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ABSTRACT Moving source localization in 3-D space using frequencies of arrival (FOA) have recently
made significant progress with the development of closed-form solutions. However, the closed-form solution
algorithms for source localization using FOA only introduces a large number of auxiliary variables and
results in a significant jump in the minimum number of receivers. In order to overcome the inherent defect
of source localization using FOA measurements only, we address locating the moving source by jointly
using AOA and FOA measurements in this article. A closed-form solution is designed for AOA-FOA
based source localization, where the AOA and FOA measurement noises, the carry frequency error, as well
as the receiver location uncertainties are considered, and the two-stage weighted least squares (TSWLS)
technique is applied to overcome the nonlinear relation between the measurements and the source location
parameters. The proposed solution can give the source position and velocity estimate with much fewer
receivers and nuisance parameters, and lower computational complexity, in comparison with the state-of-
the-art FOA localization algorithm. The proposed solution is shown analytically and numerically to achieve
the Cramer-Rao lower bound (CRLB) performance under small Gaussian noise conditions and outperform
the FOA-only localization algorithm in terms of both CRLB and root mean square error under the same noise
conditions.

INDEX TERMS Source localization, closed-form solution, frequency of arrival, angle of arrival, two-stage
weighted least squares.

I. INTRODUCTION
As is well-known that source localization techniques have
been widely used in fields such as wireless communication,
navigation, source monitoring, air traffic control, security
management, and many others [1], [2], [3], [4], which are
important for both industrial production and national defense
security.

Generally speaking, source localization can be performed
based on different types of measurements of its emitted
signal observed by spatially separated receivers, including
time, frequency, angle, etc. For a stationary emitter, one
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common technique is to measure the time information of
the source signal arriving at the receivers. The time mea-
surements, such as time of arrival (TOA) [5], [6], [7] or
time difference of arrival (TDOA) [8], [9], [10], [11] define,
respectively, a set of circles or hyperbolas onwhich the source
is located. By intersection of the curves associated with the
time measurements of all receivers, an estimate of the source
location parameters can be obtained. When the source is
moving, frequencymeasurements such as frequency of arrival
(FOA) [12], [13], [14], [15], [16], [17], [18] or frequency
difference of arrival (FDOA) [19], [20], [21], can also be
used to estimate accurately the source position and veloc-
ity. Source localization can also be applied based on angle
of arrival (AOA) measurements [22], [23], [24] to enhance
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localization accuracy. Each type of these measurements has
its own applicable localization scenarios.

However, under certain conditions or practical constraints,
it can be difficult, expensive, unreliable, or even impossible
to acquire another type of measurements other than AOA and
FOA. For instance, the time measurements can be extremely
inaccurate for some narrowband or long pulse signals [19].
In addition, TOA measurements require time stamping of the
emitted signal and all receivers within the network has to
be accurately synchronized [25]. When utilizing TDOA or
FDOAmeasurements, timestamp information is not required,
but the receivers must be kept synchronized [26]. By con-
trast, FOAmeasurements have a relatively lower requirement
on transmit-receive devices, can be implemented at a much
lower cost, and have good measurement accuracy for some
narrowband signals [12], [19]. These facts therefore motivate
the academic research on FOA only localization issues, and
some effective localization algorithms have been available
from the literature [17], [18]. However, these FOA only
localization algorithms need to introduce a fair number of
auxiliary parameters and hence require more receivers to
yield sufficient number of measurement equations, which
limits its application in practice. To overcome this difficulty,
a few suggestions have been put forward, one of which is
employing a joint localization scheme based on the AOA and
FOA measurements.

In this article we shall consider the scenario of localiz-
ing a moving source in the three-dimensional space using
an array of moving receivers by the AOA and FOA mea-
surements. Nonetheless, the source location parameters are
associated in a nonlinear fashionwith theAOAand FOAmea-
surements, which makes the exploitation of AOA and FOA
measurements challenging. Some efforts have been devoted
to handle this challenging problem. These studies mainly
focus on tracking the location of a moving source using AOA
and FOA measurements [27], [28], [29], [30]. Such tracking
algorithms, however, require AOA and FOA measurements
observed at multiple time instants, and a good initial estimate
near the true value of source location is often needed to start
tracking, which is not always easy to obtain in practice. Not
only that, but these tracking algorithms have no optimality
properties, and their performance depends on the accuracy of
the linearization in the measurement equation.

