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ABSTRACT Differential Evolution(DE) is a widely used technique to tackle complex optimization problems
owing to its easy-implementation and excellent performance, nevertheless, the inborn weakness of the
crossover operation has not been solved even in the recent state-of-the-art DE algorithms. There are
two commonly used crossover schemes in DE, the exponential crossover and binomial crossover. The
exponential crossover is actually a combination of 1-point and 2-point crossover schemes originated with
Genetic Algorithm (GA), and it has positional bias because of the dependence on parameter separation. The
binomial crossover tackles the positional bias by separating each dimension separately and treating them
independently, however, bias still exists from a higher dimensional view, we name it selection bias, and that
is the reason why the QUATRE algorithm was proposed. The evolution matrix is the primary component of
the QUATRE algorithm which solves the selection bias of DE, however, the previous QUATRE variants still
suffer the adaptation of the evolution matrix and can not be able to escape some local optima in complex
optimization. Therefore, this paper proposes a new QUATRE with better adaptations of evolution matrix and
control parameter, moreover, a perturbation mechanism is firstly proposed for the enhancement of population
diversity. The main contributions of our algorithm can be summarized as follows. First, a new generation
of evolution matrix is proposed, which can obtain better adaptation to the landscape of the objectives
and help the algorithm jump out some local optima. Second, novel adaptations of control parameters are
also proposed by incorporating historical memory mechanism and population reduction. Third, a new
perturbation mechanism is proposed to enhance the population diversity. In order to validate the proposed
algorithm, intensive experiments are conducted under 88 benchmark functions from the universal CEC2013,
CEC2014, and CEC2017 test suites in comparison with several excellent DE variants and QUATRE variants,
and the results support our superiority.

INDEX TERMS Differential evolution, evolution matrix, parameter adaptation, perturbation mechanism,

QUATRE algorithm.

I. INTRODUCTION

The pervasiveness across a wide range of domains, including
engineering, finance, economics, logistics, and numerous
other fields, optimization problems hold significant impor-
tance [1], [2]. Since these complex optimization problems are
NP-hard problems, traditional methods are unable to solve
them. Thus, numerous meta-heuristic algorithms have been
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proposed to tackle these optimization problems and achieve
high performance. Usually, these meta-heuristic algorithms
can be divided into different categories, e.g. Swarm Intel-
ligence and Evolutionary Computation [3], [4], [5]. Swam-
based algorithms are primarily inspired by real-life phenom-
ena and biological habits, and their representative algorithms
include particle swarm optimization [6], firefly algorithm [7],
bee colony algorithm [8], serial cuckoo search algorithm [9]
and so on [10], [11]. EAs are inspired by Darwin’s theory
of evolution and the concept “survival of the fittest”, and
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it evolves to better individual with good adaptation to
the circumstance. The typical algorithms includes Genetic
Algorithm (GA) [12], Differential Evolution (DE) [13],
the QUATRE algorithms [14], and so on [15], [16]. Due
to the demonstrable superiority, faster convergence speed,
and simplicity of implementation, DE has been identified
as a promising method for tackling various optimization
problems [17], [18], [19].

DE was first proposed by Storn and Price in 1997, which
merges GA and the Simulated Annealing (SA) [20]. Based
on the basic operations of GA, DE also inherits the three
primary operations: mutation, crossover, and selection. These
operators are performed iteratively throughout the whole
evolution. Usually, different combinations of mutation strate-
gies and crossover schemes significantly affect the overall
performance of different DE algorithms [21], [22], [23].
Meanwhile, DE has three essential control parameters with
in the evolutionary process: population size (ps), mutation
factor (F), and crossover rate (Cr). Control parameters F
and Cr should be carefully assigned for generating promising
offsprings. Different control parameter settings will affect the
final performance by affecting the trial vector candidates [24],
[25], [26]. However, without some priori knowledge, tun-
ing suitable parameters is unavoidably a trial-and-error
process, which dramatically reduces algorithm efficiency
and effectiveness. To tackle this issue, many scholars have
focused on proposing adaptive or self-adaptive parameter
control and proposed many powerful DE variants, such as
jDE [27], JADE algorithm [28], LSHADE algorithm [29],
LPamDE [30] and so on [31], [32], [33]. Nearly all these
excellent DE papers recommend binomial crossover as their
default scheme, however, this crossover scheme still exists
weakness.

There are two commonly used crossover schemes in
DE: the exponential and the binomial crossover [34]. The
exponential crossover is actually a combination of 1-point
and 2-point crossover schemes originated with GA, and it
has positional bias because of the dependence on parameter
separation. The binomial crossover tackles the positional
bias by separating each dimension separately and treating
them independently, however, bias still exists from a higher
dimensional view [35]. Fig.1 depicts the possible trial vector
candidates of the target vector in 3-D view, and it can be seen
that all the vertices except for the location of the target vector
X; ¢ can be the trial vector candidates. In order to maintain the
unbiasedness and efficiency of the algorithm, the following
two rules need to be satisfied:

e If no prior knowledge obtained, the probability of
selecting each trial vector candidate should be equal.

e If some prior knowledge was obtained, the better
performing trial vector candidates with high probability
should be of high preference.

Taken the above mentioned two conditions into consid-
eration, bias still exists in the binomial crossover from the
spatial search view though it tackles the positional bias by
treating each dimension separately and independently. That
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FIGURE 1. The trial vector candidates in DE/QUATRE from the 3-D view.

is also the reason why the QUasi-Affine TRansformation
Evolutionary(QUATRE) algorithm [14] was proposed in
2016, by incorporating the evolution matrix M instead
of using the crossover operation. The canonical QUATRE
algorithm employed fixed generation of evolution matrix in
the consideration of equal selection of trial vector candi-
dates, however, its performance was not satisfactory. Later,
a C-QUATRE algorithm [36] and S-QUATRE algorithm [37]
were proposed by incorporating pair-wise competition and
sort-based evolution for performance improvement. In these
two algorithms, the number of function calls in each
generation reduced by half and the total number of gen-
eration doubles. The QUATRE-EAR algorithm proposed
a general convention in the evolution matrix calculation,
and the calculation of evolution matrix can be converted
into the calculation of the number of the k" vector,
N(k), of the lower triangular matrix. Moreover, novel
adaptations of the evolution matrix and the control parameters
are also proposed in the QUATRE-EAR algorithm. The
E-QUATRE algorithm [38] further improved the performance
of QUATRE-EAR by incorporating adaptations of evolution
matrix and the population size reduction. The IS-QUATRE
algorithm [39] seeks the potential possibility selecting the
trial vector candidates from the internal of the hyper-cube
and good performance was obtained in high dimensional
optimization. Although these QUATRE variants enhance the
algorithm’s performance, they still encounter two challenges.
Firstly, these QUATRE variants have to obtain equilibrium
of exploration and exploitation, and still suffers stagnation
problem during the evolution. Secondly, the adaptation of
the evolution matrix generation needs improvement and the
current adaptations are not flexible.

To solve the above problem and improving the overall
performance, this paper proposes a new QUATRE algorithm.
The proposed QUATRE is compared with the canonical
QUATRE algorithm and the latest QUATRE variants, the
state-of-the-art DE algorithms, under three test suites of
CEC2013 [40], CEC2014 [41], and CEC2017 [42] with
88 benchmark problems, and the results show good compet-
itiveness. The main contributions of this paper are:

1) A new adaptation scheme of an evolution matrix

is proposed. This scheme can adapt the evolution
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matrix more rapidly and accurately by employing the
knowledge obtained during the evolution especially
when performance improvement is not sufficient.

2) A new population perturbation mechanism is proposed.
When the population fall into stagnation, previously
discarded inferior vectors are used for helping the
population jump out the local optima.

3) Two excellent parameter controls are incorporated into
our QUATRE-PM algorithm. The mechanism of the
historical memory was introduced in the QUATRE-PM
algorithm to avoid poor adaptation direction, and the
linear population size reduction was incorporated into
the QUATRE-PM algorithm, which can balance the
exploration and exploitation during the different stages
of the evolution.

The remainder of this paper is structured as follows: In
Section II, the related QUATRE algorithms will be presented.
In Section III, the proposed QUATRE algorithm will be
described in detail. In Section IV, experimental analysis
and comparisons of these state-of-the-art algorithms under
88 universal benchmarks from CEC2013, CEC2014, and
CEC2017 test suites will be performed. Finally, conclusion
of the paper will be given in Section V.

Il. RELATED WORK

In this section, we introduce some closely related algorithms
of our QUATRE-PM. In these algorithms, the population
is denoted as X = [X1,4,X24,...,Xig, ..., Xpsgl, where
X, denotes the vector of the i/ individual in the g™
iteration of the population. Among these vectors, each is
composed of D-dimensional parameters, here D denotes
the dimensionality of the optimization problem. Accord-
ingly, the i vector can be further written as Xig =
[Xi1,6, Xi2,g5 - - - Xid,gs - - - » Xps,D,g], Where x; 4 o denotes the
d™ parameter in Xi ¢. The upper bound of each parameter

Xid,g is usually denoted as xgp P¢"and the lower bound is

denoted as xfl”we’.

A. THE CANONICAL QUATRE ALGORITHM

The canonical QUATRE tackled the inborn bias of DE by
replacing the crossover operator in the DE with an evolution
matrix which implemented unbiasedness exploration of
the solution space. There are four operations involved in
QUATRE algorithms, and they are initialization, mutation,
evolution, and selection. Among the four operations, muta-
tion, evolution, and selection are repeated in a circle before
algorithm termination.

1) INITIALIZATION
The initialization stage, the individuals in the QUATRE
algorithm is randomly initialized by scattering into the whole
search space, and Eq. (1) gives the detailed implementation
of the initialization:

Xido= xéower + rand - (xspper _ xéliower) (1)
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where rand denotes a uniformly distributed random number
in [0, 1].

2) MUTATION

The mutation operation aims to generate a corresponding
donor vector for each target vector. In the evolutionary
process, the donor vectors provide the general evolutionary
direction for the target vectors, and there are seven commonly
used mutation strategies in the literature and these strategies
are also summarized int Table 1 where the canonical
QUATRE algorithm employed the first mutation strategy.
Then, the mutation matrix can be formulated via Eq. (2):

s Bi,ps] (2)

where By, Bi, = [bi1c, bi,Z,g» coosbidgg, ... bipgl,
denotes the i donor vector of the population in the g
iteration. The symbol Xjey; ¢ in the mutation strategy denotes
the vector obtained global best value in the g population,
Xy,¢ and X;, o denote two vectors of randomly selected
individuals in the population of the g generation. F in the
mutation strategy denotes the mutation factor, which is a
fixed constant value in the canonical QUATRE algorithm.
Boundary restriction is necessary and this confirms that
all the individuals are within the search domain. Once the
individuals are beyond the region, adjustment is launched
according to Eq. (3):

B, =[B1,g,B2g,...,Big,...

big .+ xupper
d.g d . upper
bi,d,g = —2 lf bi,d,g > xd

bid +xlower (3)
bi,d,g — % lf bi,d,g < x(lj{)wer

3) EVOLUTION

Instead of employing the crossover operation, the QUATRE
algorithms primarily employ evolution matrix in implement-
ing crossover operation during the evolution. The core of
the evolution matrix is a boolean matrix, and the detailed
evolution is given in Eq. (4):

{%=M®&+M®&

4
U =[Uyg, Uzyg,...,Uig, ...

s Ups,g]

where U, denotes the trial matrix at the g’h iteration, M
denotes the evolution matrix, and M denotes the matrix
obtained after the component-wise “NOT” operation of M.
In order to implement the unbiased search of the solution
space, two initialization schemes of the evolution matrix M
are provided in the original QUATRE algorithm. The first is to
perform equal selection probability for all 2° —1 possibilities.
This scheme generally requires setting the ps to 2° — 1, and
then the i row of the initialization evolution matrix M,;; is
the inverse order of the binary representation of i. The second
scheme is to make the number of parameters obtained from
the donor vectors equal in selection probability. Accordingly,
the initial evolution matrix is composed by multiple lower
triangular matrices, and this scheme generally requires that
the population ps equals to n-D, where n is the number of piled
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TABLE 1. The seven schemes of the calculation of matrix B in the QUATRE algorithm.

No. QUATRE /x/y Equation

1 QUATRE best/1 Big = Xgbest,g + Fi - (Xry ¢ — Xry ¢)

2 QUATRE/rand/1 Bi, = Xro,g +Fi- (X6 — Xra )

3 QUATRE ftarget/1 Big =Xig+ Fi+ (Xr1,g — Xry g)

4 QUATRE /target-to-best/1 Big = Xig + Fi - (Xgbest,g — X, g) T Fi- (Xry g — Xrp 0)

5 QUATRE ftarget-to-rand/1 Big=Xig+Fi- (Xry g —Xig) +Fi- (Xry g — Xry 0)

6 QUATRE /rand/2 Big =Xrg.g + Fi - (Xry g — sz‘g) +Fi- (Xrs,g — Xrag)

7 QUATRE [best/2 Biyg = Xgbest,g + Fi - (Xr1 0 — Xra o) + Fi - (Xrg 0 — Xry )

lower triangular matrices. During each generation, two steps
are required to transform M;,;; into M : the first step permutes
the dimensional elements of the row vectors in the matrix,
with the row number unchanged in the population, and the
second step permuted the row numbers of these vectors of
the matrix. Eq. (5) describes the transformation from M;,;; to
M:

_ - SNl -
11 :
1 1 1
11 1 1
: 1...1
111 ... 1 | L 1 |

4) SELECTION

Selection is conducted after individuals’ evolution in the
QUATRE algorithm, and the selection operation in QUATRE
is the same as in DE. By comparing the fitness values of the
trial vector U; ¢ and the corresponding target vector X; ¢, the
excellent U; , will replace X; , as the new target vector. The
implementation of selection operation is given in Eq. (6):

Uig 1 f(Uig) <fXig)

Xi,g+1 = . (6)
Xy otherwise

where f(-) denotes the fitness value of the vector. The
selection operator is the last operation in each generation,
and the new population consists of all survival individuals.
If the termination criterion is satisfied, the vector with the
best fitness will be output as the optimal solution.

