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ABSTRACT In this research article, a new connection between serial fuzzy relations and an extended version
of rough sets in an algebraic structure quantale is established. The extended notion of rough sets consists of
successor class and an overlap of the successor class of an element of a quantale. Thus a new approximation
space based on serial fuzzy relations via the overlaps of successor in quantales, are introduced. The main
purpose of this study is to provide basic algebraic structures based on serial fuzzy-relations. In this way,
the new approximation space acquires certain appealing algebraic properties. Compatible fuzzy relations in
quantale are being applied to introduce the notions of rough multiplicative set, rough m-system and further
rough substructures of quantales. Following that, various quantale substructures are described in terms of
successor overlaps under serial fuzzy relations, leading to the development of some key theorems. Moreover,
several results including quantale homomorphism between rough substructures and their homomorphic
images are provided. It is concluded that this new study is significantly easy and superior to various types of
approximations in various types of algebraic structures. Furthermore, different examples are given to show
the effectiveness of the developed approach and a comparative study of the investigated approach with some
existing methods are expressed broadly which show that the investigated approach are more effective and
easy than the existing approaches.

INDEX TERMS Quantale, rough ideal, SFrelations, TCFR, rough multiplicative set, rough m-system.

LIST OF ACRONYMS/ABBREVIATIONS TCFR Transitive compatible fuzzy relation
Acronyms  Representation CFZR Complete fuzzy relation
© Binary operation on quantale AP.SP. Approximation space
Subg Subquantale SFrelations  Serial fuzzy relation
UP. appr. Upper approximation
LW. appr. Lower approximation I. INTRODUCTION
FZ.Subset  Fuzzy Subset Managing ambiguous and vague information has always
FZ-Relation  Fuzzy Relation been difficult. Many theories, like theory of rough sets [1]
and theory of fuzzy sets (FSs) [2], have been proposed to
The associate editor coordinating the review of this manuscript and address the imprecision and uncertainty found in practically
approving it for publication was Yu-Da Lin . all real-world problems. Zadeh’s FS is a remarkable idea
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and is heavily used in many situations of uncertainty
including decision-making problems, pattern recognition,
clustering, networking, and many other fields of computer
and engineering. Each of these theories has unique qualities
and benefits. Another characteristics and advantages of FS
are used to characterize different properties of algebraic
structures in terms of fuzzy substructures. For example fuzzy
substructures in semigroups and quantale were proposed by
Kuroki [3] and Farooq et al. [4] respectively. ¢-intuitionistic
subgroups with Fuzzy set was characterized by Gulzar et al.,
[5], [6]. A Multi-attribute decision-making method in terms
of complex g-rung orthopair via Einstein geometric aggrega-
tion operators were studied by Wu et al., [7].

Rough set theory, which has several applications, was
developed by Pawalk [8]. It is becoming a highly helpful
method for addressing uncertainty among the elements of
a set. Consequently, various more general rough set models
were presented in [9] and [10] to avoid equivalence relation,
a necessary part in Pawalk rough set theory. By Dubois and
Prade, the idea of roughness in fuzzy sets was introduced [11].
Recently, Fuzzy convexities was investigated via overlap
functions by Pang [12]. Important Hamacher aggregation
operators dependent on the interval-valued intuitionistic
fuzzy numbers related to decision making was proposed by
Liu [13]. Fuzzy formal contexts and fuzzy relations between
objects of different types in the form of fuzzy relational
context families was investigated by Boffa [14].

In the literature, there are many examples of how various
algebraic structures are combined with rough and fuzzy
sets, and different applications can be seen. Roughness
in different algebraic structures like quantale and quantale
modules through congruence relations were investigated by
Yang and Xu [15], Qurashi and Shabir [16], respectively.
Many authors studied roughness in different other algebraic
structures; for more information, see [17], [18], [19],
and [20]. Different characterizations of important residual
implications in terms of Copulas was presented by Ji and
Xie [21], [22]. The character and applications of aggregating
intuitionistic uncertain linguistic variables to group decision
making were proposed by Liu and Jin [23].

To our knowledge, there has never been a study of
roughness for algebraic structures of quantale based on serial
fuzzy relations via the overlaps of successor in quantale.
From two perspectives, we attempt to generalize Mareay’s
work [24] in this research article. First, to weaken Rosenthal’s
conditions for quantale congruence [25], we shall first
establish the concept of compatibility in newly rough model
connected with quantale compatibility. Secondly, we will
introduce roughness of substructures through these transitive
and compatible fuzzy relations.

A. SOME BACKGROUND STUDIES AND IMPORTANCE OF
QUANTALE IN THE LITERATURE

The notion of quantale, which designates a complete lattice
equipped with associative binary multiplication distributing
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over arbitrary joins, was used for the first time by Mul-
vey [26]. However, multiplicative ordered structures were
studied already in 1930s in the form of lattices of ring ideals.
Frames, various ideal lattices of rings and C*-algebras, and
the power set of a semigroup are just a few of the many
examples of quantales. The study of such partially ordered
algebraic structures dates back to the late 1930s work on
residual lattices by Ward and Dilworth [27], [28] which was
driven by ring-theoretic problems. Derivation is helpful to
the research of structure and property in algebraic system.
Derivations in quantale was studied by Xiao and Liu [29].
Quantale module developed on quantale as a structure was
studied by Abramsky and Vickers [30]. Quantales can be seen
as a framework for a non-commutative topology. Further,
regular and normal quantales were defined by Paseka [31].
He further studied the notion of w-quantale and conjunctivity
in quantale. Moreover, simple and semisimple quantales and
quantale that classify C*-algebras were presented by Kruml,
and Paseka and Kruml, Resende [32], [33], respectively.
Morphisms, theory of locales and the presheaves and sheaves
on a quantale were studied by Borceux and Van den
Bossche [34].

B. LITERATURE REVIEW IN DETAIL

For the purpose of studying the spectrum of C*-algebras
and the foundations of quantum mechanics, quantales were
introduced. From this last point of view, a quantale is a
semigroup whose multiplication a @ b can be temporally
interpreted as “‘a and then »”’. This idea has also appeared
in [35], when studying non-commutative versions of the
linear logic of Girard [36], and later in [31], where a quantale
can be understood as an algebra of observations on concurrent
systems.

Roughness to the substructures of quantales including
ideals, prime, semiprime and primary ideals were studied
by Wang and Zhao [37] in 2013. They actually used
congruence relations to develop different rough structures.
Further in 2014, rough set theory applied to quantale in a
different way but this is done again congruence relations
by Luo and Wang [38]. They also discussed rough fuzzy
substructures in quantale. Generalized or T-roughness by set-
valued homomorphism in quantalewas applied by Xiao and
Li [39]. Further, rough set theory to quantale was applied
by Qurashi and Shabir with the help of soft relations under
aftersets and foresets [40]. More generalized forms of rough
fuzzy substructures via (e.€ V g)-fuzzy type were also studied
by Qurashi and Shabir [41].

C. THE MOTIVATION OF THE STUDY AND THE RESEARCH
GAP IN THE LITERATURE CURRENTLY AVAILABLE

In the above literature review, some advancements in both
classical theory and rough set theory are highlighted. Also,
despite the fact that several findings about rough subquantale,
rough ideals of quantale, rough fuzzy substructures and
rough substructures based on set-valued homomorphism of
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quantales have been demonstrated, certain problems remain
unresolved and should be answered.

1. There have been numerous contributions to classical
quantale theory, but its generalization has received little atten-
tion. We point out some of them, for example soft substruc-
tures in quantale and its characterization by different means
like (¢, €V g)-fuzzy soft types substructures, (¢, €V gx )-fuzzy
soft type’s substructures of quantale are included. Moreover,
less attention is being paid to (e, €, Vgs)-fuzzy soft types
substructures of quantale. Further, rough neutrosophic soft
ideals and fuzzy bipolar soft ideals in quantale have received
less attention.

2. Roughness associated with soft relations under aftersets
and forests have been studied by Kanwal and Shabir [42],
[43] and Kanwal et al., [44]. This type of roughness was
being applied to substructures and fuzzy substructures of
semigroups and quantales. Can we extend the concept of
roughness and its results under serial fuzzy relations via the
overlaps of successor and obtain the similar results easily. So,
the study proposed is important.

3. Roughness techniques applied to substructures and
fuzzy substructures of quantale with the help of congruence
and set-valued homomorphism are in the literature discussed
above. What will be the behavior of rough substructures
when subjected to serial fuzzy relations via the overlaps of
successor is a logical question that naturally arises.

4. Some important theorems related to quantale homo-
morphism have been discussed in the references [40]
and [44] above. These remarkable theorems must therefore
be discussed in the context of quantale homomorphism under
serial fuzzy relations and compatible fuzzy relations based on
overlaps of successor.

5. The literature has examined many algebraic aspects
of rough and fuzzy substructures of quantale and others
structures with congruence, set-valued homomorphism, and
through soft relations. These works have not yet been thor-
oughly analyzed in the context of rough ideals in quantales
under serial fuzzy relations and compatible fuzzy relations
based on overlaps of successor classes. As the suggested
approach in this paper is easier to develop rough substructures
and discuss different properties. So it is concluded that this
new study is much better.

Addressing the aforementioned open questions and filling
the knowledge gap in the available literature are the ultimate
goals of this research.

D. COMPARATIVE RESEARCH AND THE DEFICIENCIES OF
THE EXISTING FIELD OF RESEARCH

The results reported in this research hold true for rough
substructures in quantale module based on fuzzy relations.
Moreover the current analysis is also applicable to fuzzy
substructures and intuitionistic fuzzy (IFS) substructures in
quantale through serial fuzzy relations and compatible fuzzy
relations based on overlaps of successor classes because
every fuzzy set is an IFS. Bilal and Shabir provided rough
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Pythagorean fuzzy sets using soft binary relations [45]. As a
result, we can define Rough Pythagorean substructure in
quantale dependent on overlaps of successor classes under
serial fuzzy relations. However, there are some restrictions on
how far we can pursue our work. For example, we cannot take
g-rung orthopair fuzzy sets, picture fuzzy sets and fuzzy soft
hyper to establish overlaps of successor classes under serial
fuzzy relations. So distinct research are advised for these
generalized structures. Our research is primarily constrained
by this.

