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ABSTRACT This study explores the issue of adaptive stabilization for a class of high-order uncertain
nonlinear systems with asymmetric output constraint and zero dynamics. By combining skillful Barrier
Lyapunov Function (BLF) with the technique of continuous feedback domination equipped with a group
of integral functions including nested sign functions, a continuous state feedback stabilizer is established,
which guarantees that the closed-loop system’s states converge to zero asymptotically while keeping the
asymmetric output restriction inviolate. Superior to the existing methods, the developed strategy can not
only simultaneously cope with the output asymmetric constraints and dynamic uncertainties, but also unifies
the construction and theory analysis for the limited and unlimited output. At last, a numerical simulation is
offered to verify the efficiency of the developed method.

INDEX TERMS High-order nonlinear systems, dynamic uncertainty, asymmetric output constraint, zero

dynamics.

I. INTRODUCTION

It is well known that the issue of nonlinear systems’ stabi-
lization in the presence of parametric uncertainties is capable
of being efficiently addressed via adaptive techniques [1],
[2]. Although several approaches including the backstepping
technique and feedback linearization have the potential to
be employed to nonlinear systems’ adaptive construction,
they are not applicable to p-normal form systems owing
to the intrinsic nonlinearities triggered by the Jacobian lin-
earization’s uncontrollability. Luckily, the idea of adding a
power integrator originally developed by [3] and [4] created
an important leap forward and further sparked numerous
studies on high-order uncertain nonlinear systems’s adap-
tive control, see, e.g., [5], [6], [7], [8], [9], [10], [11], [12],
[13], [14], and [15]. What matters is that intriguing solutions
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incorporating neural networks, fuzzy tools, homogeneous
domination approach and filters [16], [17], [18], [19], are
presented to handle more severe nonlinearities.

In addition to adaptive mechanisms for addressing uncer-
tainties, the topic of zero dynamic (i.e., dynamic uncertainty)
has also drawn a lot of focus [20], [21], [22], [23], [24].
As a matter of fact, control systems in real-world applica-
tions unavoidably consist of zero dynamics because of the
restrictions of measurement equipment and techniques. With
extra constraints placed on dynamic uncertainty, the small-
gain theorem [20] and modifying supply functions [21] were
capable of effectively overcoming this challenge. Particu-
larly, the research [22] tackled a particular kind of tight
feedback cascade systems’ asymptotical stability working
with the small-gain theorem and parameter division strat-
egy. The same methodologies were put to use in [23] to
explore a category of high-order nonlinear systems’ finite-
time stabilization with dynamic uncertainty. Furthermore,
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backstepping technique was applied in [24] to cope with the
creation of adaptive robust controller for certain kinds of
nonlinear systems with zero dynamic. Hence, it is regarded
as critical to build a strategy to the stabilization issue for a
category of high-order uncertain nonlinear systems equipped
with both parameter uncertainties and dynamic uncertainty
(i.e., zero dynamics), which constitute one of the motivations
of this paper.

Remarkably, paying attention to transient actions of system
states, especially, the system output throughout the stabi-
lizing mission, also constitutes an essential and noteworthy
topic [25], [26], [27], [28], [29], [30], [31], [32], since any
break of the restrictions on system output may produce an
undesirable inclination to degrade system efficiency or may
be even to cause destabilization. For instance, the location
of a maritime vessel is supposed to be confined by its max-
imum distance of trip [31]; the output of a adaptable crane
system is required to be faced with an output limitation for
guaranteeing security and reliability [32]. As a consequence,
during the stabilizing process, the system output meeting
come predetermined restrictions is frequently desired; such
a requirement may also be inferred from several beneficial
approaches emerged to deal with diverse constraints, see,
e.g., [33], [34], [35], [36], [37], [38], and [39]. So far, several
approaches for tacking such a problem have been put forward,
including invariability control, model-predictable control and
reference leaders [40], [41]. In general, the BLF presented
in [26] and [27] has become a practical technique for coping
with output constraints, where a BLF being log-type was
offered for a kind of strict-feedback nonlinear systems with
asymmetric or symmetric output restriction. Subsequently,
quite a number of innovative ideas on how to deal with the
various constraints have appeared, see, e.g., [33], [34], [35],
[36], [37], [38], and [39]. However, [26] can not be suitable
for a system with an especially precise control requirements
since the time derivative of the BLF is merely less tham
or equivalent to zero. Moreover, control schemes possibly
overly manage the restriction in instances where there pos-
sesses no any constraints. This observation inspires this study
to dedicate to establishing one specific stability criterion to
ensure the viability of general control mechanism for the
constrained and unconstrained output.

