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ABSTRACT This article presents an elliptical circumnavigation control strategy for multiple quadrotors
subject to uncertainties. At translational level, a novel horizontal elliptical guidance law capable of regulating
the relative distance between different quadrotors and a vertical control law are synchronized to educe
the translation controller. At rotational level, an USDE characterized by laconic constructure and simple
parameter tuning, is introduced to estimate the unknown lumped uncertainties online. The primary advantage
of this paper is that the elliptical circumnavigation with regulatable distance between circling quadrotors is
achieved. Meanwhile, all the error signals in the closed-loop system are analyzed to be bounded. Finally,
practical experiments verify the efficacy of suggested strategy.

INDEX TERMS Elliptical circumnavigation, moving target, unknown system dynamics estimator, circular
formation, adjustable intervehicle distance, quadrotors.

I. INTRODUCTION
21st century is the century of flight, more and more countries
are devoting to the development of control technology for
unmanned aerial vehicles (UAVs) [1], [2], [3], [4], [5]. As the
brand representative, quadrotor UAVs have been deemed as
a powerful tool to accomplish tough missions as mapping,
location, detection, transporting, agricultural irrigation and
so on. Differing from classic path following [6], trajectory
tracking [7] or attitude tracking [8], target encircling con-
trol for quadrotors has become a promising topic [9], [10],
which drives quadrotors to circularly fly around a certain
target along with a predesigned relative distance. Thus, how
to conduct effective and robust satisfactory target encircling
controller for quadrotors is a meaningful but challenging
issue, especially in assuring accuracy target tracking, circling
motion as well as disturbance rejection.

Aiming at achieving a robust and accurate encircling, fruit-
ful innovative target encircling control recipes have been
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conducted [9], [10], [11], [12]. In [13], a cyclic control policy
is suggested for monitoring the single static target. Based on
quadrotor velocity and relative distance between quadrotors
and target, a circumnavigation control methodology with
unknown target is advanced for quadrotors [14]. By fusion of
finite-time control law, non-holonomic robots are allowed to
circumnavigate the targets in finite time without considering
uncertainties [15]. By modeling the target movement with a
finite-stateMarkov chain, a discrete-time Lyapunov guidance
vector field (LGVF) is created for guiding and controlling
quadrotors to encircle over the moving target [16]. Note
that most aforementioned achievements [13], [14], [15], [16]
focus on target circumnavigation with a single agent, whose
dexterity and investigation ability for target are limited com-
pared to multiple agents. A fleet of quadrotors are able to
achieve a more excellent target tracking encircling perfor-
mance and provide more comprehensive objective informa-
tion from various views. Although multi-agent inevitably
renders considerable challenge for controller design, espe-
cially for the cooperativeness among different agents, tremen-
dous efforts have beenmade to accomplish high-performance
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cooperative target circumnavigation. In [17], a speed-based
controller is conduced to regulate the intervehicle position,
such that the target circumnavigation with certain phase
intervals is achieved for a UAV team. To improve the dis-
turbance rejection ability of quadrotor UAVs, an extended
state observer (ESO) is synthetized into the cooperative
target formation circling controller, such that a robust cir-
cumnavigation for targets is guaranteed [18]. Unfortunately,
the forgoing encircling schemes are often falling short in
terms of flexibility, observation efficiency and adaptiveness
against intricate aerial sense due to their permanently con-
stant surrounding radius. In order to resolve such drawback,
an elliptical orbit control scheme for multiple objects is
derived in [19], showing its outstanding flexible and approx-
imative circumnavigation performance. Nevertheless, as pre-
vious multiple agents circling scenarios, mechanical crashes
will be unavoidably induced because of the increasement of
agents. Although some works of art have been proposed to
resolve such problem by regulating the phase angle between
agents [20], the relative distances are hard to reveal because
of the complicated elliptical trace. Furthermore, one should
note that the suggested target circumnavigation schemes pay
little attention to uncertainties, indicating that the encircling
mission may fail once the quadrotors encounter extraneous
disturbances. Thus, it is of great academic and engineer-
ing value to deduce an elliptical circumnavigation controller
with enhanced disturbance-rejection capability for quadrotor
formulation.

With the aim of reinforcing the robustness of the quadro-
tors, disturbance observer-based is a currently prevailing
and effective choose. So far, abundant of valid disturbance
observers have been reported for quadrotors, containing
ESO [18], [21], neural network (NN) observer [21], sliding
mode observer [23], unknown system dynamics estimator
(USDE) [24], [25], [26], etc. Among which, USDE is famous
for its brief constructure, straightforward parameter tuning
and low computation consumption, which renders its effec-
tive implementation on various platforms [24], [25], [26].
Originated in the philosophy of invariant manifold, USDE
is firstly tackled to estimate the neutralize the unknown
uncertainties of a robot system [24]. In [25], the USDE is
incorporated into a sliding mode control scheme for a servo
system suffering from both internal and extraneous distur-
bances, demonstrating a precise estimation ability. Moreover,
the successful accomplishment on quadrotor attitude subsys-
tem significantly reveals the excellent merits of USDE [26].
Hence, applying USDE on quadrotors is contributive and
valued to overcome the drawbacks in elliptical encircling
control of quadrotors.