B. THE QUATRE-EAR ALGORITHM

The QUATRE-EAR algorithm is an upgraded version of the
original QUATRE. An adaptive evolution matrix generation
scheme and a new mutation strategy are proposed in
QUATRE-EAR, meanwhile, an adaptive scheme of param-
eters is introduced as well. By incorporating these these
improved schemes, the efficiency and performance of the
algorithm have been substantially enhanced.

1) MUTATION STRATEGY

QUATRE-EAR employed the “QUATRE/target-to-best/1”
mutation strategy with time stamp technique, which is more
competitive than the “QUATRE/best/1” mutation strategy

88714

in the original QUATRE. It guides the evolution of the
population through excellent individuals and simultaneously
establishes external archive to increase the diversity of the
population. The external archive records the target vectors
that failed in the selection operator, and random elimination
scheme is used after discarding the too-old inferior solutions
when the number of inferior solutions exceeds the size of
the external archive. The mutation strategy is expressed in

Eq. (7):

Big = Xig+ Fi Xy o = Xig) + Fi - Xy g = Xy )
Bg = [Bl,gy BZ,g, cees Bz,g, RN ) Bps,g]

)

where B;, denotes the donor vector, x? abest. g denotes the
vector randomly selected from the top p% of excellent indi-
viduals in the population, X;, . denotes the randomly selected
individuals in the population, )~(,2,g denotes the randomly
selected individuals from the union of the population and
external archive, and F; is the mutation factor which is
associated with the i individual.

2) EVOLUTION MATRIX M

Although the generation of initial evolution matrix Mj,;, is
easy and time-efficient in the original QUATRE algorithm,
it lacks a good adaptation to the landscapes of different
optimization problem. Therefore, in the QUATRE-EAR
algorithm, selection probability P(U A=ky is proposed to
generate the M;,;;, which indicates that the i trial vector
has k parameters inherited from the donor vector during the
g™ iteration. For the first initialization scheme, P(UiAg:k) is
calculated as Eq. (8): ’

D!
(D 3]

— 1

P(U )— k e[1,D]

®)

P(Ufgf")_ ZP(UA Ky, kell,D]

PR = - P(UA<k), k €[1,D]
where D! and (D-k)! denote the factorial of D and (D — k)
respectively. Then, the number, N (k), of trial vectors in which

there are k parameters inherited from the donor vector can
be obtained according to Eq. (9). An example of the matrix,
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FIGURE 2. Comparison of P(Uf;") for two scheme M;,;; initialization
in5-D.

Miyi; with ps = 100 and D = 9 is given in Eq. (10):

[ps - PCULT I, if k=D
D
A>k—1 . .
Ny = | TP PULTTO1= D NG if kel2.D-1)
i=k+1
D
ps— > NG, if k=1
i=k+1
€))
[ 1 1,0,0,0,0,0,0,0,0 ]
1,1,0,0,0,0,0,0,0
7:
[ 1,1,0,0,0,0,0,0,0
My = (1,1,1,0,0,0,0,0,0 (10)
17:
1,1,1,0,0,0,0,0,0
N(k)
1: 1,1,1,1,1,1,1,1,0
RE LLLLLLLLT ] 00

The second scheme is to maintain equal selection proba-
bility of the different number of parameters inherited from
the donor vectors. Therefore, M;,;; is initialized by multiple
piles of lower triangular matrices, and this initialization can
satisfy P(UZ") = P(UMSY) = ... = P(U;j‘g:k) =...=
P(U f;D )= %. When the population is not a multiple number
of the dimension D, e.g. ps = j - D + k, then the left £
vectors in Mj,;; are selected from the first j vectors of the
lower triangular matrix. In Fig.2, the selection probabilities,
P(Ufg:k ), are compared for the two different initialization
scheme of Mjy,;; for 5-D optimization.

3) PARAMETER ADAPTATION

In QUATRE-EAR, there is only two control parameters,
F and ps. As fixed population is employed during the
evolution, and the parameter control is only focused on F.
The adaptation scheme of F in QUATRE-EAR is shown in
Eq. (11):

F; = randc(ur, 0.2) (11)
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where randc denotes Cauchy distribution, fixed scale param-
eter is used, o = 0.2, in the Cauchy distribution and pr can
be updated according to Eq. (12):

Aﬁ :f(Ui,g) _f(Xi,g)

o M
2 Fesp i (12)
UF = ZFieSp Wi+ Fi2
2 resp @i Fi

where Sr denoted the set of parameters F which associates
with the survival individuals during the evolution.

C. THE E-QUATRE ALGORITHM

The E-QUARE algorithm [38] is a further extension of
the QUATRE-EAR algorithm by improving the adaptation
scheme of evolution matrix and parameter control.

1) MUTATION STRATEGY

The E-QUATRE algorithm employs the same mutation
strategy as the QUATRE-EAR algorithm. In order to balance
exploration and exploitation during the evolution process,
a scheme of decreasing the proportion of elite individual p
in the population is introduced into the mutation strategy of
E-QUATRE, and the decrement of p is given as follows in
Eq. (13):

— Pmin = Pmax

nfemax

where pq denotes the initial/maximum setting, pmax =
0.2, pmin denotes the terminal/minimum setting 1/ps, nfemax

denotes the max number of function evaluations, and
nfe denotes the current number of function evaluations.

p - nfe + p max (13)

2) EVOLUTION MATRIX M
E-QUATRE further improves on QUATRE-EAR regarding
the adaptive generation of evolution matrix M. The improve-
ment is mainly in two aspects. First, the scheme of calculating
the number of individuals by Eq. (9) in QUATRE-EAR
is replaced by the generation of roulette wheel. Second,
the population is divided into different sub-populations,
and the excellent sub-population is allowed to record more
individuals during the evolution by changing the selection
probabilities in Eq. (14):

ns?
g >0
rj=1 ns- (nsj + nfj)
€ otherwise
2
(14
ns = Z ns;
j=1
PO) =
- k
Zj:l (rj)

where ns; and ns; denoted the number of winner and loser
individuals in the j* population, and the value of P(j) is
restricted in [0.3, 0.7].
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3) PARAMETER ADAPTATION

E-QUATRE employs a dimensional improvement based
adaptation in updating the distribution of mutation factor ur
instead of employing fitness-based ones in QUATRE-EAR.
The detailed adaptation is given below in Eq. (15):

Aloc; = loc(Uj g — X ¢)

ki — std(Aloc;)
ZF,‘ESF std(Aloc;) (15)
= ZF,‘GSF ki - Fi2
2 riesy ki Fi

where loc(U; s — X;,) denotes locating the corresponding
parameters of the D-dimensional vector, U; ¢-X; ¢, and std(-)
denotes the standard deviation of the set.

ill. THE PROPOSED QUATRE ALGORITHM

In this section, the novel QUATRE-PM algorithm will be
described in detail. The whole algorithm is divided into
four parts: the first part presents the mutation strategy; the
second part gives the adaptive scheme of generating the
evolution matrix M; the third part describes the parameter
control strategy; and the fourth part provides the perturbation
mechanism.

A. MUTATION STRATEGY

In DE algorithms, the mutation strategy ‘“DE/target-to-
pbest/1/bin” with external archive proposed in JADE [28] can
balance exploitation and exploration and consequently has
been widely used in recent state-of-the-art DE variants. One
of the reasons for the excellent performance of this strategy
is the use of an external archive. However, it still exists
limitation that some archived individuals remain unchanged
during several consecutive generations, and this may hamper
the diversity of trial vectors. The “QUATRE/target-to-
best/1” with time stamp technique in QUATRE-EAR [43]
effectively resolves this problem and produces superior
outcomes. Therefore, the same mutation strategy is employed
in our QUATRE algorithm, and the details of the mutation
strategy are given in Eq. (16):

gbest,g X",g) +Fi- (X"l»g _)?Vzwg)

Bio=Xio+Fi- (X
By, =[B1g4,B2g,...,Big, ..., Bpsgl

(16)

where X;b est.g denotes the target vector selected from the top
p% individuals, X;, , denotes the vector randomly selected
from the population, and )~(r2, ¢ denotes the vector randomly
selected from the union of the current population and external
archive. The external archive stores the inferior solutions of
the target individuals during the evolution, and its size |A| is
adjusted according to the current population size, ps, shown

in Eq. (17):

|A| = arc - ps a7
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TABLE 2. The mechanism of historical memory and its selection
probabilities Pp,.

Index 1 2 h H
P P Py Py, Py

where arc denotes a constant defining the ratio of exter-
nal archive |A| to the whole population ps. In the
“QUATRE/target-to-best/1” mutation strategy with a time
stamp mechanism, each vector entering the external archive
is set to a initial time-stamp value 7y and the value will
be decreased by one in each generation. When the external
archive population size exceeds |A|, the vectors with Tp <
0 are deleted preferentially. After the vectors with Tp < 0O are
deleted first and random elimination scheme is performed in
order to remove the exceeded inferior individuals.

B. ADAPTATION OF EVOLUTION MATRIX M

The original QUATRE algorithm made a balance between
unbiased search and efficient search of the solution space
during the evolution, however, the generation of M;y;; lacks
of adaptations to the landscape of the objective. In order
to obtain better performance, M;,; needs to be adjusted
regarding different characteristics of the target problems.
Therefore, QUATRE-EAR proposed the adaptive scheme
of M;,;;, and E-QUATRE further improved the adaption
of M in QUATRE-EAR and consequently obtained good
performance. However, the adaptive scheme of Mj,; in
E-QUATRE still needs to be improved for a better adaption
to the landscape of the objective. First, at the beginning
of the search, it is impossible to calculate the appropriate
evolution matrix quickly and accurately due to lack of enough
knowledge of the evolutionary process, which inevitably
leading to a large amount of computational resources being
wasted. Second, the excessive computation of the dominance
accumulation leads to the evolution matrix being almost fixed
and it is hard to change in the late stages of the search. In order
to tackle these issues, novel adaptation of the evolution matrix
is proposed in our QUATRE-PM algorithm.

In the novel QUATRE-PM algorithm, the historical mem-
ory is employed in the adaptation of evolution matrix to avoid
being trapped in failure evolution direction. The historical
memory and its corresponding selection probabilities are
given in Table 2. In the memory, there are H entries,
and each entry Pj is a probability vector which denotes
the selection probability of each dimensional parameters,
Py = [pn1,Ph2s---sPhds ---,Phpl. During each iteration,
a vector is randomly selected from historical memory, and
the initial evolution matrix M;,;; will be generated through
selection of these vectors. The k" parameter Phk in the
Py, vector is determined by roulette wheel selection, and it
indicates that the target vector inherits k parameters from
the donor vector. Figure 3 depicts the process of generating
evolution matrix M via the selection probabilities of historical
memory Pp,.
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Historical memory

Py Ph

P, Ph2
Randomly select one of it
—_—m

Py Phk

PH Ph,p

1,0,1,0,0,0,0,1,0,1

310, L30T TR L AL

—

0,0,0,0,1,0,0,0,0,0

1,0,0,1,0,1,0,1,0,0

Row-element permutation

“ Selected result

1 Pha
2 Pho
Perform ps roulette operations
—
L Ph1
ps Pha
1,1,1,1,0,0,0,0,0,0
1,1,1,1,1,1,1,1,1,0
——

1,0,0,0,0,0,0,0,0,0

Generate the corresponding M,;¢

1,1,1,1,0,0,0,0,0,0

FIGURE 3. The picture depicts the transformation process of generating an evolution matrix M via the mechanism of historical memory of

probabilities Pp,.

Theinitial valueof P,(h =1, 2, ...,1i, ..., D)isinitialized
by setting pp1 = pr1 = ... = Phk = ... =
PhH = %, and the inspiration of the Pj, adaption is to get
more suitable value in the subsequent iteration. In the first
iteration, 4 is initialized to 1 and it increases by 1 during
each iteration. When the index h satisfies 7 > H, h will be
reset to 1. Based on the adaptation of the evolution matrix
in E-QUATRE, the value pj, x which gains an advantage in
the evolution process, is enhanced to expect some reduction
of computational resources. When all the trial vectors fail
to obtain better fitness values, the adaptation of Py will be
adjusted to expect obtaining better trial vectors in the next
iteration. Eq. (18) describes the update scheme of pj, x which
can yield better individuals during the evolution process:

nsg ZieSk Wi
ns nsk .
5 if nsg >0
k= kgl Vk
D
1 0 To
— - 20 55 8 otherwise
T (k—ap)?+ (22 sumy
2
vk = (71)
Vi
Phk = D
> Vk
k=1

(18)

where ns denotes the number of trial vectors achieved
better fitness, ns; denotes the number of trial vector with
k parameters inherited from the donor vector in the ns trial
vectors, S; denotes the set of success trial vectors in which
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k parameters are inherited from the donor vector, a, denotes
the value of k that maximizes r; in the g’h iteration, sumy,
denotes the sum of all p, x in Py with nsg > 0, and w; denotes
the weight of dimension improvement, which is used for the
update of the i individual in the population. The calculation
of the weight of the i individual is given in Eq. (19):

Aloc; = loc(U g — X g)

std(Aloc;) (19)
W==c=="""F"T """
> ics std(Aloc;)
where loc(U; ¢ — X; o) denotes locating the parameters of the

vector U; ¢ —X; ¢ according to the evolution matrix, and std(-)
denotes the calculation of the standard deviation. Sometimes,
none of the trial vectors can obtain more suitable fitness
during a certain evolution process, and we suppose that the
current probabilities Py, is no longer appropriate. Therefore,
a new probability vector ppx is regenerated according to
Eq. (20):
D
R
- 2 D2
T ‘()/]: —ag—1)" + ({5) (20)

Phk =
> v

where o, is the best subscript in P, in the previous
generation. The pseudo-code of the adaptation of evolution
matrix M is given in Algorithm 1.