Determining the source position and velocity from AOA
and FOA measurements obtained at a single time instant is
not a trivial task. This is due to the highly nonlinear relation
between the source location parameters and the AOA and
FOA measurements. There are two research ideas to this
problem, including the iterative Taylor-series method and
the closed-form solution method. The closed-form solution
is more appealing since it is free from initial value depen-
dence and divergence problems and has good robustness and
low computational complexity. However, for the AOA-FOA
based source localization problem, to our knowledge, there
is no corresponding closed-form solution in the open
literature.

Motivated by these facts, we will present in this paper
a computationally attractive closed-form solution for the
AOA-FOA based source localization problem. This study
borrows the basic idea of the well-known two-stage weighted
least squares (TSWLS) by Ho and Xu [31], but is innova-
tive for the AOA-FOA based source localization problem.
By employing a joint localization scheme based on the
AOA and FOA measurements, the proposed solution gives
the source position and velocity estimate with much fewer
receivers and auxiliary parameters in comparison with the
state-of-the-art FOA-only localization method. Due to the
application of TSWLS framework in the proposed solution,
there is no initial value dependence and divergence problem,
as in iterative method. Theoretical analysis and numerical
simulations are performed, validating the proposed solution
reaches the CRLB under small Gaussian noise conditions and
attains better performance than the previous algorithms.

The rest of the paper is organized as follows. Section II for-
mulates the localization problem mathematically. Section III
presents the proposed solution. Section IV includes analytical
study of the proposed solution. Section V evaluates the local-
ization accuracy of the proposed solution by comparing with
existing algorithms as well as the CRLB. Finally, conclusions
are drawn in Section VI.

II. PROBLEM FORMULATION
Consider a three-dimensional space with an array of M
receivers deployed to locate a moving source. The position
and velocity of the receivers are known as som = [xom, yom, zom]

T

and ṡom = [ẋom, ẏom, żom]
T for m = 1, 2, . . . ,M . The position

and velocity of the moving source to be located are noted
as uo = [xo, yo, zo]T and u̇o = [ẋo, ẏo, żo]T , respectively.
The receivers intercept the signal from the source, and then
estimate the source position and velocity by using AOA and
FOA measurements of the signal.

According to the geometric relationship between the
source and the receiver, the AOA pair corresponding to the
mth receiver, which consists of the azimuth angle θom and the
elevation angle ϕo

m, can be given by

θom = arctan
(
yo − yom
xo − xom

)
(1)

ϕo
m = arctan

[
zo − zom

(xo − xom) cos θom + (yo − yom) cos θom

]
(2)

The azimuth angle and elevation angle measurements are
inevitably corrupted by random noises such that the faulty
values are

θm = θom + 1θm (3)

ϕm = ϕo
m + 1ϕm (4)

where 1θm and 1ϕm are the measurement noises of azimuth
angle and elevation angle, respectively.

Due to the relative motion between the receiver and the
source, the ideal Doppler shifted frequency observed by the
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mth receiver is related to the source position and velocity by

f om = f oc −
f oc
c
(uo − som)

T(u̇o − ṡom)
∥ uo − som ∥

(5)

where c is the known and constant signal propagation speed,
f oc is the signal carrier frequency. Correspondingly, the actual
observed FOA measurement for the mth receiver can be
written as

fm = f om + 1fm (6)

where 1fm is the FOA measurement noise.
By defining the following notations:

θ = [θ1, θ2, . . . , θM ]T,

ϕ = [ϕ1, ϕ2, . . . , ϕM ]T,

f = [f1, f2, . . . , fM ]T (7)

θo = [θo1 , θo2 , . . . , θoM ]T,

ϕo
= [ϕo

1 , ϕ
o
2 , . . . , ϕ

o
M ]T,

fo = [f o1 , f o2 , . . . , f oM ]T (8)

1θ = [1θ1, 1θ2, . . . ,1θM ]T,

1ϕ = [1ϕ1, 1ϕ2, . . . ,1ϕM ]T,

1f = [1f1, 1f2, . . . ,1fM ]T (9)

we can put the AOA and FOA measurements into vector for
easier manipulation as

m = mo
+ 1m (10)

where mo
= [(θo)T, (ϕo)T, (f o)T]T is the noise-free AOA-

FOA vector, m = [θT, ϕT, f T]T is the erroneous AOA-FOA
measurement vector, 1m = [1θT, 1ϕT, 1f T]T is the asso-
ciated AOA-FOA measurement noise vector assumed to be
zero-mean Gaussian with covariance matrix Qm.
Actually, the exact positions and velocities of the receivers

are not known, and we have only access to the erroneous
version as

sm = som + 1sm (11)

ṡm = ṡom + 1ṡm (12)

where 1sm and 1ṡm are the position and velocity error of the
mth receiver.