Motivated by investigation above, herein an elliptical encir-
cling control strategy incorporated with USDE is suggested
for multiple quadrotors to achieve cooperative circumnavi-
gation around a target along with a pregiven elliptical circle,
whose superiorities can be concluded as below:

1) Differing from prevailing circumnavigation results [20]
whose circling orbit radius is permanent, restricting the

FIGURE 1. Illustration of i th quadrotors in team.

working environment, herein an elliptical encircling con-
troller with an inconstant distance to target is derived for
quadrotors, meeting more general working requirements.
In advance, proposed controller can avert collision by regulat-
ing the distance between quadrotors rather than phase, which
is more universal to real practice.

2) AUSDE is adopted to rebuild the unknown uncertainties
degrading encircling performance. Following the philosophy
of invariant manifold, USDE necessitates filtering operation
on the measurable quadrotor dynamics with tuning merely
one parameter, extremely saving burdensome computation
compared to NN-based observers. Moreover, an asymptotic
convergence is achieved once the filter constant is small
enough, exhibiting a superior estimation ability.

Remainder of this article is arranged as below. Section II
gives the preliminaries and problem formulation. Design of
the elliptical encircling controller is stated in Section III.
Corresponding stability analysis is analyzed in Section IV.
Experiment results with corresponding analyses are given in
Section V. Section VI concludes this paper.

II. PRELIMINARIES AND PROBLEM FORMULATION
A. NOTATION
Subsequent notations are used throughout this paper. [·]T is
a column vector. A diagonal matrix is expressed as diag(·).
|·| refers to the absolute value of a real number. The 2-norm
value of a vector/matrix is ∥·∥. Rm×n is the set of real num-
bers, whose row and column are m and n, respectively. s (·)
and c (·) are abbreviations of sin (·) and cos (·), respectively.

B. PROBLEM FORMULATION
For a quadrotor team containing N quadrotors, the
constructure of the ith quadrotors is plotted in Fig.1
(i = 1, 2, 3 · · · ,N ). Here, two coordinate frames, i.e., body
frame xB−yB− zB and Earth frame xE −yE − zE , are defined
to represent the dynamics of quadrotors, where Euler angles
are expressed by the vector 2i = [φi, θi, ψi]T ∈ R3×1 under
Earth-fixed frame with φi, θi and ψi denoting the roll, pitch
and yaw angle, respectively. Angular velocity is expressed

as � = [pi, qi, ri]T ∈ R3×1. The position under Earth-fixed
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frame is described by pi =
[
pix , piy, piz

]T
∈ R3×1, where

position of target is pt =
[
ptx , pty

]T
∈ R2×1. Propellers

endow the quadrotors to fulfill varied motions by producing
thruster froce Fr (r = 1, 2, 3, 4). The kinematics and kinetics
of the ith quadrotors in the team are formulated as

ṗi = vi
v̇i = (K iuiF − Gi)

/
mi

2̇i = Wi�i

�̇i = f (�i)+ g�,iMi + Di

(1)

where vi =
[
vix , viy, viz

]T
∈ R3×1 is the linear veloc-

ity in Earth-fixed frame. K i = [c (ψi) s (θi) c (φi) +

s (ψi) s (φi) , s (ψi) s (θi) c (φi)−c (ψi) s (φi) , c (θi) c (φi)]T ∈

R3×1, uiF denotes the total propulsion force. The grav-
ity effect is Gi = [0, 0,mig]T ∈ R3×1,where mi and
g are the quadrotor weight and gravitational acceleration.
f (�i) = −I−15�i�i ∈ R3×1 denotes the unknown non-
linear perturbation induced by parametric uncertainties with
I i = diag(Iix , Iiy, Iiz) ∈ R3×3 being the inertia matrix and
5�i ∈ R3×3 being the unknown damping coefficient. Mi =

[Mi1,Mi2,Mi3]T ∈ R3×1 stands for the control torque vector
with G�i = diag(li

/
Iix , li

/
Iiy, ci

/
Iiz) ∈ R3×3, where li

corresponds to the distance between propeller and the quadro-
tor barycenter and ci represents the force-to-moment factor.
Di = [Di1,Di2,Di3]T ∈ R3×1 is the extrinsic disturbance
vector. And Wi is deemed as the transfer matrix from body
frame to Earth frame, written in the form of

Wi =

 1 sinφi tan θi cosφi tan θi
0 cosφi − sinφi
0 sinφi

/
cos θi cosφi

/
cos θi


Furthermore, let we have xi2 = Wi�i = [xi21, xi22, xi23]T

and the quadrotor system could be updated from (1) to
2̇i = xi2
ẋi2 = Ẇi�i + Wi (f (�i)+ Di)︸ ︷︷ ︸

1i

+Wig�,iMi︸ ︷︷ ︸
τ i

(2)

1i = [1i1,1i2,1i3]T ∈ R3×11 is the lumped disturbance
and τ i = [τi1, τi2, τi3]T ∈ R3×1 represents the actual control
input.