C. ADAPTATION OF CONTROL PARAMETER
The proposed QUATRE-PM has two control parameters: the
mutation factor F' and the population size ps. Though the
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Algorithm 1 Pseudo Code of Adaptation Scheme for
Evolution Matrix M
1: if § # ¢ then

2 update Pj, by Eq.(18);
3: else

4: update Py, by Eq.(20);
5: end if
6
7
8

: randomly select Py, from historical memory;
: P, is generated by roulette into Mjy;s;
: Transform M;,;; to M by row-element permutation;

TABLE 3. The mechanism of historical memory of F.

Index 1 2 h H
HF HF 1 HF .2 HF 1 HF H

original QUATRE uses fixed values for these two control
parameters, improvements are made for the adaptation of
F in the subsequent QUATRE variants. QUATRE-EAR
employed an adaptation scheme of F by incorporating
prior knowledge into its current adaptaion. E-QUATRE
introduced dimension improvement based weight in the
adaptation of F, and it obtained nice outcomes. Different
from the previous QUATRE variants, parameter F in the
QUATRE-PM algorithm introduces a historical memory [44],
which is also employed in the adaptation evolution matrix of
our algorithm. The historical memory mechanism provides
for better stability of the parameters in the iterations, and
the specific structure of the historical memory mechanism
is shown in Table 3, where the location parameter of the
distributions of F obeys ur 1 = ury = ...
ur g = 0.5 at initialization and updated in the subsequent
iterations according to Eq. (21):

2
p = 2ies Wi+ Fj
T Dieswic Fi

=Uurp=...=

2

where F; denotes the F value of the i individual, and w;
denotes the weights which can be calculated by Eq. (19).
In the iteration, each individual is randomly assigned a ur j
value selected from the historical memory pool and then its
corresponding F value is generated by Cauchy distribution
shown in Eq. (22):

F; = randn(ur,, 0.1) (22)

Different from the previous QUATRE variants employ-
ing fixed population size, the population size in our
QUATRE-PM algorithm adopted the linear population size
reduction [29], [45] in order to make a good balance between
exploitation and exploration. The detailed reduction of ps is
shown in Eq. (23):

PSmin — PSini
nfemax

where psy,i, denotes the minimum population size, psi,i
denotes the initial population size, nfen,, denotes the

PSgt1 = round( - nfe + pSini) (23)
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Algorithm 2 Pseudo Code of Perturbation Mechanism

1: Spin = ii’lf

2: fori=1;i<ps;i++do

3: if count; > n and i! = gbest_index then
4: forj = 1;j < length(DA);j + + do
S: S = dl'S(Xl"g, DAj)

6: if S,.;n < distance then

7: Sinin = distance

8: k=j

9: end if

10: end for
11: Xi g+1 = DA
12: Remove DA from DA.
13: end if

14: end for

maximum number of fitness evaluations, and nfe denotes the
current number of fitness evaluations.

D. PERTURBATION MECHANISM

When an individual is stuck in a stagnant state [46], there
is a possibility that it is stuck in a local optimum, then the
individual needs to be perturbed to some extent in the hope
that it will jump out of the local optimum. However, a random
perturbation is challenging to achieve more suitable fitness
of individuals and wastes computation resources to explore
insignificantly search space. Therefore, this paper proposes
a novel perturbation mechanism to tackle this problem by
creating a discarded archive.

The discarded archive consists of the trial vector that failed
in the selection operator, and when an individual of the
population traps the stagnation state, it will select the most
similarly discarded archive members to become it. Euclidean
distance is employed to evaluate the similarity between
individuals and members of the discarded archive, and the
smaller the Euclidean distance, the higher the similarity
with the member. The discarded archive size is half the
current ps, and when the newly added individuals exceed the
size, the member with the lowest fitness value will remove
the discarded archive. Algorithm 2 describes the detailed
operation process, where count; denotes the cumulative
number of times the i individual in the population fails to
obtain a better fitness, gbest_index denotes the subscript of
the individual with the best fitness in the population, DA
denotes the discarded archive, length(DA) denotes the current
size of the discarded archive, DA; denotes the j’h member of
the discarded archive, and n denotes a value of size 2 - D and
its minimum value is 40. Algorithm 3 gives the pseudo-code
of the newly proposed QUATRE.

IV. EXPERIMENT ANALYSIS

It is a typical challenge to compare the performance of two
algorithms. There are often two approaches to comparison.
One approach compares the number of function evaluations
that reach the minimum value, and the other is by comparing
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Algorithm 3 Pseudo Code of the QUATRE-PM Algorithm

1: Initialize population by Eq. (1)

2: Initialize Mjy;; and transform to M by Eq. (5).

3: Initialize nfe,,q, number of evaluations, and calculate the
fitness value of the initial population, find the individual
of best fitness gbest

4: nfe =ps, g =1

5. while nfe < nfe;,, do

6: Generate F, by Eq. (22).

7

8

9

Generate B, by Eq. (16).
Generate U, by Eq. (4).
fori=1;i<ps;i++do

10: if f(Ug) < f(X;,) then

11: iff(U;g) < f(gbest) then

12: gbest = Uj ¢

13: end if

14: Insert X; , into external archive population A
15: Xigr1 = Uiy,

16: else

17: Insert U; ¢ into discarded population DP
18: Xi,g-i-l = X,',g

19: end if

20: end for

21: Execute Algorithm 1.

22: Update historical memory of F' by Eq. (21).
23: Update population size ps by Eq. (23).

24: Update A and DP.

25: Execute Algorithm 2.

26: nfe = nfe 4 ps

27: end while

28:  Output the gbest and its value f(gbest)

the minimum value that can be reached at the same number
of function evaluations. The Conference on Evolutionary
Computation (CEC) test suite provides a set of benchmark
functions for comparing algorithms and employs the second
comparison approach. The proposed algorithm is verified
under a total of 88 benchmark functions from CEC2013,
CEC2014 and CEC2017. In the CEC 2013, the test functions
are divided into three parts: f;, — f45 are uni-modal functions,
Jag — fay, are basic multimodal functions and f,,, — fu,, are
composition functions. In CEC2014, the test functions are
divided into four part: f;, — fp, are uni-modal functions,
fvo, — fpys are simple multimodal functions, fj,, — f5,, are
hybrid functions and f5,; — f»,, are composition functions.
In CEC2017, the test functions are divided into four part:
fe; — fe, are uni-modal functions, f., — f., are simple
multimodal functions, f.,, — fe;, are hybrid functions and
Jeso — fesyp are composition functions. During testing, all
functions are treated as a black box. The fitness error is
eps = fi — [ and is considered to be zero when the eps
is less than 2.2204FE — 016 in our paper. The maximum
number of function evaluation nfes;,,, is set to 10000 - D.
All experiments are conducted on a PC running Windows 10,
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equipped with an AMD R7-5800H CPU clocked at 3.20GHz,
using MATLAB 2021b software.

A. PARAMETER SETTINGS

This paper compares the QUATRE-PM algorithm with ten
other algorithms, including five DE and five QUATRE
algorithms. DE variants are LSHADE [29], EDEV [23],
jSO [47], LPalmDE [48] and MadDE [49]. QUATRE
algorithms are original QUATRE [14] and QUATRE variants
including C-QUATRE [36], S-QUATRE [37], QUATRE-
EAR [43] and E-QUATRE [38]. In these algorithms, F
denotes the scale factor parameter, Cr denotes the crossover
rate, and ps denotes population size.

The parameters of DE variants are shown in Table 4.
In LSHADE, F utilizes the Cauchy distribution with the
location parameter of the distribution pur and a scale
parameter or fixed 0.1 to generate adaptive values, Cr
utilizes the normal distribution with the mean of the
distribution ¢, and standard deviation o, fixed 0.1 to
generate adaptive values. The initial value of ur and uc, is
set to 0.5. H denotes the memory size of prior uc, and ur,
and H = 5. p denotes the percentage of elite individuals, and
p = 0.11. The population size ps decreases by the strategy
of linear population size reduction, the initial population size
is psini = 18 - D where D denotes the dimension number,
and the minimum population size denotes p,;, = 4. In
EDEV, \{, A2, A3 denote the proportion of the subpopulation
used by the three algorithms to the population, A4 denotes
the proportion of reward subpopulation to population, ng
denotes the number of iterations to reselect the new reward
population, Ay = A = A = 0.1, &y = 0.7, and
ng = 0.7. The population size ps = 100. In jSO, F and
Cr are generated similarly to LSAHDE. The initial value
of ur is 0.3, and uc, is set at 0.8, memory size H = 3,
percentage of elite individuals p is a linearly decreasing
value with a maximum value p,,,, = 0.25 and a minimum
value ppi, = 0.125, and archive population rate arc = 1.
In LPalmDE, the F' and Cr generation methods are the same
as LSHADE, except that the population is divided into K
groups, an independent adaptive F' is generated in each group,
and the scale parameter o are set to 0.2. Ty denotes the
number of generations considered for archive populations,
whichis set to 70. The initial population size psj,; = 23-D, the
minimum population size p,,;; = K, and archive population
rate arc = 1.6. In MadDE, F and Cr have generated the same
way as LSHADE, and the initial values of ur = 0.3 and
uc, = 0.3 are different. pypx denotes the probability of
choosing different crossover operators, set to 0.01. The initial
population size psiy; = 2 - D2, the minimum population size
Pmin = 4, archive population rate arc = 1.6 and memory size
H = 10.

The specific parameters of QUATRE and variants are
controlled in Table 5. QUATRE and C-QUATRE have
the same ps = 1000 and the value of F = 0.5.
In S-QUATRE, ps = 100 and the value of F = 0.5.
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TABLE 4. Recommended parameter settings of all these contrasted DE.

Algorithms. Parameters initial settings

LSHADE pr = 0.5,0r = 0.1, uc, = 0.5,0¢, = 0.1, psini = 18 - D, pspin = 4,arc = 2.6,p = 0.11,H =6

EDEV Al = Ao = A3 = 0.1, s = 0.7,ng = 20, ps = 100

iSO ur = 0.3,0r = 0.1, uc, = 0.8, 0¢, = 0.1, psji = 25 X InD X /D, pspin = 4, arc = 1, ppax = 0.25, ppuin = 0.125,H = 5
LPalmDE HE; = 0.5,0r = 0.2, uc, = 0.5,0¢, = 0.1,K = 8, psini = 23 X D, psyin = K,p = 0.1,arc = 1.6,Tg = 70

MadDE pr =0.2,0p =0.1, pucy = 0.2,0¢, = 0.1,pggx = 0.01,p = 0.18, arc = 2.3, psini = 2 X D2, pSpin = 4,H = 10

TABLE 5. Recommended parameter settings of all these contrasted QUATRE.

Algorithms. Parameters initial settings

QUATRE ps = 1000, F = 0.7

C-QUATRE ps = 1000, F = 0.7

S-QUATRE ps =100, F = 0.7

QUATRE-EAR ps =100, pp = 05,07 =0.2,Tg = 70,p = 0.1,a = 1.6

E-QUATRE ps =100, ur = 0.5, 0 = 0.2, Tg = 70, pmax = 0.2, ppin = 0.01, arc = 1.6

new QUATRE pr = 0.5, 0p = 0.05, psiyy = 25 X InD X \/B,ps,,,;,, =4,arc =1.6,p=0.11,H =5, Ty = 140

TABLE 6. Summarize the results of the comparison between the new proposed QUATRE and the DE variants using Wilcoxon's signed rank test with the
significant level « = 0.05 under the CEC2013, CEC2014, and CEC2017 benchmark on 10D, 30D, and 50D.

QUATRE-PM compare with DE variants

Test suit: CEC2013 CEC2014 CEC2017 All
dimension: D=10 D=30 D=50 D=10 D=30 D=50 D=10 D=30 D=50

result: >/r/< >/rf< >/rI< >/r/< >/r/< >/r/< >/r/< >/r/< >/r/< >/xl<
LSHADE 3/16/9 2/10/16 2/8/18 2/15/13 1/15/14 3/6/21 3/10/17 1/14/15 6/9/15 23/103/138
EDEV 2/10/16 4/4/20 4/6/18 4/5/21 7/4/19 8/2/20 4/8/18 4/7/19 7/0/23 44/46/174
iSO 3/13/12 1/8/19 6/6/16 2/16/12 2/13/15 7/8/15 3/15/12 5/11/14 6/8/16 35/98/131
LPamDE 41717 2/9/17 3/8/17 4/17/9 3/8/19 3/8/19 4/19/7 1/9/20 0/8/22 24/103/137
MadDE 6/9/13 1/1/26 2/1/25 3/5/22 3/1/26 3/1/26 712721 2/1/27 1/0/29 28/21/215

In QUATRE-EAR, the F generation methods are similar
to LSHADE except that the scale parameter o = 0.2.
To has the same meaning as LPalmDE and is set to 70. The
percentage of elite individuals p = 0.1 and archive population
rate arc = 1.6. In E-QUATRE, F is generated the same
as LPalmDE except that the population is divided into two
groups. p is a linearly decreasing value with a maximum
value ppug = 0.2 and a minimum value p;,;; = 0.01. In the
following comparison, the maximum number of function
evaluations is set to nfe;,; = 10000 - D.

B. COMPARISON WITH DE VARIANTS

This section will compare QUATRE-PM with the LSHADE,
EDEYV, jSO, LPalmeDE, and MadDE. The comparison
results are in Table 6. In Supplementary, the paper provides
a comparison of Wilcoxon’s signed rank test with the
significant level « = 0.05 of 51 independent runs on the three
test suites 10D, 30D, and 50D of CEC2013 and CEC2014,
where Table S1, Table S2, and Table S3 are CEC2013,
Table S4, Table S5, and Table S6 are CEC2014.

