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ABSTRACT A 2-DOF vehicle active suspension system model with time-delay feedback control is
established. The stability region of the time-delay active suspension system is obtained by using the
Routh-Hurwitz stability criterion and polynomial discriminant theory. The multi-objective optimization
function is established taking into account vehicle ride comfort, driving safety, and handling stability, and
the optimal feedback parameters are obtained by the particle swarm optimization(PSO) algorithm. The
vibration characteristics of active suspension systems with time-delay under different road excitations are
studied through experiments and simulations and then compared with passive uncontrolled suspension and
active suspension based on LQR. The experimental results show that the sprung mass acceleration(SMA)
of the active suspension system with optimal time-delay feedback control under harmonic excitation is
reduced by 58.02% and 39.18% compared to the passive suspension system and the LQR active suspension
system, respectively. Meanwhile, the sprung mass acceleration of the active suspension system with optimal
time-delay feedback control under random excitation has a 69.56% and 35.50% reduction compared to the
passive suspension system and the LQR active suspension system, respectively. The performance of active
suspension controlled by time-delay feedback is better than that of passive suspension and LQR active
suspension in numerical study and experiment. Moreover, the experimental and simulation results show
good consistency, which proves the reliability of the experimental results.

INDEX TERMS Active suspension, experiment, stability, time-delay, vibration.

I. INTRODUCTION
This work was supported in part by National Natural Science
Foundation of China When the vehicle is in motion, frequent
vertical vibration caused by road roughness has been rec-
ognized as a serious hazard to vehicle drivers [1], [2], [3].
The application of lightweight technology in modern auto-
mobile bodies makes vehicles more sensitive to vibration,
which may shorten the service life of some components due
to premature fatigue failure [4]. More importantly, people’s
vibration sensory organs are all over the body. When the
vibration is strong, it will cause disorders in the nervous
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system and internal organs [5], and affect the human cardio-
vascular, digestive, nervous, urinary, and sensory systems [6].
Therefore, it is necessary to study the vehicle suspension
system with better vibration damping performance.

Vehicle system dynamics is a study of vehicle power, fuel
economy, handling stability, ride comfort, and passability.
The performance of the suspension system directly affects
handling stability and ride comfort, so it is necessary to study
active suspension. Active suspension with active or passive
controllable components forms a closed-loop or open-loop
control system, which reacts according to the motion state
of the vehicle system and the change of external input [7].
Prassad and Mohan [8] proposed an adaptive air suspension
system based on the LQR control strategy. In MATLAB,
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the most commonly used PID controller and the LQR con-
troller proposed in this paper are compared and analyzed for
bump pavement, pothole pavement, and ISO standard random
pavement. The performance of the adaptive air suspension
system is evaluated experimentally on the vibration table. The
experimental results show that the sprung mass acceleration
of the adaptive air suspension system decreases by about 30%
under the random vibration of 5 Hz ∼ 20 Hz, which indicates
that the controller is effective for random vibration input.
Robert et al. [9] analyzed the performance of a model-free
intelligent fuzzy controller based on an intelligent fuzzy
controller. A model-free intelligent adaptive fuzzy controller
for active suspension is proposed. The Fuzzy controller can
predict and control the performance of active suspension
well. The simulation results show that the non-flexible fuzzy
control is superior to the conventional controller in terms of
body displacement and acceleration. However, in all control
systems, there is an inevitable time lag phenomenon in the
signals acquisition and transmission of sensors, processing
of signals by the operators, and the actuation of actuators,
which is called time-delay [10]. Olgac andHolm-Hansen [11]
introduced the time-delay feedback control into the dynamic
absorber for the first time, formed the time-delay resonator,
and applied it to the vibration control of the main system
under harmonic excitation. The results show that the vibration
of the main system is eliminated by selecting appropriate
delay feedback control parameters.

When time-delay is added to the suspension system, on the
one hand, the time delay will not only reduce the con-
trol accuracy but also lead to the loss of stability and the
occurrence of bifurcation chaos [12]. On the other hand,
a reasonable selection of feedback gain and time-delay can
effectively improve the control performance of the suspen-
sion system, so the stability of the systemwhen the time-delay
is added should be ensured first. Taffo et al. [13] studied the
stability switch and bifurcation of a two-degree-of-freedom
nonlinear 1/4 vehicle with time-delay feedback. Qi et al. [14]
established a time-delay feedback control strategy and math-
ematical model using pitch signals based on the mechanical
model of the binary airfoil, carried out stability analysis
of the system without and with time-delay, and obtained
the time-delay stability boundary. Ye et al. [15] derived the
dynamic model of the time-delay antilock braking system,
obtained the stability region of the time-delay and the critical
delay algorithm of the antilock braking system using the
generalized Sturm criterion, and finally verified the effective-
ness of the proposed critical time-delay algorithm through
numerical simulation. Shao et al. [16] used the multi-scale
dimensional normalized mathematical model for analytical
calculation, and a new method for studying the stability of
nonlinear time-delay systems is derived, finally, verified by
numerical simulation. Zhou et al. [17] studied the nonlinear
dynamics of a vehicle system with structural nonlinear uni-
lateral vibration and obtained different paths to chaos through
numerical analysis. Chen et al. [18] analyzed the dynamic