To achieve elliptical encircling motion of quadrotor team
for a dynamic target, the general controller design could be
roughly divided into two portions, i.e., horizontal and vertical
portion. Fig.2 tells the relationship between the ith quadrotors
and target. piH =

[
pix , piy

]T
∈ R2×1 and ρi =

∥∥pt − piH
∥∥

are the horizontal location of the ith quadrotors and its planar
distance to target. The unit vector from the ith quadrotors to
target is expressed in8i =

(
pt − piH

)/
ρi = [cosβi, sinβi]T ,

where βi is the bearing angle. The desired distance from
the ith quadrotors to target along with an elliptical trace is
ρid (t) with macro axis a and minor axis b, where ∂ is the
contrarotating angle of identical ellipse and the relationship
among ϑi, ∂ and βi is formulated as

ϑi − ∂ = (2k + 1) π, k ∈ Z (3)

FIGURE 2. Position relationship between target and i th quadrotors.

FIGURE 3. Architecture of presented control algorithm.

The normalized vector of the circumferential velocity of the
ith quadrotors is 8i1 = [cosβi1, sinβi1]T with βi1 represent-
ing the angle between horizontal axis and tangential velocity
direction.
Assumption 1: The velocity of target

∥∥ṗt∥∥ and the tan-
gential velocity of the ith quadrotors along with an elliptical
trajectory νi are both bounded, whose upper boundaries are
positive constants, expressed by

∥∥ṗt∥∥ ≤ Kt and |νi| ≤ Kν .
Control Objective: Our control goal aims at exploring an

elliptical circumnavigation controller of quadrotor team for a
moving target, allowing for with tunable intervehicle distance
as well as improved robustness against uncertainties

a) The orbiting radius of quadrotors ρi can converge to a the
ideal ρi with an adequately small error and intervehicle dis-
tances of different quadrotors are adjustable with sufficiently
deviations, such that the mechanical collision is avoided.

b) The uncertainties can be rebuilt using USDE and corre-
sponding, whose estimation error is assured to evolve within
a sufficiently small set around the origin.

III. CONTROLLER DESIGN
In this section, the suggested elliptical circumnavigation con-
troller will be explored for quadrotor team (2) and its overall
control architecture is illustrated in Fig.2. Above all, a hori-
zontal elliptical guidance law is deduced to achieve quadro-
tors enclosing to target as well as elliptical encircling with
adjustable intervehicle distances. Subsequently, controller on
rotational level is explored to track corresponding reference
signal generated by an inverse decoupling transformation.
The general control algorithm architecture is shown in Fig.3.
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A. TRANSLATION LEVEL
1) HORIZONTAL GUIDANCE
As the prominent part, the elliptical orbiting motion of
quadrotors, the ideal relative distance ρid as well as 8i1 are
critical characteristics. Based on the standard elliptical trace,
i.e., p2ix

/
a2 + p2iy

/
b2 = 1, then rotate the above ellipse ∂

degrees counterclockwise and one has(
pix cos ∂ + piy sin ∂

)2
a2

+

(
pix sin ∂ − piy cos ∂

)2
b2

= 1 (4)

Note that ρid can be used to described any point on the
ellipse as [ρid (ϑi) cosϑi, ρid (ϑi) sinϑi]T , then ρid can be
calculated based on (4) as:

ρid (ϑi) =
ab√

a2 sin2 (ϑi − ∂)+ b2 cos2 (ϑi − ∂)
(5)

Subsequently, denote the gix and giy as the first-level partial

derivative of g
(
pix , piy

)
=

(
pix cos ∂ + piy sin ∂

)2/a2 +(
pix sin ∂ − piy cos ∂

)2/b2−1 along with pix and piy, respec-
tively. And the 8i1 can be written as follows:

8i1 = [cosβi1, sinβi1]T

=

[
−giy

/√
g2ix + g2iy, gix

/√
g2ix + g2iy

]T
(6)

Next, to drive quadrotor team to circumnavigate with a
tunable intervehicle distance, the arc distance between the ith

and the k th quadrotors is

lik =

∫ ϑk

ϑi

√
ρ2id (ϑ)+ ρ̇2id (ϑ)dϑ (7)

where ρ̇id (ϑ) is formulated as

ρ̇id (ϑi) =
ab
(
a2 − b2

)
ρid (ϑi) sin (ϑi − ∂) cos (ϑi − ∂)[

a2 sin2 (ϑi − ∂)+ b2 cos2 (ϑi − ∂)
]3/2

Define relative arc lengthen error with desired arc distance
ldik as l̃ik = lik − ldik ,∀i ̸= k and eli is

eli =

∑
k∈N

aik l̃ik (8)

where a directed weighted graph G = {V ,E,A} is
employed to express the communication network with V =

