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ABSTRACT We introduce a hybrid uplinkmultiple accessmethodwith amulti-antenna base station (BS) and
two naive single-antenna users. Both users with no channel state information (CSI) have low computational
power and simultaneously transmit their information to the receiver on the same frequency band. The CSI is
assumed to be available only at the receive side. Both perfect and imperfect CSI scenarios are inspected. The
decoding process at the BS relies on an adaptive combination of two eminent multiple access techniques,
namely power-domain non-orthogonal multiple access and space-division multiple access. In order to reap
the advantages of both approaches, the hybrid algorithm attentively switches between two multiple access
methods depending on the transmit power and channels of the users. It is shown that a considerable reduction
in the transmit power of the users can be attained in terms of sum rate and outage probability criteria, which
are suitable performance metrics when the transmitters are not provided with any form of CSI. In addition,
the investigated techniques are statistically analyzed by deriving novel and original analytical expressions
for all the considered schemes.

INDEX TERMS Non-orthogonal multiple access, outage probability, space-division multiple access, sum
rate, uplink.

I. INTRODUCTION
The number of devices to be connected in 5G and beyond is
envisioned to soar at a skyrocketing rate with an exponentially
increasing data traffic [1], [2]. Hence, it has been particularly
important for the contemporary communication systems to
have augmented energy and spectrum efficiency. Towards
this aim, non-orthogonal multiple access (NOMA) [3] is
envisaged to mature into next generation multiple access
and to be an enabling technology in the upcoming commu-
nications standards [4]. Unlike the conventional orthogonal
multiple access (OMA) approaches where users are assigned
with orthogonal dimensions, multiple users are served within
the same resource block in NOMA. To that end, the sym-
bols of multiple users are superimposed in power-domain
NOMA and successive interference cancellation (SIC) is sub-
sequently applied at the receiver(s) to mitigate the inter-user
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interference [3]. Due to its grant-free structure, NOMA also
makes low transmission latency possible, which is one of the
fundamental pillars in the 5G new radio (NR) air interface
(around 1 ms depending on the application and deploy-
ment case). Due to its superior performance, a downlink
NOMA technique (termed multiuser superposition transmis-
sion) has been inspected for the 3GPP long-term evolution
(LTE) advanced (3GPP-LTE-A) networks [5]. In addition,
an uplink grant-free NOMA transmission approach has been
investigated for the 5G NR [6]. Although NOMA can be
used for both downlink and uplink transmission cases, it is
more practical and efficient to employ NOMA in uplink
scenarios. This is attributed to the fact that the base station
(BS) is generally armed with necessary computing power and
equipment to carry out any intensive decoding process, unlike
the mobile user [7]. As a potential empowering solution
for 5G and beyond systems, NOMA can also be coupled
with other popular enabler technologies such as beamform-
ing, massive multiple-input multiple-output (MIMO), and
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millimeter-wave (mmWave) communications in response to
ever-increasing connectivity demand. The mmWave trans-
mission makes extremely large bandwidths with high speed
data rates possible. However, these systems introduce large
attenuation factors with potential blockages and high degree
of directionality yielding deeply correlated channel signa-
tures [8]. This disadvantage, on the other hand, can be
exploited by NOMA in terms of easing user scheduling.
By concentrating on a scenario with a single beam generated
at the BS, the integration of random beamforming into a
NOMAmmWave communication system is addressed in [9].
The proposed scheme is shown to significantly reduce the
system overhead with important performance gains over tra-
ditional methods.

As compared to single-antenna approaches, multi-antenna
methods enable substantially improved performance in terms
of system capacity, communications reliability, and cover-
age [10]. Consequently, MIMO techniques have been utilized
widely for the last two decades to mitigate the spectrum
scarcity problem [11]. For instance, the currently deployed
LTE-based systems allow for the employment of up to eight
antennas at the BS. In addition, the use of multiple (even
massive number of) antennas has been an essential element
of the 5G NR from the first release [12]. Due to the fact that
the standardized 5G NR systems include much shorter wave-
lengths, it is practically easier to install multiple antennas in
these systems as compared to the previous generations. As a
multiuser multi-antenna technology, space-division multiple
access (SDMA), also known as multiuser MIMO, has been
a major part of diverse contemporary communications stan-
dards (such asWiMAX,WiFi, LTE-A, 5G NR) under various
names. In SDMA, multiple users’ symbols are superimposed
within the same time-frequency resource and an appropriate
space-time-frequency signal processing algorithm is applied
to decode the users’ signals by leveraging the available spatial
degrees of freedom [11].

There exist a number of studies on the combination
of NOMA and SDMA approaches in the literature. It is
shown that NOMA may incur a severe loss in multiplexing
gain when not properly integrated into multi-antenna net-
works [13]. The outage performance of a downlink SDMA-
NOMA single-cell cellular network is investigated in [14]
under a general limited feedback framework. A dynamic
user scheduling and grouping strategy is introduced where
the users in distinct groups utilize different SDMA beams
and those within the same group are simultaneously served
by NOMA. In [15], the design of NOMA beamforming is
studied in an SDMA legacy system where primary and sec-
ondary users are respectively served by SDMA and NOMA.
Two beamforming strategies given by riding on existing
SDMA beams and forming new beams are compared to
obtain distinct trade-offs between the system performance
and the complexity. As an extension of [15], a massiveMIMO
downlink scenario is inspected in [16] where multiple pre-
arranged spatial beams are used for near-field users while
NOMA is adopted to serve a certain number of additional