By defining the following notations:

s = [sT1 , sT2 , . . . , sTM ]T , ṡ = [ṡT1 , ṡT2 , . . . , ṡTM ]T (13)

so = [(so1)
T , . . . , (soM )T ]T , ṡo = [(ṡo1)

T , . . . , (ṡoM )T ]T

(14)

1s = [1sT1 , 1sT2 , . . . ,1sTM ]T ,

1ṡ = [1ṡT1 , 1ṡT2 , . . . ,1ṡTN ]
T (15)

r = [sT, ṡT]T (16)

ro = [(so)T, (ṡo)T]T (17)

1r = [1sT, 1ṡT]T (18)

we can write the faulty positions and velocities of the
receivers in vector form as

r = ro + 1r (19)

where ro = [(so)T, (ṡo)T]T is the true receiver position-
velocity vector, r = [sT, ṡT]T is the erroneous receiver
position-velocity vector, 1r = [1sT, 1ṡT]T is the associ-
ated receiver position-velocity error vector assumed to be
zero-mean Gaussian with covariance matrix Qr.

The true value of the carrier frequency f oc is also not known,
especially in the non-cooperative case. Usually only a rough
estimate with uncertainties gathered from the past is available
as

fc = f oc + 1fc (20)

where fc is the erroneous version of the carrier frequency,1fc
is the carrier frequency error assumed to be Gaussian with
zero-mean and variance σ 2

c .
Using the AOA-FOA measurements m, the erroneous

receiver position-velocity r and carrier frequency fc, we aim
to estimate the unknown source position and velocity as
accurately as possible. However, due to the nonconvexity of
measurement equations with respect to the unknowns, the
localization problem is not a trivial task.

III. CLOSED-FORM LOCALIZATION METHOD
In this section, we design a closed-form solution for estimat-
ing the source position and velocity, with the aim of attaining
the CRLB performance. To overcome the nonconvexity of
measurement equations, we convert the nonlinear the mea-
surement equations to the pseudolinear ones by introducing
proper auxiliary parameters. Subsequently, a closed-form
solution is proposed based on the well-known TSWLS frame-
work.

A. FIRST STAGE
We first handle the AOAmeasurements by taking the tangent
from both sides of (1) and (2), and then cross-multiplying,
which yields the azimuth angle and elevation angle equations
in linear form as:

(aom)
Tuo = (aom)

T som (21)

(bom)
Tuo = (bom)

T som (22)

where

aom = [sin(θom), − cos(θom), 0]
T (23)

bom = [sin(ϕo
m) cos(θ

o
m), sin(ϕ

o
m) sin(θ

o
m), − cos(ϕo

m)]
T (24)

Substituting the noisy AOA measurements and the erroneous
receiver positions into (21) and (22), and then using the first
order Taylor series expansion, we have

ρTa,m(sm − uo)1θm + aTm1sm = aTmsm − aTmu
o (25)

ρTb,θ,m(sm − uo)1θm + ρTb,ϕ,m(sm − uo)1ϕm

+ bTm1sm = bTmsm − bTmu
o (26)
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where

ρa,m = [cos(θm), sin(θm), 0]T (27)

ρTb,θ,m = [− sin(ϕm) sin(θm), sin(ϕm) cos(θm), 0]T (28)

ρTb,ϕ,m = [cos(ϕm) cos(θm), cos(ϕm) sin(θm), sin(ϕm)]T

(29)

Next, we handle the FOA measurements by jointly using
AOA information. For ease of presentation, we first rewrite
(5) as

rom =
c(f oc − f om)

f oc
=

(uo − som)
T(u̇o − ṡom)

∥ uo − som ∥
(30)

Multiplying the denominator term on the right side of (30)
with the left side, yields

(uo)Tu̇o − (ṡom)
Tuo − (som)

Tu̇o + (som)
Tṡom = rom ∥ uo − som ∥

(31)

Using the fact that

∥ uo − som ∥=
zo − zom
sin(ϕo

m)
(32)

we can rearrange (31) as

(uo)Tu̇o − (ṡom)
Tuo − (som)

Tu̇o + (som)
Tṡom =

(zo − zom)r
o
m

sin(ϕo
m)

(33)

Similarly, substituting the noisy AOA-FOA measurements,
the erroneous receiver position-velocity and carrier frequency
into (33), and then using the first order Taylor series expan-
sion, we have

− (uo)T1ṡm +
zo

sin(ϕm)
c
fc

1fm −
zo

sin(ϕm)
cfm
f 2c

1fc

−
cos(ϕm)rmzo

sin(ϕm)2
1ϕm − (u̇o)T1sm +

rm
sin(ϕm)

1zm =

rmzm
sin(ϕm)