{1, 2, · · · ,N }, E denoting the edge set and A = [aik ] ∈

RN×N being the adjacent matrix of G. Specifically, aij =

1 tells a relation that the ith quadrotors can receive information
from the k th quadrotors, otherwise aik = 0. Define the radius
error as eiρ = ρi − ρid and a horizontal elliptical guidance
rule is scheduled as

v̄iH = ki1eiρ8i + ṗt︸ ︷︷ ︸
converging to ellipse

+ (α + hi)8i1︸ ︷︷ ︸
circling on ellipse

(9)

where ki1 > 0 is a user-defined constant, α is set to decide
the circling direction, i.e., clockwise (α < 0) or anticlock-
wise (α > 0). hi with a parameter h0 > 0 is the term to
regulate the arc lengthen between quadrotors, calculated by

hi = h0 tanh (eli). One can evidently find that (9) is generally
separated into two portions, i.e., converging term as well as
circling term, which respectively correspond to drive quadro-
tors to fly to the ideal relative position to target and assure the
orbiting motion on the ellipse trajectory.
Remark 1: One can conclude that elliptical trajectory

undoubtably owns a much broader university but sophisti-
cated compared to suggested circular reports [18], [19], [20]
not only due to the nonorthogonal feature of tangential veloc-
ity and axial velocity, but also arising from the time-varying
radius concerned with βi (t). While it should point that ellip-
tical circumnavigation provides unique advantage in term of
improved flexibility, which are suitable for the whole circular
circling scenarios and can be directly modified to standard
circular orbiting by setting the equal major and minor axis
values.

2) LONGITUDINAL CONTROLLER
Let the longitudinal tracking error be eipz = piz − zd , where
zd corresponds to the altitude command. Differentiating eipz
yields

ėipz = viz − żd (10)

To stabilize eipz, the reference of height motion rate is
derived by the height control law as

v̄iz = −kizeipz + żd (11)

Furtherly, let the velocity vector of the ith quadrotors as
v̄i =

[
v̄TiH , v̄iz

]T and its velocity tracking is eiv = vi − v̄i =[
eivx , eivy, eivz

]T . Recalling (1), ėiv is formulated as

ėiv = (K iuiF − Gi)
/
mi︸ ︷︷ ︸

Fi
(
2d
i ,uiF

) −˙̄vi (12)

Based on (12), the velocity control input comprising of
thruster and attitude reference is designed as follows:

Fdi
(
2d
i , uiF

)
= −ki2eiv + ˙̄vi (13)

where ki2 > 0 is the control gain. Fdi
(
2d
i , uiF

)
=[

Fdix ,F
d
iy,F

d
iz

]T
represents the virtual control torque, steered

by 2d
i = [φdi , θ

d
i , ψ

d
i ]
T in orientation as well as uiF in

magnitude. Apply K i on (13) yields (14), as shown at the
bottom of the next page.

Invert (14) has
uiF = mi

√(
Fdix
)2

+

(
Fdiy
)2

+
(
Fdiz + g

)2
φdi = arcsin

[
mi
(
Fdix sin

(
ψd
i

)
− Fdiy cos

(
ψd
i

))/
uiF
]

θdi = arctan
[(
Fdix cos

(
ψd
i

)
+ Fdiy sin

(
ψd
i

))/(
Fdiz+g

)]
(15)

where the reference yaw ψd
i is assigned by operators.
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B. ROTATIONAL LEVEL
1) ATTITUDE CONTROLLER
Recalling (2), the attitude tracking error vector of the ith

quadrotors is ei2 = 2i − 2d
i and corresponding time

derivative is derived as:

ėi2 = 2̇i − 2̇d
i = xi2 − 2̇d

i (16)

Given the tracking error of angular rate as

eiω = xi2 − x̄i2 (17)

where x̄i2 = [x̄i21, x̄i22, x̄i23]T denotes virtual attitude control
law to be designed. (16) is updated to

ėi2 = eiω + x̄i2 − 2̇d
i (18)

Here we design x̄i2 as

x̄i2 = −ki3ėi2 + 2̇d
i (19)

Thus (18) can be updated to

ėi2 = −ki3ei2 + eiω (20)

Define the tracking error of angular rate as eiω = xi2 −

x̄i2 = [eiω1, eiω2, eiω3]T and its time derivative is written as

ėiω = ẋi2 − ˙̄xi2 = τ i + 1i − ˙̄xi2 (21)

Assumption 2: The time differential of lumped distur-
bance 1i is bounded by an unknown but by a positive
constant, mathematically described by supt≥0 ∥1i∥ ≤ 1̄i
with 1̄i > 0.
Remark 2: In practical engineering, the energy of onboard

equipment as well as external perturbations are both limited,
resulting in a limitedmotion of quadrotors. Consequently, it is
reasonable to obtain that time differential of 1i connected to
system dynamics and extraneous uncertainties are bounded.
Moreover, such upper bound 1̄i is merely used in respect of
stability analysis, rather than controller design.

2) USDE DESIGN
To guarantee robustness of the elliptical circumnavigation,
an USDE is presented for quadrotors to observe the unknown
1i and achieve disturbance compensation. Guided by previ-
ous works in [26], apply lower-pass filter operation (·)f =

[·]
/
(κs+ 1) on (2), one gets
κ ẋi2jf + xi2jf = xi2j, xi2jf (0) = 0
κτ̇ijf + τijf = τij, τijf (0) = 0
κ1̇ijf +1ijf = 1ij,1ijf (0) = 0,

(j = 1, 2, 3) (22)

where κ > 0 is a filter constant. xi2fj, τifj and1ijf are filtered
states of the quadrotor system dynamics xi2j, τij and 1ij,
respectively.
Lemma 1 [24]: Construct a variable as

Zij =
xi2j − xi2jf

κ
− τijf −1ij (23)

where Zij can exponentially converge to a small set and
satisfying

limκ→0{limt→+∞[Zij(t)]} = 0 (24)

which implies that Zij = 0 is an invariant manifold.
Therefore, following (23) and (24), the USDE for quadro-

tors is designed as

1̂ij =
xi2j − xi2jf

κ
− τijf (25)

And one has the estimation error vector 1̂i =

[
1̂i1, 1̂i2, 1̂i3

]T
.