far-field users. A downlink mmWave communication sys-
tem with a hybrid SDMA and NOMA structure is investi-
gated in [17] and [18] by considering multiuser precoding
and interference mitigation issues. In [19], a general frame-
work based on the rate-splitting technique is introduced as
a generalization of OMA, NOMA, and SDMA methods
in a two-user multi-antenna broadcast channel. A similar
approach is also pursued in [20] for visible light communi-
cation systems. Intelligent reflecting surface assisted down-
link transmission is considered in [21] and [22] by jointly
exploiting NOMA and SDMA techniques. A multi-carrier
SDMA-NOMA cognitive radio system is considered in [23]
to increase the number of served secondary users. In [24],
the NOMA-SDMA combination is inspected to determine
optimal power allocation for sum-throughput maximization
in a wireless-powered communication system with sectored
cells. A satellite-aerial-terrestrial network scenario is covered
in [25], where multiple devices access a multi-antenna aerial
platform through SDMA. In addition, the aerial platform and
the earth station communicate with the satellite by means
of uplink NOMA. In [26], an uplink system is inspected
over an integrated satellite-aerial-terrestrial network where a
high-altitude platform acting as an aerial BS with a uniform
concentric ring array and multiple earth stations desire to
access the satellite system relying on the NOMA assisted
semi-grant-free transmission. In addition, the high-altitude
platform implements SDMA to provide service to various
mobile terminals. The authors of [27] investigate a com-
bination of code-domain NOMA and SDMA approaches
for low-Earth-orbit satellite Internet-of-Things systems over
broadband fast fading channels. The orthogonal time fre-
quency space waveform is utilized to accomplish connectiv-
ity with improved Doppler-robustness and decreased access
latency. With the aim of achieving enhanced spectrum effi-
ciency, an uplink mmWave massive MIMO-NOMA system
is studied in [28] based on group-level SIC where SDMA is
employed among users within the same group and NOMA is
adopted among distinct groups.

In this work, we consider an uplink communication sys-
tem with a multi-antenna BS and two single-antenna users
where both users desire to simultaneously communicate with
the BS on the same frequency band. It is assumed that
the transmitters do not have any channel state information
(CSI) and simply send their respective symbols without any
power-intensive process, e.g., a wireless sensor network.
In order to harvest the inherent advantages of both NOMA
and SDMA methods, a hybrid approach, which adaptively
switches between NOMA and SDMA decoding techniques,
is adopted at the BS. According to the system parameters as
the transmit power and the users’ channel gains and direc-
tions, the hybrid scheme utilizes either of the two methods
to decode the transmitted symbols in a reliable fashion.
With respect to the BS, we cover both perfect and imperfect
CSI scenarios and show that the proposed approach yields
important performance gains in terms of sum rate and outage
probability.
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FIGURE 1. The investigated system model.

Notation: Throughout the paper, the operators E{.}, |.|,
(.)H , ∥.∥, log(.), and Pr(.) represent the expectation, absolute
value, Hermitian transpose, Euclidean norm, logarithm to
base two, and probability, respectively. The matrices and
column vectors are denoted by uppercase and lowercase bold
letters, respectively.

The remainder of the paper is organized as follows.
Section II introduces the system model and the proposed
hybrid decoding algorithm. In Section III, a statistical per-
formance analysis on all the considered schemes is carried
out by deriving novel distribution expressions. The scenario
with partial CSI at the receiver is investigated in Section IV
and numerical results are presented in Section V. Finally,
Section VI concludes the study.

II. SYSTEM MODEL
An uplink communication system with a multi-antenna BS
having M (M ≥ 2) antennas and two unsophisticated
single-antenna users with low computational power is con-
sidered. Thanks to its large form-factor and computing power,
equipping the BS with multiple antennas is more practical as
compared to the mobile stations. Note that such a model also
forms a virtualMIMO systemwith multiple collocated anten-
nas at the BS and geographically dispersed single-antenna
users. In order to abide by the practicality, we assume that the
users do not have any kind of CSI while the BS perfectly esti-
mates the users’ channels based on the pilot signals sent from
the mobile terminals.1 A scenario with slow flat Rayleigh
fading channels between the users and the BS is adopted
where each user has an average power constraint of P. It is
further assumed that both users are distantly separated such
that their channel vectors are uncorrelated in the statistical
sense. Let the channel between the kth user and the BS be
represented by theM×1 vector hk whosemth element stands
for the fading coefficient between the kth user’s antenna and
the mth receive antenna at the BS. For any k ∈ {1, 2},
the entries of hk are independent and identically distributed
(IID), i.e., no antenna correlation exists. Also, each element
of the vector hk is a zero-mean complex Gaussian random
variable with a variance of σ 2

k = d−γ
k for k ∈ {1, 2} where

dk and γ respectively stand for the distance from the kth
user to the BS and the path loss exponent. Note that this

1The case where the BS only has partial CSI of the users’ channels is also
treated in Section IV.