FIGURE 1. 2 DOF vehicle suspension control.

characteristics of time-delay semi-active suspension and on
the basis of the simulations, a good damping effect consistent
with the simulation results was obtained by a 1/4model bench
experiment. Vyhlída et al. [19] improved the existing method
of approximating the load motion by the pendulum motion
and proposed several nonlinear time-delay algorithms to deal
with the load vibration problem suspended on a fixed base
(e.g. a vertical crane), finally, the proposed time-delay feed-
backmethodwas experimentally verified on the experimental
device. Yan et al. [20] used the state change method to design
the time-delay compensation control law, and the simulation
shows that the control law can ensure the stability of the
system and improve the damping performance, they built an
experimental platform and finally obtained a credible result
with an error within 15%.

Based on the above research, this paper combines theory
and experiment to study the dynamic characteristics of the
2-DOF suspension model considering the influence of time-
delay, and adds LQR optimal control as a control group
while comparing time-delay feedback control with passive
suspension in numerical simulation and experiment to further
verify the superiority and effectiveness of time-delay feed-
back control on suspension performance improvement.

II. DYNAMIC MODEL OF VEHICLE ACTIVE SUSPENSION
A. MODEL ESTABLISHMENT
To facilitate the analysis of the effect of active suspension
on vehicle vibrations (mainly vertical vibration) [21], assume
that: 1) The vehicle is symmetrical to its longitudinal axis; 2)
The impact between the front and rear parts of the vehicle is
ignored; 3) The vertical dynamics of the tire can be simply
equated to a spring and a damping mechanism, and then the
2-DOF dynamic model as shown in Fig.1 can be established.
ms and mus are sprung mass and unsprung mass, respec-

tively. ks is suspension stiffness; kus is tire stiffness; cs is
suspension damping; cus is tire damping; zs and zus are body
displacement and tire displacement respectively; Fc is control
force; τ is the delay of the suspension system; zr is road
surface displacement;
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Using the second type of Laplace’s equation, the dynamics
equation of the suspension system can be obtained as follows:
msz̈s + ks (zs − zus) + cs (żs − żus) + Fc = 0
musz̈us + ks (zus − zs) + cs (żus − żs) + kus (zus − zr) +

cus (żus − żr) − Fc = 0
(1)

The control force Fc = gżs(t − τ ) is based on the body
speed feedback, t is time, g is feedback gain, and τ is the
time-delay of the suspension system. Table 1 shows the
parameters of the suspension system experimental bench used
in this paper.

TABLE 1. Experimental equipment model parameters.

B. DIMENSIONLESS SYSTEM MODEL
To simplify the process of stability analysis, equation (1) is
dimensionless, which can be expressed as:

z̈s + (zs − zus) + cs
(
żs − żus

)
+ Fc = 0

z̈us + β (zus − zs) + βcs
(
żus − żs

)
+β k̄ (zus − zr) + βcus

(
żus − żr

)
−βFc = 0

(2)

In (2), zs, żs, z̈s are the dimensionless body lisplacement,
velocity, and acceleration; zus, żus , z̈us are he dimension-
less tire displacement, speed, and acceleration; z̄r, żr are the
dimensionless road displacement and speed. ther dimension-
less parameters are as follows: t̄ =

√
ks
ms
t , Fc = ḡżs(t̄ −

τ̄ ), cs =
cs√
ksms

, cus =
cus√
ksms

, β =
ms
mus

, ḡ =
g

√
ksms

, k̄ =

kus
ks

, τ̄ =

√
ks
ms

τ,Fc = ḡżs(t̄ − τ̄ ) is the dimensionless time-
delay control force.