Remark 3: With a straightforward constructure, the USDE
is presented for quadrotors to rebuild the lumped distur-
bance based on the invariant manifold, not only endowing a
relaxed computing burden compared to NN-based observer
but also immensely improving the system robustness against
uncertainties. Additionally, from Lemma 1, an asymptotic
convergence of USDE estimation error is assured by tuning
a suitable filtering constant κ , surpassing the ESO merely
offering an ultimately uniformly bounded (UUB) estimation
result.

3) ANGULAR RATE CONTROLLER
Based on (21) and USDE (25), the control input to regulate
angular rate of the ith quadrotors is given by

τij = −ki4eiωj − 1̂ij + ˙̄xi2j (26)

where ki4 > 0 is a nonnegative control gain.

IV. STABILITY ANALYSIS
Stability of the overall circumnavigation system containing
USDE, rotational subsystem as well as translational subsys-
tem will be analyzed in this section and input-to-state stable
(ISS) results are arrived.

A. USDE
State the disturbance estimation error of USDE as 1̃ij =

1ij− 1̂ij. Differentiating 1̃ij based on (2), (22) and (25), one


Fdix = uiF

(
cos

(
ψd
i

)
sin
(
θdi

)
cos

(
φdi

)
+ sin

(
ψd
i

)
sin
(
φdi

))/
mi

Fdiy = uiF
(
sin
(
ψd
i

)
sin
(
θdi

)
cos

(
φdi

)
− cos

(
ψd
i

)
sin
(
φdi

))/
mi

Fdiz = uiF
(
cos

(
θdi

)
cos

(
φdi

))/
mi − g

(14)
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has

˙̃
1ij = 1̇ij −

˙̂
1ij = 1̇ij −

(
ẋi2j − ẋi2jf

κ
− τ̇ijf

)
= 1̇ij −

ẋi2j −
(
xi2j − xi2jf

)/
κ

κ
+ τ̇ijf

= 1̇ij −
τij +1ij −

(
xi2j − xi2jf

)/
κ

κ
+
τij − τijf

κ

= 1̇ij −
1ij

κ
+

(
xi2j − xi2jf

)/
κ − τijf

κ

= −
1̃ij

κ
+ 1̇ij (27)

Lemma 2 [19]:ForUSDE subsystem followingAssumption 2
in (27):

[
1ij
]

7→

[
1̃ij

]
, an ISS can be arrived.

Proof: Select a Lyapunov function as

V1 =

N∑
i=1

3∑
j=1

(
1̃2
ij

2

)
(28)

where the differentiation of V1 along with time is

V̇1 =

N∑
i=1

3∑
j=1

[
1̃ij

(
−
1̃ij

κ
+ 1̇ij

)]

=

N∑
i=1

3∑
j=1

(
−
1̃2
ij

κ
+ 1̃ij1̇ij

)
(29)

Recalling Assumption 2, (29) can be switched to

V̇1 ≤

N∑
i=1

3∑
j=1

(
−
1̃2
ij

κ
+

∣∣∣1̃ij

∣∣∣ 1̄i

)
(30)

When
∣∣∣1̃ij

∣∣∣ ≥ κ1̄i
/
χ1, χ1 ∈ (0, 1) is met, V̇1 can be

rewritten as

V̇1 ≤ −

N∑
i=1

3∑
j=1

[
1
κ
(1 − χ1) 1̃

2
ij

]
≤ −

2
κ
(1 − χ1)V1 (31)

Thus, the error dynamics of USDE in (27) is ISS with an
upper bound being∣∣∣1̃ij (t)

∣∣∣ ≤ max
{
ϖ1

(∣∣∣1̃ij (0)
∣∣∣ , t) , κ1̄i

χ1

}
(32)

whereϖ1 is a KL function. ■

B. ROTATIONAL SUBSYSTEM
Combining (20) and (21) yields the error dynamics of rota-
tional subsystem, expressed as{

ėi2 = −ki3ei2 + eiω
ėiω = τ i + 1i − ˙̄xi2

(33)

Lemma 3: Assign 1̃i = 1i − 1̂i as the input of (33) and

one can derive that the rotational subsystem, i.e.,
[
1̃i

]
7→

[ei2, eiω] is ISS.

