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ABSTRACT The dual-loaded loop is a two-port antenna configured as two half-loops. Its advantage is the
ability to sense two field components instead of the single component of a single-port loop. In this study,
the theory of the dual-loaded loop is extended to cases for sensing arbitrarily located electric and magnetic
dipole sources. New general expressions are presented for the tangential electric field on a loop resulting
from electric and magnetic dipole sources. From these field expressions, closed-form approximations for the
currents at the ports are obtained. The approximations are shown to be very accurate through simulation, but
can degrade when the separation distance between the dipole source and loop is small. The worst discrepancy
occurs when an electric dipole is close to and aligned with one of the ports. These expressions provide a
benchmark for checking numerical and physical results for this class of sensor.

INDEX TERMS Dipole antennas, electromagnetic fields, electrically small antennas, Fourier series, loop
antennas, near fields, probe antennas.

I. INTRODUCTION
The dual-loaded loop is an established antenna that is primar-
ily used as an electrically small electromagnetic field sensor.
A straightforward beamformer (combining the port signals)
allows the simultaneous measurement of a component of
both the electric and magnetic fields. When three dual-loaded
loop sensors are co-located but oriented orthogonally, the
system can detect all six components of an electromagnetic
field. Such systems have been used in Electromagnetic Com-
patibility (EMC) testing for low-frequency emissions [1]
and direction-finding [2], [3], [4], [5], [6], [7], but could
also be useful in novel applications such as earthquake pre-
detection [8] and biomedical engineering [9].
The analysis of the dual-loaded loop is based on loop

antenna theory. The loop antenna is a fundamental element
that has been well analyzed [10]. Some of the breakthroughs
particularly relevant to the dual-loaded loop are as follows.
Pocklington’s seminal work in 1897 [11] considered an arbi-
trary current distribution on a circular loop by expressing
it in terms of a Fourier series. Hallén [12] expressed the
current and impedance of a loaded electrically thin loop,
however, the formulation contained a singularity that made
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the series quasi-convergent and applicable only to electri-
cally small loops. The convergence issues were addressed
around 1960 by Storer [13] and Wu [14], allowing the anal-
ysis of electrically larger loops. The Fourier techniques of
these landmark works have provided a general framework
for analyzing loop currents from general incident fields,
allowing single-port loops to be extended to multiple-port
loops [15], [16]. In addition to the Fourier techniques of
analyzing loop antennas, some works have considered a
more circuit-based approach [7], [17], and others have used
different basis-function expansion methods [18], [19], [20].
Whiteside and King [15] showed that an electrically small,
dual-loaded loop can simultaneously detect both the electric
and magnetic intensities from incident plane waves. Around
the 1980s, Kanda [21] extended Whiteside and King’s anal-
ysis to general incident field distributions, and Kanda and
Hill [22] showed that a dual-loaded loop can be used to detect
a field component from electric and magnetic dipole sources
that are located at the center of the loop. There have been
recent contributions to the theory of multi-loaded loops, for
example, [7], [17], [23].
Closed-form expressions enable practical and rapid calcu-

lations for complex situations within an otherwise complex
formulation. They have been established for the responses of
the dual-loaded loop to incident plane waves [21], [24], and
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centrally located electric and magnetic dipole sources [22].
However, there is scant treatment for the spatial depen-
dence of dipole sources, which is of practical importance.
Specifically, Novotny et al. [25] investigated positional sen-
sitivity by measuring an offset spherical dipole radiator. They
considered only the total combined output power from the
loop ports and found that if the electric dipole source was
within a sphere of 72% of the loop radius then the power
was within 3 ± 1.5 dB of the center value. This initial
investigation was primarily concerned with centrally located
sources and only incidentally considered the spatial depen-
dence of the coupling from dipole sources to dual-loaded
loops. Tofani et al. [26] measured the field responses from
dipole sources along the Cartesian axes using field meters.
They then compared the field values to those calculated from
dipoles that were measured at the center of a three-loop
antenna system. Although this study investigated the fields
away from dipole sources, it did not examine the spatial
dependence of the coupling from offset dipole sources to a
three-loop antenna system or a dual-loaded loop. To the best
of our knowledge, no other studies have been undertaken to
investigate the spatial dependence of the coupling from dipole
sources to a dual-loaded loop.