For ease of reading, (2) is simplified a
z̈s + (zs − zus ) + cs (żs − żus ) + Fc = 0
z̈us + β (zus − zs) + βcs (żus − żs) + βk (zus − zr) +

βcus (żus − żr) − βFc = 0
(3)

Considering the vehicle suspension performance index and
ride comfort index comprehensively, the state space equation
is defined as {

Ẋ = AX + BU + EW (t)
Y = CX + DU + FW (t)

(4)

where X = [zs, żs, zus , żus ]T is the state vector; Y =

[z̈s, z̈us, zs − zus, zus − zr]T is the output vector; the timedelay
vector is U = [zs(t − τ ), żs(t − τ ), zus (t − τ ), żus (t − τ )]T;

W (t) = [zr, żr]T is the excitation vector of the road surface.
From what has been discussed above, the coefficient matrix
of the system is

A =


0 1 0 0

−1 −cs 1 cs
0 0 0 1
β βcs −β(1 + k) −β(cs + cus)

 (5)

B =


0 0 0 0
0 −g 0 0
0 0 0 0
0 βg 0 0

 (6)

C =


−1 −cs 1 cs
β βcs −β(k + 1) −β(cs + cus)
1 0 −1 0
0 0 1 0

 (7)

D =


0 −g 0 0
0 βg 0 0
0 0 0 0
0 0 0 0

 (8)

E =


0 0
0 0
0 0
βk βcus

 (9)

F =


0 0
βk βcus
0 0

−1 0

 (10)

The parameters of the Experimental equipment model can
be transformed into dimensionless parameters as shown in
Table.2.

TABLE 2. Dimensionless model parameters.

III. STABILITY ANALYSIS
A. STABILITY ANALYSIS METHOD
According to the hysteretic differential equation theory, the
characteristic equation of the system is

det(sI − A− Be−sτ ) = 0 (11)

s is the characteristic root of the characteristic equation,
by combining (5) and (6), the expansion polynomial of
equation (11) can be obtained

D(s, τ ) = P(s) + Q(s)e−sτ (12)

For a given τ ≥ 0 system, the system is asymptotically sta-
ble if and only if the characteristic roots of the characteristic
equation are on the negative half plane of the complex plane.
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For any system, if any given τ ≥ 0 system is asymptotically
stable, it is time-delay independent stability.
Theorem 1: A system is time-delay independent stability

if and only if the following two conditions are met.
Condition 1. When τ = 0 the polynomial D(s, 0) satisfies

the Routh-Hurwitz stability criterion.
Condition 2. For any τ >0, the polynomial has no pure

imaginary roots s = jω0, where j is an imaginary unit and ω0
is a real number.

Expand the characteristic polynomial of (12), where P(s)
and Q(s) are polynomials of fourth and third-order real coef-
ficients respectively:

P(s) = s4 + p3s3 + p2s2 + p1s+ p0 (13)

Q(s) = q3s3 + q2s2 + q1s (14)

Among them,

p0 = βk
p1 = β(cus + csk)
p2 = β + 1 + βk + βcuscs
p3 = cs + βcs + βcus
q1 = βgk
q2 = βcusg
q3 = g

(15)

For condition 1 the requirements of the Routh-Hurwitz
stability criterion are as follows

R1 = p3 + q3 > 0
R2 = p2 + q2 > 0
R3 = p1 + q1 > 0
R4 = p0 > 0
R5 = (p3 + q3)(p2 + q2)(p1 + q1) − (p1 + q1)2−
(p3 + q3)2p0 > 0

(16)

For condition 2 in order to determine whether D(s, τ ) =

0 has pure imaginary roots, it is simplified and s = jω0 is
substituted, then the real and imaginary parts of P(jω0) and
Q(jω0) can be expressed as

PR(ω0) = Re[P(jω0)]
PI(ω0) = Im[P(jω0)]
QR(ω0) = Re[Q(jω0)]
QI(ω0) = Im[Q(jω0)]

And then separate the real part and the imaginary part, bring
Euler’s formula e−jw0τ = cos(w0τ )−j sin(w0τ ) into equation
(12), then obtain

D(jω0, τ ) = PR(ω0) + jPI(ω0) + [QR(ω0)

+ jQI(ω0)](cos(ω0τ ) − j sin(ω0τ )) = 0 (17)

So both the real and imaginary parts are 0,{
PR(ω0) + QR(ω0) cos(ω0τ ) + QI(ω0) sin(ω0τ ) = 0
PI(ω0) + QI(ω0) cos(ω0τ ) + QR(ω0) sin(ω0τ ) = 0

(18)

substitute cos2(w0τ )+ sin2(w0τ ) = 1 into (18) and eliminat-
ing the trig functions, can get

PR(ω0)2 + PI(ω0)2 − [QR(ω0)2 + QI(ω0)2] = 0 (19)

This is a polynomial without time-delay, make
F(ω0) = PR(ω0)2 + PI(ω0)2 − [QR(ω0)2 + QI(ω0)2], so

F(w0) = ω8
0 + b1ω6

0 + b2ω4
0 + b3ω2

0 + b4 (20)

In this formula,

b1 = 2(−β− βk− βcscus − 1) − g2 + (cs + βcs + βcus)2

b2 = (−β − βk − βcscus − 1)2 + 2βk + 2βg2k + 2(cs
+βcs + βcus)
(−βcus − βcsk) − β2c2usg

2

b3 = 2βk(−β − βk − βcuscs − 1) − β2g2k2

+(−βcus − βcsk)2

b4 = β2k2,

D(jω0, τ ) = 0 have no pure imaginary root, if and only if the
formula has no real solution [22].