model is equivalent to hk = ukd
−γ /2
k where the entries of

uk are IID zero-mean complex Gaussian random variables
with unit variance [29]. For the sake of generality, the users
are assumed to have distinct distances to the BS such that
d1 < d2. In line with this, we label the first user as the near
(cell-center) user and the second user as the far (cell-edge)
user. Note that the investigated system model also represents
a cellular uplink communications scenario with two clusters.
The first cluster is comprised of users near the BS and the
users with relatively far distances to the BS form the second
cluster. By using a random scheduling policy or an OMA
technique such as time-division multiple access, one user is
selected from each cluster. We refer to the scheduled user(s)
just as user(s) in the sequel. Within a certain frequency/time
resource block, a single symbol is transmitted by each user,
and the symbol sent from the kth user is denoted by xk
where E{|xk |2} = P. Note that such an uplink scenario
where all the users transmit at the same power level is
also studied in [30]. The received signal at the BS is given
by

y = h1x1 + h2x2 + n (1)

where n ∈ CM×1 denotes the additive white Gaussian noise
(AWGN) at the receiver with E{nnH } = N0I. Here, N0 is the
one-sided power spectral density of the AWGN at the receiver
and I represents the identity matrix of the appropriate dimen-
sion. In addition, the entries of the vector n are distributed
according to a zero-mean complex Gaussian distribution.
In the sequel, we setN0 = 1 for simplicity. A hybrid combina-
tion of SDMA and NOMA approaches is considered to carry
out signal decoding process at the BS as shown in Fig. 1. For
the former case, we adopt ordered zero-forcing SIC (ZF-SIC)
decodingwhile power-domainNOMA technique is embraced
in the latter scenario. Let {π (1), π(2)} denote a permutation
of {1, 2} such that ∥hπ (1)∥ > ∥hπ (2)∥. Under the hybrid
process, the π (1)th user’s symbol is first decoded and this
symbol’s effect is eliminated using SIC before the π (2)th
user’s symbol is decoded.Wefirst explain the ordered ZF-SIC
and the power-domain NOMA decoding approaches in the
following.

In the first step of the ordered ZF-SIC decoding, the
received signal y is left-multiplied by hHπ (1)P

⊥

hπ (2)
where P⊥

hπ (2)
represents the projection matrix onto the null space of the
vector hπ (2), i.e., P⊥

hπ (2)
= I − hπ (2)hHπ (2)/∥hπ (2)∥

2. The
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π (1)th user’s symbol is subsequently decoded without any
intersymbol (interuser) interference. Then, the effect of this
symbol is eliminated from the aggregate signal and the π (2)th
user’s symbol is decoded. In this case, the adopted ordering
strategy is optimum in the sense that the outage probability is
minimized where the outage is defined as the event that either
user cannot support its target rate. It is shown in [31] that
the optimum decoding order does not change the diversity
order of the system and brings about 3 decibel (dB) gain in
the first step receive signal-to-noise ratio (SNR) as compared
to a scenario with a random decoding order. In this case, the
maximum achievable average sum rate is given by

E
{
CSDMA
1

}
+ E

{
CSDMA
2

}
where the subscripts are used to denote the decoding order.
We have

CSDMA
1 = log (1 + ρ1P) , CSDMA

2 = log (1 + ρ2P) (2)

with ρ1 = hHπ (1)P
⊥

hπ (2)
hπ (1) and ρ2 = ∥hπ (2)∥

2.
Under NOMA with instantaneous ordering, the difference

between the signal-to-interference-plus-noise ratios (SINRs)
of the users at the BS is exploited for decoding the users’
signals. To this end, the received signal vector y is first
multiplied from left by hHπ (1)/∥hπ (1)∥ and then π (1)th user’s
symbol is decoded under interference from the other user’s
symbol. Using SIC process, the π (2)th user’s symbol is
subsequently decoded in an interference-free fashion. In this
case, the maximum achievable average sum rate can be
written as

E
{
CNOMA
1

}
+ E

{
CNOMA
2

}
where

CNOMA
1 = log (1 + ξ) (3)

with

ξ =
∥hπ (1)∥

2P
|hHπ (1)hπ (2)|2

∥hπ (1)∥2
P+ 1

and CNOMA
2 = CSDMA

2 . Consequently, the maximum achiev-
able average sum rate of the proposed hybrid scheme is given
by

E
{
Chybrid
1

}
+ E

{
Chybrid
2

}
where

Chybrid
1 = max

{
CSDMA
1 ,CNOMA

1

}
, Chybrid

2 = CSDMA
2 .

When the channel gain disparity between the two mobile ter-
minals is large (σ 2

1 ≫ σ 2
2 ), the NOMA provides an enhanced

spectral efficiency as compared to the OMA methods [3].
On the other hand, the NOMA severely suffers from an error
floor when the users have similar distances to the BS. Hence,
we adopt a hybrid decoding process that switches between the
NOMAand the ZF-SIC techniques as outlined inAlgorithm 1

Algorithm 1 Hybrid Decoding Algorithm
1: Initialization:
2: π (1) = argmax

k∈{1,2}
∥hk∥, π (2) = argmin

k∈{1,2}
∥hk∥,

3: ϕ = arccos
∣∣hH1 h2∣∣

∥h1∥∥h2∥

4: if csc2 ϕ ≤ P
∥∥hπ (2)

∥∥2 then
5: Perform SDMA decoding:
6: Apply hHπ (1)P

⊥

hπ (2)
y and decode the π (1)th user’s

symbol.
7: else
8: Perform NOMA decoding:
9: Apply hHπ (1) y/

∥∥hπ (1)
∥∥ and decode the π (1)th

user’s symbol.
10: end if
11: Apply SIC and decode the π (2)th user’s symbol.
12: return Decoded symbols

in response to the changes in the users’ channel parameters.
To this end, we utilize the following theorem.
Theorem 1: Let ϕ be the Hermitian angle between the

users’ channel vectors h1 and h2 such that 0 ≤ ϕ ≤
π
2 [32].