As a consequence, a fascinating query is presented concur-
rently: Is there a way to find a new solution to cope with the
challenge of adaptive stabilization for a group of high-order
uncertain nonlinear systems equipped with both the param-
eter uncertainty and zero dynamics, which is suitable for
both the restricted and unrestricted output? We are going to
address the aforementioned question and offer a satisfactory
response according to our research and materials mentioned
above. Indeed, this procedure is indeed challenging due to
the absence of specific theoretical backing and rigorous guid-
ance. In this study, we develop a scheme by entailing both
a skillfull BLF and the technique of continuous feedback
domination equipped with a serial of integral functions. The
primary achievements/innovations of this study are classified
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into three categories: (i) This study provides an entirely novel
criteria for constructing the adaptive stability for a class of
high-order uncertain nonlinear systems when the parameter
uncertainties, zero dynamic and output constraint both exist.
In other words, this paper conceivably offers a new insight
into constructing a stabilizer by an adaptive fashion, capable
of dominating complex dynamics and parameter uncertain-
ties. (ii) Without modifying the controller’s construction, the
development and analysis procedures for constrained and
unconstrained output are unified. That is, the case that the
control strategies dominate the constraint excessively when
there is no constraint can be avoided. (iii) In order to prevent
zero division and streamline stability analysis, new algebraic
techniques are employed, including the barrier function and
several creative transformation algorithms.

Notations: Throughout this paper, we are going to employ
the following notations. R represents the sequence of real
numbers, R™ represents the sequence of all non-negative real
numbers, and R” represents Euclidean space with dimension
n, and ]R;fd £ {q1/q2 > i|q1 and g, are positive odd inte-
gers} with i = 0, 1. Given a real vector x = [x1, ..., x)f €
R" and three real positive numbers s1, s2, s3,fori =1, ..., n,
X 2 [xg,..o,x]T e R Sisy,82) & {xx € R with
—s1 < x1 < 52} € R and 3S;(sy, s2) denotes the boundary
of Si(s1, $2); [s1%3 = |s|®sign(s) for all s € R with sign(-)
being the sign function which satisfies sign(s) = —1if s < 0,
sign(s) = 1if s > 0, and sign(s) = 0if s = 0. ||A]] =
V max (AT A) denotes the norm of A € R”, where Ay (ATA)
denotes maximum eigenvalue of square matrix ATA. If a
continuous function ¢ [0,s5) — [0, 00) is rigorously
increasing along with ¢(0) = 0, it can be considered to be
class Kno; and if s = oo and ¢(r) = oo while r — o0, it can
be declared to be a member of K. Regarding a continuously
differentiable function W : R” — R™T, if W(x) > 0 along
with W(x) = 0, it can be regarded as positive definite; more-
over, if W(x) — oo as ||x|| — o0, it further can be viewed
as radially unbounded. In certain circumstances, functions’
arguments may be abbreviated, for instance, a function g(x())
is denoted by g(x) or g and ||x||2 can be represented by ||x||.

Il. PRELIMINARIES AND PROBLEM FORMULATION
Take the following high-order uncertain nonlinear systems
into account:

(1) = fo(z(0), y(1), do(1)),
(1) = B[] (1) + filz(0), x(1), di(D)),

i=1,...,n—-1, (1)
Xn(t) = Bu(x(®)u (1) + ful2(t), x(2), dn(2)),
y(t) = x1(1),

where x(f) € R", u(t) € R and z(t) € R™ denote system state,
control input and unmeasured state, respectively. For each
i=1,---,n, di(t) € R" denotes the unknown bounded
time-varying vector; p; € Rozdld is called systems’ high-
order, f;(+), f»(+) and B;(-) are continuous functions. The initial
condition is x(0) = 0, z(0) = 0. y(tr) € R represents the
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output that is constrained by —a < y(t) < b, Vt > O witha, b
being two positive predetermined constants.

The purpose of this study is to build up an adaptive con-
tinuous feedback stabilizer for system (1) such that (i) all
the closed-loop system’s states are bounded and the system
output meets the asymmetric constraint —a < y(¢) < b, Vt >
0. (i1) x(t) converges to zero.

In order to accomplish the control purpose, the following
assumptions are required.

Assumption 1: Giveni = 1,...,n, there is an unknown
constant # > 0O and nonnegative continuous functions
fo(), fi(-) and £;(0) = O such that

O < follzl + 6 D gl HHifie, ©)
j=1

where w; > 0,4 = h"h—'r", h; are specified recursively by
h1=1h hiitn =g
Pj—1

O) Notably, (2) takes the following form:

,n+ 1, and n satisfies n €

( anl’O Pi—

HON < Aozl +8 D g 10, 3)

J=1

where [;(x;(1)) £ Zj': 1 |xj|“iff_,~(f,~) is continuous nonnegative
differential function and /;(0) = 0.

Assumption 2: There exists a positive definite continuous
differentiable function Uy(z) satisfies:

z(|lzll) = Uo(2) = 7(llzlD),

U, 4
O(Z So(x1, z, do(@)) < —m(l|zIl) + o T(|x1]), @

where 71(~), (), m(-), 7(-) € Kooy, ko, ¢ < 1 are positive
constants, and o > 0 is an unknown constant.

Remark 1: By utilizing the following inequality, it is not
hard for designer to transform the asymmetric constraints
into intelligibly symmetric constraints.

a+b o b—a a+b
_4ro . — <
2 =Y 2 2

#, then for all t > 0,

, V>0

Let 5(t) = y(t) — 5% and ¢ =
—& < ¥(t) < & holds.