So far, the discussion of condition 2 is transformed into
a judgment of the situation of the root of (20). If (20) has
no real root, the system does not have stability switching.
When the time-delay is 0, the system is stable, then the
system is stable at all time-delay. On the contrary, the sys-
tem with time-delay equal to zero is unstable so any given
time-delay is unstable. Using the generalized Sturm criterion,
the discriminant sequence of polynomials is defined as the
sequence formed by the order principal minor of their Bezout
matrix [22], written as [D1(f ),D2(f ), . . . ,D8(f )], It is equal
to the [1, d0, d0d1, d1d2, d2d3, d3d4, d4d5, d25d6],
where

d0 = −b1
d1 = 3b21 − 8b2
d2 = b21b2 + 3b1b3 − 4b22
d3 = −3b31b3 + b21b

2
2 − 6b21b4 + 14b1b2b3 − 4b32+

16b2b4 − 18b23
d4 = −b21b

2
2b3 − 18b1b2b23 + 7b21b3b4 + 12b1b22b4−

48b2b3b4 + 4b32b3 + 16b1b24 + 27b33 + 4b31b
2
3−

3b31b2b4
d5 = −27b41b

2
4 + 18b31b2b3b4 − 4b31b

3
3 − 4b21b

3
2b4+

b21b
2
2b

2
3 + 144b21b2b

2
4 − 6b21b

2
3b4 − 80b1b22b3b4+

18b1b2b33 − 192b1b3b24 + 16b42b4 − 4b32b
2
3−

128b22b
2
4 + 144b2b23b4 + 256b34 − 27b43

d6 = b4
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B. STABILITY ANALYSIS
The parameter space is selected from the dimensionless
model parameters

� = {(g, cs) ||g| < 3.5, 0 < cs < 0.18 } ,

In order to obtain the final time-delay independent stability
region, the stability region of the Routh-Hurwitz criterion can
be obtained when condition.1 is satisfied, as shown in Fig.3.

Then, b1, b2, b3, and b4 in (20) were substituted into
the sequence of Sturm discriminant, draws di = 0(i =

0, 1, . . . , 6) in the parameter space, and the stability region
was obtained by intersection with Fig.3, as shown in Fig.4.
The discriminant sequence symbols are shown in Table.3. l
and kare the numbers of terms that are not equal to 0 and
the number of sign changes in the discriminant sequence
respectively, l-2k is the number of real roots. In the green
approximately V-shaped region S1, S2 are all 4, F(ω0) =

0 has 0( 8−2×4
2 = 0) real roots, and the system has no stability

switching, which is a stable region with all time-delay. In the
yellow area S3, S4, S5, and S6, F(ω0) = 0 has exactly
2( 8−2×2

2 = 2) reciprocal positive real roots, that is, (12) has
pure virtual roots, and the system stability can be changed
at any time with the change of hysteresis, find the reciprocal
positive real roots and the critical time-delay can be obtained
by using (21)

τi,j = τ0 +
2jπ
ω0

, i = 1, 2, . . . ; j = 0, 1, . . . (21)

where ω0 is the positive real root of (20), τ0 is the initial crit-
ical delay, τi,j represents the j-th critical delay corresponding
to the i-th positive real root.

Then determine the change direction of the real part of the
characteristic root when τ changes, that is to determine its
sign S = sgn

{
Re( ds(τ )dτ

) |s = iω0

}
. Meanwhile, by observing

Fig.4, it can be seen that the time-delay independent stability
region increases with the increase of cs, it conforms to the
law that damped cs is the source of time-delay independent
stability of the system [23].
Theorem 2: If f (x) is an n-th order polynomial, the dis-

criminant sequence is [D1(f ),D2(f ),D3(f ), . . . ,D8(f )], let l
and k be the number of non-zero terms and the number of sign
changes in the discriminant sequence sign table, respectively.
When D1(f ) ̸= 0,Dm(f ) = 0(m > l), the following
explanations are definitive:

① If l − 2k = 0, the system is time-lag independent
stable, or unstable, this depends on whether the system
is asymptotically stable or unstable when the time delay
is 0.