Following is a description of how the paper is organized.
In section-II, first of all substructures of quantales, fuzzy
relations and its types and successor class of an element
of quantale, overlap of the successor class, are discussed.
In section-III, roughness of substructures of quantale depen-
dent on compatible fuzzy relation and transitive compati-
ble fuzzy relation are defined. Moreover, complete fuzzy
relations are defined and different important results are
developed. These rough substructures based on overlaps of
successor and their homomorphic images under quantale
homomorphism are discussed in section-IV. At the end, the
conclusion is given in section V.

II. PRELIMINARIES

In this section, we will discuss some important definitions
like quantale and its substructures, generalized rough set and
related results. We will use symbols G and H for quantales
throughout the paper where G and H are nonempty universal
sets.

Definition 1 [26]: Let a nonempty set G be a complete
lattice associate with a binary operation © satisfying the
following conditions Vg, g € G
l.¢g® (VJ‘GHgJ') = ng'eﬂ(g © g;’)

2. (Vyeggs) @8 =V eg(g, @8
Then this G is called quantale. Let W/W, Z € G Then we
define arbitrary join and binary operation as

WvZ={g1VeglgreW, g e},
WoeZ=/{g1©glg €W, g €2},
ViesW; = {V j¢llg, € W,

Definition 2 [25]: A nonempty subset E of a quantale G
is called a subquantale(Subg) of a quantale G if following
properties hold, for all e1, e2,¢, € E

1. V;'egej cEii.ej @ey € E.

A nonempty subset E € G is called an m-system of G,
ifforallp,geE,| p@log) NE #0.

A nonempty subset E C G is called a multiplicative set of
G,ifp@qgeEforall p,q € E.

Definition 3 [37]: A subset # # E of a quantale G is
called an ideal of G if

i.e; Vey e EVey,ep e E

ii.Vei,ep € Gand ey € Esuchthate; <ep) e E = e €
E

iii.VgeGandece E=— g@ecEandeo g € E.

Definition 4 [37]: An ideal E of a quantale G is called
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i. prime ideal if e; © e € E = ¢; € E or 3 € EVey,
ey € G.

ii. semi prime ideal if e ©@ e € E = ¢ € EVe € G.

iii.primary ideal if E # G and Ve, e2 € G

ey1@e; € Eand ey ¢ E = ¢} € E for some n > 0,
where el =e; @e; © --- @ es.

Definition 5 [2]: Let G be a nonempty universal set then
the function L of G into the closed interval [0, 1] is called
FZ.Subsetof G.

Definition 6 [2]: Let G and H be two nonempty universal
sets then mapping ¢ : G x H — [0, 1] is said to be
FZ-Relation from G to H. A mapping o : G x G — [0, 1] is
called FZ-Relation on G. A FZ-Relation in the form of matrix
is denoted by

o011 g12... Olm
021 g2 ... O2m
Onl On2 Onm

Definition 7 [46]: If there exists g € G and for all 2 € H
such that o (g, h) = 1, where o is a FZ-Relation of G into H.
Then o is called serial FZ-Relation.

Definition 8 [46]: Assume that o is a FZ-Relation on G.

i.If o (g,g) = 1 forall g € G then o is called a reflexive
FZ-Relation.

ii. If o (g1, g2) = o (g2, g1) for all g1, g» € Q then o is
called symmetric FZ-Relation.

iii. If 0(g1,82) > Vgei(o (81, 83) A 0 (g3, g2)) for all
g1, &2 € G then o is called Transitive.

Definition 9 [46]: If o is reflexive, symmetric and transi-
tive then o is called similarity FZ-Relation.

Definition 10 [47]: Assume that o is a FZ-Relation from
GtoHandZ €[0,1].Forg € G,

SCo(g;?):={heH:0(g h =7}

is called a successor class of g related to Z-level under .
Definition 11 [47]: Assume that o is a serial FZ-Relation
from GtoHand Z € [0, 1]. For g; € G,

OSCs (g1;7) :={g2 € G:8C; (g1;2) NSCy(g2, ¢) # 0}

is called an overlap of the successor class of g; related to
Z-level under o.

The collection of OSC(g; ¢) for all g € G is denoted by
08C4(G; 7).

Remark 1 [47]: Assume that o is a serial FZ-Relation
from G to H and ¢ € [0, 1]. Then Vg € GSC,, (g; ¢) # @.

Proposition 1 [47]: Let o be a serial FZ-Relation from G
toH and Z € [0, 1]. Then

1.g € OSCy(g; ) forall g € G.

2.qg € OSCy(p; 2)iff OSC, (p; ) = OSCyy (q; 7).

Definition 12 [47]: Let o be a serial FZ-Relation from G
to H and ¢ € [0, 1]. A triple (G, H, O8C(G; 7)) is called
an approximation space (AP.SP.) based on O8C,(G; ?).
If G = H, Then (G, H, O8C,(G;Z)) is replaced by
(G, 08C,(G; 2)).
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Definition 13 [47]: Let (G, H, O8C,(G;Z)) be an
08Cy (G; ¢)-APSP. and § # E C G, Then we define
UP.appr. of E in (G, H, O8C4(G; ¢)) and LW.appr. of E in
(G, H, O8C,(G; 2))asa(E; ¢) :={g € G: OSCy(g; )N
E#@tando(S; «) :={g € G:08C,(g;Z) C E}.

The oR (E; ¢) := (6(E; ¢), o (E; ¢)) is called a rough set
of Ein (G, H, O8Cq(G; 2)) if o (E; ) # o (E; 7).

Proposition 2 [47]: Let (G,H, O8C,(G;¢)) be an
08C,(G; £)-APSP.If § £ E,F C G. Then
l.oW;¢)=0anda(@; ¢) =0
2.0(G;2)=Gando (G;2) =G
3. ECo(E;Z)ando (E;Z) CE
4. c (EUF;2) D a(E;Z2)Uag (F;Z) and o (ENT; 2)

o ([E; 2)No(F; 7)

5. 0(EUF;¢) = oE;2)Ua(;¢) and c (ENTF; 7)) =

a(E;2)Nna(F; 7).

6. f ECF, then o (E;Z) € o (F;Z) and o (E;7) C

o (F; 7).

7. o (E¢ 7)) = (0(E; %)), where E¢ and (¢(E; 2))° are
complements of E and o (E; ¢), respectively.

Theorem 1: Let (G, H, O8C,(G; 7)) be an O8C;(G; 7)-
APSP.IfE,F C G. Then
l.oE;)Na@;¢) Ca(EeF; ),

if G is idempotent quantale.

.oE;DHUa ;) Ca(EVEF;Z),if0e ENT.
.oE DU ) Caoa(EF; ), ifee ENT.
.o (E;H)Ua (F;2) Co(EVEF;¢),if0e ENT.
.o (E; U (F,2) Co (E@F; 7),ifee SNT.
Lol )No (F;2) Ca (EVEF; 7).

Proof: 1. Since G is an idempotent quantale. Therefore
we have ENTF C E ® F. From Proposition 2 we have

o (ENF;7) Co(EQT; )

IN

AN AW

From Proposition 2 we have
o(E;Z2)No (F;2) =0 (ENTF; 7)

Therefore, o (E; Z) No(F; 2) Co(EGF; 7)

2.Lete € E, we have for0 € Fe = e Vv 0 € E v F. This
implies that e € EVF. Hence E C E Vv F. Similarly, we have
FCEVF. Thus, EUF C E Vv F. From Proposition 2 we
have,

o (EUF;7) CoEVF;7)
Again from Proposition 2, we have
o (E;2)Ua(lF; 7) Ca(EVTEF; 7).

3.Lete € EthenforO € F, wehavee=e@0cE®TF.
This implies that e € E © F, hence E € E © F. Similarly,
wehave E C E@TF. Thus, EUF C E®@TF. From Proposition 2
we have,c (EUF;7Z) Co(EoTF; ?)

Again from Proposition 2, we have

o E;2)Ua (F;7) Ca(E@F; 7).

4.Lete € E. Thenfor0 € F, wehavee=ev Qe EVF.
This implies that e € SV T, hence E C E v F. Similarly,
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we have F € E v F. Therefore EUF C E v F. From
Proposition 2 we have,

c(EUF;2)Co(EVF;?)
Again from Proposition 2, we have
o (E; H)Uo (F;¢) CoEVEF;?).

S.Lete € E, thenfore € Fwehavee = e©0 € EQF. This
implies that e € E@F. Hence, E C E®@F. Similarly, we have
F C E © F. Therefore, EUF C E ® F.From Proposition 2,
we have,c (EUF; 7)) Co(EoT; 7).

Again from Proposition 2 we have

7 ([E; 2)Us (F;¢) CoE 6 F; ).

6. Clearly ENTF <€ E v F. From Proposition 2 we have
o (ENTF; ) Co (EvVTF;?). From Proposition 2 we have

oE;2)Na ;7)) =0 (ENTF; 7)

Therefore, o (E; ) No (F; ) Co(EVF; 7).

Preliminaries section contains some importatnt definitions
including quantale and its substructures. In substructures of
quantale, idelas, subquantale, m-system and multiplicative set
are presented. Further, successor class of g related to Z-level
underFZ-Relation and overlap of the successor class of an
element of quantale are being discussed. The above all are
very important because rough m-system, rough multiplicative
set and rough ideals are defined which are dependent
on overlap of the successor classes of quantale. In fact,
Proposition 2 shows the usefulness of Definition 12 and
Definition 13. However, we have generalized Proposition 2 in
Theorem 1 which shows the validity of definition 13 and 14
in quantale.

1Il. ROUGH SUBSTRUCTURES IN QUANTALES INDUCED
BY SERIAL FUZZY RELATIONS

Compatible fuzzy relations and transitive compatible fuzzy
relations in quantale are defined in this section. Further, more
generalized results dependent on transitive compatible fuzzy
relation and complete fuzzy relation are discussed.

Definition 14: Let o be a FZ-Relation on G.

ifVegr, 82,83, 84.¢,./, €G
1. o(81©83,82©@84) = 0(81,82) AN 0(g3, 84)

2.0 (VJ'GEJ'?J’ VJ'GHfJ) > Nysego(es.fr)
Then this is called compatible FZ-Relation.

Definition 15: Let (G, O8C(G; 7)) be an O8C(G; 7)-
AP.SP. If o is a transitive and Compatible FZ-Relation then
(G, O8C(G; 7)) is called an OSC(G; 7)-AP.SP. of TCFR.