Several lemmas that are significant to the main
results’proof are presented below.

Lemma 1 [4]: For a continuous function f(x,y) with
x € R™and y € R”, there exist smooth functions a(x) >
0,b(y) = 0,c(x) = 1 and d(y) > 1 such that |f(x,y)| <
a(x) + b(y), If(x, )| =< cx)d).

Lemma 2 [4]: For given positive constants m, n, there
is a function a(x, y) such that the inequality |a(x x| <
cCe ™+ 2l 1 (G ) " o™ holds
for any x € R and any y € R, where c(x,y) > 0

Lemma 3 [4]: For any x € R and any y € R, the
1nequa11t1es |x+y|” <2r= 1(x"—l—y") [x—ylP < < 2P= 1(x”—y”)

(IXI + IYI)” < 7 + IyI” <27 x| + lyll" I —y”| =
27 7 |x—y|1’ hold for given p € R> 1, and (x; + - - - +x,,)"

IA
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max (=1, 1)(x + - - - +x5) hold for given p € R>Y, and any
X1,...,x, € R

Lemma 4 [9]: For any continuous functions x(¢) and &(¢)

defined on [0, co) satisfying [1_1)120 g(t) = 0and e(r) > O,
: x2(1)

there is |x(¢)| < e(t) + m vt > 0.

1Il. CONTROL DESIGN PROCEDURE

To begin with, the designer establish the following Proposi-

tion to eliminate the effect of zero dynamics.

Proposition 1: With an identified continuous and mono-
tone non-diminishing function K : R™ — [1, oo) and the
function Vo(z) = [, 0@ g (5)ds with Up(z) being presented by
Assumption 2 is positive, continuously differential and radi-
ally unbounded, there arises a nondecreasing smooth function
7(-), a positive constant € € (0, 1) and an unknown constant
o such that

BA _ o9

—Zfo < —(1 —K(s)om(llzlym(lzl) + 5x7T(x1),  (5)
Proof: Check Appendix A. ]

The following coordinate transformations are then offered:

E() = [ — Tar it (1), 617,
u(t) = an(x(t), H(1)), (6)
ai(%i(1), B(1)) = —g" 1 (xi(1), B(O)[E:(0) 1,

.n, 0 actually denotes the estimate of
0 = max{5,0,0T- fi} g1(), - -+, gn(+) are smooth positive
functions to be determlned subsequently. For convenience, let
g0 = xo = ag = 0. According to Assumption 1, there holds

wherei = l

1
h—z 1,2 —hi+hipipi=2+n,
i

O<hipyipi<l,i=1,---,n, ()

on the basis of (7), we represent an integral function with
nested sign functions Wy : R' xR - R,i=2,--- ,nas

Xi | 1 12— hiv1pi
Wi() =/ [Mh' - Fai—ﬂ"f—‘ ds, (8)

i—1
Repeat the procedures in [5], the continuity of Wi (-) can be
obtained and satisfies

ow; b
= [&177
3)6,' 1
W, i o
ol [T e ds @
an i1
9 1
v (lrai—ll’”) ;
xe Nl
cit | xi — o] < W < cpl&l*",
)
where xy = x; fork = 2,---,i — 1, y; = 6, ¢y =

2’1—"”2(2*}’#”’1‘)(}’!’*1)/"" and c;p = 2!~ According to (6), one
has
n

U=y = —[Z(ﬁgj()_‘j’ 5)) DCH%TM. (10)

=1 j=I
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Subsequently, the mission is to determine the exact form of
gi recursively.

step 1 As a matter of fact, symmetric constraints are a
special case of asymmetric constraints. In order to provide
flexibility and versatility in the control design process, the
designer attempts to explore a more extensive and flexible
BLF. That is to say, the BLF should be set to utilize the
system’s nonlinear properties to their greatest potential and be
able to handle both symmetric and asymmetric cases. So we
construct the following BLF:

a2*’7b2*’7|x1|2*"
Q2 —mb— x> a+ x>
if x; — 9Si(a, b), then Vyr — oo holds. For any initial
condition —a < x1(0) = y(0) < b, as long as —a < y(0) < b
and y(¢) is bounded, whether y(t) — —a or y(t) — b means
Vpir — o005 that is, if Ve and y(7) are bounded, then the

output constraint —a < y(t) < b is not violated. Moreover,
it follows from (11) that

Wp(x1) @ "0*(x1* + ab) R
= X
ax1 b-x13a+x )y
2 pe)[x1'™, —a<x <b,  (12)

Voir = (11

where p(x1) is a smooth positive function. For obtaining the
control objective of (1) with output constraint, define