Proof: Elect the Lyapunov function for rotational sub-
system as and its time differential is

V̇2 =

∑N

i=1

(
eTi2ėi2 + eTiωėiω

)
=

∑N

i=1

[
eTi2 (−ki3ei2 + eiω)+ eTiω

(
τi +1i − ˙̄xi2

)]
(34)

Substituting (26) into (34), V̇2 is rewritten as

V̇2 =

∑N

i=1

[
eTi2 (−ki3ei2 + eiω)+ eTiω

(
−ki4eiω + 1̃i

)]
(35)

Following Young’s inequalities [27], one has

V̇2

≤

∑N

i=1

{
−

(
ki3−

1
2

)
∥ei2∥

2
−(ki4−1) ∥eiω∥

2
+
1
2

∥∥∥1̃i

∥∥∥2}
(36)

Let K2 = min {2ki3 − 1, 2ki4 − 2} > 0 and H2 =∑N
i=1

(∥∥∥1̃i

∥∥∥2 /2) with ki3 > 0.5 and ki4 > 1 being nec-

essary. And (37) can be simplified as

V̇2 ≤ −K2V2 + H2 (37)

Integrate (36) over (0, t) gains

V2(t) ≤
H2

K2

(
1 − e−K2t

)
+ V2(0)e−K2t

≤

N∑
i=1


∥∥∥1̃i

∥∥∥2
2K2

(
1 − e−K2t

)
+

∥Ei2(0)∥2

2
e−K2t


(38)

where Ei2 =
[
eTi2, e

T
iω

]T . Next, it can be evidently attained
that

∥Ei2 (t)∥ ≤

√√√√∥∥∥1̃i

∥∥∥2 (1 − e−K2t
)

K2
+ ∥Ei2 (0)∥

√
e−K2t

(39)

Under Lemma 2, the boundary of ∥Ei2 (t)∥ is

∥Ei2 (t)∥ ≤ max
{
∥Ei2 (0)∥

√
e−K2t ,

∥∥∥1̃i

∥∥∥/√K2

}
(40)

Thus, the rotational subsystem (33) is ISS. ■

C. TRANSLATIONAL SUBSYSTEM
For translational subsystem, the time differential of eiρ can
be deduced as

ėiρ = ρ̇i − ρ̇id =
1
ρi

(
ṗTiH − ṗTt

) (
piH − pt

)
− ρ̇id

= −

[
eTivH + ki1eiρ8i + (α + hi)8i1

]
8i − ρ̇id

= −ki1eiρ − eTivH8i − (α + hi)8T
i18i − ρ̇id (41)
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where eivH =
[
eivx , eivy

]T . State the coupling error as F̃i =

(K iuiF − Gi)
/
mi − Fdi , which is Lipschitz and continuous,

obeying
∥∥∥F̃i∥∥∥ ≤ KiF ∥ei2∥ with KiF being a positive scalar.

Then utilize (41) and substituting (11), (13) into (10), (12)
yields the error dynamics of the translational subsystem as: ėiρ = −ki1eiρ − eTivH8i − (α + hi)8T

i18i − ρ̇id
ėipz = −kipzeipz − eivz
ėiv = −ki2eiv + F̃i

(42)

Lemma 4: Based onAssumption 1 and Lemma 3, the trans-
lational subsystem (42): [ei2] 7→

[
eiρ, eipz, eiv

]
is ISS.

Meanwhile, the control objective a), i.e., limt→∞

∣∣eiρ (t)∣∣ ≤

ε1,∀i = 1, 2, · · · ,N as well as imt→∞ |eil (t)| ≤ ε2,∀i =

1, 2, · · · ,N , can be realized.
Proof: Design the Lyapunov function of translational

subsystem as V3 =
∑N

i=1
[(
e2iρ + e2ipz + eTive

2
iv

)/
2
]
. Take the

differentiation of V3 with time has

V̇3

=

∑N

i=1

(
eiρ ėiρ + eipzėipz + eTivėiv

)
=

∑N

i=1


eiρ
[
−ki1eiρ − eTivH8i

− (α + hi)8T
i18i − ρ̇id

]
+eipz

(
−kipzeipz − eivz

)
+ eTiv

(
−ki2eiv + F̃i

)


=

∑N

i=1


−ki1e2iρ − kipze2ipz − ki2eTiveiv
−eiρ

[
eTivH8i + (α + hi)8T

i18i + ρ̇id
]

−eipzeivz + eTivF̃

 (43)

Note that hi = h0 tanh (eli) is naturally bounded. Mean-
while, under Assumption 1, the boundness of ρ̇id can also be
attained. Hence, one has |hi| ≤ h̄1 and |ρ̇id | ≤ h̄2 with h̄1
and h̄2 being positive scalars. Combining

∥∥∥F̃i∥∥∥ ≤ KiF ∥ei2∥

and the property of Young’s inequalities, (44) can be further
deduced as

V̇3 ≤

N∑
i=1


−ki1e2iρ − kipze2ipz − ki2eTiveiv
+
∣∣eiρ∣∣ (∥eivH∥ + |α| + h̄1 + h̄2

)
−eipzeinz + KiF ∥ei2∥ ∥eiv∥


≤

N∑
i=1


− (ki1 − 0.5) e2iρ −

(
kipz − 0.5

)
e2ipz

− (ki2 − 1) eTiveiv
+
∣∣eiρ∣∣ (|α| + h̄1 + h̄2

)
+ KiF ∥ei2∥ ∥eiv∥


(44)