Proposition 3: Assume that (G, O8C;(G; 7)) is a O8C,
(G; ¢)-AP.SP. of TCFR. Then for all g1, g» € G

(0OSCs (81;7)) © (OSCqs (g2; 7)) € OSCyr (g1 © g2 7).

Proof: Let g3 € (OSCy(g1; 7)) © (OSCy(g2; 7)). Then
there exists g4 € OSC,(g1; ¢) and g5 € OSC,(g2; ) such
that g3 = g4 © gs5. Thus,

SCo (81;7) NSCy (g4: 7) # ¥ and
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SCs (g2; ) NSCy (g5 7) # 9.

Let g6 € SCy (g1; 7) N SCq (g4; 7) and g7 € SCy (g2;7) N
SCqy (855 7). Then we have o (g1,8) > 7,0 (84,86) =
¢,0(g2,87) = Zando (g5, g7) = ¢. Since o is a serial FZ-
Relation, we have (g1,g1) =1 > 7,0 (g7,87) = 1 >
Z,0(g5,85) = 1 > ¢ and o (gs,g6) = 1 > Z. Since o
is transitive and compatible, we have

0 (81 ©82,8 ©g7)

> \/ (0 (g1 @22, )
g3€G

Ao (g8, 86 © g7))

0(81©82,81©87) Ao (81©87,86 © g7)

o (81,81) No (82, 87) No (g1, 86) Ao (87, 87)
TANLANENT =1.

vV IV IV

Hence, 0 (g1 © g2, 86 © g7) > Z andso g @ g7 € SCyx(g1 ©
g2; 7). Since o is transitive and compatible, we have

0 (84 ® 85,86 © g7)
VgoeG(0 (g4 © g5, 89) Ao (g9, 86 © g7))
0 (84 © 85,86 ©85) N0 (86 © &5, 86 © 87)
o (84, 86) N0 (85,85) N0 (86, 86) N0 (85, 87)
TANENENT =1,

IV IV IV IV

Hence, 0 (84 © g5, 86 © g7) > Z and s0 g6 © g7 € SC (g4 ©
gs5: ¢). Thus, SC; (g1 © g2;7) N SCy (g4 © g5:7) # 0.
Therefore, g3 = g4 © g5 € OSCy, (81 © g2; 7).

Hence, (OSCs(g1: 7)) © (OSCq(g2;: 7)) S OSCo(g1 ©

g2 7).
Proposition 4: Assume that (G, 08C, (G;7)) is a
08C4(G; ¢)-AP.SP. of TCFR. Then for all g1, g0 € G

(0SC; (81:2)) V(OSCys (g2:7)) S OSCs (g1 V 82: 7).

Proof: Let g3 € (OSCy(g1; ¢)) vV (OSCy(g2; 7)). Then
there exists g4 € OSCq(g1; ¢) and g5 € OSCq(g2; w) such
that g3 = g4 Vv g5. Thus,

SCo (81;2)NSCy (ga;7) # Pand

SCo (82 2) NSCq (855 7) # V.
Let g6 € SCo (81;7) NSCs (g4;7) and g7 € SCy (g2;7) N
SCqy (855 7). Then we have o (g1,8) > 7,0 (84,86) >
¢,0(g2,87) = ¢ and o (gs,g7) > <. Since o is a serial
FZ-Relation, we have (g1,81) =1 > Z,0(g7,87) =1 >

Z,0(gs5,85) =1 > ¢ and o (g6,86) = 1 > 7. Since o is
transitive and compatible, we have

o(g1V g8V &7)

> \/ (0 &1V g g8)
g3€G

Ao (88, 86V 87))

o(81V 82,8 Vg8 NOI(g1V g7 8V &7)

o (81,81) Ao (82, 87) No (g1, 86) Ao (g7,87)
TNTANENT =1,

IV IV IV
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TABLE 1. Binary operation © on quantale G.

TABLE 2. Binary operation © on quantale G.

@ 0’ pl ql rl Sl 1/ @ 07 el fl gl hl 1’
OI 0/ pl q/ q/ Sl 1/ 0! Or 0/ Ol 0! 0! 1!
! pl pl pl pl p’ 1’ el Ol el el el h/ 1’
! ! p/ q/ q/ S/ 1’ f[ O[ e[ fl el hl 1’
' q' P’ q q s’ i g 0 e’ e' g n 1/
' s' ' s’ s’ s’ v r 0’ W K K W 1’
1’ 1’ 1’ 1’ 1’ 1’ 1’ 1 1 1’ 1 1 1 1
are
SCy (0/;0.6) = {0},
SCo (p;0.6) = {q.5'},
SCo (q'; 0.6) =1{q, s/} ,
SC, (r’; 0.6) = {r’}.
SCy (s';0.6) = {q'.s'} and
SCy (1/; 0.6) = {1’}.

FIGURE 1. Complete lattice in quantale G.

Hence, 0 (g1 V 82,86V 87) = Zandso ge Vv g7 € SCy(g1 V
g2; 7). Since o is transitive and compatible, we have
o (84V 85,86V &7)
VgoeG(o (g4 V g5, 89) Ao (89,86 V &7))
0(84V 85,8V gs) N (gV gs, 86V &7)

o (g4, 86) N o (gs,85) Ao (g6, 86) N 0o (g5,87)
INTNINT =1.

IV IV IV IV

Hence, 0 (g4 V g5, 86 V g7) = Z and s0 g VV g7 € SC(g4 vV
gs5; 7). Thus, SCs (g1 V g2;7) N SCy (84 V g5;7) # 0.
Therefore, g3 = g4V g5 € OSC, (g1 V g2; 7).

Hence, (OSCs(g1; 7)) Vv (05C4(g2; 7)) S OSCo(g1 V
82; 7).

Example 1: Let G = {0',p/,q',r',s, 1’} be a quantale
with binary operation ® defined in Table 1 and Shown in
Figure 1.

Define the membership grades of relationship between any
two elements in G under FZ-Relations o on G as follows

1 0 0 0 O

0
0
1
0

o O O O
(el e e )
—_— O =
—_—O = =
-0 O O O O

0 0 0 0 O

Clearly, o is transitive and compatible. For 7 = 0.6, the
successor class of each element in G related to 0.6 under o
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Hence, the core of successor class of each element in G
related to 0.6 level under o are

0sC, (0:0.6) = {0'}.

0SC, (p';0.6) = {p'. 4,5},
0SCs (¢';0.6) = {p'. 4,5},
0SC, (r’; 0.6) = {r’},

0SC, (s/; 0 6) = {p/, q, s/},

0SC, (1’; 0.6) = {1’},
Here it is easy to verify that for all g1, g» € G

(0SCs (815 0.6)) © (OSCq (g2;0.6))
C 0SC, (g1 ©g2;0.6) and
(OSCs (8150.6)) Vv (OSCy (825 0.6))

C OSCy (81 V 82 0.6)

Observe that in this example equality in general does not hold.
Let us consider the following Example.

Example 2: Let G = {0, ¢,f, g, W, 1’} be a quantale
with binary operation ® defined in Table 2 and Shown in
Figure 2.

Define the membership grades of relationship between any
two elements in G under FZ-Relations o on G as follows

0 0 0 0 1

o O OO
O = = =
O = = =
[ R
- o O O
— O O O O O

)
=)
)
=)
)

It easy to verify to o is transitive and compatible.
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For £ = 0.6, the successor class of each element in G
related to 0.6 under o are

Co (0:06) = {1},
SC(7 (e 06) = {e ', g}
SCU(f 06) —{e f g}

C, (5:06) = {¢.f.5).

(h’ 0. 6) = {h’} and

scg (1:06) = {1'}.

Hence, the core of successor class of each element in G
related to 0.6 level under o are

0SC, (0;0.6) = {0/, '},
0SC, (e/;06) = {e ' g}
0SC, (f';0.6) = | f ¢},
0SCs (g:0.6) = {.f". &'},
0SC, (h’; 0. 6) {O/ h/} and

0SC, (1;0.6) = {1'}.
Here it is easy to verify that for all g1, g» € G

(OSCs (815 0.6)) © (OSC4 (g2; 0.6))
= 0SC, (g1 © g2;0.6) and
(0SCs (815 0.6)) v (OSCq (825 0.6))

= 0SC,; (g1 V £2;0.6).

Definition 16: Let (G, O8C,(G; 7)) be an O8C,(G; 7)-
AP.SP. of TCFR. Then for all g1, g2 € G,

(0SCs (81:7)) @ (0SCy (82;7)) = OSCys (81 © 825 7)

Then the collection O8C,(G; 7) is called @-Complete.
If forall g1, g2 € G,

(0OSCys (81: 7)) V(OSCy; (g2:7)) = OSCy (g1 V 82: 7)

Then the collection O8C, (G; ¢) is called vV-Complete.
Although approximation through overlaps of successor
inquantales is totally dependent on overlap of the successor
class (OSC, (g; ¢)) of an element of quantale yetwe have
observed some interesting properties of these classes under
serial fuzzy relations. It is noticed that these classes
under V and © always show always containment. That
is (0SCqs (g151) V (OSCo (82:1)) S OSCqs (g1 V g2; 1)
and (OSC, (g1;1)) © (OSCy (g2:1)) € OSCy (g1 © g2: 1).
Further, it is observed that equality does not hold in general.
So in next results, we have applied the conditions of
transitive compatible fuzzy relation(TCFR) and complete
fuzzy relation (CFZR) to fulfil the condition of equality.
Definition 17: Let (G, O8C,(G; 7)) be an O8C,(G; 7)-
AP.SP. of TCFR. Then the collection O8C,(G; 7) is called
o-Complete if it is both @-Complete and V-Complete.
Definition 18: Let (G, O8C,;(G; 2)) be an O8C,(G; 7)-
APSP. of TCFR. Then o is «called complete
FZ-Relation(CFZR) if O8C, (G; ¢) is complete induced by .
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FIGURE 2. Complete lattice in quantale G.

(G, O8C,(G; 2)) is called an O8C, (G; 7)-AP.SP. of CFZR if
o is complete.

Theorem 2: Let (G, O8C4(G; 7)) be an OS8C4(G; 7)-
AP.SP. of TCFR and ¥ # E, F C G. Then
1. o(E; 2)eo(F,¢) Co(EF,; ?)
2.0E; Z)ve(F;Z) Ca (EVEF; 7).