1~
Vi= Vi + 592 + Vo, (13)

where 6 £ 6 — 6. It should be noted that the positive

definiteness of V| can be guaranteed. To be specific, with
V1 being a function of z, x; and 6 in mind, we conclude that
Up(0) = 0, Vpy(0) = 0,362 = O holds if z = 0,x; =
0,0 =0, thus V; (0) = 0. On the other hand, V(¢) > 0 holds
whenever z(t) # 0 or x1(t) # 0 or é(t) # 0. The time
derivative of V| along with (6) is as follows

Vi = Vi — 66 + Vo
= ol B + ) — 00 — (1 — OK o1 + 5277
=l 7B —f) + ppiTxi ] !
— 06— (1—eK
omw +&x3T + plx 1A, (14)

the next task is calculate the final two terms in (14). On the
basis of (3), (7) and Lemma 2, we have

P11 < p el (Fo + 8 P 4y + 0 )
2

22
< pi&2 1T+ +OpliEl, (15)

2
where ¢ = ,010 + ’7(14 )n 110]7 ¢1 and [; are positive
smooth functions. Addltlonally, there holds

Gx7T < 0877 + 01T, (16)
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substituting (15) and (16) into (14), it can be observed from
I —n+pihy =2and by = 1 that [x;]'""a?" = —g/'"™ g2,
Then, (14) can be simplified as

2 22
Vi< =+ DEE+ppr T 17 (0 — o) + £, +F)
— (1 —e)K o — 00 + 07€2 4 Opl &}
+ &2 (¢1 41467 — pﬁlgﬁ"’”). a7

So far, one can choose

1

d1+n+1+67\"™
gl=(—pﬂ1 , (18)

(17) can be transformed into

Vi < —(n+ D&+ pBi Tx 1177 (' — o) +f0'*" +f""’2
—(—Koxm +6 (zmé] - ) (19)

where @(x1) = pli + T(x1).

step 2 In this step, we will calculate the explicit expression
of g». Consider V, = V| + W>. Considering (9) and (19), one
has

Vo < —(n+ DEE+ ppr Tx 177 (x5 — o)
2

2
+fl+'7 -i-fplh2 - W
Pz oW, 2

ven(14+8)7 &+ prar

N W
—(l—eoKoxn +9(W1$1 —9)+—2x1

0x]
+ BolE17 T (k= b)) + (6177772, (20)

we next simplify the indefinite terms of (20). According to
Lemma 2, (6) and (7), one can get

pB1Tx1 1 (x5 — o)

=0 ~l—pih
< pPilx| T2

| |P2h2

1 1
(X212 — o]
< 27pBy &1 &

1
< — &2 4+ ¢l 21)

where ¢21 is positive smooth function. It follows (6) and (7)

n3py
that |x;| K < |&ilP2" + |gioy 17273 &1 72" i =1, 2. Then,
according to (3) and Lemma 2, one has

pzh
(6177772 < |67 hz(fo+GZIX1I 3 )

<1677 fy 4+ Ghg |62 Z & |72
i=1

2
_ =t 1 -
< &3 +f " + 251 +0mE, (22)
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where ¢y, @y and g7 > 1 + gfz}” are smooth positive
functions. By using (3), (6) and Lemma 1, the designer ia
capable of calculating the following estimate:

\aro‘”hzﬁ{ < (o1 -+ 22211 ) (o + 0160 )

< yu(fo + 6 &)™), (23)

where y21(x1) > (g1 + |dgl £11) (1 + 1) is a smooth positive

function. Further, since |x21| < (&l + g la)™ < 1+
1

gl (&l + I&I"H), we have

‘Naﬂ puad!

2
<o l5™". @
j=1

1\ .
where 021 > |gi+l $EL&111B1(x1, 1) - (1 + g is a smooth
positive function. Besides, Combining Lemmas 3 with 4 leads
to

1 1 I—hy—n
—2-n—h) [s1%2 — [y (x1)]7 ds
<Q=n—h)lx—ay| - &N
<217 2~y — ) &2 |5y 2
<&, (25)

where ¢, = 2112 (2—n—"hy) > 0is a constant. In the
subsequence, on the basis of (3), (7), (23)-(25) and Lemma 2,
we have

oW, .
—Zx
x|

X2 1 1
— @ —hz)/ | TsT% — T2 |11 ds
o
0 1
. (ran ) (B! +11)

2
o+ 2 gl + i)

j=1

1 2 -
< —E2+ ¢nEF + £ + Okl (26)

<& (021 + 121) 1E2]'

where @7y and ¢p3 are positive smooth functions. On the
other hand, it should be noted that

0 W2

(&t +med) = 262 +ousd. @D

where ¢4 is a positive function, and @y + @ = .
Let ¢2(x2) = o1 + ¢22 + P23 + ¢o4. Subst1tut1ng Q21)-
(27) into (20) and taking [£12771 2a5? = gf”2 37 into
consideration, then (20) takes the form

2

Vo < —(n— 1)E + &) — EF + 27

E ZPilir1 H~l _

~ (1=K omm + B [61*77 ”2( 2 —ab?)
+ &7 (¢2+n—l—,32g§23+622(1+$1) ”)
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+(a- awz)(Zwls -é). (28)

Choose
_n
dr+n—1+cn(1+8) *\mm
827 ( B2 ) '

At last, (28) can be rewritten as

(29)
Vo< —(n—DE +E)— & +2f0”" +Z pisi

~Wa—(1— K omm + o [£1°77 h2 (x5 — oh?)