We have

ϕ = arccos

∣∣hH1 h2∣∣
∥h1∥ ∥h2∥

. (4)

The instantaneous sum rate that can be supported under
SDMA (ZF-SIC) decoding is no less than that of under
NOMA decoding if and only if

csc2 ϕ ≤ Pmin
{
∥h1∥2 , ∥h2∥2

}
(5)

where csc(.) denotes the cosecant function.
Proof: Using the rate expressions in (2) and (3), we can

conclude that the instantaneous sum rate under SDMA (ZF-
SIC) decoding is no less than that of under NOMA decoding
only if

hHπ (1)P
⊥

hπ (2)
hπ (1)P ≥

∥hπ (1)∥
2P

|hHπ (1)hπ (2)|2

∥hπ (1)∥2
P+ 1

. (6)

We have

hHπ (1)P
⊥

hπ (2)
hπ (1) = ∥hπ (1)∥

2
−

|hHπ (1)hπ (2)|
2∥∥hπ (2)

∥∥2 . (7)

Substituting (7) into (6) and then using (4), we can write

1 − cos2 ϕ ≥
1

P∥hπ (2)∥2 cos2 ϕ + 1
(8)

where cos2 ϕ gives a measure on the orthogonality between
h1 and h2. Inverting both sides, (8) can also be expressed as
follows

sin−2 ϕ ≤ P∥hπ (2)∥
2 cos2 ϕ + 1. (9)
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Using the trigonometric identities together with the fact that
∥hπ (2)∥

2
= min

{
∥h1∥2 , ∥h2∥2

}
, the preceding inequality

can easily be simplified into the desired expression.
The probability density function (PDF) of ϕ is given by

fϕ(ϕ)=2(M−1) cosϕ (sinϕ)2M−3 (10)

for 0 ≤ ϕ ≤ π/2 [31]. It is worth to inspecting two extreme
scenarios. When the channel directions are close to being
orthogonal, then both ∥h1∥2 and ∥h2∥2 are required to be
sufficiently larger than 1/P for the SDMA decoding to yield
a superior sum rate. On the other hand, if the channel direc-
tions are nearly parallel such that cos2 ϕ = (1 − ϵ) with
ϵ representing an accordingly small positive quantity, then
the SDMA decoding attains a larger sum rate only when
min

{
∥h1∥2 , ∥h2∥2

}
≥ 1/(ϵP). The inner product between

two normalized complex vectors representing channel direc-
tions is also used in [33] and [34] as a decision metric
to carry out a semi-orthogonal user selection process. It is
also utilized to model the channel quantization error with
limited feedback and user scheduling in [35], where the
square of the sine of the Hermitian angle between the actual
and quantized channel directions equals the quantization
error.

III. PERFORMANCE ANALYSIS
In this section, we present a statistical analysis on the max-
imum achievable average sum rate and the outage proba-
bility of the proposed hybrid scheme where the outage is
defined as the event either of the users’ target rates cannot
be supported. To this end, we determine the corresponding
cumulative distribution function (CDF) expressions of the
received SNR (and SINR) values for the hybrid scheme
as well as for the original SDMA and NOMA techniques.
The derived analytical results on the SDMA and NOMA
approaches are also novel and provide original contribution
to the literature. We approximate the average sum rate and
the outage probability by interchanging the order of max-
imization and the expectation and by utilizing the Boole’s
inequality (also known as the union bound) in the former
and latter cases, respectively. As shown in Section V, both
approximations turn out to be quite tight. LetRSDMA

k ,RNOMA
k ,

and Rhybridk stand for the target rates corresponding to the
kth decoded user under SDMA, NOMA, and the proposed
hybrid approaches, respectively. The outage probability is
given by

PSDMA
out = Pr

(
CSDMA
1 < RSDMA

1 or CSDMA
2 < RSDMA

2

)
and

PNOMA
out = Pr

(
CNOMA
1 < RNOMA

1 or CNOMA
2 < RNOMA

2

)
for SDMA and NOMA, respectively. We can approximately
write

PSDMA
out = Pr

(
CSDMA
1 < RSDMA

1

)
+ Pr

(
CSDMA
2 < RSDMA

2

)

and

PNOMA
out =Pr

(
CNOMA
1 <RNOMA

1

)
+Pr

(
CNOMA
2 < RNOMA

2

)
.

Using (2) and (3), we can write

Pr
(
CSDMA
1 < RSDMA

1

)
= Fρ1

(
2R

SDMA
1 − 1
P

)
,

Pr
(
CSDMA
2 < RSDMA

2

)
= Fρ2

(
2R

SDMA
2 − 1
P

)
,

Pr
(
CNOMA
1 < RNOMA

1

)
= Fξ

(
2R

NOMA
1 − 1

)
,

Pr
(
CNOMA
2 < RNOMA

2

)
= Fρ2

(
2R

NOMA
2 − 1
P

)
.

Here, Fρ1 (.), Fρ2 (.), and Fξ (.) represent the CDFs of
ρ1, ρ2, and ξ , respectively. The variables ∥h1∥2 and
∥h2∥2 are independent (but non-identically distributed)
weighted chi-squared random variables each with 2M
degrees of freedom such that

F
∥h1∥2

(η1) = 1 −
0
(
M , η1/σ

2
1

)
0(M )

(11)

for η1 ≥ 0 and

F
∥h2∥2

(η2) = 1 −
0
(
M , η2/σ

2
2

)
0(M )

(12)

for η2 ≥ 0 [33]. In (11) and (12), 0(.) and 0(., .) respectively
represent the gamma function and the incomplete gamma
function [36].