Proof: 1. Let g1 € o(E; ¢) @ o(IF; Z) Then there exists

g € o(E; ¢)and g3 € o(IF; Z) be such that g; = g2 © g3.
Then OSC,(g2; £)NE # @ and OSC,(g3; £)NTF # (. There
exists g4, g5 € G be such that g4 € OSC,(g2; ) N E and
g5 € OSC,(g3; ) NF. This means that g4 € OSCy(g2; %),
g4 € E and g5 € OSCy(g3;7), g5 € FF. This implies that
g41@gs e EoFand g4© g5 € OSCy(g2;7) © OSCy(g3; 7).
From Proposition 3, we get

84 @85 € (0SCy(g2; 7)) @ (OSCy(g3; 7))
C 0SCy(g2©g3;7)
= 84©85 € 08SCy (g2 ©g3;7)

So, we have OSC,(g2 © g3;7) NE @ F # . This implies
thatg) =g, @ g3 € o(E@TF; 7).

Hence,o(E; 2)@o(F; ) Co(E©TF; 7).

2. Let g1 € o (E;Z) v o(IF; Z) Then there exists go €
o(E; ¢) and g3 € o(IF; ) such that g1 = g» Vv g3. Then
0SCy(g2; ) NE # @ and OSC,(g3;Z) N F # (. There
exists g4,g5 € G such that g4 € OSC,(g2;7) N E and
g5 € OSC,(g3; ¢) NF. This means that g4 € OSCy(g2; 7),
g4 € Eand g5 € OSC,(g3;7), g5 € F. This implies that
gaVvgs e EVFand gV gs € 0SCy(g2;7) Vv OSCy(g3; 7).

From Proposition 4, we get

g4V gs € (0OSCy(g2; 7))V (0SCs(g3: 7))
C 0SCy(g2V g3;7)
= g4V g5 €08SCs (g2V g3;7)
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So, we have, OSC,(g2 Vv g3;¢) NE vV IF # (. This implies
thatgy = g2 vg3 €eo(EVF; 7).

Hence,o(E; Z2) vo(F; 7)) Co(E VF; 7).

Theorem 3: Let (G, O8Cy(G; 7)) be an O8C,(G; ¢)-
AP.SP. of CFZR and @ = E, F € G Then
l.o(E;Z2)eo(F;7) Co(EOF;7)
2.0E Hva ;) CaEVE 7).

Proof: 1. Suppose that g3 € o(E; Z)@a (F; ¢) then there
exists g1 € o(E; ¢) and g» € o(IF; Z) such that g3 = g1 © g».
This implies that OSC,(g1; Z) € E and OSC,(g2; ¢) C F.
This shows that OSC (g1; Z) @O0SC(g2; 7) € E@F. Since
o is @-Complete, we have OSC, (g1;7) © OSC, (82;7) =
0SC,(g1 ® g2; ) € S © T. This implies that

O0SCs(g1@g2;7) CEOF.

= g3 =g10g € 0 (E©F; 7). Hence, o (E; 2)@a(IF; ) C
o(E©F;?).

2. Suppose that g3 € o(E; ¢) v o(F; ¢) then there exists
g1 € o(E;Z) and g» € o(F; ¢) such that g3 = g1 V g2.
This implies that OSC,(g1; Z) € E and OSC,(g2; Z) € F.
Implies that OSCy (g1;7) V OSCy(g2;Z) CE V.

Since o is Vv-Complete So, we have OSC, (g1;7¢) Vv
OSCs (g2:7) = OSCy(g1 V g2;¢) € S v T. This implies
that

0SCs(g1V g2, 7) CEVE.

= g3=281Vg& € o (EVF;?Z). Hence,o(E; /)va(l; )
a(EVTF;Z).

Definition 19: Let @ # E C G and (G, 08Cq(G; 7))
be an O8C, (G; Z)-AP.SP. of TCFR. Then a nonempty
08C4(G; ¢)-UPappr. o(E; ) of E in (G, 08Cq(G; ¢)) is
a Subg of G then this is called an O8C,(G; ¢)-UP.appr.
Subquantale.

A nonempty O8C,(G; ¢)-LW.appr. o(E;Z) of S in
(G, O8C4(G; ¢)) is a Subg of G then this is called an
08C4 (G; ¢)-LW.appr. Subquantale.

Similarly, we can define ideals(prime, semi-prime, pri-
mary, multiplicative set, m-system).

Theorem 4: Assume that ¥ #* E < G and
(G, O8C,(G; 7)) is a O8C,(G; 7)-AP.SP. of TCFR. If E is
a closed under arbitrary joins, then o(E; 7) is closed under
arbitrary joins.

Proof: Let F C o (E; ) then for each f € F, we obtain
feo(E;Z), then OSCy(f; 2) NIE # (. There exists xp €
OSCy (f; 7) N E. Therefore, we get xy € OSCy (f; 7) and
x¢ € IE. Now,

\/xf € OSCs (f; )V OSCys (f;2)V---VOSCy (f; 2)

feF

From Proposition 4, we get
COSCo(fVfVfV---Vf;Z)=08C, (VF; )

\/ 1 € 0SC, (VF; 7)
felF
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Since E is a closed under arbitrary joins, we have
Vrerxr € E. Therefore, we have

Vierxy € OSC, (VF; £)NE,
= 0SCy, WVF; 2)NE £ ¢
= VF € 5(E; 7)

Thus, o (E; ¢) is closed under arbitrary joins.

Theorem 5: Assume that § #* E < G and
(G, O8C4(G; 7)) is a O8C,(G; £)-AP.SP. of v-Complete
FZ-Relations. Let [E be a closed under arbitrary Joins, then
o (E; ¢) is closed under arbitrary joins.

Proof: Let F C o (E; Z) then for each f € T, we have
feo(E;Z). Then OSC,(f;¢) CE.

Since o is V-Complete FZ-Relation. Therefore,

OSCo (f VfVfV---Vfid)
= 0SC, (f; 2)VvCCy (f;2)V---VCCqs (f;7)
= 0SC, (VF; ¢) = vOSC, (F; %)

Assume that w € OSC, (VF; Z) = vOSC, (F; Z). There
exists xr € OSCy (f; 7) C E(f € F) such that w = Vyepxy.
Since E is a closed under arbitrary joins, we obtain w =
Vrerxs € E. Therefore, we get OSC, (VF; ¢) C E,

= VF e o(E; ?)

Hence, o (E; ) is closed under arbitrary join.

Theorem 6: Let (G, O8Cq(G; 7)) be an O8C, (G; Z)-
AP.SP. of TCFR and E is a Subg of G.Then & (E; Z) is an
CCs(G; ¢)-UP.appr. Subquantale.

Proof: Let E be a Subg of G, thenby definition of Subg,
we have E@ E € E and E v E C E. By Proposition 2,
we obtain § # E C o (E; ¢). Hence o(E; ¢) is a nonempty
08C4 (G; ¢)-UP.appr. As ®E C E. By Proposition 2 we get
o(E®E;Z) Co(E;Z). By Theorem 2 we obtain o(E; ) ©
o(E;2) Co(EGE; ¢) Co(E; 7).

Thus,o(E; 2) © o (E; 2) Co(E; 7).

Also, As VE C E. By Proposition 2 we obtain o(E Vv
E; ) C o (E; ¢). By Theorem 2 we have o (E; Z)Vo(E; ) C
o(EVE;7) Co(E; 7).

Thus, o(E; 2) Vo (E; ) Co(E; 7).

Hence, o(E; 7) is a Subg of G. Therefore, o(E; 7) is an
08C, (G; ¢)-UP.appr. quantale.

Theorem 7: Let (G, O8C,(G; ¢)) be an O8C, (G; Z)-
AP.SP of CFZR and E is a Subg of G with o(E; ) #= @
Then o (E; ) is an OS8C, (G; ¢)-LW.appr. quantale.

Proof: Let E be a Subg of G, then by definition of Subg,
wehave E@©@ E C Eand EVE C E. Also, o(E; 7) is a
nonempty O8C, (G; Z)-LW.appr.

As @E C E. By Proposition 1 we have o(E ® E; ) C
o(E; Z). By Theorem 3 we get o(E; ) ©@ 0(E; ) C o(E ©®
E; 7) € o(E; 7).

Thus, o (E; ) © o(E; 7) € o (E; 7).

Also, as E vV E C E. By Proposition 2 we have o(E Vv
E; ) € o(E; ¢). By Theorem 3 we get o (; ) Vo (E; ¢) C
oEVE;Z) Ca(E; 7).
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Thus, o(E; 7) v o(E; ) € o(E; 7).

Hence, o (E; 7) is a Subg of G. Therefore, o (E; 7) is an
08C4 (G; ¢)-LW.appr. quantale.

Example 3: Assume that E := {0/, f', ¢/, '} € G from
Example 2, then we have & (E; 0.6) = {0'¢/,f’, ¢/, /' },and
o (E;0.6) =0,/

Note that o (E; 0.6) # o (E; 0.6). Hence, it is simple
to check that & (E; 0.6) is an O8C,;(G; 0.6)-UP.appr. quan-
taleand o (E; 0.6) is an O8C,(G; 0.6)-LW.appr. quantale.
However, E is not a Subg of G.

Theorem 8: Let (G, O8C,(G; ¢)) be an O8C, (G; 7)-
AP.SP. of v-Complete FZ-Relations and E is an ideal of
G.Then o (E; 7) is an O8C,(G; 7)-UP.appr. ideal.

Proof: 1. Suppose p,q € o (E; Z) then OSC,(p; Z) N
E # #and OSCy(q; ) NE # 0

There exists r € OSC,(p; Z)NE and s € OSC,(q; ¢)NE,
we have r € OSCy(p; Z),r e Eand s € OSC,(q; ¢), s € E.
AsEisanideal sowe getrvs € Eandrvs € OSCy, (p; €)V
OSCy (gq; 7). From Proposition 3 we obtain,

rvs € OSCo(p;2)V OSCy (q;7) COSCy (pV q; )
=rvseOSC, (pVq;?)
=rvseOSC, pVvg;t)NE

OSCo, (pVvq; 2)NE #0, Thus,pvgeao (E; 7).

2. Let p < g € o (E;?). Then there exists w €
OSC(g; Z) N E. From this we obtain w € OSC,(q; Z) and
w € E. Now,

0SCy(q;2) =0SCs (pV q;Z) "pVg=gq

Since o is V-Complete FZ-Relations, Therefore, OSC,(p Vv
q;7) = O0OSCy(p;?) vV OSCy(q; 7). There exists €
OSC,(p; %), s € OSCy(q; %) such that w = r Vv s. Since
E is an ideal.