+ sTmṡm − ṡTmu
o
−

rmzo

sin(ϕm)
− sTmu̇

o
+ (uo)Tu̇o

(34)

Note that (34) is nonlinear with respect to source
position-velocity but appears to be linear with respect to the
source position-velocity and the unknown (uo)Tu̇o. The idea
here is to introduce (uo)Tu̇o as the auxiliary parameter and
define an auxiliary vector as follow

ηo1 = [(uo)T, (u̇o)T, (uo)Tu̇o]T (35)

Stacking the pseudolinear equations in (25) and (26) for M
receivers yields in matrix form

1h1 = h1 − G1η
o
1 (36)

where

[G1]m,1:3 = aTm
[G1]M+m,1:3 = bTm

[G1]2M+m,1:3 =

[
ẋm, ẏm, żm +

rm
sin(ϕm)

]
[G1]2M+m,4:6 = sTm
[G1]2M+m,7 = −1 (37)

[h1]m = aTmsm
[h1]M+m = bTmsm

[h1]2M+m =
rmzm

sin(ϕm)
+ sTmṡm (38)

where 1h1 is the error term related to the unknowns by

1h1 = B11α + D11β + c11fc (39)

with

[B1]m,m = ρTa,m(s
o
m − uo)

[B1]M+m,m = ρTb,θ,m(sm − uo)

[B1]M+m,M+m = ρTb,ϕ,m(sm − uo) (40)

[B1]2M+m,M+m =
(zm − zo) cos(ϕm)rm

sin(ϕm)2

[B1]2M+m,2M+m = −
zoc

sin(ϕm)fc

[c1]2M+m,1 =
(żm − żo)
sin(ϕm)

cfm
f 2c

(41)

[D1]m,3m−2:3m = aTm
[D1]M+m,3m−2:3m = bTm
[D1]2M+m,3m−2:3m =

[
ẋm − ẋo, ẏm − ẏo, żm − żo

+
rm

sin(ϕm)

]
[D1]2M+m,3M+3m−2:3M+3m = (sm − uo)T (42)

for m = 1, 2, . . . ,M and zeros elsewhere. Assuming that
1m, 1r, and 1fc are mutually independent, 1h1 can be con-
sidered as zero-mean Gaussian distributed with the covari-
ance matrix equal to

Q = E(1h11hT1 )

= B1QmBT1 + D1QrDT
1 + σ 2

f ccf c
T
f

= B1QmBT1 + A1QnAT
1 (43)

where Qn = blkdiag{σ 2
f c,Qr} and a1 = [cf ,D1]. By mini-

mizing the weighted error energy 1hT1W11h1 with respect
to ηo1, we obtain the WLS estimate of ηo1 as

η1 = (GT
1W1G1)−1GT

1W1h1 (44)

whereW1 is the weighting matrix equal to

W1 =

[
E(1h11hT1 )

]−1

=

[
B1QmBT1 + A1QnAT

1

]−1
(45)

Observe thatW1 is related to the unknowns in ηo1, and hence
cannot be calculated straightforwardly. Instead, we imple-
ment the algorithm by updatingW1 and ηo1 iteratively. Specif-
ically, we first initialize the weighting matrix as W1 = I,
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and then use (44) to yield an initial estimate η1. η1 is then
substituted into (45) to updateW1, which in turn is employed
to produce a more accurate estimate η1.
Combining ηo1 = (GT

1W1G1)−1GT
1W1G1η

o
1 and (44)

leads to

1η1 = η1 − ηo1 = (GT
1W1G1)−1GT

1W11h1 (46)

It can be deduced from (46) that E(1η1) approximates zero,
which shows that η1 is approximately unbiased. The covari-
ance matrix of η1 can be approximately as

cov(η1) = (GT
1W1G1)−1 (47)

B. SECOND STAGE
As can be seen from the first-stage estimate in (44), the
introduced nuisance parameter (uo)Tu̇o in ηo1 is a function of
source location parameters uo and u̇o. The function relation-
ship between the auxiliary parameter and the source location
parameters will be exploited in the second stage to refine the
first-stage estimate. For this purpose, we define a vector as

ηo2 = [(uo)T,uo ⊙ u̇o]T (48)

where the symbol ⊙ represents element by element mul-
tiplication. Ignoring the second-order error terms, we can
express the source location parameters in ηo2 with respect to
the first-stage estimate η1 as

uo = η1(1 : 3) − 1η1(1 : 3) (49)

uo ⊙ u̇o = η1(1 : 3) ⊙ η1(4 : 6) − 2η1(1 : 3) ⊙ 1η1(4 : 6)