This paper extends the theory of dual-loaded loop sensors
to off-center electric or magnetic dipole sources. Some exam-
ples of closed-form expressions being particularly useful are
as follows. Dual-loaded loops are commonly deployed near
ground planes, and the new contributions allow ground plane
effects to be predicted using image theory for the source. The
pathloss between the dipole source and loop ports becomes
available as a function of the spherical position and allows for
calculating practical performance metrics such as potential
noise power, i.e., how far potential noise sources must be
kept from the loop. The extensions also enable better source-
type discrimination, i.e., the quantification of electric and
magnetic dipoles, by providing discrimination as a function
of position. Finally, the formulations offer a way to avert
time-consuming simulations or experiments for the off-center
cases and provide an analytical reference against which such
results, or numerical integral calculations, can be compared.

The accuracy of approximating the loop current in terms of
only the low-ordered Fourier coefficients is included in this
work. Although the expressions for the Fourier coefficients
are accurate, inaccuracies can arise when approximating the
loop currents for a specific configuration – when the electric
dipole source is aligned with and near the loop. The approxi-
mation for the loop current from a magnetic dipole is shown
to be accurate across all off-center positions investigated.

A motivation for this work is to use a three-loop antenna
system [22], comprising three electrically small orthogonal
dual-loaded loops. As noted above, the three-loop antenna
system, with a 6-port beamformer, allows the simultaneous
detection of the six electromagnetic field components. An
application is to research potential biological emissions, such
as those from the brain in electroencephalography. Such

FIGURE 1. Dual-loaded wire loop with an off-center dipole source. The
loop is centered in the xy-plane with port at x = ±b. The radius of the
loop is b meters, and the radius of the wire is a meters.

emissions are likely at extremely low frequencies, and thus
even physically large loops are electrically extremely small.
Although this example is for low frequencies, typically less
than 40 Hz, electrically compact antennas are always of great
interest at any frequency (although they have known limi-
tations on bandwidth) and the formulation herein is for any
frequency. In analyzing the performance of such a device, the
starting point is the general treatment of the coupling between
a single dual-loaded loop and off-center sources.

The remainder of this paper is organized as follows.
Section II presents the background theory of a dual-loaded
loop sensor. Section III extends this theory by deriving the
general Fourier series coefficients for the tangential elec-
tric field along a dual-loaded loop from offset electric and
magnetic dipole sources. From these general Fourier coeffi-
cients, closed-form expressions are determined for the dipole-
and loop-mode Fourier coefficients, as well as simplified
first-order approximations that are accurate when the sepa-
ration distance is small. Finally, Section IV investigates the
accuracy of the theory against the simulation results. Lengthy
expressions are confined to the Appendices, with concise
directions for their derivation.

II. BACKGROUND
Throughout this paper, the electromagnetic fields are
assumed time-harmonic and the time-harmonic term e−jωt is
suppressed.

A. DUAL-LOADED LOOP PORT CURRENTS
This section briefly summarizes the background formulation
of the current on a dual-loaded loop induced from a general
incident electromagnetic field that was presented in [21].
Unless stated otherwise, all the formulas within this section
were produced in [21] and will be used in the following
sections.