Exploiting the properties of the null projection, it can be
shown that ρ1 = max

{
∥h1∥2 , ∥h2∥2

}
sin2ϕ. Using this fact

together with (11) and (12), we can write

Fρ1 (ρ1)=

π/2∫
0

F
∥h1∥2

(
ρ1

sin2 ϕ

)
F

∥h2∥2

(
ρ1

sin2 ϕ

)
fϕ(ϕ) dϕ

(13)

for ρ1 ≥ 0. Also, utilizing ρ2 = min
{
∥h1∥2 , ∥h2∥2

}
,

it follows that

Fρ2 (ρ2)= 1 −

(
1−F

∥h1∥2
(ρ2)

)(
1−F

∥h2∥2
(ρ2)

)
(14)

for ρ2 ≥ 0. Using (10), (11), and (12) in (13) and (14), we can
write

Fρ1 (ρ1)

=1−(M−1)

M−1∑
k=0

EM−k

(
ρ1
σ 2
1

)
ρ−k
1 k! σ 2k

1

+

EM−k

(
ρ1
σ 2
2

)
ρ−k
1 k! σ 2k

2




+ (M − 1)

M−1∑
k1=0

M−1∑
k2=0

EM−k1−k2

(
ρ1
σ 2
1

+
ρ1
σ 2
2

)
ρ

−k1−k2
1 k1! k2! σ

2k1
1 σ

2k2
2


(15)
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and

Fρ2 (ρ2) = 1 −
0
(
M , ρ2/σ

2
1

)
0
(
M , ρ2/σ

2
2

)
(0(M ))2

(16)

for ρ1 ≥ 0 and ρ2 ≥ 0.
In (15),

En(z) =

∫
∞

1

e−zt

tn
dt = zn−1 0(1 − n, z)

denotes the exponential integral function [36]. The CDF
Fξ (ξ ) can be expressed as follows

Fξ (ξ ) = Pr

(
∥hπ (1)∥

2
≤ ξ

(
|hHπ (1)hπ (2)|

2

∥hπ (1)∥2
+

1
P

))
= Pr

(
∥hπ (1)∥

2
≤ ∥hπ (2)∥

2ξ cos2 ϕ + ξ/P
)

(17)

for ξ ≥ 0. The evaluation of the preceding probability entails
the joint PDF of ∥hπ (1)∥

2, ∥hπ (2)∥
2, and cos2 ϕ. Using the

tools from order statistics [37], we can conclude that

f∥hπ (1)∥2, ∥hπ (2)∥2
(α1, α2) =

e
−

α1σ21 +α2σ22
σ21 σ22 + e

−
α1σ22 +α2σ21

σ21 σ22

(α1α2)
1−M (σ 2

1 σ 2
2

)M
(0(M ))2

(18)

for α1 ≥ α2 ≥ 0. In addition, the random variable cos2 ϕ

is independent from ∥hπ (1)∥
2 and ∥hπ (2)∥

2. Its PDF can be
derived from (10) as follows

fcos2 ϕ(β) = (M − 1) (1 − β)M−2 (19)

for 0 ≤ β ≤ 1.
Let 4(α1, α2, β) = f∥hπ (1)∥2, ∥hπ (2)∥2

(α1, α2) fcos2 ϕ(β).
Using (17), we can write

Fξ (ξ ) =

{
I1 for 0 ≤ ξ < 1,
I2 + I3 for ξ ≥ 1,

(20)

where

I1 =

1∫
0

ξ/P
1−ξβ∫
0

(
α2ξβ+

ξ
P

)∫
α2

4(α1, α2, β) dα1 dα2 dβ,

I2 =

1/ξ∫
0

ξ/P
1−ξβ∫
0

(
α2ξβ+

ξ
P

)∫
α2

4(α1, α2, β) dα1 dα2 dβ,

I3 =

1∫
1/ξ

∞∫
0

(
α2ξβ+

ξ
P

)∫
α2

4(α1, α2, β) dα1 dα2 dβ.

Utilizing (18) and (19), exact closed-forms results can be
obtained on I1, I2, and I3 for a set of {M ,P, σ 2

1 , σ 2
2 } values.

These expressions are omitted here for the sake of fluency.
The maximum achievable average sum rate of the hybrid
scheme can be written approximately as follows

max{E {log(1+ρ1P)},E {log(1+ξ)}}+E{log(1+ρ2P)},

(21)

which can be evaluated by using the acquired CDF expres-
sions in (15), (16), and (20).