− 2η1(4 : 6) ⊙ 1η1(1 : 3) (50)

(uo)T(u̇o) = η1(1 : 3)Tη1(4 : 6) − 1η1(7) (51)

Collecting the equations (49)-(51) gives, in matrix form

1h2 = h2 − G2η
o
2 (52)

where

[G2]1:3,1:3 = I

[G2]4:6,4:6 = I

[G1]7,4:6 = 1T (53)

[h2]1:3 = η1(1 : 3)

[h2]4:6 = η1(1 : 3) ⊙ η1(4 : 6)

[h2]7 = η1(7) (54)

The error vector 1h2 in (52) can be formed as

1h2 = B21η1 (55)

where

[B2]1:3,1:3 = I3
[B2]1:3,1:3 = 2diag(u̇)

[B2]1:3,4:6 = 2diag(u)

[B2]7,7 = 1 (56)

The weighted least squares estimate of ηo2 can be obtained
from (52) as

η2 = (GT
2W2G2)−1GT

2W2h2 (57)

whereW2 is the weighting matrix equal to

W2 =

[
E(1h21hT2 )

]−1

=

[
b2cov(η1)b

T
2

]−1
(58)

Using similar derivation, the covariance matrix of η2 can be
written as

cov(η2) = (GT
2W2G2)−1 (59)

Finally, the refined estimate of source position and velocity
can be acquired as

u = η2(1 : 3)

u̇ = η2(4 : 6).
/
η2(1 : 3) (60)

where the symbol ‘‘./’’ represents element by element divi-
sion.

IV. CRLB AND THEORETICAL COVARIANCE
Theoretical analysis is performed in this section to prove
the optimality properties of the proposed solution that the
covariance matrix of the proposed solution is able to achieve
the CRLB when some conditions are met.

A. CRAMÉR-RAO LOWER BOUND
For the source localization problem concerned in this
paper, the unknowns including parameters of interest
ηo = [(uo)T, (u̇o)T]T and the nuisance parameters no =

[(ro)T, f oc ]
T are recast into a vector as φo

= [(ηo)T, (no)T]T,
the observation vector including the AOA-FOA measure-
ments m, the receiver location parameters r, and the carrier
frequency fc, are stacked into a vector z = [mT, rT, fc]T =

[mT,nT]T. Under the assumption that the AOA-FOA mea-
surements, the receiver location parameters, and the carrier
frequency, are independently Gaussian distributed, the log-
arithm of the probability density function (pdf) of z can be
expressed as

ln p(z|φo) = ln p(m|φo) + ln p(n|φo)

= κ −
1
2
(m − mo)TQ−1

m (m − mo)

−
1
2
(n − no)TQ−1

n (n − no) (61)

where κ is a constant. The CRLB for φo has the following
expression

CRLB(φo) = −E
[
∂2 ln p(z|φo)
∂φo∂φoT

]−1

(62)

Combining (61) and the composition of the vectors z and φo,
we can rewrite (62) in submatrix form as

CRLB(φo) =

[
X Y
YT z

]
(63)
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where the submatrix X, Y and z are given as

X = −E
[
∂2 ln p(z|φo)

∂ηo∂ηoT

]−1

=
∂mo

∂ηo
Q−1

m
∂mo

∂ηoT

Y = −E
[
∂2 ln p(z|φo)

∂ηo∂noT

]−1

=
∂mo

∂ηo
Q−1

m
∂mo

∂noT

Z = −E
[
∂2 ln p(z|φo)

∂no∂noT

]−1

=
∂mo

∂no
Q−1

m
∂mo

∂noT
+ Q−1

n (64)

From (1), (2) and (5), the partial derivatives ∂mo
/
∂ηo,

∂mo
/
∂no can be detailed in (75)-(76) respectively.

The CRLB of ηo is the 6 × 6 upper-left block of
CRLB(φo). Invoking the partitioned matrix inversion for-
mula [32], we can rewrite CRLB(ηo) as

CRLB(ηo) = (X − Yz−1YT)−1 (65)

The trace of (65) is the minimum source position-velocity
estimation RMSE of any unbiased estimator for the
AOA-FOA based localization problem.