The dual-loaded loop, as shown in Fig. 1, is centered in
the xy-plane and is electrically small and thin, such that
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a ≪ b, ka ≪ 1, where b is the loop radius, a is the wire
radius, and k is the wavenumber. The boundary condition
on a perfectly conducting loop, with two loads diametrically
opposite at (x, y, z) = (±b, 0, 0), is that the tangential electric
field is zero everywhere except across the infinitesimal gap
supporting the loads, i.e.,

−I (φ = 0)ZLδ(φ) − I (φ = π )ZLδ(φ − π )

= bE iφ(b, φ) +
jη
4π

π∫
−π

L(φ − φ′)I (φ′)dφ′,

(1)

where η is the wave impedance in the medium and ZL is the
port impedance. The tangential component of the incident
electric field on the loop surface,E iφ(b, φ), the integral kernel,
L(φ − φ′), and the loop current, I (φ), can all be expressed as
Fourier series:

E iφ(b, φ) =

∞∑
−∞

fne−jnφ ⇒ fn =
1
2π

π∫
−π

E iφ(b, φ)e
jnφdφ,

(2)

I (φ) =

∞∑
−∞

Ine−jnφ ⇒ In =
1
2π

π∫
−π

I (φ)ejnφdφ, (3)

L(φ) =

∞∑
−∞

ane−jnφ, (4)

an = a−n =
kb
2

(Nn+1 + Nn−1) −
n2

kb
Nn, (5)

Nn = N−n =
1
π
K0

(na
b

)
İ0
(na
b

)
−

1
2

2kb∫
0

(�2n(x) + jJ2n(x)) dx (6)

+
1
π

(
ln 4n+ γ − 2

n−1∑
m=0

1
2m+ 1

)
, n ̸= 0

N0 =
1
π
ln

8b
a

−
1
2

2kb∫
0

(�0(x) + jJ0(x)) dx, (7)

where �n is the Lommel-Weber function, Jn is the Bessel
function, γ = 0.5772 · · · is Euler’s constant, and İ0 and
K0 are the modified Bessel functions of the first and second
kind, respectively.

Substituting (2), (3) and (4) into (1) and integrating yields
the Fourier series

−I (0)ZLδ(φ) − I (π )ZLδ(φ − π )=
∞∑

−∞

(
jη
2
anIn + bfn

)
e−jnφ .

(8)

with Fourier series coefficients
jη
2
anIn + bfn

=
1
2π

π∫
−π

(−I (0)ZLδ(φ) − I (π )ZLδ(φ − π )) ejnφdφ, (9)

= −
ZL
2π

(
I (0) + I (π )ejnπ

)
. (10)

Solving for the Fourier series coefficients for the loop current
yields

In =
j

πηan

(
2πbfn + ZL

(
I (0) + I (π )ejnπ

))
. (11)

For electrically small loops, the current can be approximated
from the first few coefficients (|n| ≤ 1) of its Fourier series.
When this is done, using (3) and (11), the difference in current
between the two ports is

I1 =
1
2

(I (0) − I (π ))

=

∑
n odd

In = −
2πb

jπη + 2ZL
∑
n odd

1
an

∑
n odd

fn
an

(12)

≈ I1 + I−1 = −
πbY1

1 + 2ZLY1
(f1 + f−1), (13)

where Y1 = 2/jηπa1 is the admittance of the n = 1 current
mode.

The sum of the two port currents is

I6 =
1
2

(I (0) + I (π ))

=

∑
n even

In = −
2πb

jπη + 2ZL
∑
n even

1
an

∑
n even

fn
an

(14)

≈ I0 = −
2πbY0

1 + 2ZLY0
f0, (15)

where Y0 = 1/jηπa0 is the admittance of the n = 0 current
mode.

In what follows, the Fourier coefficient term f1 + f−1 will
be referred to as the dipole-mode, and the term f0 as the
loop-mode.