Let Ki3 = min
{
ki1 − 0.5, kipz − 0.5, ki2 − 1

}
> 0 and

ei3 =
[
eiρ, eipz, eTiv

]T , then invokingKi3 andEi3 into (44) gets
V̇3 ≤

N∑
i=1

[
Ki3 ∥Ei3∥2 + ∥Ei3∥

(
|α| + h̄1 + h̄2 + KiF ∥ei2∥

)]
(45)

when ∥Ei3∥ ≥
(
|α| + h̄1 + h̄2 + KiF ∥ei2∥

)/
(Ki3X2),X2 ∈

(0, 1) is fulfilled, one has

V̇3 ≤

N∑
i=1

[
−Ki3 (1 − χ2) ∥Ei3∥2

]
(46)

Evidently, under Lemma 3, the upper boundary of ∥Ei3∥ is
attained as

∥Ei3 (t)∥

≤ max
{
ϖ2 (∥Ei3 (0)∥ , t) ,

|α| + h̄1 + h̄2 + KiF ∥ei2∥

Ki3χ2

}
(47)

whereϖ2 is a KL function. Therefore, one can derive that the
quadrotors are assured to enclose the target with a desired rel-
ative distance, i.e., limt→∞

∣∣eiρ (t)∣∣ ≤ ε1,∀i = 1, 2, · · · ,N
is accomplished.

Subsequent analysis is presented to ensure imt→∞ |eil (t)|≤
ε2,∀i = 1, 2, · · · ,N . Define a matrix as C = [0,−1; 1, 0]
and one has

ϑi = βi = arctan
(
piy − pty
pix − ptx

)
(48)

And the derivative of ϑi can be attained as

ϑ̇i =

(
ṗiy − ṗty

)
(pix − ptx)−

(
piy − pty

)
(ṗix − ṗtx)

(pix − ptx)2 +
(
piy − pty

)2
=

(
ṗTt − ṗTiH

)
C
(
pt − piH

)
ρ2i

=

(
ṗTt − vTiH

)
C8i

ρi

= −eTivHC8i +
(α + hi)
ρi

sin (βi − βi1) (49)

Note that eivH is bounded and can converge to a tiny set
by set a big control gain, which has been proved in previous
analysis. Hence one has

ϑ̇i =
(α + hi)
ρi

sin (βi − βi1) (50)

Recalling the definition of eli in (7) and (8), the time
derivative of eli can be computed as

ėli

=

N∑
k=1

aik

√ρ2kd (ϑk)+ ρ̇2kd (ϑk)
α+hk (elk )

ρk
sin (βk − βk1)

−

√
ρ2id (ϑk)+ ρ̇2id (ϑk)

α+hi(eli)
ρi

sin (βi − βi1)


(51)

Define a series of vectors as shown in the equation at the
bottom of the next page, and the cooperative error dynamic
can be rewritten as

Ėl = −LXϑH (El)− LXϑP (52)

where L = D − A with D = diag (d1, · · · , dn) and di =∑N
k=1 aik . To analysis eli, the sign of sin (βi − βi1) is essen-

tial. Substituting (3) into (5) has

ρid (βi) =
ab√

a2 sin2 (βi − ∂)+ b2 cos2 (βi − ∂)

(53)

According to (50), tanh (βi1) satisfies

|tanh (βi1)| =

∣∣∣∣dρid (ϑi) sinϑidϑi

dϑi
dρid (ϑi) cosϑi

∣∣∣∣
=

∣∣∣∣a2 sin (βi − ∂) sin ∂ − b2 cos (βi − ∂) cos ∂
a2 sin (βi − ∂) cos ∂ + b2 cos (βi − ∂) sin ∂

∣∣∣∣
(54)
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where corresponding sin (βi − βi1) can be deduced as
sinβi1 =

a2 sin (βi − ∂) sin ∂ − b2 cos (βi − ∂) cos ∂√
a4 sin2 (βi − ∂)+ b4 cos2 (βi − ∂)

cosβi1 =
a2 sin (βi − ∂) cos ∂ + b2 cos (βi − ∂) sin ∂√

a4 sin2 (βi − ∂)+ b4 cos2 (βi − ∂)

(55)

Then the sin (βi − βi1) can be attained as

sin (βi − βi1) =
a2 sin2 (βi − ∂)+ b2 cos2 (βi − ∂)√
a4 sin2 (βi − ∂)+ b4 cos2 (βi − ∂)

(56)

Evidently, it can be found that sin (βi − β1i)√
ρ2id (ϑi)+ ρ̇2id (ϑi)

/
ρi > 0. And under Lemmas 1-3 and

previous discussion, the cooperative arc lengthen error eli can
arrived at a UUB stability and imt→∞ |eil (t)| ≤ ε2,∀i =

1, 2, · · · ,N is validated. ■
Theorem 1: For the overall elliptical circumnavigation

control strategy for quadrotors (1) containing guidance rule
(9), longitudinal control law (11), 3-D velocity control input
(13), attitude control rule (19), angular rate control torque
(26) and USDE (25), all the error dynamics are bounded
under Assumptions 1-2.