B. COVARIANCE MATRIX OF THE PROPOSED SOLUTION
Now, we deduce the estimation bias and covariance matrix

of the proposed solution. By taking the differential of ηo2
in (52), we can write the source position-velocity estimation
error of the proposed solution as

1η =

[
1u
1u̇

]
= B−1

3 1η2 (66)

where

B3 =

[
I3 O3

diag(u̇) diag(u)

]
(67)

Taking the expectation of (66) yields E(1η) ≃ 06, indi-
cating the proposed solution is unbiased given sufficiently
small noises. Multiplying (66) by its transpose, and taking
expectation, we get

cov(η) = B−1
3 cov(η2)B−T

3 (68)

We proceed to prove the equivalence between the CRLB
in (65) and the covariance matrix in (68) given small noise
conditions. For this purpose, Taking the inverse of (68), and
substituting (59), (58), (47), (45) into (68) successively, leads
to

cov(η)−1
= GT

3Q
−1
m G3 − GT

3Q
−1
m G4(Q−1

n

+ GT
4Q

−1
m G4)−1GT

4Q
−1
m G3 (69)

where

G3 = B−1
1 G1B−1

2 G2B3 (70)

G4 = B−1
1 D1 (71)

Comparing (69) and (65) shows that they are identical in
form. Further, when the AOA-FOA measurement noises, the

carry frequency error, as well as the receiver location uncer-
tainties are sufficiently small, direct evaluation reveals the
following approximations

∂mo

∂ηo
≃ G3 (72)

∂mo

∂no
≃ G4 (73)

Based on (72) and (73), we reach the conclusion that

cov(η) ≃ CRLB(η) (74)

That is, the covariance matrix of the proposed solution attains
the CRLB under the conditions of small AOA-FOA mea-
surement noises, carry frequency error and receiver location
uncertainties.

V. SIMULATION RESULTS
Monte Carlo simulations are performed in this section to
evaluate the localization performance of proposed solution.
In the simulation scenario, we consider an underwater acous-
tic application where the source emits a signal with carrier
frequency f oc = 15KHz and the signal propagation speed c is
1500 m/s. The source position is randomly generated from a
3-D space of 2×2×1 km3 centered at (0,0,500) m, the veloc-
ity is randomly generated from uniform distribution with the
lower bound (-10,-10,-2) m/s and upper bound (10,10,2) m/s.
The positions of the receivers are randomly generated from
two regions with equal size of 2×2 × 0.1km3 centered at
(0,0,50)m and (0,0,950)m, the velocity of the receivers are
randomly generated from uniform distribution with the lower
bound (-10,-10,-2)m/s and upper bound (10,10,2)m/s. The
number of receivers M is 16 unless otherwise stated. The
performance of the algorithms is assessed by the root mean
square error (RMSE) of the source position and velocity esti-
mate calculated from 100 randomly generated configurations,
each with 100 ensemble runs. Note that the generated posi-
tions of the receiversmustmeet the condition that ∥ soi −soj ∥≥

400m for i, j = 1, 2, . . . ,M and i < j to guarantee reason-
able geometry. In each trial, the zero-mean Gaussian random
noises with covariance/variance Qa = σ 2

a I2M , Qf = σ 2
f IM ,

Qr = blkdiag(σ 2
r I3M , 0.01σ 2

r I3M ) and σ 2
fc are added to the

corresponding true values respectively. For comparison, the
FOA-only localization algorithm proposed byMMAhmed et
al in [18] (designated as Ahmed’s algorithm), and the AOA-
FOA-based localization using Taylor-series method with the
true source location as the initial guess (designated as Taylor-
series method), the theoretical error, as well as the CRLB, are
also investigated.

A. PERFORMANCE VERSUS AOA MEASUREMENT NOISE
We vary the AOA measurement noise level σa from 0.1◦

to 100◦, while keeping the FOA measurement noise level
σf = 10Hz, the receiver location uncertainty level σr = 10m,
the carrier frequency error level σfc = 100Hz. FIGURE 1
depicts the RMSEs of the proposed solution, the Taylor-series
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FIGURE 1. Localization performance of the algorithms at different AOA
measurement noise levels.

method and Ahmed’s algorithm at different AOA measure-
ment noise levels. The proposed solution always achieves
CRLB using AOA and FOA until the AOA measurement
noise level increases to about 20◦. This phenomenon, known
as the ‘‘threshold effect’’ is caused by the second and higher
error terms neglected in the linearization procedure of the
measurement equations. The Taylor-series method deviates
from the CRLB and gives an inaccurate estimate at about 5◦

that is 3 times lower than the proposed solution even though
the true initial value is provided for the Taylor-series method.
The reason lies in the local convergence or even divergence
of the iteration. Compared with Ahmed’s algorithm and the
CRLB using FOA only, the proposed solution achieves sig-
nificant improvement in localization accuracy at small AOA
measurement noise levels, but as the AOAmeasurement noise
increases, the gap between them decreases and gradually
tends to zero. At the typical AOA measurement noise level
of σa = 1◦ which should not be hard to achieve, the proposed
solution provides more than an order of magnitude increment
in source position estimation accuracy, indicating the neces-
sity of jointly using AOA measurements.