B. LOOP RESPONSE TO CENTRALLY LOCATED DIPOLE
SOURCES
Kanda and Hill [22] considered the case of electric and mag-
netic dipole moments at the center of a loop:

me = lim
V→0

∫
V

JdV = me,xux + me,yuy + me,zuz, (16)

mm = lim
V→0

∫
V

r × JdV = mm,xux + mm,yuy + mm,zuz,

(17)

where ui is the ith Cartesian unit vector, me,i and mm,i are
the components of the electric and magnetic dipole moments
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along the ith Cartesian coordinate, respectively, J is the
electric current density, and V is the electrically small vol-
ume in which the electric current density is located. The
φ-component of the electric field is tangential to the loop and
is given by [22]

E iφ(b, φ) = mm,zGm + me,yGe cosφ − me,xGe sinφ, (18)

where

Gm =
η

4π

(
k2

b
+
jk
b2

)
ejkb, (19)

Ge =
η

4π

(
jk
b

−
1
b2

+
1
jkb3

)
ejkb. (20)

From (2), the Fourier series coefficients for (18) are [27]

f0 = mm,zGm, (21)

f1 =
me,yGe

2
+
me,xGe

2j
, (22)

f−1 =
me,yGe

2
−
me,xGe

2j
. (23)

Using the Fourier coefficients (22)-(23) in (13), and (21)
in (15), relates the summation and difference currents to the
components of the electric and magnetic moments at the
center of the dual-loaded loop [27],

I1 ≈ −
πbY1Ge
1 + 2Y1ZL

me,y, (24)

I6 ≈ −
2πbY0Gm
1 + 2Y0ZL

mm,z. (25)

Note that (24) is half of the value presented in previous
studies [22], [25], [26].

III. THEORY
A. ELECTRIC DIPOLE SOURCE
The electric field at spherical coordinate r from an electric
dipoleme located at r0 = x0ux + y0uy + z0uz is [28]

Ee(r) =
jηejk|r−r0|

4πk

[
k2

|r − r0|3
(r − r0) × (me × (r − r0))

+

(
3(r − r0) ((r − r0) · me)

|r − r0|2
− me

)
×(

1
|r − r0|3

−
jk

|r − r0|2

)]
. (26)

The φ-component of the electric field along a loop is

Ee,φ = − sinφEe,x + cosφEe,y, (27)

=
jη
4π

k4ej
√
R̂2−2k2b(x0 cosφ+y0 sinφ)

×(
B′ sinφ + C ′ cosφ + D sin 2φ + E cos 2φ − 3F/5

(R̂2 − 2k2b(x0 cosφ + y0 sinφ))3/2

+
B sinφ + C cosφ + D sin 2φ + E cos 2φ + F

(R̂2 − 2k2b(x0 cosφ + y0 sinφ))5/2

−j
B sinφ + C cosφ + D sin 2φ + E cos 2φ + F

(R̂2 − 2k2b(x0 cosφ + y0 sinφ))2

)
,

(28)

where

|r − r0| =

√
R2 − 2b(x0 cosφ + y0 sinφ), (29)

R2 = b2 + r20 , (30)

R̂ = kR, (31)

B′
= x0me · r0 − R2me,x , (32)

C ′
= −y0me · r0 + R2me,y, (33)

B = R2me,x − 3x0me · r0, (34)

C = −R2me,y + 3y0me · r0, (35)

D =
b
2
(x0me,x − y0me,y), (36)

E = −
b
2
(x0me,y + y0me,x), (37)

F =
5
2
b(x0me,y − y0me,x). (38)

From (2), the Fourier coefficients of (28) are

f (e)n =
jηk4

8π2 ×

2π∫
0

(
B′ sinφ + C ′ cosφ + D sin 2φ + E cos 2φ −

3F
5

(R̂2 − 2k2b(x0 cosφ + y0 sinφ))3/2

+
B sinφ + C cosφ + D sin 2φ + E cos 2φ + F

(R̂2 − 2k2b(x0 cosφ + y0 sinφ))5/2

−j
B sinφ + C cosφ + D sin 2φ + E cos 2φ + F

(R̂2 − 2k2b(x0 cosφ + y0 sinφ))2

)
ej
√
R̂2−2k2b(x0 cosφ+y0 sinφ)ejnφdφ. (39)

(39) can be used to calculate the Fourier coefficients for any
n, thereby determining the loop current for any electric dipole
position and orientation.