② If l − 2k > 0, there are a finite number of stabil-
ity switching points for the system as the time delay
increases, finally, it is unstable. To verify the validity
of the above conclusions, We select the parameters for
the simulation.

Example: g = 0.1, cs = 0.03, this point is taken from the
S4 area. The polynomial F(ω0) has two distinct real roots at

this point, ω1 = 0.7981, ω2 = 0.8702, and satisfiesḞ(ω1) <

0, Ḟ(ω2) > 0. The corresponding critical time-delays are
τ1,0 = 0.6794, τ1,1 = 1.7392, . . . , τ2,0 = 0.4527, τ2,1 =

1.1012, τ2,2 = 1.4206, . . .
Order them τ2,0 < τ1,0 < τ2,1 < τ2,2 < τ1,1 < . . .

Because Ḟ(ω1) < 0,S=-1, So the real part of the char-
acteristic root changes from positive to negative when the
time delay crosses τ1,j(j = 0, 1, . . .), the system change from
unstable to stable. The situation is reversed for Ḟ(ω2) > 0.
So the system is asymptotically stable when τ ∈ [0, τ2,0),
as shown in Figure 2(a), When τ ∈ [τ2,0, τ1,0], the system
is unstable, as shown in Figure 2(b), When τ ∈ [τ1,0, τ2,1],
the system becomes stable again, as shown in Figure 2(c).
The simulation results verify the correctness of the theoretical
analysis.

IV. OPTIMIZATION OF FEEDBACK PARAMETERS
A. ESTABLISHMENT OF OBJECTIVE FUNCTION
According to the recommendations of ISO-2631-1, the
sprung mass acceleration(SMA) z̈s mainly determines the
ride comfort quality of the vehicle, the dynamic tyre dis-
placement(DTD) zus − zr determines the ability of the tyres
to adhere to the ground and the value of the suspension
working stroke(SWS) zs−zus needs to ensure that the vehicle
will not appear the impact of the limit block. These three
weight coefficients are determined subjectively according to
the researchers’ emphasis on different performance indica-
tors. In this paper, we pay more attention to the optimization
of SMA, so q1 is 0.6, q2 and q3 are 0.2. In summary, the
objective function is established as follows

Jmin(g, τ ) = q1J1 + q2J2 + q3J3 (22)

where J1 is the root-mean-square (RMS) value of SMA, J2 is
the root-mean-square value of SWS, and J3 is the root-mean-
square value of DTD. q1, q2, and q3 are weight coefficients.

B. OPTIMIZATION
The Particle swarm optimization algorithm is an evolution-
ary computing technology based on the swarm intelligence
method [24]. It was originally used to deal with continuous
optimization problems, and now its application has been
extended to combinatorial optimization problems. In this
paper, the optimization of the objective function is mainly
divided into six steps.

Step1. Define the parameters. Amount of time delay τ ∈

[0, 1], the feedback gain is g ∈ [−170, 170].
Step2. Initialize the particle. Randomly generate 50 par-

ticles, namely the initial population, and set the number of
iterations asN= 100, learning factor c1 =2.2 c2 = 2.2, inertia
weight w =0.6, and in order to improve the search process
of the PSO algorithm, the search space converges quickly to
a region, the convergence factor k =0.729 is added. At the
same time, the convergence factor can improve the global
search ability of the algorithm [25].

Step3. Calculate the fitness value. The fitness function
expressed in (22) was calculated. By continuously optimizing
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FIGURE 2. Simulation results.

the feedback gain g and the time-delay τ , the minimum value
of the fitness function is obtained. At this point, it can be
considered that J is the objective function J (K ) = q1J1 +

q2J2 + q3J3 of K = [g, τ ], pbest and gbest are finally
obtained.

Step4. Particle position, velocity update. Using the posi-
tion update formula, and speed update formula.


vk+1
id = k[wvkid + c1randk1 (pbest

k
id − xkid )

+c2randk2 (gbest
k
id − xkid )]

xk+1
id = xkid + vk+1

id

(23)

FIGURE 3. Routh-Hurwitz stability criterion region.

TABLE 3. Symbol of discriminant sequence with time-delay feedback.

where k is the convergence factor,

ϕ = c1 + c2 (24)

k =
2∣∣∣2 − ϕ −

√
ϕ2 − 4 · ϕ

∣∣∣ = 0.7 (25)

Step5. The position of the particle updated in step.4 is
substituted into the objective function to calculate the fitness
value again. The fitness value of each particle is compared
in the process of iterative optimization, and the particles with
smaller adaptive functions are retained.