B. PERFORMANCE VERSUS FOA MEASUREMENT NOISE
The localization performance of the algorithms versus FOA
measurement noise levels are evaluated in this part, where
the FOA measurement noise level σf varies from 0.1Hz to
100Hz, and the AOA measurement noise level is set as
σa = 1◦, the receiver location uncertainty level σr = 10m,
the carrier frequency error level σfc = 100Hz. The source
position and velocity estimation RMSEs of the algorithms
varying with FOA measurement noise level are shown in
FIGURE 2.

One can see that the FOAmeasurement noise level has little
effect on the source position estimation accuracy of the AOA-
FOA localization. This is because the AOA measurement
with noise level σa = 1◦ dominates the estimation of source
position. In contrast, the FOA only localization, in terms of
both CRLB and RMSE, are significantly influenced by FOA
measurement noises. Moreover, the proposed solution is very
close to the CRLB usingAOA and FOA atmoderate measure-
ment noise levels, and superior to the Taylor-series method at

FIGURE 2. Localization performance of the algorithms at different
receiver location uncertainty levels.

FIGURE 3. Localization performance of the algorithms at different
receiver location uncertainty levels.

large FOA measurement noise levels. This indicates that the
introduction of AOAmeasurements improves the localization
robustness under different FOA measurement noises.

C. PERFORMANCE VERSUS RECEIVER LOCATION
UNCERTAINTIES
Then we assess the performance of the algorithms at dif-
ferent receiver location uncertainty levels σr. The AOA and
FOA measurement noise levels are set to be σa = 1◦ and
σf = 10Hz respectively, the carrier frequency error level is
σfc = 100Hz. In FIGURE 3, we have plotted the position and
velocity RMSEs of the algorithms as a function of the receiver
location uncertainty level σr. As shown in the figure, the
localization RMSEs of the algorithms are almost unchanged
given sufficiently small receiver location uncertainties, but
rises as the receiver location uncertainties increase over the
region of moderate to large levels of receiver location uncer-
tainties. The AOA-FOA localization including the proposed
solution and Taylor-series method, outperforms the FOA-
only localization, in terms of both CRLB and RMSE. Both
the proposed solution and Taylor-series method show similar
performance by achieving the CRLB over the region of small
to moderate levels of receiver location uncertainties. But
the proposed solution outperforms Taylor-series method by
its ability to approach the CRLB at larger receiver location
uncertainty level.
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FIGURE 4. Localization performance of the algorithms at different carrier
frequency error levels.

D. PERFORMANCE VERSUS CARRIER FREQUENCY ERROR
In this scenario, we evaluate the performance of the algo-
rithms at different carrier frequency error levels. FIGURE 4
presents the localization RMSEs of the algorithms as σfc
increases while keeping σa = 1◦, σf = 10Hz and σr = 10m.
The source position estimation accuracy almost remains

unchanged at different carrier frequency error levels, but
the source velocity estimation accuracy is sensitive to the
carrier frequency error levels. Both the proposed solution
and Taylor-series method attain the CRLB over the region
of small to moderate levels of carrier frequency error levels.
They deviate from the CRLB at larger carrier frequency error
levels, but the deviation of the proposed solution is signifi-
cantly lower.

E. PERFORMANCE VERSUS RECEIVER NUMBER
In this scenario, we compare the performance of the algo-
rithms when using different number of receivers for source
localization. The other settings remain as σa = 1◦, σf =

10Hz, σr = 10m and σfc = 100Hz. FIGURE 5 presents
the estimation performance of the algorithms with respect to
the receiver number. For the localization scenario in FIGURE
5, Ahmed’s algorithm requires at least 14 receivers to work
properly due to the significant number of introduced auxiliary
parameters and small number of measurements. By con-
trast, the proposed solution achieves the CRLB with only
4 receivers since we jointly using AOA and FOA measure-
ments, and introduce only one auxiliary parameter. Taylor-
series method requires only 3 receivers to operate since it
does not introduce any auxiliary parameters, but it will be at
the expense of local convergence and even divergence of the
iteration.

F. GDOP ANALYSIS
To further explore the influence of different receiver con-
figurations on the localization accuracy, we perform here
the Geometric Dilution Of Precision (GDOP) analysis for
source localization in FIGURE 6. The GDOP plot indi-
cates the localization accuracy achievable with a particular
geometry configuration of the receivers, where the color bar
represents the normalized localization error. Lower values

FIGURE 5. Localization performance of the algorithms with different
number of receivers.