It is useful to have closed-formed expressions for this
integral. In theAppendix, (39) is expressed as the closed-form
approximation (83). To offer a sense of the dominance of
the leading term of the expression, for a small distance R,
i.e., kR < 0.5, (83) is within 1 dB of its leading order term of
kR, expressed as

f (e)1 + f (e)
−1 ≈

jηb2ejkR

4πkR7

[
(c− ϵ) 2F1

(
5
4
,
7
4
; 1; ζ

)
+

5
4

(5d + ζϵ) 2F1

(
7
4
,
9
4
; 2; ζ

)
−

35
32

(4d + ζc) 2F1

(
9
4
,
11
4

; 3; ζ

)
−

105
128

ζd 2F1

(
11
4

,
13
4

; 4; ζ

)]
, (40)

where

ζ =
4b2(x20 + y20)

R4
, (41)

c =
3R2y0
b2

me · r0, (42)

d = (x20 − y20)me,y − 2x0y0me,x , (43)
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ϵ =
R4

b2
me,y, (44)

and 2F1(·, ·; ·; ·) is the Gaussian hypergeometric function. In
the limit of small kb, (40) agrees with f (e)

−1 + f (e)1 obtained
from (22) and (23) at the center of the loop, i.e., r0 = 0.
Although the dipole-mode is the dominant mode for an

electric dipole source located near the center of a dual-loaded
loop, it is of particular interest to determine the positional
dependence of the loop-mode that is generated. The full
expression for f (e)0 is given by (84). For small R̂, i.e., R̂ =

kR < 0.5, the R̂ terms can be ignored, resulting in an
expression within 1 dB of (84)

f (e)0 ≈
jkbηejkR

2πR3
(me × r0)z

ζ
×[

(ζ − 5) 2F1

(
3
4
,
5
4
; 1; ζ

)
− 5(ζ − 1) 2F1

(
3
4
,
9
4
; 1; ζ

)]
. (45)

B. MAGNETIC DIPOLE SOURCE
The electric field at spherical coordinate r from a magnetic
dipolemm located at r0 = x0ux + y0uy + z0uz is [29]

Em(r) =
k2ηejk|r−r0|

4π
×(

1
|r − r0|2

+
j

k|r − r0|3

)
mm × (r − r0). (46)

The φ-component of the electric field is

Em,φ = − sinφEm,x + cosφEm,y, (47)

=
k4η
4π

ej
√
R̂2−2k2b(x0 cosφ+y0 sinφ)

×[
bmm,z + G sinφ + H cosφ

]
×(

1

R̂2 − 2k2b(x0 cosφ + y0 sinφ)
+

+j
1

(R̂2 − 2k2b(x0 cosφ + y0 sinφ))3/2

)
, (48)

where

G = mm,yz0 − mm,zy0 = (mm × r0)x , (49)

H = mm,xz0 − mm,zx0 = −(mm × r0)y, (50)

and (·)i denotes the i Cartesian component of the vector.
Using (2), the Fourier coefficients of (48) are

f (m)n =
k4η
8π2

2π∫
0

dφejnφ
[
bmm,z + G sinφ + H cosφ

]
×

(
1

R̂2 − 2k2b(x0 cosφ + y0 sinφ)
+

+j
1

(R̂2 − 2k2b(x0 cosφ + y0 sinφ))3/2

)
×

ej
√
R̂2−2k2b(x0 cosφ+y0 sinφ). (51)

(51) can be used to calculate the Fourier coefficients for any n,
thereby determining the loop current for any magnetic dipole
position and orientation.

As for the electric dipole source above, it is useful to
have closed-formed expressions for this integral. In the
Appendix, (51) is expressed as the closed-form approxi-
mation (85). For small R̂, the R̂ terms can be ignored,
reducing (85) to

f (m)0 ≈
jkbηejkR

4πR3

[
mm,z 2F1

(
3
4
,
5
4
; 1; ζ

)
+
3
2

((mm × r0) × r0)z
R2 2F1

(
5
4
,
7
4
; 2; ζ

)]
, (52)

which is within 1 dB of (85) when kR < 0.5. In the limit
of small kb, (52) agrees with (21) at the center of the loop,
i.e., r0 = 0.