Therefore, r < r Vs = w € E implies that r € E. Thus,
r € OSC,(p; ¢) NE implies that OSC, (p; €) NE # @. Thus
p ol 7).

3.Let r € G,p € o(E;¢) Then there exists g €
OSCy(p; Z)NE such that g € OSC,(p; Z)and g € E. As E
is an ideal of G, sowe get, ¢ @ s € E, s © g € E for each
s € OSC, (r; 7) C G. Therefore, we have

q@©se€0SCys (p;7) © OSCy(r; 7)
From Proposition 2 we have

q@s € OSCy (p;7) © OSCy(r; 2) COSCy(p@1; )
= q@©seO0SCo(por;Z)NE
= 0SCo,(por;Z)NE4£03=porea(E;?)
Similarly, we have r © p € o (E; ¢). Therefore, o (E; ¢) is an
08C4 (G; ¢)-UP.appr. ideal.
We give an example to illustrate that the condition for all
81,82 €G,

(0SCs (815 0.6)) vV (0OSCy (g2 0.6))=0SC; (g1Vg2; 0.6)

In Theorem 8 is indispensable.

88786

Example 4: From Example 1we havefor all g1, g» € G
(0SCs(g1;0.6)) vV (OSCy (g2;0.6)) #OSCy (81 V 825 0.6)
Because,

(0SC5 (0';0.6)) v (OSCq (r';0.6)) = {¢'}

and
0SC, (0 v r';0.6) ={p', ¢, s}
This implies that
(0SC4 (0;0.6)) v (OSC4 (r';0.6)) # OSC4 (0" Vv 1’5 0.6)

Set E = {0/,p'} then E is an ideal but & (E; 0.6) =
{0/, p;, ¢, s'} is not ideal because o (E; 0.6) is not a lower
set.

Theorem 9: Let (G, O8C,(G; ¢)) be an O8C, (G; 7)-
AP.SP. of CFZR and E be an ideal of G with o(E; ¢) # @.
Then o (E; ) is an OS8C,(G; ¢)-LW.appr. ideal.

Proof: 1. Letp, g € o(E; 7). Then OSC, (p; ¢) € E and
0SCs(q;7) CE

Since o is V-Complete FZ-Relations, we have

OSCy (p; )V OSCs (q;7) = OSCy (pVv gq; 7)) CE
= 0SC, (pV q; ) C E.

Hence,p Vv q € o (E; 7).
2.Letp < q € o(E; Z). Then there exists OSC,(q; ¢) <
E.Letw € OSCy(p; Z) and r € OSC,(q; ¢), we have

wVvreOSCs (p;7)VvOSCy (q;7)
From Proposition 4 we have

wVvVreOSCy (p;Z)VOSCy(q;2) COSCy (pV q; 1)
wVvreOSCy,(pVvq;Z)=08C,(q;7) CE
pvVg=gq

As E is an ideal. Therefore, w < wV r € E = w € E. Thus,
OSC, (p; ) C E. Hence, p € o(E; 7).

3.Letr € G,p € o (E; ¢). Then we have OSC,, (p; ¢) C
E. Let g € OSCs(p ® r; ¢). Since o is ©-Complete FZ-
Relations so we have

qeO0SCs p@r;¢) =08Cs (p;7) @ OSCy(r; 7)

Then there exists g1 € OSC, (p;¢) < E and gp €
OSC (r; ¢) such that g = g1 © ¢q».

As E is an ideal of G, we get ¢ = g1 © g2 € E. Therefore,
we have OSC, (p @ r; ¢) C E.

Hence, por € o(E; 7). Similarly, we have rop € o(E; 7).
Thus, o (E; 7) is an O8C,(G; ¢)-LP.appr. ideal.

Example 5: Assume that E := {0/, ¢/, 1/, 1’} € G from
Example 2, then we have o (E; 0.6) = G and o (E; 0.6) =
0,1, 1'. Note that & (E; 0.6) # o (E;0.6). Hence, it is
simple to verify that o (I; 0.6) is an O8C4(G; 0.6)-UP.appr.
ideal and o (E; 0.6) is an O8C,(G; 0.7)-LW.appr. ideal. But
[E is not a ideal of G.
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Theorem 10: Let E be a prime ideal of G and (G, O8C, (G;
7)) be an O8C,(G; 7)-AP.SP. of CFZR. Then o (E; ) is an
08C4 (G; ¢)-UP.appr. prime ideal.

Proof: As E is an ideal of G so by Theorem 8 o (E; 7)
is an O8C,(G; ¢)-UP.appr. ideal. Now we have to show that
o(E; ) is an O8C, (G; ¢)-UP.appr. prime ideal.

Let g1,g0 € G such that gy ® go € o(E; ¢). Then
0SCy(g1 @ g2; Z)NE # 0.

As o is @-Complete FZ-Relation. Therefore, OSC,(g1;
7)© O0SCy(g2; )NE = 0SCy(g1 © g2; 7) NE # (. There
exists g3 € OSCy(g1; ¢) and g4 € OSC,(g2; 7) such that
g3@gq € E. Since E is a prime ideal of G, so we have g3 € E
or g4 € [E. Therefore, we have g3 € OSCy,(g1; Z) N E or
g4 € OSC,(g2; Z)NE. This implies that OSC,(g1; Z)NE # @
or OSCy,(g2; ) NE # 0.

g1 € o(E; Z) or go € o(E; ). Hence, o(E; ¢) is an
08C4(G; ¢)-UP.appr. prime ideal.

Theorem 11: Let E be a prime ideal of G and (G, O8C, (G;
7)) be an O8C, (G; 7)-AP.SP. of CFZR. Then o (E; Z) # @ is
an O8C, (G; ¢)-LW.appr. prime ideal.

Proof: Proof is similar to above.

Theorem 12: Let E be a semi-prime ideal of G and (G,
O8Cs(G; 7)) be an O8C,(G; 7)-AP.SP. of CFZR. Then 5 (IE;
Z) is an O8C4(G; ¢)-UP.appr. semi-prime ideal.

Proof: As E is an ideal of G, so by Theorem 8, o(E; 7)
is an O8C, (G; 7)-UP.appr. ideal. Now we have to show that
o(E; ) is an O8C,(G; ¢)-UP.appr. semi-prime ideal.

Letgq, € Gsuchthatg,©g; € 0(E; ), then OSC,(g10g1;
Z)NE £ @.

There exists go € OSCy (g1 © g1; Z)NE. This implies that
82 € 0SCy(g1 @ g1;7) and g2 € E.

Since o is ©-Complete FZ-Relation. so we have OSC (g1;
7) © OSCy(g1;7) = OSCs(g1 © g1; Z). Then there exists
g3 € OSCy(g1; ) such that go= g3 © g3 € E. Since E is a
semi-prime ideal of G, so we have g3 € E. This implies that
g3 € OSCy,(g1; ¢)NE. This implies that OSC,(g1; Z)NE #
@. Thus g € o(E; 7). Hence, o(E; ¢) is an O8C,(G; ¢)-
UP.appr. semi-prime ideal.

Theorem 13: Let E be a semi-prime ideal of G and (G,
08C4(G; 7)) be an OSC, (G; 7)-AP.SP. of CFZR. Then o (E;
7) # @ is an O8C,(G; £)-LW.appr. semi-prime ideal.

Proof: Proof is similar to above.

Theorem 14: Let E be a primary ideal of G and (G,
O8Cs(G; 7)) be an O8C,(G; £)-AP.SP. of CFZR. If 5(EE;
7) Z W and o (E; 7) # Q. Then o (E; 7) is an O8C,(G; ¢)-
UP.appr. primary ideal.

Proof: As E is an ideal of G, so by Theorem 8, o (E; 7)
is an O8C,(G; ¢)-UP.appr. ideal. Now we have to show
that o (E; ) is an O8C,(G; ¢)-UP.appr. primary ideal. Let
g1, 82 € Gsuchthatg, ©g € 0(E; ) and g; ¢ o (E; ¢) then
there exists p € OSC;(g1 © g2; Z) N E. From this we have,
p € O0SCs(g1 ®g2;7)and p € E.

As o is ©-Complete FZ-Relation so we have p €
OSCy(g1 © g2;7) = OSC5(81;7) © OSCy(g2;7) = p €
OSCy(g1; Z) @ OSCqy(g2; 7). There exists g € OSCy(g1; 7)
and w € OSC,(g2; ) be such thatp = g © w € E. Since
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g1 ¢ o(E; £), we get g ¢ E. Since E is a primary ideal we
have w" € E for some n > 0. Now, wOwo@w®o®...0w €
0SCy(82;¢)®08SCs(g2; £)®OSCyr(g2;¢) ... ® OSCy(g2;
7).

Since o is @-Complete FZ-Relation. Thus, we have

W' € 05Cy(82©8©...0 82 7)
= w'€0SCy (g5: 7)., = w'e 0SCs (g5;¢)NE
= 0SCy (g5 /) NE #0, = g5 eo(E;?)

Hence, o (E; ) is an OS8C, (G; ¢)-UP.appr. primary ideal.

Theorem 15: Let E be a primary ideal of G and (G,
08C4(G; 7)) be an OSC, (G; 2)-AP.SP. of CFZR. Then o (E;
7) # @ is an O8C,;(G; ¢)-LW.appr. primary ideal.

Proof: Proof is similar to above.

Theorem 16: Let E is a multiplicative set of G and (G,
O8C,(G; 7)) be an O8C,(G; 7)-AP.SP. of TCFR. Then & (E;
7) # (@ is an O8C, (G; £)-UP.appr. multiplicative set.

Proof: Assume that g1, g2 € o (E; 7), there exists p €
0SCy(g1;2)NE, g€ OSCy(gy; 2) NE.

= pe0SCy(g1;¢),peEand g € OSCy(g2;7),q € E,
= p©q € OSCy(g1; 7) © OSCs(g2; 7).

From Proposition 3, we have p © g € OSCy(g1;¢) ©
0SCs(g2;7) S OSCs(g1©g2;7) = p@g € OSCy(81©82;
7).

Since [E is a multiplicative set, so we have p © g € E.
Therefore, p © g € OSC,(g1 © g2; ) N E.

= 0SCs(g1 @82 ) NE # 0 = g1 © g2 € 0(E; 7).