The following compares with the DE variants under the
CEC2017 test suite. Table 7 shows the 10D comparison in
CEC2017, which has 30 benchmarks; the proposed algorithm
outperforms LSHADE in 12 benchmarks, performs similarly
in 15 benchmarks; outperforms DEDV in 18 benchmarks,
performs similarly in 8 benchmarks; outperforms jSO in
12 benchmarks, and performs similarly in 15 benchmarks;
outperforms LPalmDE in 7 benchmarks, and performs
similarly in 19 benchmarks; outperforms MadDE in
21 benchmarks, and performs similarly in 2 benchmarks.
Compared to other algorithms the new algorithm performs
best i fes, feg: Jes» Jeror Jernr Jer Jerss Jergs Jero and feyy.
Table 8 shows the 30D comparison in CEC2017, which has

88720

30 benchmarks; the proposed algorithm outperforms
LSHADE in 17 benchmarks, performs similarly in 10 bench-
marks; outperforms DEDV in 19 benchmarks, performs sim-
ilarly in 7 benchmarks; outperforms jSO in 14 benchmarks,
and performs similarly in 11 benchmarks; outperforms
LPalmDE in 20 benchmarks, and performs similarly in
9 benchmarks; outperforms MadDE in 27 benchmarks, and
performs similarly in 1 benchmark. Compared to other
algorithms the new algorithm performs best in fo, — f;, fe;,
JewosJerssJerasJergs ferr» feror feao @0d feos . Table 9 shows the S0D
comparison in CEC2017, which has 30 benchmarks; the pro-
posed algorithm outperforms LSHADE in 15 benchmarks,
performs similarly in 9 benchmarks; outperforms DEDV in
23 benchmarks and performs similarly in 0 benchmarks;
outperforms jSO in 16 benchmarks, and performs similarly
in 8 benchmarks; outperforms LPalmDE in 22 benchmarks,
and performs similarly in 8 benchmarks; outperforms
MadDE in 29 benchmarks, and performs similarly in
0 benchmarks. Compared to other algorithms the new
algorithm performs best in f¢,, feo, fe105 fer60 fers> Jer9s feazs fenn
and fc,g.

Fig. 4 and Fig. 5 provide the convergence curves of
the proposed algorithm and other excellent DE algorithms
by employing the median value of 51 runs under 30D of
CEC2017. From the comparison results, under f¢,0, fe;6 fo17
and fc,,, our proposed algorithms outperforms other state-of-
the-art DE variants, and it can competitive comparison under
fCl _fcsfco’fcv’fcwﬂ'll’ﬁ13’ﬂ14’ﬂ15’f018’ﬂ19 andfczz _fczs’

Jey — Jepo benchmarks.’

C. COMPARISON WITH QUATRE VARIANTS

In this section, our algorithm will be compared with the
QUATRE, C-QUATRE, S-QUATRE, QUATRE-EAR, and
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TABLE 7. Comparison results of the new proposed QUATRE algorithm with the DE variants under CEC2017 on 10D using Wilcoxon’s signed rank test with

the significant level « = 0.05.

Function Statistic LSHADE EDEV iSO LPalmDE MadDE proposed algorithm
Mean/Std 0/0(=) 9.7525E-15/6.9647E-14(~) 0/0(=) 0/0(=) 2.7586E-14/3.2828E-14(<) 0/0
Jo pvalue 1.0000 1.0000 1.0000 10000 < 0.0001 .
Mean/Std 0/0(=) 3.0233E-11/9.1274E-11(<) 0/0(=) 0/0(=) 6.1302E-15/1.4283E-14(<) 0/0
Je p-value 1.0000 0.0071 1.0000 1.0000 0.0030 -
Mean/Std 00(=) 00=) 00(=) 00(=) 00(=) o0
I p-value 1.0000 1.0000 1.0000 1.0000 1.0000 -
Mean/Std 0/0(=) 0/0(=) 0/0(=) 0/0(=) 1.7833E-14/2.6638E-14(<) 0/0
Je p-value 1.0000 1.0000 1.0000 1.0000 < 0.0001 -
Mean/Std 2.4604E+00/9.1943E-01(<) 3.9479E+00/9.9692E-01( <) 2.0109E+00/8.7690E-01(~) 2.2630E+00/1.2754E+00( <) 3.8103E+00/1.0673E+00( <) 1.7168E+00/9.1360E-01
fis p-value < 0.0001 < 0.0001 0.1040 0.0064 < 0.0001 -
Mean/Std 00(>) 3.0094E-13/4.8544E-13(<) 2.2292E-15/1.5919E-14(=) 1.1146E-14/3.4143E-14(~) 3.3883E-13/2.9949E-13(<) 6.9663E-09/4.9749E-08
o p-value 00131 < 0.0001 0.0708 0.6078 < 0.0001 -
Mean/Std 1.2047E+01/8.7351E-01(=) 1.5384E+01/1.3549E+00( <) 1.2148E+01/6.2201E-01(<) 1.2961E+01/9.9040E-01(<) 1.4523E+01/1.2058E+00( <) 1.1813E+01/8.4634E-01
p-value 0.0757 < 0.0001 0.0024 < 0.0001 < 0.0001 -
Mean/Std 2.6942E+00/8.9615E-01(<) 4.7841E+00/1.0048E+00( <) 2.1070E+00/7.6157E-01(<) 2.5167E+00/1.1832E+00(<) 4.9998E+00/1.3414E+00( <) 1.6583E+00/1.1020E+00
S p-value < 0.0001 < 0.0001 0.0044 0.0006 < 0.0001 -
Mean/Std 0/0(=) 0/0(=) 0/0(=) 0/0(=) 0/0(=) 00
foo p-value 1.0000 1.0000 1.0000 1.0000 1.0000 -
Mean/Std 1.8669E+01/3.4037E+01(<) 2.2405E+02/9.8878E+01(<) 4.8480E+01/6.4191E+01(<) 4.9683E+01/6.9334E+01(<) 1.0824E+02/6.7903E+01( <) 1.3149E+01/2.7862E+01
oo p-value 0.0212 < 0.0001 0.0003 0.0021 < 0.0001 -
Mean/Std 3.4200E-01/6.5236E-01(<) 1.3882E+00/6.3556E-01(<) 0/0(=) 0/0(=) 1.4013E+00/6.3139E-01(<) 1.9509E-02/1.3932E-01
s p-value 0.0013 < 0.0001 0.3711 0.3711 < 0.0001 -
Mean/Std 2.9595E+01/5.3454E+01(<) 9.1235E+01/9.3873E+01(<) 2.6661E+00/1.6752E+01(~) 2.3883E+01/4.7800E+01(<) 2.1816E+01/4.5668E+01(<) 2.5304E-01/1.8295E-01
Joe p-value 0.0003 < 0.0001 0.0566 0.0036 < 0.0001 -
Mean/Std 3.5954E+00/2.1990E+00( <) 4.7339E+00/2.2460E+00( <) 2.8850E+00/2.381 1E+00(<) 2.0366E+00/2.4244E+00(~) 2.9987E+00/2.2350E+00( <) 1.4732E+00/2.2265E+00
Fos p-value < 0.0001 < 0.0001 0.0011 0.5263 0.0004 -
Mean/Std 1.7738E-01/3.596 1 E-01(~) 7.2579E-01/5.1253E-01(<) 1.1705E-01/3.2376E-01(>) 5.8527E-02/2.3644E-01(>) 4.6007E-01/4.9522E-01(<) 3.3165E-01/5.5098E-01
Jas p-value 0.5300 0.0009 0.0089 0.0007 0.0031 -
Mean/Std 1.0936E-01/1.8020E-01(~) 4.5275E-01/1.9276E-01(<) 1.9965E-01/2.1048E-01(<) 1.7563E-01/2.1653E-01(~) 2.6930E-01/1.9398E-01(<) 1.0568E-01/1.6549E-01
s p-value 0.3367 < 0.0001 0.0064 0.1816 < 0.0001 -
Mean/Std 3.7910E-01/1.8093E-01(<) 4.6939E-01/3.0734E-01(<) 6.5752E-01/3.5313E-01(<) 1.5791E-01/1.5791E-01(>) 5.1773E-01/1.9527E-01(<) 2.4644E-01/2.3503E-01
fers p-value 0.0016 < 0.0001 < 0.0001 0.0207 < 0.0001 -
Mean/Std 1.3277E-01/1.9747E-01(=) 8.7667E-01/3.8703E-01(<) 5.1241E-01/4.1173E-01(<) 1.1871E-01/1.8748E-01(~) 2.6778E-01/2.5506E-01(<) 1.6710E-01/3.2308E-01
Jor p-value 0.2432 < 0.0001 < 0.0001 0.7088 0.0013 -
Mean/Std 1.4621E-01/1.8444E-01(=) 7.8188E-01/5.6433E-01(<) 2.7276E-01/2.0380E-01(<) 2.3676E-01/2.0789E-01(<) 2.9441E-01/2.1475E-01(<) 1.4213E-01/1.8874E-01
Fos p-value 0.9142 < 0.0001 0.0011 0.0177 0.0012 -
Mean/Std 11039E-02/1 0101E-02(<) 1.2512E-01/6.2550E-02(<) 1.3049E-02/1 4950E-02(<) 1.0869E-02/1 0599E-02(=) 3.2924E-02/1 5419E-02(<) 8.5774E-03/9.6472E-03
Jao p-value 0.0166 < 0.0001 0.0199 0.3471 < 0.0001 -
Mean/Std 0/0(=) 1.3241E-12/7.8106E-12(<) 4.5525E-01/2.6110E-01(<) 0/0(=) 2.2292E-14/6.8286E-14(<) 00
oo p-value 1.0000 0.0040 < 0.0001 1.0000 0.0184 -
Mean/Std 1.5106E+02/5.1860E+01(~2) 1.2279E+02/4.3895E+01(~) 1.3843E+02/5.0376E+01(~) 1.4473E+02/5.1874E+01(~) 9.8151E+01/1.4024E+01(>) 1.4857E+02/5.2041E+01
oo p-value 0.6704 0.2944 0.3388 0.8710 < 0.0001 -
Mean/Std 9.8987E+01/7.2350E+00(>) 9.6107E+01/1.9610E+01(>) 1.0000E+02/8.9223E-14(>) 1.0001E+02/4.8645E-02(>) 8.8925E+01/2.2536E+01(>) 9.8423E+01/1.2408E+01
= p-value 0.0003 0.0027 0.0005 0.0014 < 0.0001 -
Mean/Std 3.0303E+02/1.5027E+00( <) 3.0298E+02/2.191 1E+00( <) 3.0117E+02/1.6653E+00(~) 3.0088E+02/1.5085E+00(=) 2.8142E+02/8.2927E+01(<) 3.0072E+02/1.3269E+00
s p-value < 0.0001 < 0.0001 0.3528 0.5745 < 0.0001 -
Mean/Std 3.0851E+02/6.6492E+01 (<) 1.9384E+02/1.1024E+02(>) 2.7488E+02/9.799 1 E+01 (=) 2.8526E+02/8. 1444E+01 (>) 9.8039E+01/1.4003E+01(>) 3.1773E+02/4 4844E401
= p-value 0.0030 < 0.0001 0.5019 0.0004 < 0.0001 -
Mean/Std 4.1133E+02/2.0871E+01(~) 4.1483E+02/. 09E+01(~) 4.0509E+02/1.6796E+01(~) 4.1130E+02/2.0890E+01(~) 3.9775E+02/4.1010E-02(>) 4.0949E+02/1.9996E+01
foxs p-value 0.2321 0.5824 0.4542 0.3530 < 0.0001 -
Mean/Std 3.0000E+02/0.0000E+00(~2) 3.0000E+02/0.0000E+00(~) 3.0000E+02/0.0000E+00(~) 3.0000E+02/0.0000E+00(=2) 1.5490E+02/1.4875E+02(>) 3.0000E+02/0.0000E+00
fezs p-value 1.0000 1.0000 1.0000 1.0000 < 0.0001 -
Mean/Std 3.8943E+02/1.8872E-01(>) 3.7106E+02/2.2259E-01(>) 3.8942E+02/2.0549E-01(>) 3.9342E+02/1.3036E+00( <) 3.8857E+02/6.9755E-01(>) 3.9111E+02/2.3910E+00
Joar p-value < 0.0001 < 0.0001 0.0001 < 0.0001 < 0.0001 -
Mean/Std 3.2892E+02/8.8695E+01(~) 3.3243E+02/6.7010E+01(~) 3.3069E+02/8.778 1E+01(~) 3.1113E+02/5.5625E+01(=~) 2.8235E+02/7.1291E+01(>) 3.1669E+02/6.7428E+01
s p-value 0.5697 0.5179 0.6292 0.7656 0.0170 -
Mean/Std E+02/2.7859E+00( <) 2.5196E+02/7.0551E+00(<) 2.3548E+02/3.1870E+00( <) 2.3239E+02/3.1955E+00(~) 2.4906E+02/6.1553E+00( <) 2.3111E+02/2.9069E+00
= p-value < 0.0001 < 0.0001 < 0.0001 0.0749 < 0.0001 -
Mean/Std 1.6425E+04/1.1443E+05(<) 2.1562E+02/2.3234E+01(>) 3.9451E+02/2.3304E-02(<) 3.9784E+02/1.1596E+01(~) 9.3180E+02/1.3246E+03(<) 3.9639E+02/9.4409E+00
Feao p-value 0.0190 < 0.0001 0.0019 0.1612 < 0.0001 -
Sixi< 3/15/12 4/8/18 3/15/12 4/19/7 72121 /-1~

E-QUATRE. The comparison results are given in Table 10.
In Supplementary, the paper provides a comparison of
Wilcoxon’s signed rank test with the significant level
o = 0.05 of 51 independent runs under the three test suites
including CEC2013, CEC2014, CEC2017 on 10D, 30D, and
50D respectively. Table S7, Table S8, and Table S9 are under
CEC2013, Table S10, Table S11, and Table S12 are under
CEC2014, and Table S13, Table S14 and Table S15 are under
CEC2017.
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The following is a specific comparison with the QUATRE
and QUATRE variants in the CEC2017 test suite. For
the 10D optimization in CEC2017, which has 30 bench-
marks, the proposed algorithm outperforms QUATRE in
26 benchmarks, performs similarly in 3 benchmarks; out-
performs C-QUATRE in 26 benchmarks, performs similarly
in 4 benchmarks; outperforms S-QUATRE in 24 bench-
marks, and performs similarly in 6 benchmarks; outperforms
QUATRE-EAR in 14 benchmarks, and performs similarly in
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TABLE 8. Comparison results of the new proposed QUATRE algorithm with the DE variants under CEC2017 on 30D using Wilcoxon’s signed rank test with

the significant level « = 0.05.