Let Phybridout denote the outage probability of the proposed
hybrid scheme. We have

Phybridout = Pr
(
Chybrid
1 < Rhybrid1 or Chybrid

2 < Rhybrid2

)
= Pr

(
Chybrid
1 < Rhybrid1

)
+ Pr

(
Chybrid
2 < Rhybrid2

)
= Pr

(
max

{
CSDMA
1 , CNOMA

1

}
<Rhybrid1

)
+Fρ2

(
2R

hybrid
2 − 1
P

)
. (22)

Define

9(µ1, µ2, µ3, µ4)

=

µ2∫
µ1

µ4∫
µ3

1∫
Pα1−λ

Pλα2

4(α1, α2, β) dβ dα1 dα2,

8(µ1, µ2, µ3, µ4)

=

µ2∫
µ1

µ4∫
µ3

1∫
1− λ

Pα1

4(α1, α2, β) dβ dα1 dα2,

with λ = (2R
hybrid
1 − 1). Then, using (2) and (3),

the probability Pr
(
max

{
CSDMA
1 ,CNOMA

1

}
< Rhybrid1

)
can be

written as

Pr
(
cos2 ϕ >

P∥hπ (1)∥
2
− λ

P∥hπ (2)∥2λ
, cos2 ϕ > 1 −

λ

P∥hπ (1)∥2

)

=


ϒ1−ϒ2 + F∥hπ (1)∥2,∥hπ (2)∥2

(
λ

P
,
λ

P
) for 0 ≤ λ < 1,

ϒ3+ϒ4−ϒ5−ϒ6+F∥hπ (1)∥2,∥hπ (2)∥2
(
λ

P
,
λ

P
) for λ ≥ 1.

(23)

In (23), we have

ϒ1=9

(
0,

λ

P(1−λ)
, α2, λα2 +

λ

P

)
,ϒ2=9

(
0,

λ

P
, α2,

λ

P

)
,

ϒ3 = 9

(
0, ∞, λα2, λα2 +

λ

P

)
,ϒ4 = 8

(
1
P

, ∞, α2, λα2

)
,

ϒ5 = 9

(
0,

1
P

, λα2,
λ

P

)
, and ϒ6 = 8

(
1
P

,
λ

P
, α2,

λ

P

)
.

In addition, F∥hπ (1)∥2,∥hπ (2)∥2
(λ/P, λ/P) equals the joint CDF

of ∥hπ (1)∥
2 and ∥hπ (2)∥

2 evaluated at the point {λ/P, λ/P},
i.e.,

λ
P∫

0

λ
P∫

α2

f∥hπ (1)∥2,∥hπ (2)∥2
(α1, α2) dα1 dα2.

The analytical solutions to the preceding integrals can be
obtained by substituting the corresponding {λ,M ,P, σ 2

1 , σ 2
2 }

values.
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It is instructive to investigate how frequently the hybrid
scheme switches between two decoding approaches. To this
end, we examine the probability that the instantaneous
sum rate with SDMA decoding is greater than or equal
to that of under NOMA decoding. Elaborating on (5) by
using the properties of the null projection, this probabil-
ity can be shown to be equivalent to the CDF of � =

1/
(
min

{
∥h1∥2 , ∥h2∥2

}
sin2 ϕ

)
evaluated at P, i.e., F�(P).

We can write

F�(ω) =

∫ π/2

0

(
1 − F

∥h1∥2

(
1

ω sin2 ϕ

))
(
1 − F

∥h2∥2

(
1

ω sin2 ϕ

))
fϕ(ϕ) dϕ (24)

for ω ≥ 0. Substituting (10), (11), and (12) into (24) and
evaluating the resulting integral, it can be shown that

F�(ω) = (M − 1)
M−1∑
k1=0

M−1∑
k2=0

EM−k1−k2

(
σ 2
1 +σ 2

2
ω σ 2

1 σ 2
2

)
ωk1+k2 k1! k2! σ

2k1
1 σ

2k2
2

(25)

for ω ≥ 0.

IV. PARTIAL CSI AT THE BS
In this section, we cover the scenario where the users
do not have any kind of CSI while the BS has par-
tial (imperfect) CSI of the users’ channels. To that end,
the BS’s estimate for the kth user’s channel (denoted by
h̃k ) is modeled in a widely adopted practical fashion as
follows

h̃k = ϑ hk +

√
1 − ϑ2 zk . (26)

Here, hk stands for the kth user’s actual channel (as defined
in Section II) and the estimation error vector zk has the same
distribution as hk but uncorrelated with it. In addition, ϑ is
the correlation coefficient between the true and estimated
channel vectors for the kth user. It is given by

ϑ =

∣∣E {̃hHk hk}∣∣√
E
{
∥hk∥2

}
E
{∥∥̃hk∥∥2} (27)

for 0 ≤ ϑ ≤ 1. The decoding process at the BS is carried
out in an analogous manner as in Section II based on the esti-
mated channel vectors. The actual channels of the users are
accordingly replaced with the estimated ones in Algorithm
1. In addition, the hybrid algorithm switches to SDMA if
csc2 ϕ ≤ ϑ2 P

∥∥̃hπ (2)
∥∥2, and vice versa. In order to justify

this switching condition and to express the resulting SINR
and SNR values in terms of the estimated channel vectors,
we tweak the model in (26) as hk = ϑ h̃k +

√
1 − ϑ2 ek

for k ∈ {1, 2} without altering the statistics of hk and h̃k .
Here, ek is identically distributed with h̃k and uncorrelated
with it. Hence, the correlation coefficient between the true
and estimated channel vectors is also equal to ϑ in this

case. The π (1)th user’s symbol is initially decoded and this
symbol’s effect is removed by using SIC before the π (2)th
user’s symbol is decoded where ∥̃hπ (1)∥ > ∥̃hπ (2)∥. With
the ordered ZF-SIC decoding, the received signal y is first
left-multiplied by h̃Hπ (1)P