Proof: See Lemmas 2-4. ■
Remark 4: With the aim of convenient controller imple-

mentation, the parameter tuning guideline is outlined as:
1) For translational subsystem, larger ki1, kipz and ki2 play

important roles in constraining ∥Ei3∥, resulting in a fast as
well as accurate enclosing and elliptical circumnavigation
for quadrotors. However, extremely large control gains may
induce transient fluctuations. Consequently, it is suggested to
properly selecting those gains. Moreover, for hi, a compro-
mise between relative arc lengthen error and enclosing error
should be made carefully.

2) For rotational subsystem, the amplitude of ∥Ei2∥ is
related to ki3 and ki4. Bigger ki3 and ki4 contribute an acceler-
ated attitude tracking error convergence and a small ∥Ei2∥.
But similarly, excessively huge ki3, ki4 will result in chattering
at transient phase. Thus, one should modulate suitable ki3 and
ki4 in scale.

3) For USDE, although a minor filter constant κ is recom-
mended in obtaining a precise disturbance observation, the
increased sensitivity to sensor noise may arise unexpected

FIGURE 4. The experimental test rig.

FIGURE 5. Relation of system modules.

FIGURE 6. Directed communication topology for quadrotor team.

oscillations, thus a proper value should be adjusted to obtain
an improved robustness for quadrotor team.

V. EXPERIMENT RESULTS
A. EXPERIMENT ENVIRONMENT
To verify the effectiveness and feasibility of proposed ellip-
tical circumnavigation control algorithm, some experiments
are carried out based on the Links-UAV Indoor system pro-
duced by Beijing Links Co., Ltd., and corresponding experi-
mental rig and relation of modules are illustrated in Figs. 4-5.
The system is mainly compromised by three Links UAVs,
an optical location subsystem and a ground monitoring com-
puter. Wind disturbance are generated by an air-blower. Each



El = [el1, el2, · · · , eln]T ,
H (El) = [h1 (el1) , h2 (el2) , · · · , hn (eln)]T ,

Xϑ = diag

 sin (β1 − β11)

√
ρ21d (ϑ1)+ ρ̇21d (ϑ1)

/
ρ1, · · · ,

sin (βn − β1n)

√
ρ2nd (ϑn)+ ρ̇2nd (ϑn)

/
ρn

 ,
P = [α, α, · · · , α]T ∈ RN×1
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TABLE 1. Parameters of presented control algorithm.

FIGURE 7. Experiment process.

FIGURE 8. 3-D elliptical circumnavigation performances.

FIGURE 9. 2-D elliptical circumnavigation performances.

Links-UAV is equipped with a Pixhawk V3X, two inertial
measurement units (IMUs), an onboard Raspberry Pi and a
Wi-Fi module connected to the computer at a communication
frequency of 2.4Ghz. The optical location subsystem is able
to locate the positions of all quadrotors with a centimeter-
level accuracy. Quadrotor attitudes as well as angular rates are
measured by the embedded IMUs and sampled by Pixhawk
V3X every 4ms.

B. EXPERIMENTAL VALIDATION
In this subsection, three Link-UAVs are utilized and the com-
munication topology of the quadrotor tram is drawn as Fig.6.
Physical characteristics of quadrotors are listed as: weight
mi = 1.8kg, (i = 1, 2, 3), local gravitational acceleration
g = 9.8m

/
s2, distance from propeller to the quadrotor mass

center li = 26cm, inertia moments I i = diag(0.23, 0.21,
0.39)kg · m2. The air-blower generates wind of 3m/s, which

FIGURE 10. The arc distance error among quadrotors.

FIGURE 11. The arc distance error among quadrotors.

FIGURE 12. The height tracking error for quadrotors.

is deemed as the extraneous disturbances. Initial positions
of three quadrotors are random on the ground with vi =

[0, 0, 0]T m/s. Set the virtual target move along ptx = 0, pty =

0.04t with a start position (0, 0). The desired height is
zd = 0.5m and reference of ψi is ψd

i = 0rad. Parameters
about elliptic orbiting trajectory are a = 0.8, b = 1, ∂ =

90◦, α = −2, h0 = 3 and the ideal arc distance among
quadrotors are set as 0.8m.

Under the control parameters collected in Tab.1, exper-
iment results are displayed in Figs. 7-12. From Figs. 7-9
showing different views of the orbiting motion, one can see
that proposed encircling controller assures a great ellipti-
cal circling performance for the quadrotor team towards a
moving target against wind disturbances. In Fig. 10, the inter-
vehicle arc distance errors are also stabilized and quadrotors
are separated spatially, such that collide could be averted.
In addition, from Figs. 11-12 one can find that not only a
precise translational tracking is achieved, but also offers a fast
transient convergence by assigning suitable parameters under
the guideline of Remark 4.

VI. CONCLUSION
In this paper, an USDE-based elliptical circumnavigation
control scheme with a regulatable relative distance between
quadrotors is proposed for quadrotor formation. With the aid
of USDE, both the internal as well as external uncertainties
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are observed and compensated, such that an improved robust-
ness is endowed to quadrotor formulation. By using the arc
distance, a novel elliptical orbiting guidance law is suggested,
assuring a safe tracking and circling towards target.

In future, our work will focus on the elliptical circling
control for quadrotor formulation with multiple targets rather
than one. Another focus is that to extend proposed control
scheme to handle circling scenario with unknown targets.
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