasing
the number of relay nodes with a relatively small number of
antennas at communicating units. In this case, the number of
antennas at the source, each relay station, and the destination
are set as Nt = Nr = Nd = 64 for the transmission of
Ns = {8, 10, 12} data streams with the deployment of 6 relay
nodes to assist the source transmitted signals. The obtained
results clearly show that the spectral efficiency achieved by
the proposed method at δ = 0.9 is close to the performance
under the perfect CSI assumption. In addition, the perfor-
mance of the presented approach is evaluated at δ = 0.85, 0.8
and the performance degradation occurs in a gradual manner
with the increase in channel estimation error, as depicted in
Fig. 8. Again, the performance curves obey a similar pattern
as in previous cases. This behavior indicates the consistency
of the performance and usefulness of the proposed algorithm.

D. PERFORMANCE WITH NUMBER OF ANTENNAS
Fig. 9 plots the spectral efficiency performance of the pro-
posed hybrid beamforming design as a function of the number
of antennas at communicating nodes. To show the validity of
the proposed scheme for small, medium, and large number
of antennas, the number of antennas at the source, each
relay station, and the destination are changed over a wide
range in a gradual fashion such as Nt = Nr = Nd =

{16, 25, 36, 49, 64, 81, 100, 121, 144, 169, 196, 225}.
The number of data streams is set as Ns = 12 and simu-
lation results are obtained by keeping SNR constant at -15,
0, 15 [dB]. Furthermore, there are 4 relay nodes deployed to
assist signal transmission from the source to the destination.
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FIGURE 7. Spectral efficiency vs. SNR when N t = Nr = Nd = 64 and
Ns = {8, 10, 12}There are 6 relay nodes deployed between the
transmitter and receiver for efficient data transmission. The mm-Wave
channel parameters are set as Ncl = 3, Nray = 10 and 10o spread angle.

FIGURE 8. Spectral efficiency vs. number of antennas at SNR= -15, 0, 15
[dB]. There are 4 relay stations between the source and destination to
assist the transmission of Ns = 12 data streams.

It is clear from Fig. 9 that spectral efficiency increases
rapidly for a small number of antennas, while a relatively
slow increase in spectral efficiency is observed for a number
of antennas in medium range. At a large number of antennas,
the increase in spectral efficiency becomes significantly low,
and this tendency indicates that saturation level is going to be
attained. In addition to the consistent performance at different
SNR levels, the spectral efficiency achieved at 15% channel
estimation error is close to the performance obtained under
the CSI assumption. Moreover, there is a negligibly small
performance gap when comparison is made between PN and
the performance with δ = 0.85.

FIGURE 9. Spectral efficiency vs. number of relay nodes at SNR= -15, 0,
15 [dB]. The system parameters are given as N t = Nr = Nd = 16 and
Ns = 10.

E. PERFORMANCE WITH NUMBER OF RELAY NODES
Fig. 10 illustrates the data transmission rate as a function of
the number of relay stations. There are 16 antennas deployed
at each communicating node Nt = Nr = Nd = 16 for the
transmission of a relatively large number of data streams, i.e.,
Ns = 10. The mm-Wave channel parameters are set as in
previous cases. It is obvious from the obtained results that the
transmission rate significantly increases when a second relay
node is deployed between the source and destination. More-
over, the performance curve shows that data transmission rate
increases with an increase in relay nodes, but the increase in
data rate becomes small in a gradual manner.

When the change in data rate becomes negligibly small
by the addition of relay station, the system then enters the
saturation level, and this behavior facilitates determining the
maximum number of relay nodes that can be deployed to
improve the performance.