Step6. (23) is used again to update the position and velocity
of particles to determine whether the conditions are met.
If not, the cycle continues to iterate.

In this paper, the damping cs of the experimental equipment
used in the experiment is 7.5 N·s·m−1. Under the harmonic
excitation of 0.015sin(11t), the optimization parameter is
τ =0.02541s, g=102N·s/m, this value is in the S6 part of
the stability region, the stability switch will occur in this
region, where the polynomial F(ω0) has two distinct pos-
itive real roots, ω1 =0.3763 and ω2 =0.7346, satisfying
Ḟ(ω1) < 0 and Ḟ(ω2) > 0 respectively, using equation (21),
the corresponding critical delay is τ1,0 = 0.6717, τ1,1 =

2.7734, τ2,0 = 0.3231, τ2,1 = 1.4134.
Then order them, τ2,0 < τ1,0 < τ2,1 < τ1,1 < . . ., when

τ ∈ [0, τ2,0), the system is stable, when τ ∈ [τ2,0, τ1,0),
the system becomes unstable, and when τ ∈ [τ1,0, τ2,1), the
system becomes stable again.

And under the random excitation, the optimization param-
eter is τ = 4.2537 × 10−4, g = 86N · s/m. The value is also
in the S6 region, The two distinct real roots of the polynomial
are ω1 =0.4180 and ω2 =1.1411, and the stability switch is
the same as above.
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FIGURE 4. Time-delay independent stability regions.

FIGURE 5. Bump excitation.

TABLE 4. Numerical simulation parameter.

C. SIMULATION COMPARISON OF VEHICLE PARAMETERS
In order to preliminarily verify the vibration reduction effect
of the time-delay feedback control, after completing the
corresponding stability analysis and parameter optimization,
we use bump excitation to compare the time-delay feedback
control with the passive control in the numerical simulation.
Parameters are shown in Table 4.

Numerical simulation results in Fig.5 show that under
time-delay feedback control, SMA can still be comprehen-
sively better than the uncontrolled passive suspension when
passing the impact of the road surface. However, the damping
effect needs to be discussed separately in SWS. The effect
of time-delay control is slightly worse when passing general
disturbance, but it can still achieve a better damping effect
than passive suspension in the shock stage. Considering that
the three ride comfort indicators are mutually restrictive and
the relationship between one and the other, we think this is
acceptable. And in DTD, time-delay feedback control is also
superior to passive suspension.

FIGURE 6. Simulation results of real vehicle parameters.

From Table 5, we can see that the three ride performance
indexes of time-delay control active suspension are all better
than passive suspension, among which, SMA decreases by
44.4% and SWS decreases by 50%.

V. EXPERIMENT AND SIMULATION ANALYSIS
A. THE EXPERIMENTAL EQUIPMENT
ASE(Active Suspension Experiment) equipment of Quanser
Company in Canada was taken as the experimental platform,
as shown in Fig.6. The device consists of three layers of
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FIGURE 7. Experimental system of time-delay suspension.

FIGURE 8. Experimental control program.

TABLE 5. RMS value of performance index under bump excitation of
vehicle parameter.

mass plates, the top plate representing the sprung mass,
suspended from the middle plate by two springs. A capstan-
driven DC motor is located between the top and middle
plate to simulate the mount as the power mechanism. The
ADXL210E biaxial acceleration sensor is installed on the top
plate to measure the vertical acceleration of the car body.
The middle plate and the bottom plate are the unsprung mass
and the road surface. The bottom plate is connected to a
fast-respondingDCmotor.When themotor rotates, the torque
generated on the output shaft is converted into a linear force to
make the bottom plate move through the lead screw and the
transmission mechanism to simulate different road profiles.
The controller is designed byMATLAB/Simulink on PC, and
then the program is input into the internal board to control
the experimental device. A brief description of the control
process of the whole experiment is given in Fig.7.

FIGURE 9. Comparison of experimental results of simple harmonic
excitation.

B. LQR ACTIVE SUSPENSION
The linear quadratic regulator is a very mature and widely
used optimal control law with linear state feedback, which
can take into account both robustness and rapidity [26].
In order to make the delay feedback control have a reference
comparison, this paper uses the LQR control strategy based
on the state space method as the comparison. The system can
be expressed in terms of the following state space:{

ẋ = Ax + Bu
y = Cx + Du

(26)
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TABLE 6. RMS value of performance index under harmonic excitation in
the experiment.