(~ 8;22)( i i€} — é). (30)

i=1

stepi(i=3,...,n) Assuming at step i — 1, one has cre-
ated a suitable continuously differential function V;_1(xj—1)
and smooth positive functions g1, - - - , g;—1 such that

Vi—l
i—1
<—(n—-i+2)> & -
k=1
i—1 i—1 .
+(é_23”Yk)(zwkg,3_é)
k=2 96 k=1
—ZWk—(l—e)Konn—i-z kit —|—(z—1)f%
+ﬁl~_1rs,»_112 e - ,']) (31)

where @y (X, é) is obvious a nonnegative continuous func-
tion with @y (0, é) = (0. What comes next, we need to verify
that (29) still remains valid in step i. Thus consider V; =
Vi_1 + W;. Utilizing (9), (29) can be changed to
14

i—1 i—1 2

<—-m-—-i+ 2)Z§k ;;:1 +(i— 1)fon+1 + prkhk+1

k=1 k=1
+ BilE1PTT Ml 4 BiTEN TN () — o

-3

+Wi—(1—-e)Kornm

+<é—zawk)<2wksk 0)

+ &2 hﬁ+ﬁ,~_1rs,-_112 R (T — o)
aw: =L aw

+ A9+ — %, (32)
90 8x

To eliminate tedlous calculations, we put the estimation of
the final five terms of (32) in Appendix B. In other words,
after laborious calculations, we are left with the following
inequality:

Biot T&1 12" 7h (! — o) + 161277,
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BW 8W

+Zw,

2
<EL ik + Zs;,? + Oag? + f i +/7, (33)
k=1
then, one can choose the positive smooth function g; as
follows:

=]
gi = (¢i+n_i+ I+cn (1 +Si2) ’ )Pihi-H
;=
Bi

, i22,

(34)
substituting (33) and (34) into (32) produces
Vi
i 2 i
. 1 h

S —(n—it DY & - & +ify" +Zf S W

k=1 k=2
+ BlETI (L — o) — (1 - e)K omm

+(6- ZBW")(Zwkék 0). (35)

k=2

It should be noticed that (35) is also holds for i = n with
&,+1 = 0. Hence, we are able to design an adaptive feedback
stabilizer as follows:

. n
k=1

u=-[ 3 ([ewo) i " @1

=1 j=l

Finally, using (35) and letting i = n, one achieves

n n
Vn < _Zsk +prkhk+| ZW]‘
k=1 k=2

- (1 — oK oln_, (38)

‘51 +”fo

where V,, = Vi+X ,'{’22 Wy So far, the whole design procedure
is completed.

Although lack of uniqueness, the continuity of the closed-
loop system guarantees the existence of its solution, which
does not decrease the significance of this paper. Last but not
the least, we draw attention to the distinctive characteristics
of Vpjr from two aspects.

Remark 2: (i) Control design procedure can be unified by
Vuir when coping with both constrained and unconstrained
systems. In fact, we set b = a — 00 and obtain

4—2n|xl|2n
lim V, hm
%O = I B @ —w i aw
T
-5

In contrast, the current findings in [5], [6], and [7] likewise
utilize the following Lyapunov function:

Wi(ar) = / 2 gs = / ) s =
0 0

89952

ey |27

2—1

As a result, the scenario where x| has no constraint is identi-
calto a = b — oo. Hence, the barrier function turns into the
same as well, and the remainder design and analysis apply
the same techniques as that in [5] and [7].

(ii) Vi is constructed by effectively leveraging the char-
acteristics of nonlinearities. It can be indicated that n moves
into the powers of Vpr, which effectively depicts nonlinear
features of functions f;’s. On the other hand, this knowl-
edge fails to be taken into account while developing barrier
functions in [26], [27], and [33]. It further clarifies why it
is impossible to employ logarithm or tangent functions to
control design from a different perspective.

IV. MAIN RESULTS
The main result of this paper is summarized as follows.
Theorem 1: For the high-order uncertain nonlinear sys-
tem (1) under Assumptions 1 and 2, if (1) satisfies:
£2

f(s) Jo (s)
lim sup —— < 400, lim sup—— < +o0 39
s—0F s—0F 7(s)

then there ex1sts a continuous controller guarantees that the

states of system (1) converge to the origin as well as keeping
the asymmetric output constraint inviolate.
Proof: The entire proof can be split into two halves.
(a) Verification of asymptotic stability To begin with,
> 2,

we need to prove V < 0. Owing to 4y > 2 and

hiy1

(39), fo"Jrl and f Pili1 ’“ , it can be concluded from the bounded-
Ji( s)

T < 0% and

ness near the origin that limg_, o+ sup

2

L
Szl = nfy™ izl + Zfop‘ LIzl (40)

i=1

define:

2
2 gm0,
(I —e)l—€) 5ot 7(s)

2 Ji(s)
————— sup -
(1 —e)l—¢) 0<s'<s E(S)

K(s) =

+1, s5>0,

(41)

where 0 < e < 1 is a specified constant. K (s) is nondecreas-
ing, positive and continuous on [0, c0). By means of (39), one
has

1—e)1— A
_#K(@ o(llzNm(llzID +j1(llzl) <0, (42)

which combines with —(1 —€)K (s) o (||z]|)7 (]|z]]) < Oleads
to

Jilzl) = (1 = &K (s) o w1zl (Il

1— 1—
< ==k o miabrdiel. @)
Substituting (43) into (38), there holds
i = ===k 0wl lel) — Y8~ &

i=1

n
— D Wi R —Vi(x,2) <0, (44)
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therefore, V(x, z) is positive and continuous. Furthermore, 08
it can be deduced from Lyapunov stability theory that system 0.6 Ty e e
(1) is uniformly asymptotically stable. rzg t% o {;()15» 05 0.5, 0’.25]T]

(b)Validation of output constraints. The following is to 0.4 b=0.65
verify that there is a < |y(t)] < b, for all t > 0. At first, < ol - = ~-a=055 |
here we define the preliminary state x(0) € Sﬁ. By means of =
(44), we can draw a conclusion that 0 < V,,(x(¢)) < V,(x(0)) *5 or Japme—
for all + > 0, which shows that o oal /// i

4
2—np2— 2— /
C WL v @) -
Q=mb—x)>Ma+x)>" = T .
According to V(0) = 0 and the continuity of V, we know i) 1 2 Tim: (sec) 4 5 6
that there is a constant A, > 0 so thatV < 1 holds, for any i
given |[y(t)|| < Aj. Besides, thelre is also a constant A3 = FIGURE 1. Trajectories of y.
min{l, (a+ b+ ab — ab(2 — n)m)%} > 0 such that for any
|x1] < A3, the following holds 0.8 PO tor 0.6, 7‘0.5’70'4‘70.35]T
2By P 06 —emea5(2) for [—0.5,0.5,0.5,0.25]T
2= -mP it 0 oaf s f
Let A = min{\Ay, A2, A3, a, b}, |y| < A holds. In other words, = 2l \\\ |
for any t > 0, [y(t)| = |x1(¢)| < A holds, which means S* C 5 s
R” is an estimate of attractive domain. 0 5 or =

Remark 3: It is worthy pointing out that the difficulties 02l |
encountered and novelties made from two aspects.

(i) We additionally consider the asymmetric constraint 04 i
which is a challenging in both practical applications and 06 ‘ ‘ ‘ ‘ ‘
control theories in this study. Based on this, how to develop a 0 ! 2 Tim03 (sec) 4 5 6
novel barrier Lyapunov function to unify the control design
in dealing with both constrained and unconstrained sys- FIGURE 2. Trajectories of x,.
tems without changing the structure of the controller can be
regarded as the first difficulty of this paper. By efficiently 0.8 T r r r r
exploiting the characteristics of nonlinearities, an innovative 2(t) for 0.6, =0.5, =04, 0‘3?]T
barrier Lyapunov function is skillfully constructed to keep the 06 frmemmmem, - —=a(t) for [70.5,05,05,025)
asymmetric output constraint inviolate. More specific clues sl \\ i
can be found in Remark 2. AN

(ii) The high-orders p;’s renders the recursive design inef- = 0zf ‘\\ .
fective in dominating terms which are associated with 6 and g .
have unmatched powers with other destabilized nonlinear g o -
terms. On the other hand, p; > 1 inevitably leads to dif- ol |
ferent homogeneous degrees in each equation of system (1).

By improving the technique of continuous feedback domina- 04f .
tion equipped with a serial of integral functions including

nested sign functions, and developing subtle state trans- 06 | 3 3 4 5 p
formations, a controller producing effective actions is con- Time (sec)

strucited a?’c.ordmgly to c?mper{sate for the effects of inherent FIGURE 3. Trajectories of z.
nonlinearities while manipulating high-orders p;’s.

V. SIMULATION EXAMPLE

This part provides a numerical simulation to evaluate the effi-
ciency of the design strategy, consider the following example:

where y = x1. Choose S
0.65, dp = 0.3. Besides, p =1,ne (—%, 0), hy

_ht+n _ 8 _htn _ T
l,hz_—[71 =35, h3 = i = 5. By (2), one has

= B = l,a = 055b =
%91’2

. 3 13

7= 225+ Zexls’ 2 4 1 2
: . il = [ox1 + 22| < 101113 b f + 2,

)'c1:x23+0x1+z, 4

0x; + 7

7 7 3
. 4 = < |0 (_x 25 X ﬁ) X |4 2
X2=M+9.x23 +Zz. lf2| = | | | 1| +| 2| | 2| +z7,
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0.5

—4(t) for [0.6, 0.5, —0.4,0.35]"| |
—-—=-4(t) for [-0.5,0.5,0.5,0.25|T

0.4

4 5 6
Time (sec)

—a(t) for [0.6, 0.5, —0.4,0.35]"
25 —-=-u(t) for [-0.5,—0.5,0.5,0.25]" |4

controller u(t)

S
~———

0 1 2 3 4 5 6
Time (sec)

FIGURE 5. Trajectories of u.