⊥

h̃π (2)
to decode the π (1)th user’s

symbol. Here, P⊥

h̃π (2)
denotes the projection matrix onto the

null space of the vector h̃π (2). On the other hand, y is initially
multiplied from left by h̃Hπ (1)/∥̃hπ (1)∥ to decode the π (1)th
user’s symbol under NOMAwith instantaneous ordering. The
maximum achievable average sum rates are correspondingly
given by

E
{
C̃SDMA
1

}
+ E

{
C̃SDMA
2

}
and

E
{
C̃NOMA
1

}
+ E

{
C̃NOMA
2

}
for SDMA and NOMA decoding processes, respectively.
Here, we have

C̃SDMA
1 = log (1 + 11) , C̃NOMA

1 = log (1 + 12) ,

and

C̃SDMA
2 = C̃NOMA

2 = log (1 + 13)

where

11 =

∣∣∣̃hHπ (1)P⊥

h̃π (2)
hπ (1)

∣∣∣2 P∣∣∣̃hHπ (1)P⊥

h̃π (2)
hπ (2)

∣∣∣2 P+ h̃Hπ (1)P
⊥

h̃π (2)
h̃π (1)

, (28)

12 =

∣∣∣̃hHπ (1)hπ (1)

∣∣∣2 P∣∣∣̃hHπ (1)hπ (2)

∣∣∣2 P+
∥∥̃hπ (1)

∥∥2 , (29)

and

13 =

∣∣∣̃hHπ (2)hπ (2)

∣∣∣2 P∥∥̃hπ (2)
∥∥2 . (30)

We can write

11 =

∣∣∣ϑ h̃Hπ (1)P
⊥

h̃π (2)
h̃π (1) +

√
1 − ϑ2 h̃Hπ (1)P

⊥

h̃π (2)
eπ (1)

∣∣∣2
(1 − ϑ2)

∣∣∣̃hHπ (1)P⊥

h̃π (2)
eπ (2)

∣∣∣2 +

h̃Hπ (1)P
⊥

h̃π (2)
h̃π (1)

P

,

12 =

∣∣∣ϑ ∥̃hπ (1)∥
2
+

√
1 − ϑ2 h̃Hπ (1)eπ (1)

∣∣∣2∣∣∣ϑ h̃Hπ (1)̃hπ (2) +
√
1 − ϑ2 h̃Hπ (1)eπ (2)

∣∣∣2 +

∥∥̃hπ (1)
∥∥2

P

,

13 =

∣∣∣ϑ ∥̃hπ (2)∥
2
+

√
1 − ϑ2 h̃Hπ (2)eπ (2)

∣∣∣2 P∥∥̃hπ (2)
∥∥2 .

In practice, ϑ equals a real number that is usually near to
the unity depending on the estimation precision. Therefore,
we accordingly approximate 11, 12, and 13 by neglecting
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TABLE 1. Simulation parameters.

the terms that contain (1 − ϑ2) (or
√
1 − ϑ2) as follows

11 =

ϑ2
(̃
hHπ (1)P

⊥

h̃π (2)
h̃π (1)

)2
h̃Hπ (1)P

⊥

h̃π (2)
h̃π (1)

P

= ϑ2 P h̃Hπ (1)P
⊥

h̃π (2)
h̃π (1),

12 =
ϑ2

∥̃hπ (1)∥
4

ϑ2 |̃hHπ (1)̃hπ (2)|2+

∥∥̃hπ (1)
∥∥2

P

=
ϑ2 P ∥̃hπ (1)∥

2

ϑ2 P

∣∣∣̃hHπ (1)h̃π (2)

∣∣∣2∥∥̃hπ (1)
∥∥2 +1

,

13 =
ϑ2 P ∥̃hπ (2)∥

4∥∥̃hπ (2)
∥∥2 = ϑ2 P ∥̃hπ (2)∥

2.

Note that the preceding results are quite similar to the cor-
responding SINR and SNR expressions under the perfect
channel estimation model considered in Section II. As dif-
ferent from the perfect CSI scenario, we have the estimated
channel vectors and P is replaced with ϑ2P under the imper-
fect CSI case. Since hk and h̃k are identically distributed for
k ∈ {1, 2}, we can directly use Theorem 1 here by a simple
substitution of ϑ2P for P. This justifies the above-mentioned
switching strategy between the two decoding approaches
under the imperfect CSI scenario.

V. NUMERICAL RESULTS
In this section, the proposed hybrid scheme is compared with
the sole SDMA- and NOMA-based approaches in terms of
the sum rate and the outage probability. We assume σ 2

1 =

0 dB and define SNR as P/N0 in all the figures. Simulation
parameters are tabulated in Table 1 where the abbreviation
N/A stands for the phrase not applicable.