The system status variable, input variable, and output vari-
able are x = [zs − zus, żs, zus − zr, żus]T, u = [żr,Fc]T , y =

[zs − zus, z̈s]T. Therefore, the four matrices of A, B, C, and D
are as follows:

A =


0 1 0 −1

−
ks
ms

−
cs
ms

0 cs
ms

0 0 0 1
−

ks
ms

−
cs
ms

0 cs
ms

 (27)

B =


0 0
0 1

ms
−1 0
cus
mus

−
1
mus

 (28)

C =

[
1 0 0 0

−
ks
ms

−
cs
ms

0 cs
ms

]
(29)

D =

[
0 0
0 1

ms

]
(30)

Define quadratic performance index function,

J =

∞∫
0

x(t)′Qx(t) + RFc(t)2dt (31)

The problem of taking the minimum value is the optimal
control problem, and the optimal control force is Fc = −Kx.
The weighting matrix of state variables and control variables
is selected as follows:

Q =


450 0 0 0
0 30 0 0
0 0 5 0
0 0 0 0.01

 ,R = 0.01.

Finally, invoking the LQR toolbox in MATLAB, the basic
format is (K .S.E) = LQR(A,B,Q,R,N ), the program is
built in Simulink, and the optimal control gain matrix is
K =

[
22.6964 48.7139 3.7933 3.8516

]
.

C. HARMONIC EXCITATION
To verify the vibration reduction performance of time-delay
feedback active suspension, the parameters obtained by har-
monic excitation and optimization were put into the system
for simulation and experimental verification. The experi-
mental results were compared with passive uncontrolled
suspension and LQR active suspension respectively. The
root-mean-square(RMS) values of sprung mass accelera-
tion(SMA), suspension working stroke(SWS), and dynamic

FIGURE 10. Comparison between experiment and simulation of
timedelay suspension under harmonic excitation.

tire displacement(DTD) are taken as the evaluation indexes.
The experimental results are shown in Fig.8. The values of
each performance index are shown in Table.6.

According to Fig.8 and Table.6, compared with the passive
suspension, the RMS values of SMA, SWS, and DTD of the
LQR active suspension decreased by 30.98%, −6.452%, and
28%, respectively. Meanwhile, the suspension based on the
feedback of body speed time-delay decrease ranges reached
58.02%%, -3.226%, and 40% respectively. Although the sus-
pension dynamic travel increased due to the contradiction
between the three indexes, it still did not reach the upper limit
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FIGURE 11. Road surface power spectral density contrast curve in double
log coordinate.

of 0.038m, so there would be no limit impact. Meanwhile,
time-delay active suspension compared with LQR active sus-
pension, as the most important index of ride comfort, the
RMS of SMA dropped from 1.7437 to 1.0606, the decrease
rate reached 39.18%, and the RMS values of SWS and DTD
also improved slightly.

By observing Fig.9, it can be seen that there are some
errors in the experimental and simulation results under the
time-delay feedback control. The RMS of the simulation
values of the three performance indexes are 0.9279, 0.0083,
and 0.0014, respectively. Compared with the experimental
results in Table 4, the errors are 12.51%, 12.16%, and 7.13%,
but the errors are within 15%, it can be shown that there is
good consistency.

D. RANDOM EXCITATION
1) RANDOM EXCITATION MODEL
In the theoretical analysis related to automobile vibration,
the internationally recognized road surface power spectral
density is generally used to describe the statistical character-
istics of road roughness, that is, the white noise road surface
spectrum represented by the frequency of road excitation
circle [27]:

Gq(ω) =
2πvGq(n0)n20

ω2 (32)

where v is the driving speed, n0 is the reference spatial
frequency, n0 =0.1m−1; Gq(n0) is the road surface power
spectral density at the reference spatial frequency n0, namely,
the road roughness coefficient.

However, whenω tending to 0, the (32) tends to infinity, It’s
impossible for a road surface in a real environment, so white
noise can’t reflect real roughness in the low-frequency range
of the road surface spectrum. In this case, the lower cut-off
frequencyω0 is introduced.When the frequency is lower than
that ω0, the spectral density amplitude of the road surface can
be kept constant. In this way, the road surface input model can

FIGURE 12. Comparison of experimental results of random excitation.

be expressed in the form of filtered white noise [28]:

Gq(ω) =
2πvGq(n0)n20

ω2 + ω2
0

(33)

where, ω0 = 2πvn00, n00 =0.011m−1 is the lower cut-off
frequency in space. By synthesizing equations (32) and (33),
the road surface power spectrum obtained under the class B
road surface and speed of 60km/h is shown in Fig.10.