F. PERFORMANCE COMPARISON WITH OTHER
ALGORITHMS
Fig. 11 shows the achievable rate of the proposed algorithm
when compared with the other hybrid beamforming tech-
niques. The number of antennas deployed at communicating
nodes is set as Nt = Nr = Nd = 25 for the transmission
of Ns = 8 data streams. There are 4 relay nodes between
the source and destination to enhance the transmission range,
link quality, coverage, and spectral efficiency. The mm-Wave
channel parameters are the same as that of the previous cases.
Furthermore, it is assumed that the number of RF chains
is equal to the number of data streams while generating
simulation results. It is clear from the obtained results that the
proposed method outperforms when compared to the hybrid
precoding techniques in [31] and [35].
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G. BEAM SQUINT EFFECT
Fig. 12 depicts the spectral efficiency performance of the
proposed hybrid transceiver when the spatial wideband effect
in time-domain or the corresponding beam squint effect in
frequency-domain is taken into consideration. For this pur-
pose, the frequency-domain mm-Wave channel matrix at the
nthsub-carrier is given as [41]

HBQ [n] = γ

Ncl∑
i=1

Nray∑
l=1

αilar
(
ϕi,l,n

)
at
(
ψi,l,n

)He−j2πτi,l fn ,
(56)

where γ =

√
NtNr
NclNray

is the normalization factor, αil is the

complex gain of the l th path in the ith cluster, and e−j2πτi,l fn

denotes the delay component, in which τi,l describes the
delay corresponding to the l th path in the ith cluster. The
frequency-dependent array response vectors at

(
ψi,l,n

)
and

ar
(
ϕi,l,n

)
at the transmitter and receiver, respectively, can be

expressed as

at
(
ψi,l,n

)
=

1
√
Nt

[
1, ej2πψi,l,n , . . . , ej(Nt−1)2πψi,l,n

]T
,

(57a)

ar
(
ϕi,l,n

)
=

1
√
Nr

[
1, ej2πϕi,l,n , . . . , ej(Nr−1)2πϕi,l,n

]T
,

(57b)

where ψi,l,nand ϕi,l,nindicate the respective spatial direction
of the l thpath in the ithcluster corresponding to the nthsub-
carrier. Moreover, ψi,l,nand ϕi,l,ncan be obtained using the
following relation as

ψi,l,n =
fn
c
d sin

(
ωi, l

)
, (58a)

ϕi,l,n =
fn
c
d sin

(
µi, l

)
, (58b)

where fn = fc +
fs
Nsub

(
n− 1 −

Nsub−1
2

)
, and fc and fsdenote

the central frequency and bandwidth, respectively, while
ωi, l∈[0, 2π )and µi, l∈[0, 2π ) are the AoD and AoA at the
transmitter and receiver, respectively. In (58a) and (58b), d =
c
2fc

=
λ
2 specifies the antenna spacing and λis the wavelength

of signal at the central frequency.
The proposed algorithm maximizes array gain through RF

beamforming components andminimizes interference among
transmitted data streams via baseband processing matrices.
This design strategy facilitates minimizing the impact of
beam squint on the performance of the proposed hybrid pre-
coding scheme. The number of antennas at communicating
nodes and the number of data streams are set as Nt =

Nr = Nd = 16 and Ns = 4, respectively. Moreover,
two relay nodes, i.e., K = 2, are deployed between the
source and destination to assist data transmission. It is worth
highlighting that the number of RF chains is equal to the
number of data streams while conducting computer simula-
tions. The system parameters to generate simulations results

FIGURE 10. Spectral efficiency vs. SNR: Performance comparison
between the proposed scheme and the hybrid precoding technique given
in [31] and [35]. The number of antennas and transmitted data streams
are set as N t = Nr = Nd = 16 and Ns = 8.

TABLE 4. System parameters for simulation with beam squint.

are summarized in Table 4, when the beam squint effect is
taken into account. It is evident from the obtained results
that the proposed hybrid precoding method achieves perfor-
mance close to the upper bound defined by its full-complexity
digital counterpart. Furthermore, the performance compar-
ison of the proposed technique with other existing hybrid
beamforming schemes is also shown in Fig. 12. The existing
algorithms include alternating minimization (Alt-Min) based
precoding [26], spatially sparse precoding [24], and hybrid
wideband beamforming for beam squint compensation using
space-time block coding (STBC) [51]. It is also obvious from
Fig. 12 that the proposed method significantly outperforms
these existing techniques.