Function Statistic LSHADE EDEV SO LPalmDE MadDE proposed algorithm
R Mean/Std 5.5729E-16/2.7859E-15(~) 2.7864E-16/1.9899E-15 3.3437E-15/6.0880E-15(<) 8.3593E-16/3.3770E-15(~) 2.0085E+03/4.4686E+02(<) 0/0
Jo p-value 0.3458 1.0000 0.0003 0.1489 < 0.0001 -
Mean/Std 6.1302E-15/1.1806E-14(<) 3.8957E+03/2.7821E+04( <) 1.6719E-15/6.7540E-15(=) 7.8020E-15/1.4014E-14(<) 5.2305E+14/6.9127E+14(<) 5.5729E-16/4.0194E-15
fer p-value 0.0010 < 0.0001 0.4237 0.0009 < 0.0001 -
Mean/Std 4.4583E-15/1.5434E-14(~) 1.6340E-02/5.3210E-02(<) 4.4583E-14/2.3612E-14(<) 1.3375E-14/2.4352E-14(<) 3.0987E+04/1.0225E+04( <) 0/0
S p-value 0.0719 < 0.0001 < 0.0001 0.0003 < 0.0001 -
Mean/Std 5.8562E+01/2.6567E-14(~) 1.7980E+00/2.0035E+00(>) 5.8562E+01/2.6567E-14(~) 5.0512E+01/2.1683E+01(~) 8.9962E+01/1.4548E+01(<) 5.5461E+01/1.3990E+01
s p-value 0.3964 < 0.0001 0.3964 0.4578 < 0.0001 -
Mean/Std 6.4251E+00/1.4713E+00(>) 3.2835E+01/5.7464E+00( <) 8.1949E+00/1.9837E+00(~) 1.1374E+01/3.1792E+00( <) 7.8362E+01/9.3459E+00( <) 8.0182E+00/2.4807E+00
e p-value 0.0004 < 0.0001 0.4533 < 0.0001 < 0.0001 -
N Mean/Std 8.0917E-09/3.2689E-08(>) 1.1369E-13/0.0000E+00(>) 4.0892E-09/2.0117E-08(>) 2.6975E-09/1.9164E-08(>) 1.0636E-01/3.3839E-02(<) 1.5493E-07/4.3189E-07
Feo p-value 0.0005 < 0.0001 0.0002 0.0002 < 0.0001 -
Mean/Std 3.7632E+01/1.6532E+00(~) 6.2959E+01/5.7342E+00( <) 3.8310E+01/1.4798E+00( <) 4.1712E+01/3.1380E+00( <) 1.0747E+02, 13E401(<) 3.7482E+01/2.1931E+00
for p-value 0.6766 < 0.0001 0.0110 < 0.0001 < 0.0001 -
Mean/Std 7.1352E+00/1.7752E+00(~) 3.4231E+01/6.1539E+00( <) 8.7458E+00/1.7379E+00( <) 1.1989E+01/3.7513E+00( <) 7.2267E+01/8.3518E+00(<) 7.4329E+00/2.5666E+00
e p-value 0.5392 < 0.0001 0.0003 < 0.0001 < 0.0001 -
Mean/Std 0/0(=) 7.0218E-03/2.4309E-02(~) 0/0(=) 0/0(=) 2.1889E+01/1.4430E+01(<) 00
fo p-value 1.0000 0.0719 1.0000 1.0000 < 0.0001 -
Mean/Std 1.4243E+03/2.3434E+02( <) 2.8804E+03/6.5971E+02(<) 1.6182E+03/2.2835E+02(<) 1.7223E+03/2.5973E+02(<) 2.8533E+03/3.3394E+02(<) 1.2208E+03/2.8618E+02
Jowo p-value 0.0004 < 0.0001 < 0.0001 < 0.0001 < 0.0001 -
Mean/Std 2.0243E+01/2.5338E+01(<) 2.3604E+01/2.2513E+01(<) 5.9525E+00/1.4002E+01(~) 1.1354E+01/1.9389E+01(~) 7.4655E+01/1.5860E+01(<) 6.7473E+00/1.3995E+01
Jou p-value < 0.0001 < 0.0001 0.1268 0.0907 < 0.0001 -
Mean/std 1.0671E:403/3.6860E+02(<) 2.0670E+03/2.243 1E+03(<) 17497E+02/10603E+02(>) 1.0803E+03/3 9680E+02(<) 3. 4809E+05/1 3720E405(<) 4158240272, 67526402
Jouz p-value < 0.0001 < 0.0001 < 0.0001 < 0.0001 < 0.0001 -
Mean/Std 1.4986E+01/6.9365E+00(~) 7.1825E+01/6.8903E+01(<) 1.5174E+01/5.8773E+00(~) 1.5340E+01/6.3798E+00(~) 1.3548E+04/4.2719E+03(<) 1.3200E+01/7.3174E+00
fas pvalue 0.1424 <0.0001 0.0907 0.0962 <0.0001 .
Mean/Std 2.1732E+01/1.2093E+00( <) 2.9746E+01/8.7092E+00( <) 2.1991E+01/1.2496E+00( <) 2.0345E+01/6.9135E+00(<) 8.4096E+01/1.6627E+01(<) 1.5207E+01/8.9286E+00
oas p-value < 0.0001 < 0.0001 < 0.0001 < 0.0001 < 0.0001 -
Mean/Std 3.0185E+00/1.8875E+00(=2) 1.4858E+01/1.2034E+01(<) 1.4980E+00/1.0804E+00(>) 4.1637E+00/1.5854E+00( <) 3.0525E+02/2.2383E+02(<) 2.5609E+00/1.7714E+00
Jois p-value 0.1756 < 0.0001 0.0013 < 0.0001 < 0.0001 -
Mean/Std 5.5161E+01/5.8107E+01(<) 4.1379E+02/1.3570E+02( <) 6.5177TE+01/7.7876E+01(<) 1.5570E+02/1.3047E+02(<) 4.6894E+02/1.3235E+02(<) 1.3793E+01/2.0795E+01
Jors p-value < 0.0001 < 0.0001 < 0.0001 < 0.0001 < 0.0001 -
Mean/Std 3.2577E+01/5.5521E+00( <) 5.7126E+01/1.1899E+01( <) 3.4035E+01/7.8457E+00( <) 3.1256E+01/1.0701E+01(<) 7.4468E+01/1.4736E+01(<) 1.4415E+01/6.4812E+00
Jour p-value < 0.0001 < 0.0001 < 0.0001 < 0.0001 < 0.0001 -
Mean/Std 2.1879E+01/1.0440E+00( <) 6.2441E+01/8.5356E+01(<) 2.0358E+01/2.8610E+00(~) 2.1619E+01/2.7713E+00( <) 6.3992E+04/2.8374E+04( <) 2.0733E+01/2.9950E+00
Join p-value 00002 < 0.0001 06816 0.0002 < 0.0001 5
Mean/Std 5.1093E+00/1.2062E+00( <) 1.4049E+01/3.3475E+00( <) 4.4866E+00/1.6637E+00(~) 4.9045E+00/1.6382E+00( <) 2.3875E+02/3.3859E+02(<) 4.0348E+00/1.3927E+00
fero p-value 0.0002 < 0.0001 0.1697 0.0043 < 0.0001 -
Mean/Std 3.1034E+01/5.8775E+00( <) 9.3590E+01/6.0212E+01(<) 2.8692E+01/7.2874E+00(<) 3.4746E+01/3.0883E+01(<) 9.9810E+01/4.8429E+01(<) 2.0380E+01/2.9433E+01
= p-value < 0.0001 < 0.0001 < 0.0001 < 0.0001 < 0.0001 -
Mean/Std 2.0745E+02/1.3250E+00( <) 2.3340E+02/6.5960E+00( <) 2.0919E+02/2.0707E+00( <) 2.1065E+02/2.3352E+00(<) 1.9301E+02/6.7925E+01(>) 2.0657E+02/2.8168E+00
Jea p-value 0.0136 < 0.0001 < 0.0001 < 0.0001 0.0036 -
Mean/Std 1.0000E+02/1. E-14(~) 1.0000E+02/1.0808E-13 1.0000E+02/1.: 2E-14(=) 1.0000E+02/1.4352E-14(~) 1.O000E+02/1.7163E-04(~) 1.0000E+02/6.4311E-14
Joze p-value 1.0000 1.0000 1.0000 1.0000 1.0000 -
Mean/Std 3.496 1 E+02/2.5383E+00(~) 3.7722E+02/1.0769E+01( <) 3.5044E+02/2.688 1 E+00(<) 3.4910E+02/5.2452E+00(~) 4.1390E+02/1.0748E+01 (<) 3.4821E+02/4.7784E+00
p-value 0.0662 < 0.0001 0.0030 0.3989 < 0.0001 -
Mean/Std 4.2572E+02/1.3491E+00( <) 4.3837E+02/8.7285E+00(<) 4.2687E+02/2.0969E+00( <) 4.2329E+02/3.6098E+00(~) 4.8644E+02/9.3642E+00( <) 4.2346E+02/2.6842E+00
Jozs p-value < 0.0001 < 0.0001 < 0.0001 0.9664 < 0.0001 -
Mean/Std 3.8674E+02/2.1391E-02(<) 3.7828E+02/6.5877TE-01(>) 3.8670E+02/7.7419E-03(>) 3.8678E+02/3.0799E-02(<) 3.8674E+02/8.4198E-01(<) 3.8672E+02/1.9649E-02
p-value < 0.0001 < 0.0001 < 0.0001 < 0.0001 < 0.0001 -
Mean/Std 9.2449E+02/3.6025E+01(<) 9.4298E+02/4.5208E+02(~) 9.3338E+02/4.3359E+01(<) 9.2393E+02/5.6049E+01(<) 2.6863E+02/4.6863E+01(>) 8.5719E+02/4.246TE+01
Foro p-value < 0.0001 0.8993 < 0.0001 < 0.0001 < 0.0001 -
Mean/Std 5.0404E+02/4.9066E+00( <) 5.0001E+02/1.7345E-04(~) 4.9846E+02/5.8107E+00(~) 5.0814E+02/4.1166E+00(<) 5.1379E+02/3.6275E+00( <) 4.9923E+02/7.3979E+00
Joar p-value 0.0004 0.5580 0.5835 < 0.0001 < 0.0001 -
Mean/Std 3.4334E+02/5.7768E+01 (<) 3.4253E+02/5.1338E+01(~) 3.1522E+02/3.8592E+01(~) 3.3071E+02/5.1236E+01(~) 3.9812E+02/3.5030E+00( <) 3.2353E+02/4.5395E+01
Joas pvalue 0.0205 02163 03826 05648 <0.0001 .
Mean/Std 4.3239E+02/7.1840E+00( <) 4.1548E+02/5.0326E+01(~) 4.3350E+02/1.5383E+01(<) 4.2997E+02/1.4194E+01(<) 5.3306E+02/2.3253E+01(<) 4.1858E+02/8.326 1 E+00
= p-value < 0.0001 0.3707 < 0.0001 < 0.0001 < 0.0001 -
Mean/Std 1.9741E+03/4.3820E+01(>) 4.2405E+02/6.3793E+02(>) 1.9703E+03/1.2544E+01(>) 2.0594E+03/6.6290E+01(<) 1.2277E+04/3.716TE+03(<) 2.0038E+03/3.8431E+01
Jeao p-value < 0.0001 < 0.0001 < 0.0001 < 0.0001 < 0.0001 -
Simi< 3/1017 4/7119 5/11/14 119120 21127 Il

14 benchmarks; outperforms E-QUATRE in 12 benchmarks,
and performs similarly in 14 benchmarks. Compared to
other algorithms the new algorithm performs best in f.,
Jers Jess Jers Jerns Jerss Jeigs Jergr Jers S and foy. For the
30D comparison in CEC2017, which has 30 benchmarks, the
proposed algorithm outperforms QUATRE in 29 benchmarks,
performs similarly in 1 benchmark; outperforms C-QUATRE
in 30 benchmarks, performs similarly in 0 benchmarks;
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outperforms S-QUATRE in 28 benchmarks, and performs
similarly in 1 benchmarks; outperforms QUATRE-EAR in
22 benchmarks, and performs similarly in 7 benchmarks;
outperforms E-QUATRE in 24 benchmarks, and performs
similarly in 5 benchmarks. Compared to other algorithms the
new algorithm performs best in f¢; —fes, fess fers fegs fero —Jferss
Jers —Jerrs Jers —Jers and forg — foqy - For the 50D comparison in
CEC2017, which has 30 benchmarks, the proposed algorithm
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TABLE 9. Comparison results of the new proposed QUATRE algorithm with the DE variants under CEC2017 on 50D using Wilcoxon’s signed rank test with

the significant level « = 0.05.