The three techniques are compared in Fig. 2 with regard
to their sum rate performances. We separately consider three
SNR values together with σ 2

2 = −35 dB and varying M .
It is clear that the superiority order between the SDMA- and
NOMA-based methods changes depending on the SNR of
the users and the value of M . When SNR = 20 dB, the
NOMA decoding scheme outperforms the SDMA decoding
scheme. On the other hand, the SDMA decoding technique
performs better than the NOMA decoding technique when
SNR = 40 dB. The two techniques behave similarly for
SNR = 30 dB while NOMA slightly performs better for
M ≤ 4. The sum rates of the relevant techniques are

compared in Fig. 3 for varying SNR values. For the cell-
edge user, we use two different σ 2

2 values given by −30 dB
and −40 dB where we adopt M = 2 and M = 6 in the
former and latter cases, respectively. When M = 2 and
σ 2
2 = −30 dB, the SDMA decoding performs better than the

NOMA decoding for SNR ≥ 32.5 dB. On the other hand,
the SDMA-based approach yields larger sum rate than the
NOMA-based approach for SNR ≥ 35 dB when M = 6 and
σ 2
2 = −40 dB. It is clear in both Figs. 2 and 3 that the hybrid

algorithm tracks the better of the other two schemes and offers
the best choice by retaining the advantages of both methods.
By setting Rhybridk = RSDMA

k = RNOMA
k = Rkt for k ∈ {1, 2},

the outage probabilities of the relevant schemes are illustrated
in Fig. 4 for M = 2. The performance of minimum mean
square error (MMSE) receive beamforming is also plotted as
a benchmark. We separately examine two scenarios. We set
{σ 2

1 , σ 2
2 } = {0, −30} dB and {R1t ,R2t } = {8, 1} bits/s/Hz in

the first case. Also, in the second scenario, we use {σ 2
1 , σ 2

2 } =

{0, −40} dB and {R1t ,R2t } = {8, 0.5} bits/s/Hz. For the
first case, the NOMA-based scheme performs worst and
exhibits a near-constant outage probability as SNR increases.
In this case, the hybrid method clearly outperforms the other
techniques and offers a 5 dB improvement in the SNR of
both users as compared to the SDMA-based approach for an
outage probability of 10−3. The NOMA-based scheme per-
forms better than the SDMA-based technique when SNR <

55 dB in the second scenario. As before, the hybrid scheme
attains the lowest outage probability and, compared with
its competitors, achieves a 5 dB enhancement in the users’
SNR values for an outage probability of 10−3. The hybrid
scheme outperforms MMSE beamforming to a great extent
under both scenarios. In Fig. 5, F�(P) is plotted for M ∈

{2, 6} and distinct σ 2
2 values. Note that the upper half of

Fig. 5 corresponds to the region for which the probability
that the SDMA-based approach performs better than the
NOMA-based approach is greater than one half and vice
versa. In addition, the high degree of match between the
simulated and analytical results in Figs. 3, 4, and 5 cor-
roborates the analytical derivations in Section III. Assuming
possibly imperfect CSI at the BS, we compare the outage
probabilities of the relevant approaches in Fig. 6 for σ 2

2 =

−30 dB and {R1t ,R2t } = {4, 0.5} bits/s/Hz based on the
estimation model in (26). In order to observe the effect of
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FIGURE 2. The sum rate comparison of the relevant schemes for σ2
1 = 0 dB, σ2

2 = −35 dB,
SNR = {20, 30, 40} dB, and varying M.

FIGURE 3. The sum rate comparison of the relevant schemes for varying SNR with M = 2,
{σ2

1 , σ2
2 } = {0, −30} dB and M = 6, {σ2

1 , σ2
2 } = {0, −40} dB.

the imperfect channel estimation on the outage probability,
we consider ϑ = {0.99, 0.95} as well as ϑ = 1, i.e., the
perfect CSI case. It turns out that the outage probability per-
formance strictly depends on the channel estimation quality

for all three schemes. Even when the estimated and true
channel vectors are strongly correlated, i.e., ϑ = 0.99, all
three schemes seriously suffer exhibiting an error floor before
reaching operational outage probability levels. In this case,
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FIGURE 4. The outage probability comparison of the relevant schemes for M = 2 where the dashed
and solid curves respectively represent the scenarios with {σ2

1 , σ2
2 } = {0, −30} dB, {R1t , R2t } = {8, 1}

bits/s/Hz and {σ2
1 , σ2

2 } = {0, −40} dB, {R1t , R2t } = {8, 0.5} bits/s/Hz.

FIGURE 5. F�(P) for M ∈ {2, 6}, σ2
1 = 0 dB, and various σ2

2 values.

the outage probability is dominantly prevailed by the channel
estimation errors and increasing the transmit power may not
bring about any benefit in terms of outage probability. As the

channel estimation quality reduces further, all three methods
tend to exhibit quite similar performances. In all cases, the
proposed hybrid algorithm achieves the best performance.
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FIGURE 6. The outage probability comparison of the relevant schemes under channel estimation
errors for M = 2, σ2

1 = 0 dB, σ2
2 = −30 dB, and {R1t , R2t } = {4, 0.5} bits/s/Hz.

VI. CONCLUSION
An uplink cellular communications scenario has been inves-
tigated by assuming that two single-antenna users without
any CSI are desired to communicate simultaneously with a
multi-antenna BS on the same frequency band. We have pre-
sented a hybrid orthogonal/non-orthogonal multiple access
scheme by properly combining NOMA and SDMA tech-
niques where power domain and spatial degrees of freedom
are respectively utilized in the latter and former scenarios for
multiplexing the users’ symbols. It is illustrated that such a
combination can yield significant gains (as large as 5 dB)
in terms of the users’ SNR (or SINR) values with respect
to average sum rate and outage probability criteria under
both perfect and imperfect CSI cases. Further, the relevant
methods are statistically analyzed by deriving novel CDF
expressions to be used for the evaluations of average sum
rate and outage probability. The obtained analytical results
for the conventional NOMA and SDMA approaches are also
novel and add to the original contribution of this study. The
current study lays the foundations and the introduced hybrid
technique can be extended for other scenarios with more than
two users under distinct channel fading characteristics.
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