Hence, o (E; <) is an O8C,(G; ¢)-UP.appr. multiplicative
set.

Theorem 17: Let E be a multiplicative set of G and (G,
08C4(G; 2)) be an O8C, (G; 7)-AP.SP. of @-Complete FZ-
Relation. Then o(E; Z) # @ is an OSC,(G; 7)-LW.appr.
multiplicative set.

Proof: Assume that g1, g» € o (E; ), then, OSC,(g1;
Z) CEand OSC,(g2;Z) C E.Letp € OSCy (g1 © g2; 7).

As o is ©-Complete FZ-Relation, we have p € OSC,(g1©
82:7) = 08Cs(g1;7) © OSCy(g2; 7).

Then there exists ¢ € OSCy,(g1; ) € E and w €
OSCs(g2;Z) CEsuchthatp = g © w.

Since, [ is a multiplicative set, we have

p=qoweE, =pek

S0,08C,(g1 © 82;7) CE, = g1 @ g2 € o (E; 7)

Hence, o(E; 7) is an O8C, (G; ¢)-LW.appr. multiplicative
set.

Theorem 18: Let E € G is an m-system of G and (G,
08C,(G; 7)) be an OSC, (G; £)-AP.SP. of vV-Complete FZ-
Relation. Then o (E; ) is an O8C, (G; ¢)-UP.appr. m-system.

Proof: Assume that g1, g> € o (E; ¢), then OSC,(g1;
Z)NE # @ and OSCy(g2; ) NE £ @.

Hence there exists p;1 € OSCy(g1; Z)NE, p2 € OSCs(g2;
)N E.

= p1 € OSCs(g1;7), p1 € Eand px € OSCs(q2; 7),
p2 € E, = p1,p2 € E. As E is an m-system, there is p € E
such thatp < p; ® 1 © p,.
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Hence,p1 @ 1@pry=pVv (p1©®16 p2).
Now,p1 ©@ 1 @ pr € OSCs(p1 © 1 © p2; ),

=p1©1@preO0SCs(pV (p;©10p2);7),
Since o is V-Complete FZ-Relation so we have
P1@1©@pr e OSCy(p; Z) vV OSCy(p1 © 1 @ p2; 7)

There exists g € OSC,(p; ),

w e OSCy(p1 @ 1 @po; Z)suchthatpy @ 1 @pr =gV w
and hence, g < p; ® 1 ® pa. By Proposition 1, we have g €
OSC,(p; ¢) if and only if

0SCs (p: 7)) = 0SCs(q: 7)
Since p € E, p € OSC,(p; ¢) this implies that
OSCy,(p; 2)NE £ 0

= OSCy(q; 2)NE # ¥, = y € 5(E; 7).
Hence, o(E; 7) is an O8C, (G; ¢)-UP.appr. m-system.

IV. HOMOMORPHIC IMAGES OF ROUGH
SUBSTRUCTURES IN QUANTALE

This section is devoted to study the relations between
rough substructures of quantale dependent on overlap of the
successor classes and their homomorphic images. Moreover,
some important theorems under quantale homomorphism are
introduced.

Definition 20: Let (G, ®) and (H, ®) be two quantales.
Then a mapping F : G — H is known as a homomorphism
in quantale if it satisfies the following Properties
1. F(g1@g2) =F(g1) ®F(g2)

2. 5V eg8s) = V,egF (g8, 82,85 € G,

A homomorphism ¥ is said to be monomorphism if it is
one-one and homomorphism J is said to be epimorphism if it
is onto. A homomorphism & is said to be isomorphism if it is
bijective. Note that o is order preserving as g; < g, implies

F(g1) =T (g

Proposition 5 [25]: Let o (g1,82) = p (F(g1), F(g2))
Vg1, g2 € G where J is a surjective homomorphism from G
in (G, 08C4(G; ) to H in (H; O8C,(H; 7)) then following
properties hold

1. g1 € 08Cy(g2; ) if and only if F(gp) €
Osep(g: (82) a {)’ Vg] ’ gz € G
2. For every nonempty subset E of G we have

F@(E; ) =pFE);?).
3. For every nonempty subset E of G we have
F (o (E: 7)) S p(FEB): 7).

4. For every nonempty subset E of G and if J is one-one then
we have

I (o ;7)) = p (F(E); 7)

5. If p is a transitive and compatible FZ-Relations, then o is
a transitive and compatible FZ-Relations.
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Proof: 1. Let g1 € OSCy(g2; ), where g1,g2 € G.
Then F(g1), F(g2) € H and SCy (g157) N SCo (g2; ) #
@. Thus there exists g3 € G such that g3 € SC, (g1;7) N
SCo (82:7).

Hence, o(g1,83) > ¢ and o (g2,83) = 7. By the
assumption, we get

p(F(g1),F(g3) =o0(g1,83)>7 and
p(F(g2),F(g3) =0 (g2.83)>7.

Thus, F(g3) € SCx(F(g1); 7) N SCo(F(g2); 7).

This implies that SC, (F(g1); ¢) N SCx(F(g2); ) # 0.

Therefore, we have F(g1) € OSCy(F (g2); 7).

Conversely, let F(gy) € OSCy(F(g2);7). Then
SCo(F(g1); ) N SCs(F(g2); ) # D.

Then there exists g3 € G such that F(g3) €
SCo(F(g1); 2) N SCx(F(g2); 7).

Then p (F(g1),F (g3)) = Z and p (F(g2),F (g3)) = 7.
This implies that

p(F(g1),F(g3) =o(g1,83)>7 and
0 (F(g2),F(g3) =0(g2,83) >7.

This implies that g3 € SCy (g1;7) NSCy (g2; 7).

We get, SCo (81: ¢) N SCo (82; 7) # V.

Hence, g1 € OSC,(g2; 7).

2.LetE # #and E C G. Suppose that h| € F (o (E; 7)) .
Then there exists gy € o(E; Z) such that F(g;) = hy,
we have OSC,(g1;¢) N E # (. There exists g2 € G such that
g2€ 0OSCs(g1;Z2) NEand g2 € E. By property (1), we obtain
that F (g2) € OSC, (F (g1) ;7) and F(g2) €F(E).

OSC, (T (g1); ) NTF(E) # ¢. So we have,

hy = F(g1) € p(F(E); )

Thus, F (Q (E; 7)) € p(F(E); 7).

Now, let iy € p(F(E); Z) then there exists g3 € G
such that i, = J(g3) and so we have OSC, (F (g3);7) N
F(E) # ¢. There exists g4 € [E be such that
F(g4) € OSC, (F (g3);7) and d(ga) € F(E). By property
(1) we get gac OSC,(g3;Z)NE and g3 € E, so we have
0SCq4(g3;Z2) NE # (. Hence, g3 € o(E; Z) and therefore,
hy = F(g3) € F (0 (E; 7)). Thus,

PEFE); 2) € F (o (E; 7))

Hence, F (o (E; 2)) = p(F(E); 7).

3.LetE # @ and E C G. Suppose that by € F (o (E; 7))
Then there exists g1 € o(E; Z) such that F(g;) = hy,
we have OSC,(g1; 7) C E. We have to show that

0SC, (h1: t) € F(E).

Let hpe OSC,, (h1; ¢) . Then there exists i € G be such
that F (g2) = ha2. = F (g2) € OSC, (F (g1) ; ) By property
(1) we obtain go€ OSC,(g1;¢) and g € E. Hence, we have
hy = J(g2) € FE). = OSC, (h;7) € FE), = h €
p(F(E); 7). Hence, I (g (E; Z)) < p(F(E); 7).

4. let E # ¢ and E € G. We have to show that
p(FE); ) € F (o (B; 2)).
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Suppose that iy € p(F (E); 7) then there exists g1 € G
such that 11 = J(g1) and so we have OSC, (F(g1);7) C
F(E). We have to show that

0SC; (g1:7) C E.

Let gre OSC,(g1;¢) then by property (1) we have
F(g2) € OSC, (F (g1); 7). This implies that F(gz) €F(E).
Then there exists g3 € E such that F(g3) = F(g2).
By assumption we have go € E and so OSC,, (g1;¢) C E.
= g1 € o(E; 7).

Hence, h = F(g1) € F (g (E; {)), this implies

o (FE); 7) € F (o (B; 7).
From this and property (3) we have
p(FE) ) =T (o (B 7)).
5. Transitive: Let p be a transitive then

pPF).F@) = \/ (@), F)
F(gz)el

Ap (F(g3), T (g2)

=0 (31.82) = \/ (0(81.83) Ao (g3.82))
83€G

Vg1, g2 € G by definition.

This shows that o is a transitive.

Compatibility: Suppose that p is compatible then
Vg1.82.83.¢,.f; € G, we have

P (F(81©g3),F(82© ga))
> p(Fg1),T(g2)
Ap (F(g3), T (g4)) and
p(F(Vseses) . F(V eafs))
> Nseap (F(es). F(f)))-
This implies that o (g1 © g3,82©84) > 0(g1,82) A
o (g3,84)ando (Vg'eﬂe,,z'v Vg'eﬂf,j) = /\J‘eﬂa(eoz"f?z')' This
shows that o is compatible.

Proposition 6: Let o (g1,82) = pF(g1), F(g2))Ve1,
g2 € G where J is a surjective homomorphism from G
in (G, 08C4(G; ) to H in (H; O8C,(H; 7)) then following
statements holds
1. g€a(E;7) & ¢(g) € p(F(E); 7)

2. gea(E;7) & ¢(9) € p(F(E); 7.

Proof: 1. Let g € o(E; ¢) then OSC,(g;Z) N E #
@. Then there exists g1 € OSC,(g;Z) NE = g1 €
OSC,; (g;7),81 € E.

By Proposition 5 we have F(g1) € OSC,(F (g);7),
F(g1) € F(E)

This implies F(g1) € OSC,(F (g); 7) N F(E).

= 0SC,(F(9); Z)NTF(E) # 0
= F (@ epFE)?).

Conversely, let F(g) € p(F(E); Z) then OSC,(F (g);7) N
F(E) # 9. Then there exists F(g1) € OSC,(F (g) ; L)NTF(E).
This implies F(g1) € OSC,(F (g); ), F(g1) € F(E).
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By Proposition 5, we have
81 €0SCs(8;7),q1 €E= g1 € 0SCo(g; 1) NE

= 0SCy(g;)NE #0,= g a(E; ?).