Function Statistic LSHADE EDEV jso LPalmDE MadDE proposed algorithm

Mean/Std 1.8112E-14/7.5617E-15(~) LOO3IE-14/2.9849-14(>) 2.6750E-14/8.8277E-15(<) 22570E-14/7.6139E-15() 1.2010E404/5 49 14E+03(<) 6.9187E-13/3.6840E-12

o p-value 0.8380 0.0001 00139 0.1962 < 0.0001 -
Mean/Std 3.6224E-14/2.6098E-14(~) 1.6218E+02/1.1582E+03(<) 7.8578E-14/1.7424E-13(~) 4.6812E-14/4.7157E-14(~) 1.0000E+30/1.4214E+14(<) 4.3078E-13/2.5958E-12

fe p-value 07942 < 0.0001 02180 04812 < 0.0001 -
N Mean/Std 1.6050E-13/4.7838E-14(<) 9.2392E-01/2.1488E+00(<) 2.7196E-13/7.0370E-14(<) 1.4935E-13/4.8181E-14(<) 1.2439E+05/1.08 12E+04(<) 9.4465E-07/6.7459E-06

Foa p-value 0.0012 < 0.0001 < 0.0001 0.0101 < 0.0001 -
Mean/Std 9.2928E+01/4.9860E+01(~) 2.1414E+01/3.6780E+01(>) 4.3007E+01/3.7709E+01(>) 7.2106E+01/4.8632E+01(~) 1.1569E+02/2.3266E+01 (<) 7.9236E+01/4.4661 E+01

& p-value 0.1460 < 0.0001 0.0001 0.3564 < 0.0001 -
Mean/std 11664E+01/2.3028E+00(>) 6.5451E+01/1 0843E401 (<) 1.6649E+01/2.7240E+00(<) 22610E+01/4.1939E+00(<) 3.114SE+02/1.6820E+01 (<) 13878E+01/4.1592E+00

fo pvalue 0.0012 < 0.0001 0.0001 < 0.0001 < 0.0001 -
Mean/Std 2.1708E-0419.2252E-04(>) 11369E-13/0.0000E+00(>) 6.2760E-07/7 S642E-07(=) 4.8645E-04/1.6313E-03() 2.0821E+00/3.6064E-01 (<) 7.8105E-05/3.5526E-04

fo p-value 00236 < 0.0001 0.0587 0.1126 < 0.0001 .
Mean/Std 6.2976E+01/1.9344E+00(~) 1.1521E+02/1.4143E+01(<) 6.6275E+01/2.7924E+00(<) 7.0366E+01/4.7221E+00( <) 3.5313E+02/2.3333E+01 (<) 6.2864E+01/4.4870E+00

f pvalue 02960 < 0.0001 0.0002 < 0.0001 < 0.0001 -
Mean/Std 1.1872E+01/1.7966E+00(>) 6.1719E+01/1.1080E+01(<) 1.6408E+01/3.0320E+00(<) 2.4447E+01/4.6136E+00( <) 3.0698E+02/1.7224E+01 (<) 1.3726E+01/4.1393E+00

Jes p-value 0.0048 < 0.0001 0.0010 < 0.0001 < 0.0001 -
Mean/std 57958E-14/5.7398E-14(<) 1.5601E+00/1.6821E+00(<) 8.0250E-14/5.2316E-14(<) 7.1333E-14/5.55 13E-14(<) 27474E+03/7.9795E+02(<) 8.9166E-15/3.2155E-14

for p-value < 0.0001 < 0.0001 < 0.0001 < 0.0001 < 0.0001 -
Mean/std 32167E+03/2.6700E+02(<) 5.48S1E+03/1 6699E403(<) 3.1675E-+03/3 8920E402(<) 33116E+03/4.4944E402(<) 8. 1868E+03/4.9820E+02(<) 2.5326E+03/4.0232E402

fao p-value < 0.0001 < 0.0001 < 0.0001 < 0.0001 < 0.0001 -
Mean/Std 4.6295E401/6.5772E:400(<) 6651 1E+01/27473E+01 (<) 28621 E+01/3.5603E+00(~) 6.7866E+01/1.2660E+01 (<) 34087E+02/2.6447E401 (<) 3.0037E+01/4.3051E+00

fon p-value < 0.0001 < 0.0001 0.1289 < 0.0001 < 0.0001 -
N Mean/Std 2.1230E+03/4.3131E+02(>) 8.9506E+03/2.9886E+04(<) 1.7929E+03/4.4058E+02(>) 2.2459E+03/6.3405E+02(=) 3.2127E+06/4.7400E+05(<) 2.3902E+03/8.3050E+02

Jorz p-value 0.0194 < 0.0001 < 0.0001 0.4997 < 0.0001 -
Mean/Std 5.5352E+01/3.2840E+01(~) 5.1501E+02/8.8794E+02(<) 3.4099E+01/2.1570E+01(>) 7.6148E+01/4.1356E+01 (<) 2.4848E+04/7.9340E+03 (<) 5.7140E+01/3.8853E+01

o p-value 0.9813 < 0.0001 0.0013 0.0212 < 0.0001 -
Mean/Std 2.9893E+01/2.7436E400(<) 1.9622E+02/5.8799E+02(<) 24627E+01/1.646TE400(=) 3.2574E+01/4.6792E+00(<) 1.0214E+05/4.055 1E+04(<) 2.5025E+01/2.0785E+00

fas p-value < 0.0001 < 0.0001 0.4505 < 0.0001 < 0.0001 -
Mean/Std 3.9407E+01/1 0237401 (<) 1.7324E+02/1.6832E+02(<) 23345E+01/2.9664E-+00(~) 4.6521E+01/1.5713E401 (<) 1.6001E+04/2.348 1E+03(<) 23693E+01/3.7476E+00

foe p-value < 0.0001 < 0.0001 0.8623 < 0.0001 < 0.0001 .
N Mean/Std 3.7923E+02/1.1373E+02(<) 6.8253E+02/1.7365E+02(<) 4.5596E+02/1.3669E+02(<) 4.0017E+02/1.2056E+02( <) 1.0810E+03/1.7065E+02( <) 1.6785E+02/8.5223E+01

fue p-value < 0.0001 < 0.0001 < 0.0001 < 0.0001 < 0.0001 -
Mean/Std 2.4604E+02/6.2787E+01(>) 5.1503E+02/1.4184E+02(<) 2.8190E+02/9.98 12E+01(~) 3.0477E+02/1.0182E+02(=2) 7.7755E+02/1.3328E+02(<) 3.0139E+02/1.364 1 E+02

Jore p-value 0.0133 < 0.0001 0.3657 0.8293 < 0.0001 -
Mean/Std 37264E+01/8 8759E+00(<) 1.4972E+03/3.9546E+03 (<) 24637E+01/1 5882E+00(=) 4.6730E+01/1.7570E+01 (<) 8.0578E+05/2.4935E+05(<) 2.4598E+01/2.8788E400

Jors p-value < 0.0001 < 0.0001 0.5706 < 0.0001 < 0.0001 -
Mean/std 2420SE+01/5.3957E:400(<) 6.8418E+01/4.7653E401 (<) 1.3709E+01/2.6850E+00(<) 32151E+01/1.2657E401 (<) 1L6661E+04/1.5324E403(<) LI44BE+01/2.6324E+00

fas p-value < 0.0001 < 0.0001 < 0.0001 < 0.0001 < 0.0001 -
Mean/Std 1.6075E+02/6.779TE+01 (=) 2.6008E-+02/1 0866E+02(<) 1.5062E-+02/8.0352E401(>) 1 6478E+02/1.1185E+02(~) 5.6369E+02/1.1690E+02(<) 2.0321E+02/1 2964E+02

fen p-value 0.0589 00118 00217 02284 < 0.0001 -
N Mean/Std 2.1253E+02/2.6106E+00(>) 2.6168E+02/1.2958E+01(<) 2.1743E+02/3.2060E+00( <) 2.2455E+02/3.9987E+00( <) 4.7043E+02/1.467T4E+01 (<) 2.1590E+02/5.2644E+00

oo p-value 0.0005 < 0.0001 0.0066 < 0.0001 < 0.0001 -
Mean/Std 2.6471E+03/1.5713E+03(<) 1.1702E+03/2.6219E+03(<) 1.8033E+03/1.8354E+03(<) 4.6026E+02/1.1205E+03(~) 1.4360E+02/2.8226E+01(<) 3.7666E+02/9.5905E+02

Jexz p-value < 0.0001 0.0127 < 0.0001 0.3627 < 0.0001 -
Mean/Std 43038E+02/4.6320E400(~) 4.8966E+02/2.1907E+01 (<) 4.3227E+02/5.6971E+00(<) 4.3656E+02/5.6615E+00(<) 7.0828E+02/2.0503E+01 (<) 42810E+02/1.0754E+01

fon p-value 0.3367 < 0.0001 0.0130 < 0.0001 < 0.0001 -
Mean/Std 5.0595E-+02/2.6792E:400(<) 5.4965E+02/1 4720401 (<) 5.0912E+02/4.1401E+00(<) 5.0606E+02/6.4201E+00(<) 7.6715E+02/1.7173E4+01 (<) 5.0089E+02/6.4159E-+00

feae p-value < 0.0001 < 0.0001 < 0.0001 00001 < 0.0001 -
Mean/Std 4.8199E+02/4.3794E+00(~) 4.434TE+02/1.6449E+01(>) 4.7997E+02/3.3259E+00(>) 5.0483E+02/3.3899E+01(<) 6.0814E+02/1.1132E+00(<) 4.8289E+02/8.1235E+00

p-value 0.7462 < 0.0001 < 0.0001 0.0001 < 0.0001 -
Mean/Std 1.1527E+03/4.8444E+01(<) 1.6373E+03/3.0286E+02(<) 1.1578E+03/5.5864E+01(<) 1.1628E+03/8.7305E+01(<) 3.0636E+02/1.3379E+00(>) 1.0114E+03/8.2822E+01

Jexs p-value < 0.0001 < 0.0001 < 0.0001 < 0.0001 < 0.0001 -
Mean/std 53270E+02/11833E401 (<) 5.0001E402/2.1917E-04(>) 5.1448E-+02/1 4238401 (>) 5.3956E+02/8.6241E+00(<) 7.1222E+02/2473 1 E+01 (<) 52402E+02/9.5900E+00

Jexn p-value < 0.0001 < 0.0001 < 0.0001 < 0.0001 < 0.0001 -
Mean/Std 4.6731E+02/1 8486E401(~) 4.5502E402/1.4554E401(>) 4598 1E+02/6.8398E+00(~) 5.0291E+02/1. 4670401 (<) 55553E+02/8.9258E+00(<) 4.6460E+02/1 589401

foas pvalue 0.5640 < 00001 00726 < 0.0001 < 0.0001 -
Mean/Std 3.5285E+02/1.3190E+01(<) 3.9828E+02/1.0202E+02(<) 3.6264E+02/1.4407E+01(<) 3.5452E+02/2.0916E+01(<) 1.1263E+03/1.1904E+02( <) 3.4740E+02/2.6264E+01

foao povalue 00171 0.0013 0.0001 00114 < 0.0001 -
Mean/Std 6.6468E+05/6.8089E+04(<) 6.5014E+02/8.7964E+02(>) 6.2262E+05/4.7686E+04(<) 6.2786E+05/3.6103E+04(<) 3.9943E+06/5.4649E+05(<) 6.0120E+05/3.1632E+04

Jean p-value < 0.0001 < 0.0001 0.0066 < 0.0001 < 0.0001 -

>/l< 6/9/15 7/0/23 6/8/16 0/8/22 1/0/29 ~I-1-

outperforms QUATRE in 30 benchmarks, and performs
similarly in O benchmarks; outperforms C-QUATRE in
30 benchmarks, and performs similarly in O benchmarks;
outperforms S-QUATRE in 29 benchmarks, and performs
similarly in 1 benchmarks; outperforms QUATRE-EAR in
28 benchmarks, and performs similarly in 0 benchmarks;
outperforms E-QUATRE in 27 benchmarks, and performs

VOLUME 11, 2023

similarly in 1 benchmark. Compared to other algorithms the
new algorithm performs best in f.,, fos and fe; — fes-

Fig.6 and Fig.7 provide the convergence curves of the
new algorithm and other excellent QUATRE algorithms
by employing the median value of 51 runs under 30D of
CEC2017. From the comparison results, under fc,, fe;, fes,

fC7’fCS’fCIO _f612’f615 _f617sf019 _fCZI’fCZ3’fC24’fCZ6 and
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FIGURE 4. Convergence speed comparison by employing the median value of 51 runs obtained by each algorithm on CEC2017 30-D optimization. There
are total 30 comparison figures and the first 15 figures are presented here.
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FIGURE 5. Convergence speed comparison by employing the median value of 51 runs obtained by each algorithm on CEC2017 30-D optimization. There
are total 30 comparison figures and the last 15 figures are presented here.

fesobenchmarks, the proposed algorithm outperforms other
QUATRE variants, and it has competitive performance under

-fcl ’ -fCG ’ ﬁ‘g ’ \fCIS ’ -fc22 ’ f.CZS ’ ﬁ'27 ’ -fc28 and f‘CSO benChmarks'

88724

D. ANALYSIS OF EVOLUTION MATRIX M
In the QUATRE algorithm, there are two schemes to initialize
the evolution matrix M. The first scheme is to set the

VOLUME 11, 2023
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FIGURE 6. Convergence speed comparison by employing the median value of 51 runs obtained by each algorithm on CEC2017 30-D optimization. There
are total 30 comparison figures and the first 15 figures are presented here.
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FIGURE 7. Convergence speed comparison by employing the median value of 51 runs obtained by each algorithm on CEC2017 30-D optimization. There
are total 30 comparison figures and the last 15 figures are presented here.

probability of each different form of the trial vector from the vector from the donor vector is equal. In order to compare the
donor vector to be equal, and the second scheme is to set the influence of the two initialization schemes on the algorithm,
probability that the number of parameters obtained by the trial the new algorithm uses the two initialization schemes to
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TABLE 10. Summarize the results of the comparison between the new proposed QUATRE and the QUATRE variants using Wilcoxon'’s signed rank test with
the significant level « = 0.05 under the CEC2013, CEC2014, and CEC2017 benchmark on 10D, 30D, and 50D.