L = 1= 3
some calculation illustrate that fi = |x1|5,/f> = |x2|%,fo =
z> meets Assumption 1. Here we select Uy = z*, thus

, 3 3 9
290, (x1, 2, do) = 42° (—2z3 + %doxf) = -2 ()" +
dg |x1 |% satisfies Assumptil(g)n 2,and o = 19—0, l—e = 4—1‘, € =
%, o=11t(x|) = dg|x1 | 5. After complicated calculation,
the controller can be constructed asu = — 2 (g1x1+| x2|%)27?,
where g = (¢1 +3 +0n1(x1)*, 82 = (¢ + 1 + L4 +
EN)T .1 = Op(1 +x])10 +02p3, ¢ = (1 +x3)5 +
~ A
0.630(1 + ¢F)HB (1 + x2)17 + 2.1p3 + 2.47(021 + y21) +
A 5 1
(64 10.6)0(021 + 213 + 2.7((g1 + (1 + (22D (@) +
6 6 4 1 6 6
D)(E] +6))F +2.47(1+(1+ Bad) 3 (@1 + )6 +65).
To perform the simulation, we assign 6 = 1 and
select the initial values as [x;(0), x2(0),2(0), 6(0))" =
[0.6, —0.5, —0.4,0.35]T and [x{(0), x2(0), z(0), H(0))T =
[—0.5,0.5,0.5,0.25]T. As demonstrated in Figs.1-3, the
states of the closed-loop system can converge to the origin
and the output constraint —0.55 < y(¢) < 0.65 can not be
broken.
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VI. CONCLUSION

Considering asymmetric output constraints and zero dynam-
ics, the challenge of adaptive stabilization for a category of
high-order uncertain nonlinear systems is deal with in this
study. The establishment of the continuous feedback stabi-
lizer is on the basis of a novel Barrier Lyapunov Function
(BLF) with the methodology of continuous feedback domi-
nation equipped with a serial of integral functions including
nested sign functions. There are still several issues to be
explored in the future. (i) It’s not certain if strategy can
be employed to cope with the prescribed-time stabilization
for nonlinear systems with asymmetric time-varying output
constraints. (ii) Whether or not this approach could be applied
to cope with the stabilization of stochastic nonlinear systems.

APPENDIX

A. PROOF OF PROPOSITION 1

This part offers the specific proof of Proposition 1. At first,
since Up(z) is continuously differential, positive and radially
unbounded, it may be inferred from Assumption 2 that

Uo(z) = K(Uo(2)Uo(z)
< —w(zIDK (Up(z)) + o t(Ix1DK (Uo(z)),

There are two cases to be discussed here:

Case 1: when ot(|x1]) < em(]|z]]), one has

— w(IzZINK (Up(2)) + o t(|x1 DK (Un(z))
< =7 ([IzIDK (Up(z)) + em ([|zINK (Uo(z))
= —(1 —ar(llzIDK (Uo(2))-

Case 2: when ot(|x1|) > ex(||zll), if 7(llzll) < Tz (x1])

and |z| < 7! o (27(|x1])). Considering Up(z) < 7(|lzl|) as

well as K being nondecreasing, then the subsequent inequal-
ity is true:

A

K(Uo@) =K o7 o™ o (Ze(ni]).
further,
(DK (Uo(@) + o (x1 DK (Vo ()
(DK (Uo(@) + o (i DK o 0~ o (Ze(lal)
—(1 = O (lZDK (Uo(@) + ot (|x1 DK o 7

1 o
o — o (=t(|x1])).
T €

N

IA

Taken Uy(z) > 7(||z)) into account, one has
K(Uoy(z)) = K o (llzlD),
at last,
— 7 (IzIDK (Uo(2)) + o t(|x1 DK (Uo(z))

1
= —(I=e)ozx(lzDm(lzl) + oT(Ix1DK o 7w 0 p

o
o (—=7(|x1])).
€
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It can be deduced from Lemma 2.5 in [42] that there is a
constant c(o) depending on ¢ and positive smooth function
7(Jx1|) > 1 such that

-1 o ~
° (ZT(|xl|)) < c(@)T(|x1 ).

Komom

Define ¢ = oc(o) and 7(s) = 7(s)T(s), we have

aU,
O(Z)f = —(I =K (s) o z(lzDmllzll) + o T(|x1]).