In double logarithmic coordinates, the white noise road
surface spectrum curve is an oblique line with a slope of
approximately -2:1. However, the filtered white noise road
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FIGURE 13. Comparison between experiment and simulation of
time-delay suspension under random excitation.

surface spectrum is a smooth curve whose slope approxi-
mately changes from 0:1 to -2:1. This shows that compared
with filtering white noise, noise is overestimated when rep-
resenting road roughness, and filtering white noise can more
truly reflect road roughness.

2) RANDOM EXCITATION EXPERIMENT VERIFICATION
To further verify the vibration reduction effect of the
time-delay feedback suspension, the optimization parame-
ters and the road excitation expressed in equations (33) are
substituted.

TABLE 7. RMS value of performance index under random excitation in
the experiment.

According to the results in Fig.11 and Table.7, the sprung
mass vertical acceleration, suspension dynamic travel, and
tire dynamic displacement of LQR active suspension under
random excitation decreased by 52.80%, 3.900%, and -
5.260% compared with passive suspension, meanwhile, the
suspension under time-delay feedback control decreased by
69.56%, 10.39%, and 3.510% respectively compared with
passive suspension. The optimization amplitude is signifi-
cantly improved.Meanwhile, compared with LQR active sus-
pension, the three indexes of time-delay feedback suspension
are decreased by 35.50%, 6.76%, and 8.33%, respectively.

It can be seen from Fig.12 that under random excitation,
the time-delay suspension based on body speed feedback
has a good consistency in simulation and experiment, the
experimental value of the RMS of the SMA is 1.0250, slightly
less than the simulation value 1.1807. This is because for
random excitation when the active time-delay is large, the
data acquisition and transmission process of the test system
is relatively complex. Although the error is slightly larger
than 15.57%, the general engineering error is allowed to be
20% or even higher [29], so it can still meet the engineering
requirements.

VI. CONCLUSION
In this paper, a 2-DOF time-delay feedback suspension is
taken as the research object, and the vibration reduction
performance under time-delay feedback control is studied by
combining theoretical, numerical, and experimental methods,
the following conclusions are obtained:

(1) According to the 2-DOF time-delay suspension model
based on sprung mass speed feedback, the stability region
of the system is analyzed by using the Routh-Hurwitz cri-
terion and Sturm polynomial discriminant theorem. With the
increase of suspension damping, the time-delay independent
stability region increases.

(2) Compared with the passive suspension without con-
trol, LQR active suspension can obtain a good vibra-
tion reduction effect. The RMS value of SMA decreases
from 2.5265 to 1.7437 under harmonic excitation by 31%,
and from 3.3669 to 1.5891 under random excitation by
52.8%. However, its optimal control performance completely
depends on the weighting coefficient of state variables and
input variables, the weighting coefficient is mostly deter-
mined by trial algorithm [30] at home and abroad, which
cannot include the influence of road excitation and has
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strong subjectivity, so it has certain limitations. At the same
time, because the relationship between the three ride comfort
indexes is mutually restricted, there is a situation that the
SWS or DTD slightly increases while the SMA is optimized.

(3) The experimental results show that the suspension
vibration reduction performance under time-delay feedback
control has a certain range of optimization compared with the
LQR control active suspension. Under harmonic excitation,
the RMS value of SMA decreases from 1.7437 to 1.0606 by
39.17%, while under random excitation it decreases from
1.5891 to 1.0250 by 35.5%. And in the simulation and exper-
imental comparison under the same working condition, the
error of RMS of SMA is 12.51% and 15.57% respectively,
which meet the engineering requirements.

The essence of time-delay feedback control is the
two-parameter control method of feedback gain and time-
delay amount, the two physical parameters can be adjusted
independently so that the controlled system has a wide design
space. But by comparing the simulation results of time-delay
feedback control, we can find the vibration damping per-
formance in the experimental results is somewhat reduced.
This is because the suspension system is nonlinear in reality,
the nonlinear characteristics of the suspension system are not
considered in the modeling process, however, the experiment
of nonlinear and time-delay joint control system is more dif-
ficult. Meanwhile, as a suspension system under time-delay
feedback control, it’s not just about improving the algorithm,
the redundant design when the amount of time-delay is not
optimal should also be considered. For example, how to
match the damping coefficient and stiffness better so that
the vibration is still within the acceptable range under the
non-optimal time delay, all of the above issues are difficult
points that we should focus on in our future research. Finally,
the vibration problem of the system with time-delay studied
in this paper belongs to the system with a small time-delay,
if the active suspension with time-delay control wants to be
further applied to the actual vehicle, it should also explore
the change of ride comfort index under the condition of large
time-delay, because the suppression of vibration with time
delay is not monotonous change, and the input of large time
delay to the system is very likely to worsen the vibration
control effect of the system, which is a problem to be solved
in the future.
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