QUATRE-PM compare with QUATRE and QUATRE variants

Test suit: CEC2013 CEC2014 CEC2017 All
dimension: D=10 D=30 D=50 D=10 D=30 D=50 D=10 D=30 D=50

result: >/il< >/il< >lrl< >/l< >/il< >/rl< >/xl< >irf< >lrl< >/xl<
QUATRE 2/1/25 1/1/26 1/0/27 0/2/28 0/1/29 1/0/29 1/3/26 0/1/29 0/0/30 6/9/249
C-QUATRE 2/0/26 1/0/27 1/1/26 0/2/28 0/1/29 1/0/29 0/4/26 0/0/30 0/0/30 5/8/251
S-QUATRE 2/3/23 172725 1/2/25 0/4/26 0/3/27 0/2/28 0/6/24 1/1/28 0/1/29 5/24/235
QUATRE-EAR 4/8/16 3/5/20 3/4/21 0/10/20 3/3/24 2/5/23 2/14/14 177722 2/0/28 20/56/188
E-QUATRE 3/11/14 4/8/16 3/5/120 2/9/19 2/3/25 4/3/23 4/14/12 1/5/24 2/1/27 25/59/180

TABLE 11. The results of the comparison of the 51-run adaptation errors of the first initialization scheme M and the second initialization scheme M in
the newly proposed QUATRE algorithm at the significance level « = 0.05 under the Wilcoxon signed rank test, with the same number of function

evaluations as the total nfemax = 10000 - D.

Function Statistic first scheme second scheme first scheme second scheme first scheme second scheme
Mean/Std 0/0(=) 0/0 2.2681E+00/1.6134E+01(<) 2.1313E-12/9.6516E-12 7.0776E-14/4 6122E-13(<) 0/0
S p-value 1.0000 - < 0.0001 - 0.0013 -
i Mean/Std | 2.2564E+02/1.1644E+03(<) 8.9166E-15/4.5475E-14 T.6719E-15/6.9619E-15(~) 0/0 6.9994E-07/4.9783E-06(<) 5.5729E-16/4.0194E-15
f2 p-value < 0.0001 - 0.1489 B < 0.0001 -
Mean/Std | 3.3450E+04/2.1171E+05(<) 3.9531E-03/1.9711E-02 7.8578E-12/2.7845E-11(<) 0/0 2.0565E-10/1.4256E-09(<) 0/0
f3 p-value < 0.0001 - < 0.0001 - 0.0002 -
Mean/Std | 6.6875E-14/14735E-13(<) 0/0 9.2024E-02/2.1166E-01(<) 1.5782E-12/1.0687E-11 48721E+01/2.1845E+01(~) __ 5.5461E+01/1.3990E+01
1 p-value 0.0003 - < 0.0001 - 0.1575 -
3 Mean/Std 0/0(>) 8.0250E-14/9.6466E-14 2.0102E+01/5.4120E-02(>) 2.0134E+01/6.1427E-02 T2023E+01/3.6365E+00(<) _ 8.0182E+00/2.4807E+00
5 p-value < 0.0001 - 062 . < 0.0001 -
Mean/Std | 3.3547E+00/3.7743E+00(<) 4.77661E-05/2.4372E-04 1.2285E-05/8.7734E-05(~) T.0175E-02/7.2665E-02 1.2483E-13/3.5951E-14(>) 1.5493E-07/4 3189E-07
Jo p-value < 0.0001 - 0.8539 - < 0.0001 -
Mean/Std | 2.0018E-01/2.5597E-01(<) 1.5675E-02/2.5341E-02 0/0(~) 0/0 4.1864E+01/3.7038E+00(<) _ 3.7482E+01/2.1931E+00
Jr p-value < 0.0001 - 1.0000 - < 0.0001 -
Mean/Std | 2.1128E+01/8.2737E-02(~) 2.1126E+01/7.8298E-02 4.0125E-14/6.8212E-14(~) 4.2354E-1477.0081E-14 T.0457E+01/3.0268E+00(<) _ 7-4329E+00/2.5666E+00
fs p-value 9813 - 0.8427 - < 0.0001 -
) Mean/Std | 1.3921E+01/3.8254E+00(<) _ 8.4543E+00/5.1947E+00 | 1.1003E+01/4.5872E+00(<)  7.6085E+00/3.1641E-+00 000(=) 0/0
o p-value < 0.0001 - X - 1.0000 -
) Mean/Std 1.3964E-02/8.9198E-03(<) 0/0 T.1022E-02/1.7345E-02(~) 1.0206E-02/1.3410E-02 T.2317E+03/2.8999E+02(~)  1.2208E+03/2.8618E+02
Jio p-value < 0.0001 - .8929 - . -
) Mean/Std | 2.0062E-14/3.4106E-14(~) 1.3656E-01/9.7525E-01 1.0172E+03/2.7369E+02(~) LOT14E+03/3.4760E+02 | 5.0957E+00/8.5695E+00(~)  6.7473E+00/1.3995E+01
fu p-value 0.7167 ; 0.6904 B 0.7894 -
) Mean/Std | 7.9207E+00/2.7200E+00(<) _ 4.857TE+00/2.0932E+00 | 7.0289E-02/2.6458E-02(>) 8.0216E-02/2.7765E-02 7.8072E+02/4.0752E+02(<)  4.1582E+02/2.6752E+02
iz p-value < 0.0001 - 0.0248 B < 0.0001 -
- Mean/Std | 8.8970E+00/4.8950E+00(<)  3.8817E+00/2.8753E+00 3.9277E-02/1.8220E-02(<) 3.0767E-02/9.9207E-03 5.4220E+02/1.6881E+03(<)  1.3200E+01/7.3174E+00
i3 p-value < 0.0001 - . - 00018 -
Mean/Std 8.4093E-02/4.6172E-02(~) 8.5726E-02/4.7227E-02 2.2837E-01/3.1711E-02(>) 2.5718E-01/4 6361E-02 5.1090E+01/8 2116E+01(<)  1.5207E+01/3.9286E+00
fia p-value 0.8518 - 0.0004 - < 0.0001 -
P Mean/Std | 2.5248E+03/4.5782E+02(~) _ 2.5883E+03/4.9131E+02 2.0846E+00/4.2499E-01(~) 1.965TE+00/3.7573E-01 T3517E+02/5.0046E+02(<) _ 2.5609E+00/1.7714E+00
2 p-value 3 - - < 0.0001 -
e Mean/Std 9.4795E-01/9.1274E-01(~) 8.8053E-01/1.0676E+00 7 3438E+00/7.2586E-01(~) 7.3207E+00/7.9240E-01 T2260E+02/T.1349E+02(<) _ 1.3793E+01/2.0795E+01
p-value .3 - . - < 0.0001 -
A Mean/Std | 3.0434E+01/6.4910E-05(~) _ 3.0434E+01/9.4299E-07 T.0195E+02/8 6708E+01(<)  5.3297E+01/2.8819E+01 | 1.3528E+01/7.7179E+00(~)  1.4415E+01/6.4812E+00
Sz p-value 1.0000 - < 0.0001 - 0.5835 -
Mean/Std | 4.0945E+01/3.4853E+00(<) _ 3.8395E+01/2.4770E+00 | 3.8048E+01/9.6334E+01(<)  2.0094E+00/1.2248E+00 | 3.3430E+03/1.1441E+04(<)  2.0733E+01/2.9950E+00
Sis p-value 001 - < 0.0001 - 0.0012 -
o Mean/Std | 8.9818E-01/1.5049E-01(~) T.0156E+00/4.3531E-01 2.4590E+00/5.2846E-01(~) 2.2188E+00/7.7133E-01 1.3200E+02/5.2539E+02(<) _ 4.0348E+00/1.3927E+00
p-value 0.3181 - . - 0.0013 -
Mean/Std | 8.3308E+00/5. 1447E-01(~) 8.2696E+00/5.7234E-01 | 5.2512E+02/1.0849E+03(<)  2.4530E+00/1.1365E+00 | 4.2523E+01/5.1490E+01(<)  2.0380E+01/2.9433E+01
J20 p-value 0.6095 - < 0.0001 - 0.0071 -
Mean/Std | 3.0563E+02/2.8140E+01(~)  3.0342E+02/4.9361E+01 | 13195E+03/5.1022E+03(<)  1.3284E+01/2.5594E+01 | 2.1060E+02/4.2014E+00(<)  2.0657E+02/2.8168E+00
/2 p-value ; < 0.0001 - < 0.0001 ;
Mean/Std | 1.0585E+02/6.9317E-01(~) T.0616E+02/1.1273E+00 | 1.0354E+02/5.9011E+01(<)  4.8012E+01/5.2287E+01 | 1.0000E+02/0.0000E+00(~)  1.0000E+02/6.4311E-14
S22 p-value 0.1148 - < 0.0001 - 1.0000 -
Mean/Std | 2.2734E+03/4.T461E+02(~)  2.2533E+03/4.3299E+02 | 3.1524E+02/9.2973E-13(~) 3.13524E+02/9.7320E-13 | 3.3103E+02/3.8145E+00(<)  3.4821E+02/4.7784E+00
J23 p-value 0.8476 - 1.0000 - 0.0030 -
Mean/Std | 2.0001E+02/8.5334E-03(<) 2.0000E+02/3.7043E-03 22183E+02/3.5735E-01(<) _ 2.167TTE+02/9.4260E+00 | 4.2509E+02/2.5952E+00(<) _ 4.2346E+02/2.6842E+00
Jaa p-value 0.0005 - 0.0014 - 0.0002 -
) Mean/Std | 2.4361E+02/1.2050E+01(<)  2.206TE+02/2.0752E+01 2.0326E+02/9.2026E-01(<) 2.0261E+02/4.9404E-02 3.8682E+02/5.0061E-02(<) 3.8672E+02/1.9649E-02
J2s p-value < 0.0001 - < 0.0001 - < 0.0001 -
: Mean/Std | 2.0000E+02/1.2152E-04(=) 2.0000E+02/7.8763E-14 T.0004E+02/1 3445E-02(~=) T.0003E+02/9.8654E-03 | 8.8352E+02/4.1485E+01(<) __ 8.5719E+02/4.246TE+01
a6 p-value 1.0000 - 0.1535 - 0.0007 -
. Mean/Std | 3.0054E+02/8.5432E-01(<) 3.0006E+02/2.0792E-01 | 3.0196E+02/1.4003E+0I(~)  3.0196E+02/1.4003E+01 | 5.0230E+02/3.5528E+00(<)  4.9923E+02/7.3979E+00
Jor p-value < 0.0001 - 1.0000 - 0.0043 ;
P Mean/Std | 3.0000E+02/2.6123E-13(=)  3.0000E+02/0.0000E+00 | 8.3832E+02/23393E+01(<)  8.2461E+02/2.3394E+01 | 3.0852E+02/2.9535E+01(~)  3.2353E+02/4.5395E+01
i p-value 1.0000 - - -
) Mean/Std 6.3006E+02/22576E+02(~)  6.2536E+02/2.1293E+02 | 4.2572E+02/1.3674E+01(<)  4.1858E+02/8.3261E+00
29 p-value 13657 . 0004 ;
) Mean/Std 7.0485E+02/3 2560E+02(<) _ 4.3768E-+02/5.6858E+01 | 2.0262E+03/53430E+01(<)  2.0038E+03/3.8431E+01
f30 p-value < 0.0001 . 00136 -
SIRI< /14713 - 3713/14 - 177722 -

compare under the 30 dimensions of CEC2013, CEC2014
and CEC2017, and the specific results are shown in Table 11.
For the 30D comparison in CEC2013, the first initialization
scheme is better than the second initialization scheme on fy;.
The second initialization method is better than the first one
ON fa, — fays Jags Jazs fags fargs Jaras farss fargs fazss fars @0 fay; .
For the 30D comparison in CEC2014, the first initialization
scheme is better than the second initialization scheme on fj.,

88726

fby, and fp,. The second initialization method is better than
the first one Onfbl afb}7fb4’fb9’fb13?fb17,fblg’szo _szzafb245
Jbas forg and fp. For the 30D comparison in CEC2017, the
first initialization scheme is better than the second initializa-
tion scheme on f,. The second initialization method is better
than the first one on f¢; —fes. fess fer fegs fern —Jeigs Jers —Jfens
Jess — Jerrs Jepo and foyy. In summary, for the QUATRE-PM,
the second initialization scheme will be more suitable.
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TABLE 12. The results of the comparison of the 51-run adaptation errors of used and none used a perturbation strategy in the newly proposed QUATRE

algorithm at the significance level « = 0.05 under the Wilcoxon signed rank test, with the same number of function evaluations as the total
nfemax = 10000 - D.