FIGURE 6. GDOP plots for different geometrical configurations.

indicate that the geometric configuration provides higher
localization accuracy.

FIGURE 6 shows the GDOP contours for source localiza-
tion by an array of receivers with large spacing and small
spacing. By comparison, it can be found that, increasing the
receiver spacing can improve the source localization accu-
racy. When the source height is low, the localization accuracy
for the coverage area of the receivers is higher, and the highest
localization accuracy is achieved at the center of the coverage
area. The farther the source is from the center, the lower the
localization accuracy is. But when the source height is too
high, this law is no longer satisfied.

VI. CONCLUSION
In order to overcome the inherent defect of source local-
ization using FOA measurements only, we address locating
the moving source by jointly using AOA and FOA mea-
surements. This paper designs a closed-form solution for
AOA-FOA based source localization problem. This work
borrows the basic idea of the well-known TSWLS by Chan
and Ho, but is innovative for the AOA-FOA based source
localization problem. The proposed solution can be divided
into two stages. In the first stage, with the aid of the rela-
tionship between the source-receiver range and the AOA
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measurement, the AOA-FOAmeasurement equations are lin-
earized by introducing only one auxiliary parameter, and a
rough estimate is obtained by usingWLSminimization. In the
second stage, the relation between the source location and
the introduced auxiliary parameter is employed to refine the
first stage estimate. By employing a joint localization scheme
based on the AOA and FOA measurements, the proposed
solution gives the source position and velocity estimate with
much fewer receivers and nuisance parameters in comparison
with the state-of-the-art FOA-only localization method. Due
to the application of TSWLS framework in this algorithm,
there is no convergence or initialization problem, as in itera-
tive method. Theoretical analysis and numerical simulations
are performed, verifying the proposed solution achieves the
CRLB under small Gaussian noise conditions and outper-
forms the FOA-only method in terms of CRLB and RMSE.

APPENDIX A
EVALUATION OF THE PARTIAL DERIVATIVES
According to the AOA and FOA equations in (1), (2) and
(5), the partial derivatives of mo with respect to the unknown
parameters ηo and no are respectively given by[

∂mo

∂ηo

]
m,1

= −
(yo − yom)

(xo − xom)2 + (yo − yom)2[
∂mo

∂ηo

]
m,2

=
(xo − xom)

(xo − xom)2 + (yo − yom)2[
∂mo

∂ηo

]
M+m,1

=
−(xo − xom)(z

o
− zom)

∥ uo − som ∥2
√
(xo − xom)2 + (yo − yom)2[

∂mo

∂ηo

]
M+m,2

=
−(yo − yom)(z

o
− zom)

∥ uo − som ∥2
√
(xo − xom)2 + (yo − yom)2[

∂mo

∂ηo

]
M+m,3

=

√
(xo − xom)2 + (yo − yom)2

∥ uo − som ∥2[
∂mo

∂ηo

]
2M+m,1:3

= −
f oc
c

(
(u̇o − ṡom)

T

∥ uo − som ∥
−

(uo − som)
T (u̇o − ṡom)(u

o
− som)

T

∥ uo − som ∥3

)
[
∂mo

∂ηo

]
2M+m,4:6

= −
f oc
c

(uo − som)
T

∥ uo − som ∥
(75)

[
∂mo

∂no

]
m,3m−2

=
(yo − yom)

(xo − xom)2 + (yo − yom)2[
∂mo

∂no

]
m,3m−1

=
−(xo − xom)

(xo − xom)2 + (yo − yom)2[
∂mo

∂no

]
M+m,3m−2

=
(xo − xom)(z

o
− zom)

∥ uo − som ∥2
√
(xo − xom)2 + (yo − yom)2[

∂mo

∂no

]
M+m,3m−1

=
(yo − yom)(z

o
− zom)

∥ uo − som ∥2
√
(xo − xom)2 + (yo − yom)2[

∂mo

∂no

]
M+m,3m

= −

√
(xo − xom)2 + (yo − yom)2

∥ uo − som ∥2[
∂mo

∂no

]
2M+m,3m−2:3m

=
f oc
c

(
(u̇o − ṡom)

T

∥ uo − som ∥
−

(uo − som)
T (u̇o − ṡom)(u

o
− som)

T

∥ uo − som ∥3

)
[
∂mo

∂no

]
2M+m,3M+3m−2:3M+3m

=
f oc
c

(uo − som)
T

∥ uo − som ∥[
∂mo

∂no

]
2M+m,6M+1

= 1 −
(uo − som)

T(u̇o − ṡom)
c ∥ uo − som ∥

(76)

for m = 1, 2, . . . ,M and zeros elsewhere.
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