Fig. 12 demonstrates the performance of the proposed
scheme when four relay nodes (i.e., K = 4) are deployed
between the source and destination for the transmission of
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FIGURE 11. Spectral efficiency vs. SNR: Comparison between the
proposed scheme and existing hybrid precoding algorithms, when
N t = Nr = Nd = 16, Ns = 4 and K = 2.

FIGURE 12. Spectral efficiency vs. SNR: Comparison between the
proposed algorithm scheme and existing hybrid beamforming techniques,
when N t = Nr = Nd = 16, Ns = 6 and K = 4.

Ns = 6 data streams. The mm-Wave channel parameters and
the number of antennas at communicating nodes are the same
as in the previous case. It is clear from the obtained results
that the proposed technique achieves performance close to
that of unconstrained fully digital precoding, and the existing
techniques suffer from similar performance degradation due
to the beam-split effect, as seen in Fig. 12.

VII. CONCLUSION
This paper investigates the hybrid wideband beamform-
ing design in a single-user multi-relay MIMO system for
achievable rate maximization. The element-wise constant
amplitude constraint associated with the analog beamforming

componentmakes the problem non-convex and hence, mathe-
matically intractable. Moreover, practical broadband systems
require the RF processing solution common to all frequency
sub-carriers, and this design challenge adds another layer
of complexity in deriving the phase-only processing part
of hybrid precoding under frequency-selective channels. For
deriving the RF and baseband processing components that
lead to achievable rate maximization, the original compli-
cated optimization problem is transformed into a relatively
simple form. Furthermore, an endeavor is made to decou-
ple the design of analog RF and digital baseband process-
ing components by exploiting the property of the unitary
transform. Then, the problem of designing the analog beam-
forming solution is decomposed into sub-problems, and each
sub-problem is tackled using the alternating minimization
approach. In particular, the common analog precoder and
combiner at the source and destination, respectively, are
derived using the notion of tensor decomposition. To derive
the phase-only precoder and combiner at each relay node,
each sub-problem is transformed into L1−norm maximiza-
tion problem, as this objective function makes the design
robust against channel imperfections and PN in hybrid beam-
formers. Finally, digital baseband processing components
are obtained by minimizing interference among transmitted
data streams through the sub-channels corresponding to the
equivalent baseband channels. It is obvious from the obtained
results that the proposed algorithm achieves acceptable per-
formance by changing system parameters in the presence
of channel estimation error and PN when compared with
the theoretical upper bound. Moreover, the proposed scheme
outperforms in comparison to the other existing hybrid beam-
forming methods. The extension of this work, considering
intelligent reflecting surfaces, is a promising future direction.

APPENDIX A
Let σ1[n], σ2[n], . . . , σnmin[n] be the singular values of the
effective channel A[n] from the source to the destination
in (9) corresponding to the nth frequency-carrier. Applying
SVD on A[n] can decompose it into nmin independent parallel
eigenchannels, where σj[n] denotes the gain of the jth channel.
Hence, the capacity expression can be characterized as

Cn =

nmin∑
j=1

log2

(
1 +

Pj[n]
PN

σ 2
j [n]

)(
pbs
Hz

)

where Pj[n] = max
(
c−

PN
σ 2j [n]

, 0
)
is the power allocated to

the jth channel according to the water filling algorithm and
c denotes a constant satisfying the transmit power constraint∑nmin

j=1 Pj[n] = Ps,∀n∈{1, . . . ,Nsub}, and PN indicates the
noise power. Substituting Pj[n] into the above-mentioned
capacity formula leads to the following result:

Cn =

∑
Pj[n]̸=0

log2

(
c
PN

)
+ log2

(
5Pj[n]̸=0σ

2
j [n]

)
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where σ 2
j [n] are the eigenvalues of A [n]AH [n]. It is

clear from the last expression that log2
(
5Pj[n]̸=0σ

2
j [n]

)
is

highly dependent on A [n]. Moreover, log2
(
5Pj[n]̸=0σ

2
j [n]

)
can also be expressed as

∑
j log2

(
σ 2
j [n]

)
. Therefore,

the achievable rate maximization in (10) is simplified as
Tr
{
A [n]AH [n]

}
.
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