Hence, g € 0(E; ) < ¢(g) € p(F(E); 7)

2. Let g € o(E; ¢) then OSC,(g; Z) € E. Then there
exists g1 € OSC,(g;¢) CE = g1 € OSCy (g;7),81 € E.
By Proposition 5 we have F(g1) € OSC,(F (g); %), T (g1) €
F(E).

This implies F(g1) € OSC,(F (g); 7) € F(E).

= 0SC,(F (9): 7)) < F(E)
= F (@) epFE):?).

Conversely, let F(g) € p(F(E); Z) then OSC,(F (g);¢) C
F(E). Then there exists_H’(gl) € OSC,(F (g);¢) € F(E).
This implies F(g1) € OSC,(F (g); 7), F(g1) € F(E).

By Proposition 5, we have

81€0SCs(g:7),81€E= g1 € 0SCy(g; ) CE

= 0SC,(g;7) CE,= g€ a(E; 7).

Hence, g € o(E; 7) & F(g) € p(F(E); 7)

Proposition 7: Let o (g1,82) = pF(g1), F(g2))Vg1,
g2 € G where JF is a bijective homomorphism from G in
(G, 08C4(G; 7) to H in (H; O8C,(H; ¢)). If p is complete
then o is complete.

Proof: 1. Let g3
Proposition 5 we get

F(g3) € OSC,(F (g1 @ 82) 5 7)
As p is complete and F is a homomorphism so,

F(g3) € OSC, (F (g1 ©g2);7)
= 0SC, (F(g1) ©F(g2); 7)
= 0SC, (F(g1);¢) @ O0SC, (F(g2); ?)

Then there exists i1 € OSC,(F(g1);7) and hy €
OSC, (F (g2); %) be such that F(g3) = h1 © hy. As JF is
surjective, there exists g4, g5 € G such that F (g4) = h; and
F(gs5) = ha.

This implies that F(g4) © F(gs) = F(g3) €
OSC, (F(g1);7) © OSC,(F(g2);?¢). It follows that
F(ga) € OSC,(F(g1);7), F(gs5) € OSC, (F(g2);7).
By proposition 5(1), we get g4 € OSCy(g1;7) and g5 €
OSC,(g2; ¢),since J is a homomorphism, we get F (g4) ©
F(g5) = F (g3) = F(g4 © g5).

Since JF is one-one, we get that g3 = g4 © gs.

Therefore, we obtain g3 = g4 © g5 € 0SCy(g1;7) ©
0SCs(g2;7), = q3 € 0SCs(q1;7) © OSCy(q2; 7). Hence,

0SCs ((81 ©@82):7) S OSCs(81:7) © OSCs(82; 7)

€ OSCy (g1 @g2; 7). Then by

Now, by Proposition 3 and Proposition 5, we have
0SCs (81;7) ©@ OSCq (82:7) S OSCo ((81 © 82): 7).
Hence,

OSCys (81;7) @ OSCy (82;7) = OSCos ((81 @ 82) 3 7).
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2. Let g3 € OSC, (g1 V g2; 7) then by Proposition 5,
we get

F(g3) € OSCp(F (g1 V 82): 7)
As p is complete and F is a homomorphism so,

F(g3) € OSC, (F(g1Vg2):?)
= 0SC, (F(g1)vVI(g);?)
= 0S8C, (F(g1);7)VOSC, (F(g2);7)

Then there exists i1 € OSC,(F(g1):;7) and hy €
OSC, (T (g2); 7) be such that I (g3) = hy © hy. As T is
surjective, there exists g4, g5 € G such that F (g4) = h; and
F(gs5) = ha.

This implies that F(gs) VvV F(gs) = TF(g3) €
OSC,(F(g1);7) VvV OSC,(F(g2);7¢). It follows that
F(ga) € OSCy (F (g1); 7) and F(gs) € OSCp (F (82) 5 7).

By Proposition 5 we get g4 € OSC,(g1;7) and g5 €
O0SC,(g2; ?), since F is a homomorphism, we get

F(ga) VI (g5) =T (g3) =TF(ga Vv gs)

Since JF is one-one, we get that g3 = g4 V gs.
Therefore, we obtain g3 = g4 V g5 € OSCy(g1;¢) V
0SCy(g2: 1), = q3 € OSCy(q1;7) V OSCy(q2; 7). Hence,

0SCqs ((81V 82):7) S OSCo(g1;7) vV OSCy(g2: 7)
Now, by Proposition 4 and Proposition 5 we have

OSCys (g157) vV OSCy (825 7)
COSCs ((g1Vg2); 7).

Hence,

OSCqs (81;7) vV OSCq (82: 7)
=0S8C; ((g1Vg2);?).

Theorem 19: Let o (g1, g2) = p(F (g1), F(82))Vg1, &2 €
G. where J is a surjective homomorphism from G in
(G, 08C4(G; Z) to H in (H; O8C,(H; #)) of TCFR and
E be a nonempty subset of G. Then p(F(E);Z) is an
08€,(H; #)-UP.appr. quantale iffo'(E; ) is an O8Cs(G; 7)-
UP.appr. quantale.

Proof: Let p(F (E);¢) be an O8C,(G; 7)-UP.appr.
quantale. We have to show that o(E; 7) is an O8C,(G; ¢)-
UP.appr. quantale. For this we have to show that o(E; Z) isa
Subg of G.

(1). Let g1 € o(E; ) © o(E; ¢), From Proposition 5 we
have

F(g1) € Fo(E; 7))@ (E; 7))
= F(@(E; 0)) @ ¢(o(E; 7))
=p (FE): 7)) @p (FE); 4) S o (F(E); 7)
=JF@(E; 7))

Therefore, there exists g» € o(E; ) such that F(g;) =
F(g2). We have OSC,(g2; ) NE # @.
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From Proposition 1 we have J(g1) € OSC,(F (g2); 7).
By Proposition 5, we obtain g1 € OSC,(g1;7) from
Proposition 1 OSCy (g1; 7) = OSC(g2; ) this implies that

OSCo(g1; T)NE #0
= g1 €0(E; ?)

Hence,o(E; 7)) @ o(E; ) C o (E; 7).
(2). Let g1 € o(E; ¢) v o(E; ¢), From 2 Proposition 5 we
have

F(g1) € F(oE; ) va(E; 0)
= JF@(E; D) Vv oo (E; 7))
=pFE): 2) v o (FE); L) S b (FE); D)
= F((E; 7))

Therefore, there exists go € o(E; Z) such that F(g;) =
F(g2), we have OSC,(g2; Z) NE # @.
From Proposition 1 we have

F(g1) € OSC,(F (82)57)

By Proposition 5, we obtain g1 € OSC,(g1;¢) so from
Proposition 1, we have OSC, (g1; Z) = OSCy(g2; 7). This
implies that

OSCo(gr; Z)NE #0
= g1 €0(E; ?)

Hence,o(E; Z) Vo (E; 2) Co(E; 7).

Thus, o (E; ¢) is a Subg of G. Therefore, o(E; Z) is an
08C4 (G; ¢)-UP.appr. quantale.

Conversely, let o (E; ) be an OSC, (G; 7)-UP.appr. quan-
tale. We have to show that p(F(E); ¢) is an OSC,(H; ¢)-
UP.appr. quantale.

For this we have to show that p (F(E); ¢) is a Subyy of H.

(3). By Proposition 5 we have p(F(E); ) © p(F(E); 7) =
FO(E; )0 F(O@(E; 7)) =F(0(E; 2)©oa(E; 7)), since Fis
homo. C F (o (E; 7)) since o (E; ) is Subg = p(F(E); ¢) By
Proposition 5

pFE) ) @p (FE);?) € p (FE); 7).

(4). By Proposition 5 we have p (F(E); ) Vo (F(E); ¢) =
FO(E; 2) vIFO(E; 2)=F0(E; ) Vva(E; 7)) since Fis
homo. € F (o (E; 7)) since o(E; 7) is Subg = p (F(E); Z) by
Proposition 5

pFE); 2) v o (FE); L) SpFE); D).

This shows that o(F(E); Z) is a Subyg of H. This shows
that p(F(E); ¢) is an OSC,(H; ¢)-UP.appr. quantale.Hence
proved.

Theorem 20: Let o (g1, g2) = p(F (g1), F(82))Vg1, &2 €
G where J is a bijective homomorphism from G in
(G, 08C4(G; 7) to Hin (H; O8C,(H; ¢)) of TCFR and E be
anonempty subset of G. Then p(F(E); ) is an OSC,(H; ¢)-
LW.appr. quantale iff o(E; ) is an O8Cy(G; )-LW.appr.
quantale.
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Proof: Proof of this theorem is similar to above
Theorem 19.

Theorem 21: Let o (g1, g2) = p(F (g1), F(82))Vg1, &2 €
G where F is a surjective homomorphism from G in
(G, 08C4(G; 7) to Hin (H; O8C,(H; ¢)) of TCFR and E be
a nonempty subset of G. Then p(F(E); £) is an OSC,(H; ¢)-
UP.appr. ideal iff o (E; ) is an OSC, (G; £)-UP.appr. ideal.

Proof: Let (E; 7) is an O8C,(G; ¢)-UP.appr. ideal.
We have to show that o(F(E); ¢) is an O8C,(H; 7)-UP.appr.
ideal.

(1). Let Ay, hy € p(F(E); Z). Then there exists g1, g2 € G
such that F (g1) = hy, F (g2) = hyp.

Since o (E; 7) is an ideal. Therefore, g1 V g2 € o(E; 7).
This implies that F (g V g2) € F(@ (E; ¢)).

By Proposition 5 we have F(g1 V g2) € p(F(E); ¢). This
implies F(g1) vV F(g2) € p(F(E); ¢) since F is homo. = A V
hy € p(F(E); 7).

(2). Assume that by < hy € p(F(E); £). Then there exists
g1 € Gand go € o(E; ¢) such that by = F(g) and hy, =
F(g2). Since F (g1) < F(g2) we have F(g1)VvF(ga) = F(g1V
g2) = F(g2) € p(F(E); £). This implies

F(g1V g2) € p(F(E); 7)

= g1V g € o(E; ¢) by Proposition 5.
Since o (E; ) is an ideal and

g1 < g1vgeal;?)
=>greoE; ), = F(g)ep@FE);).
= h, € p(F(E); 7).