Function Statistic none used none used none used
Mean/Std 0/0(=) 00 3.2582E-11/1.2412E-10(<) 2.1313E-12/9.6516E-12 2.7864E-16/2.0097E-15(~) 0/0
S p-value 1.0000 - 0.0193 B 1.0000 -
Mean/Std | 4.9041E-14/T.0665E-13(<) 8.9166E-15/4.5475E-14 5.5729E-16/4.0194E-15(~) 0/0 4.4583E-15/1.1369E-14(<) 5.5729E-16/4.0194E-15
f2 p-value ! - 10000 B 0.0117 .
; Mean/Std | 4.1069E-08/2.4106E-07(~) 3.9531E-03/1.971TE-02 0/0(~) 0/0 0/0(~) 0/0
3 p-value 0.0576 - 1.0000 - 1.0000 -
. Mean/Std 00(=] 00 3.5666E-14/7.0081E-14(~) T.5782E-12/T.0687E-11 5.5740E+01/13845E+01(=) _ 5.5461E+01/1.3990E+01
fa p-value 10000 . . . . .
P Mean/Std T.0923E-13/4.5475E-14(<) 8.0250E-14/9.6466E-14 2.0133E+01/7.4T03E-02(~) 2.0134E+01/6.1427E-02 | 7.78T0E+00/2.7224E+00(~) __ 8.0182E+00/2.4807E+00
5 p-value 0.0050 - . - . -
7o Mean/Std T.2255E-02/7.5067E-02(~) 477661E-05/2.4372E-04 3.5734E-05/2.5306E-04(~) T.0175E-02/7.2665E-02 8.6754E-08/2.4782E-07(~) T.5493E-07/4.3189E-07
p-value . - . - . -
f7 Mean/Std 1.5049E-02/3.1391E-02(~) 1.5675E-02/2.5341E-02 2.2292E-15/1.6078E-14(~) 0/0 3.9465E+01/33108E+00(<)  3.7482E+01/2.1931E+00
p-value . - . - 0.0011 -
Mean/Std | 2.0879E+01/1.0319E-01(>) 2.1126E+01/7.8298E-02 3.3437E-14/6.2269E-14(~) 4.2354E-14/7.0081E-14 8.7273E+00/3.5281E+00(<)  7.4329E+00/2.5666E-+00
s p-value < 0.0001 - - 0.0094 -
Mean/Std | 2.6111E+01/1.7495E+00(<)  8.4543E+00/5.1947E+00 | 8.3336E+00/3.1393E+00(~)  7.6085E+00/3.1641E+00 0/0(~) 0/0
o p-value < 0.0001 - 3 B 1.0000 -
Mean/Std 1.4502E-04/1.0357E-03(~) 0/0 6.9397E-03/1.2946E-02(~) 1.0206E-02/1.3410E-02 1.4987E+03/2.3422E+02(<) _ 1.2208E+03/2.8618E+02
fio p-value 0000 - 3543 - < 0.0001 -
n Mean/Std | 2.3406E-14/3.6839E-14(~) 1.3656E-01/9.7525E-01 1.2633E+03/1.8358E+02(<)  1.0114E+03/3.4760E+02 1.3500E+01/2.3034E+01(~) _ 6.7473E+00/1.3995E+01
p-value - < 0.0001 - 3 -
Mean/Std | 5.6850E+00/1.8672E+00(<) _ 4.8577E+00/2.0932E-+00 T.7183E-01/3.7338E-02(<) 8.0216E-02/2.7765E-02 3.5921E+02/2.65146+02(~) _ 4.1582E+02/2.6752E+02
fiz p-value 0.0097 - < 0.0001 . 0.2007 .
Mean/Std | 9.0426E+00/5.8078E+00(<) _ 3.8817E+00/2.8753E-+00 T.1566E-01/T.9001E-02(<) 3.0767E-02/9.9207E-03 T.5605E+01/6.6596E+00(~)  1.3200E+01/7.3174E+00
fis p-value < 0.0001 - < 0.0001 - -
. Mean/Std | 5.8376E-02/3.9506E-02(>) 8.5726E-02/4.7227E-02 1.8751E-01/2.6007E-02(>) 2.5718E-01/4.6361E-02 1.2852E+01/6.3481E+00(~) T.5207E+01/8.9286E+00
fia p-value 0.0017 - < 0.0001 - -
. Mean/Std | 2.7402E+03/2.787T4E+02(<) _ 2.5883E+03/4.9131E+02 | 2.1992E+00/2.3636E-01(<) T.965TE+00/3.7573E-01 | 4.1546E+00/1.6196E+00(<)  2.5609E+00/1.7714E+00
fis p-value 0.0150 - 0.0004 - < 0.0001 -
- Mean/Std §.1515E-01/1.8110E-01(~) 8.8053E-01/1.0676E+00 8.9557E+00/2.6558E-01(<) 7.3207E+00/7.9240E-01 | 8.6311E+01/7.4481E+01(<)  1.3793E+01/2.0795E+01
fio p-value - < 0.0001 - < 0.0001 -
Mean/Std | 3.0434E+01/1.3202E-06(~) 3.0434E+01/9.4299E-07 | 6.6086E+01/3.4693E+01(<)  5.3297E+01/2.8819E+01 | 3.1350E+01/7.6623E+00(<)  1.4415E+01/6.4812E+00
fiz p-value - 0.0058 - < 0.0001 -
Mean/Std | 5.2305E+01/4.2367E+00(<)  3.8395E+01/2.4770E+00 | 2.0801E+00/1.1312E+00(~)  2.0094E+00/1.2248E+00 | 1.9785E+01/4.7529E+00(~)  2.0733E+01/2.9950E+00
fis :
p-value < 0.0001 - - 0.8038 -
Mean/Std | 1.1986E+00/1.2524E-01(<) 1.0156E+00/4.3531E-01 2.4692E+00/6. 1112E-01(~) 2.2188E+00/7.7133E-01 5.8789E+00/9.8280E-01(<)  4.0348E+00/1.3927E-+00
Jio p-value < 0.0001 - B < 0.0001 -
Mean/Std | 9.1485E+00/4.3470E-01(<) 8.2696E+00/5.7234E-01 2.7180E+00/7.9928E-01(~)  2.4530E+00/1.1365E+00 | 4.1521E+01/2.8634E+01(<)  2.0380E+01/2.9433E+01
20 p-value < 0.0001 - - < 0.0001 -
I Mean/Std | 2.9779E+02/4.0239E+01(~)  3.0342E+02/49361E+01 | 2.0109E+01/24719E+01(<)  1.3284E+01/2.5594E+01 | 2.0857E+02/3.0999E+00(<)  2.0657E+02/2.8168E+00
p-value . - < 0.0001 - . -
Mean/Std | 1.0595E+02/6.643TE-01(~) T.06T6E+02/1.1273E+00 | 5.5515E+01/5.0013E+01(~)  4.8012E+01/5.2287E+01 T.0000E+02/6.43TTE-T4(~) T.0000E+02/6.43TTE-14
f22 p-value 04196 - 0.0712 B 1.0000 .
Mean/Std | 2.7708E+03/2.561 [E+02(<)  2.2533E+03/4.3299E+02 | 3.1524E+02/9.1854E-13(~) 3.1524E+02/9.7320E-13 | 3.4501E+02/4.2940E+00(>)  3.4821E+02/4.7784E+00
fas p-value < 0.0001 - 1.0000 5 0.0008 .
. Mean/Std | 2.0000E+02/1.3061E-02(~) 2.0000E+02/3.7048E-03 | 2.1550E+02/T.0120E+01(~) _ 2.1677E+02/9.4260E+00 | 4.2186E+02/2.4542E+00(>)  4.2346E+02/2.6842E+00
foa p-value 0.0811 - 0.6820 - 0.0006 -
P Mean/Std | 2.2748E+02/1.9996E+01(~)  2.2067E+02/2.0752E+01 2.0262E+02/8 064 TE-02(~) 2.0261E+02/4.9404E-02 3.8672E+02/2.0362E-02(~) 3.8672E+02/1.9649E-02
5 p-value . - 0.5111 - 0.6119 -
. Mean/Std | 2.0196E+02/1.4003E+01(~) 2.0000E+02/7.8765E-14 T.001TE+02/2.224TE-02(<) T.0003E+02/9.8654E-03 | 8.5084E+02/5.8634E+01(~)  8.5719E+02/4.2467E+01
2o p-value J E < 0.0001 - 8075 -
Mean/Std | 3.0004E+02/6.7473E-02(~) 3.0006E+02/2.0792E-01 3.0197E+02/1.4062E+01(~)  3.0196E+02/1.4003E+01 | 4.9831E+02/6.5308E+00(~)  4.9923E+02/7.3979E+00
for p-value 6326 - 1.0000 - 0.4338 -
Mean/Std | 3.0000E+02/1.7612E-13(<) _ 3.0000E+02/0.0000E+00 | 8.3028E+02/2.7775E+01(~)  8.2461E+02/2.3394E+01 | 3.0852E+02/2.9535E+01(~)  3.2353E+02/4.5395E+01
2 p-value 1.0000 - 0.1816 - 0.0956 -
Mean/Std 6.2558E+02/2.1303E+02()  6.2536E+02/2.1293E+02 | 4.3343E+02/8.5120E+00(<)  4.1858E+02/8.3261E+00
foo p-value 0.5560 B < 0.0001 -
Mean/Std 44TT3E+02/7.0546E+01(~)  4.3768E+02/5.6858E+01 | 1.9956E+03/2.9303E+01(~)  2.0038E+03/3.8431E+01
f30 p-value 0.9290 - 0.2796 -
SIRI< 2716/10 - 172019 - 2717711 -

TABLE 13. Time complexity comparison of these algorithms on 30D
optimization under benchmark f 14 from CEC2013 test suite for

real-parameter single-objective optimization.

Algorithms. To T, Ty DT%OTI
LSHADE 1.1368 6.8798
EVDE 3.5333 48.6307
iSO 1.1500 7.10976
LPalmDE 1.7073 16.8188
MadDE 1.3627 10.8153
QUATRE 0.0543 0.6799 1.6632 18.1087
C-QUATRE 1.9854 24.0423
S-QUATRE 1.8547 19.3868
QUATRE-EAR 2.1624 24.7474
E-QUATRE 2.3901 28.7143
Our algorithm 1.8549 19.3902

E. ANALYSIS OF PERTURBATION STRATEGY
In order to prevent the algorithm from falling into local

optimal points, a new perturbation mechanism is proposed
in this paper and applied to the QUATRE-PM. The primary
purpose is to determine the individuals in the stagnant
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phase and trace them back to the discarded excellent trial
vector. In order to verify the generality of the method for
algorithm improvement, this paper verifies the proposed
QUATRE under CEC2013, CEC2014, and CEC2017 on 30D
used and without used using the perturbation mechanism,
as shown in Table 12. For the 30D comparison in CEC2013,
which has 28 benchmarks, the used perturbation mechanism
obtained better performance on 13 benchmarks and similar
performance on 14 benchmarks. For the 30D comparison in
CEC2014, which has 30 benchmarks, the used perturbation
mechanism obtained better performance on 14 benchmarks
and similar performance on 13 benchmarks. For the 30D
comparison in CEC2017, which has 30 benchmarks, the
used perturbation mechanism obtained better performance on
22 benchmarks and similar performance on 7 benchmarks.

F. ANALYSIS OF ALGORITHM COMPLEXITY
For the space complexity, in the QUATRE-PM, the memory
space is (0.5 4 1.6) x ps during the iterative process, where
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the external archive population size is 1.6 - ps, and the
discarded population size is 0.5xps; ps is one at the beginning,
decreases gradually during the iteration, and is 4 at the end.
To summarize, the space of the new QUATRE algorithm is
O(ps) at the beginning of the iteration, and the end is O(1).

For the time complexity, the paper follows the Congress on
Evolutionary Computation Competition test suite guidelines.
Three variables, To, Ty, and T, are used in the evaluation,
where T denotes the time consumption of basic arithmetic
expressions in the CEC2013 test suite, T, denotes the time
consumed to perform 200000 evaluations of the 14 function
of 30D of CEC2013, T, denotes the time required for the
algorithm to complete 300000 maximum number of fitness
evaluations for 14" functions in 30D of CEC2013, %
denotes the time complexity required for each algorithom.
To determine the average values of To, T_1 and T_2 up to
51 separate runs may be made. Table 13 shows the time
complexity of the DE variants and QUATRE variants. It can
be seen from the table that the time complexity of the
QUATRE is slightly higher than that of DE, but the proposed
QUATRE has a good performance in the QUATRE. It is a
necessary consumption, and the generation of the evolution
matrix consumes extra time to improve the performance of
the algorithm.

V. CONCLUSION

DE stands out from other algorithms because of its simple
implementation and fast convergence ability. However, the
crossover operator of DE has an unavoidable bias in the
spatial search. QUATRE solves this bias in DE algorithms
using the evolution matrix but still has significant search
efficiency and final result challenges. Therefore, we propose
QUATRE-PM to tackle these problems and improve the
performance of the algorithm.

This paper proposes QUATRE-PM, which uses a new evo-
lution matrix generation method and individual perturbation
mechanism and weights based dimensionality improvement.
In the new proposed QUATRE, there are three main
contributions. First, the new evolution matrix initialization is
generated in an unbiased scheme. It can react more quickly
in iterations than the previous evolution matrix generation
method to generate a suitable and stable evolution matrix
and adjust when it is not suitable. Second, the perturbation
mechanism is proposed in this paper. If individuals are
trapped in the local optimum, the perturbation mechanism
may help them jump out using excellent discarded trial
vectors. Third, two excellent schemes of parameter control
are employed. The historical memory mechanism can avoid
parameter F and the evolution matrix trapped in the wrong
direction, and linear population size reduction for parameter
ps can balance the exploration and exploitation during the
evolution process. The proposed QUATRE is compared
with several excellent DE variants and QUATRE algorithms
under 88 benchmark functions in three test suites, including
CEC2013, CEC2014, and CEC2017, and the results show
that the performance of our algorithm is highly competitive

88728

both in terms of optimization accuracy and convergence
speed.

Although the QUATRE-PM algorithm obtained good
results, some work can still be enhanced in the future.
In particular, the operation mechanism in the adaption of the
evolutionary matrix is slightly complicated, and searching for
some parameter control strategies is more suitable for using
the QUATRE algorithms. In future work, we plan to solve
these problems and develop better algorithms.
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