Given that 7(|x1|) > 1 and 7(s) = t(s)T(s) with 7(s) =
O(s?). To sum up, there is a smooth nondecreasing function
T satisfies
(lxl) = xT(lxl).
Finally, there holds
8V0(Z)

fo < —(1 —K(s) o m(llzl)m(llz]}) + Gx7 T (x1).
This completes the whole proof. g

B. PROOF OF (33)
This section provides the detailed proof of (33). Firstly,
according to Lemmas 2 and 3, there holds

Bictim1, D& 127770 (P — ol

< Bici@imr, O & [7777H P — o
< ,31' 1oy, 02! g [P g
El |+ dinEl, 47)
hip1pi

where ¢;; is a constant. Then, based on |x;| " <
| PP |gi P41 gy [P+1, Lemma 2, (3) and (7), one
has

(617" f;

Pihiy1
2— 2—
< &P fy + &P h'92|xk| Tl

k=1

i
<IGPPTT o 61T g1 10 D 1 P

k=1

1 1 22 N
< pnk! +fp' gt Zs,? +OoaE’,  (48)

where ¢, w;1 and g;_1 > 1 + z v hist are positive
smooth functions. Next, it can be deduced from (9) that

X 1 I R
=-2-n- hi)/ ITs1% — Tetim1im)1 7 |17 Pids
oi—1

1
0fo_11%
Z (“ ” ————— (B Gk, DX + o) (49)

k=1
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By performing the similar procedures in [5], it is not hard to
get that

i—1

|—<ra, WA = vaGto +0 3 151D, (50)
j=1

where yj > 0 is a smooth function. Obviously, (23) is the

case that i = 2. Suppose when i = m — 1, (50) holds, then
wheni=m, k=1, ---,m— 2, one has

1
311
|/
Xk
1
8|—a _2—|hm 1 g 1
< |l ——gm il + | —— —En-fil
Xy
m—2 .
< &m—1Vm— 1k<fo+92|s,|"+‘)+|sm - 28ty
j=1
_ B k Pk’;lkﬂ_
o+ 5l fo
j=1
m— ag 1
<82 11" (g1 |1
j:

Pk hk+1

k
le, Y

1
2) 0 (8- V- + B 1 501)

m—1

= VG (o +0 D 1171, (51

j=1

where Yk = gm-1¥Ym-1k + OlEm—1]7" - Ia‘f;"T’k"l :
P Pkhpy1
et Il e + Em—l - 15 g’” “4n=L| is a positive smooth
function. if k = m — 1, there holds
i
KICERMLPN
8xm, m—1
8m—1 L
T R L N S 7
a Xm—1 hm—l
38 1, 8m—1 ———1
<(|§m1 P Tt 1))
—1 him—1
_ _ p,—,,,]hm_
-(fo+6’ZIXj| B ) (52)
J=1

Applying Lemma 2, there has

Pm—1hm 1

m—1 |
0> Il g
j=1

< (gm1]" ™t 4 gy 5 ]! )
m—1

(0 (g (g 1&g (PP
J=1

< Pt G 1) (|Em—1 |71 4 [E a1
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m—1
. 9_ Z(lgﬂpmflhm + |§J._1|Pm—lhm)

j=1
m—1
< Tt Gn1) -6 D 151", (53)
J=1
1 (=Dl
Y Pm—1hm m—1 -l "717
where -1 = (2m—3)[P51 ((M) ) T

- - 1=y m—1Hm
UPmm—1s Vmm—1 = (1 + g, "0 21 (1 +gmt are
all positive smooth functions. Cons1der1ng (52) and (53) it is
not hard to get

1
KICTE P
—ax’n ) m—1
0gm—1 8m—1 B
< fo(&n—11- a”’ |+ 1|rxm_11'1m—l )
mf m—
08m—1 - ”’"hFh’”— n+l
R el 92|x, i &m—1
8m—1z
+h'"—m4 ymm42|f;|"+1
m_l
< Ymm1 G0 +0 D 15", (54)
j=1
Pm—1hm

where Y1 > | 552! |<|sm71 [Hlgm—1 170 375 gl

fm—l) + %(Mm—”hm ! +fm—le m—1). On the basis of

(51) and (54), (50) holds. In addition, following the same
process in [5], one can conclude that there is a positive smooth
function gk ()'ci) such that:

a1 1
= B < o) le g™, 53)
Jj=
where i = 2, - -+, n. Similar to (25), one has
1—hi—n
-Q2-n- h)/ [s] . [oti1 (xz—lﬂ ds

< &l&l'™", (56)

where ¢ = (2 — n — h;)2' " is a constant. To sum up, (50)
can be rewritten as

- Wi
o Mk
= 0xX
i—1
< |$l - Z (ykk + Qlk)
=1
(fo+2|§, " +QZ|E, "
j=1 j=1
i
<P 1+ = Zsk+ ~& +0opg?,  (57)
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where ¢;3 and @» are positive smooth functions. On the other
hand, let w; = w;; + @, and taken Lemma 3 and (9) into
consideration, we have

o, =1 i =
— D i + ) wiE < —Z + 5,_ + Gkl
9 o k=2 i

(58)

where ¢;4 is a positive function. Finally, defining ¢; = ¢i1 +
®i» + @iz + ¢ia and performing simple substitution operation,
it is directly deduced from (47), (48), (57), and (58) that the
inequality (33) holds. |
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