(3). Assume that iy € p(F(E); £), ho € G then there exists
g1 €0(E; ), g2 € Gsuch that hy = F(g1) and hy = F(g2).
Since o (E; 7) is an ideal, so we have g © g» € o(E; 7),

= F(g1 @ g2) € p(F(E); 2)

= F(g1) © F(g2) € p(F(E); ¢). Since F is homo. = h; ©®
hy € p(F(E); £). Similarly, iy ® h; € p(F(E); Z). Hence,
P(F(E); ¢)is an O8C,(H; £)-UP.appr. ideal.

Conversely, Assume that p(F(E); ) is an OSC,(H; ¢)-
UPappr. ideal. We have to show that o(E;Z) is an
08C4(G; ¢)-UP.appr. ideal.

(4).Letgy, g2 € 0(E; 7) then F (g1) , F(g2) € p(F(E); 7).
Since p(F(E); Z) is an ideal so we have F(g1) v F(g2) €
P(F(E); 7).

= F(g1Vvgr) € p(F(E); ¢) since Fishomo. = g1 @ g, €
o(E; 7).

(5). Let g1 < g2 € o(E;?) then F(g1) < J(g2) €
(F(E); ). By Proposition 5.

Since p(F(E); ) is an ideal so we have F(gy) €
P(F(E); ¢) this implies that go € o(E; ¢) by Proposition 5.

(6). Assume that g € o(E;Z) and go € G then by
Proposition 5 we have F(g1) € p(F(E); £), ¢(g2) € H. Since
(F(E); 7) is an ideal so we have

F(g1)©TF(g2) e p(FE); ),
= F (g1 © g) € p(F(E); £), since F is homo.
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= g1 ©@g»2 € o(E; ¢) by Proposition 5 similarly, go © g1 €
o (E; ¢). Hence, o (E; ¢) is an O8C, (G; ¢)-UP.appr. ideal.
Theorem 22: Let o (g1, g2) = p(F (g1), F(82))Vg1, &2 €
G where F is a bijective homomorphism from G in
(G, 08C4(G; 7) to Hin (H; O8C,(H; ¢)) of TCFR and E be
a nonempty subset of G. Then p(F(E); £) is an OSC,(H; ¢)-
LW.appr. ideal iff o (E; 7) is an O8C,(G; ¢ )-LW.appr. ideal.
Proof: The proof of this is similar to above theorem.
Theorem 23: Let o (g1, g2) = p(F (g1), F(g2))Vg1, &2 €
G where F is a bijective homomorphism from G in
(G, O8C4(G; 7) to Hin (H; O8C,(H; ¢)) of CFZR and E be
a nonempty subset of G. Then p(F(E); Z) is an OSC,(H; ¢)-
UP.appr. prime ideal iff o (E; ¢) is an O8C4(G; ¢)-UP.appr.
prime ideal.

Proof: Assume that o (E; ¢) is an O8C, (E; Z)-UP.appr.
prime ideal. Let /1, hy € G such that by ® hy € p (F(E), 7).
Then there exists 4, hy € E such that F(g;) = h; and
F (g2) = hy. Then

OSC, (F (g1) ©F (g2); 7)) NFH(E) # 0.
Since p is complete, we have

(0SC, (F(g1);7) ® OSC, (F(g2): 7)) N F(E)
= 0SC, (F (1) @ F(82);: 1) NF(E) # 0.

Then there exists F(g3) € OSC, (F (g1);7) and F(g4) €
OSC, (F (g2); 7) be such that F(g3) © F(g4) € F(E) and we
have F(g3 © g4) € F(E). Then there exists g5 € E such
that F (g3 © g4) = F(gs). By Proposition 5 we get g3 €
O0SCs(g1; Z)and g4 € OSC4(g2; 7). From Proposition 5 and
Proposition 3, we obtain that g3 © g4 € OSC,(g1 © g2; 7).

By Proposition 1 we have OSC,(g1©g2; ) = OSCy(g30©
84; 7). Note that F(g3 © g4) € OSC,(F(g3 @ g4); 7).

Then J (gs5) € OSC,, (F (g3 © g4) ; Z) . By Proposition 5,
we have g5 € OSC, (83 @ g4;7) = OSCy (81 © g2;7) .
Thus, OSC, (g1 ©® g2;7) NE # ( and therefore we get,
g1 © g € o (E; ¢). Since, o (E; ) is a prime ideal of G,
therefore, we have g1 € o (E;Z) or g» € o (E; 7). We get
that F(g1) € F(© (E; 7)) or F(g2) € F(o (E; ¢)). From
Proposition 5, we have F(g;) € p(F(E); Z) or F(gr) €
P(FE); ¢), this implies that hy € p(F(E); Z) or hr €
0(F(E); ). This shows that p(F(E); ¢) is a prime ideal of H.
Hence, p(F(E); 7) is an OSC,(H; ¢)-UP.appr. prime ideal.

Conversely, assume that p(F(E); Z) is an O8C,(H; 7)-
UP.appr. prime ideal. Now, let g6, g7 € G such that g © g7 €
o(E; ¢). Then F(gs © g7) € F(o (E; 7)). By Proposition 5
we get

F(gs) ©F (g7) = F(ge © g7) € F(@ (E; 7))
= p(FE); 7)

Thus, F(g6) € p(F(E); ) or F(g7) € p(F(E); ). Now,
we consider the following two cases.

Case 1. If F(gs) € p (F(E); ¢), By Proposition 5 we
have F(gg) € JF(o (E;Z)). There exists gg € o (E;?)
such that F(gg) = JF(gg) then OSC,(gs; Z) N E # (.
By proposition 1, we get I (gg) € OSC, (F (gg); 7). Thus,
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JF (g¢) € OSC, (T (gg); Z) . By Proposition 5, we have g¢ €
OSCy (gg; 7). From Proposition 1 we have OSC, (g6; ¢) =
OSC, (g3; Z) . Thus, we have OSC,(gs; Z) NE # ¢ and

SO,
goco (E; 7).

Case 2. If F(g7) € p(F(E); ¢), By Proposition 5 we
have F(g7) € F(o (E;?7)). There exists gg € o (E; ¢)
such that F(g7) = JF(gg9) then OSCy(g9; ) NE # @.
By Proposition 1 we get F (g9) € OSC, (F (g9); 7). Thus,
F(g7) € OSC, (F (g9); Z) . By Proposition 5 we have g7 €
OSCy (g9; 7). From Proposition 1 we have OSC, (g7; ¢) =
OSCy (g9; 7). Thus, we have OSC,(g7; Z) N E # @ and so,
g7 € 0 (E; ). Hence, o(E; ¢) is an O8C,(G; Z)-UP.appr.
prime ideal.

Theorem 24: Let o (g1, g2) = p(F (g1), F(82))Vg1, &2 €
G where F is a bijective homomorphism from G in
(G, O8C4(G; 7) to Hin (H; O8C,(H; 7)) of CFZR and E be
a nonempty subset of G, then p(F(E); ) is an O8C,(H; ¢)-
LW.appr. prime ideal iff o (E; ) is an O8C, (G; 7)-LW.appr.
prime ideal.

Proof: The proof of this is similar to above Theorem 23.

In the following comparison Table 3, we are interested
to express our approach how the proposed work is easy to
previous work. Further we will show what the difficulties in
the previous studies are and how the proposed work is free
from all these difficulties.

V. CONCLUSION AND FUTURE WORK

This article identifies certain restrictions on the roughness
specified by congruence and set-valued mappings and defines
some benefits for rough structures built on serial fuzzy
relations via successor overlaps. Then on the newly developed
rough set model based on serial fuzzy relations, some new
rough substructures are defined such as rough multiplicative
set, rough m-system and further rough substructures of
quantales.

The approaches used in the methods developed by
Davvaz [10], Yang and Xu [15], Luo and Wang [38],
Qurashi et al., [40], and Kanwal and Shabir [42], [43]
are based on fundamental techniques such as roughness
through set-valued mappings, with the aid of congruence
relations, and roughness based on aftersets and foresets
by soft relations, respectively. Although the aforementioned
techniques are all well-developed and effective, they do
have some limitations. We require numerous equivalence
relations, for instance, in order to validate our results and
examples while examining roughness through congruence
relations. Finding equivalence relations and then congruence
is never easy. In case of roughness through set-valued
mappings, we need set-valued homomorphism to proceed our
works. Sometimes it becomes difficult to find out set-valued
homomorphism. Moreover, roughness through soft relations
is yet more tedious due to the difficulty in determining
compatible and complete relations with respect to aftersets
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TABLE 3. Comparison table.

Sr.

Previous Studies

Proposed Studies

based on soft relations
with respect to aftersets
and foresets in
substructures and fuzzy
substructures in quantale
and semigroups were
studied by Qurashi et
al.,  [40], Kanwal and

No

1. | Roughness of ideals and | It is observed that
roughness of fuzzy | equivalence relation and
ideals in quantale by | then congruence
congruence relations | relations are not easy to
were studied in[15], | find out while studying
[38], respectively. | roughness in different
Moreover, roughness of | algebraic structures. In
sub-module and | this proposed study such
submodule ideals in | type of equivalence
quantale module Dby | relations and  then
congruence were studied | congruence relations are
by Qurashi and Shabir | not required.

[16].

2. | Moreover, rough | It is difficult to find out
substructures in | set valued
quantales and quantale | homomorphism and
modules dependent on | strong set valued
set valued | homomorphism in
homomorphism  were | different quantales. In
presented in papers[16], | our proposed study such
[39], respectively. In | types of mappings are
these papers, set valued | not required.
homomorphism are
required.

3. | Rough approximations | In our proposed study,

aftersets and foresets are
not  required.  Soft
relations are not needed.
Since compatible and
complete relations by
using  aftersets and
foresets, based on soft
relations are difficult to

Shabir[42], [43], [44], | find out, so we have
respectively. Such type | avoided them in our
of approximations | proposed research. All
require compatible and | the important results
complete relations | discussed in [15], [39],

respecting to aftersets
and foresets.

[40], have obtained
easily in the proposed
method.

and forests. Thus, we are not required such type of limitations
in our paper.

In further work, we will broaden the applicability of
the suggested approach to a variety of algebraic struc-
tures, including as quantale modules, ordered semigroups,
rings, and near-rings. We will also focus on how the
suggested approach may be applied to various real-life
problems employing intuitionistic and Pythagorean fuzzy
sets. Moreover, we will extend the developed method toothers
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generalization of fuzzy sets as well and will be used to
decision making techniques.
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