Again, it is of particular interest to determine the posi-
tional dependence of the dipole-mode generated from a loop-
mode source. From (78), the formula for f (m)

−1 + f (m)1 can be
expressed as (86). For kR < 0.5, (86) is within 1 dB of the
leading order term of kR,

f (m)1 + f (m)
−1 ≈

jkb2ηejkR

4πR5

[
3x0mm,z 2F1

(
5
4
,
7
4
; 2; ζ

)
−
R2

b2
(mm × r0)y 2F1

(
3
4
,
5
4
; 1; ζ

)
+

15
8R2

((mm × r0)x2x0y0

−(mm× r0)y(x20 − y20)
)
×

2F1

(
7
4
,
9
4
; 3; ζ

)]
. (53)

IV. VERIFICATION AND RESULTS
A. ELECTRIC DIPOLE SOURCE
A small electric dipole with a dual-loaded loop was sim-
ulated using CST Microwave Studio’s method of moments
solver [30]. Fig. 2 shows the simulation model of the electric
dipole source. The dual-loaded loop, with an electrical radius
of kb = 0.1 rad and a wire radius of ka = 2 × 10−3 rad, was
centered in the xy-plane with the ports loaded with 315 �

and located on the x-axis at ±b. The port gaps have an
electrical separation of 4 × 10−4 rad. The short y-directed
dipole, of electrical length 1.2× 10−3 rad, was shifted along
the Cartesian coordinate axes.

1) VERIFICATION OF THE THEORETICAL PORT CURRENTS
FROM AN ELECTRIC DIPOLE
Fig. 3 shows the matching between the theoretical and simu-
lated I1 and I6 port currents as the electric dipole is shifted
along the Cartesian axes. The theoretical I1 and I6 currents
were calculated using Python implementing (12) and (14),
respectively, with (5) and (39).

The number of current Fourier series coefficients required
to model the port currents accurately depended on the elec-
tric dipole proximity to the loop and along which axis the
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FIGURE 2. The simulation model to determine the Fourier series
coefficients of Eφ along a circle with an electrical radius of kb = 0.1 rad.
This example shows a y-directed electric dipole of electrical length
1.2 × 10−3 rad, shifted by the vector r0, depicted here along the
-x-direction. Inset #2 shows the meshing used for the method of
moments.

dipole was shifted. Fig. 3 shows that achieving accurate port
current estimates near the loop requires current Fourier series
coefficients up to n = ±17 for shifts along the x-axis, up to
n = ±5 for shifts along the y-axis, and only the first-order
n = ±1 coefficients for shifts along the z-axis. As shown in
Fig. 4, this is due to the loop current having an impulse-like
distribution, thereby containing numerous significant Fourier
series coefficients when the electric dipole is very close to the
loop.

2) EVALUATION OF FIRST-ORDER PORT CURRENT
ESTIMATES FROM AN ELECTRIC DIPOLE
As the electric dipole was shifted in the simulation model,
the port currents and Eφ along the loop were collected. The
Fourier series for Eφ was used to verify the first-order Fourier
coefficients predicted by the new theory.

Fig. 5 compares the first-order Fourier series coefficients
of the port current obtained through simulation and theory
for an electric dipole source. These plots are normalized to
the response when the dipole is at the center of the loop.
The expressions (83) for the dipole-mode and (84) for the
loop-mode match the Fourier coefficients determined from
the Eφ field obtained from simulation. The leading term
approximations, (40) for the dipole-mode and (45) for the
loop-mode, are shown to be very accurate when the dipole
off-center distance is electrically small, being within 1 dB
when kR < 0.5. However, the accuracy degrades as the offset
increases.

Fig. 5 also compares the port current approximations using
the first-order Fourier series estimates (13) and (15). Good
agreement occurs at most dipole offsets, except where the
dipole is near the loop. As mentioned above, the worst case
occurs when the dipole is aligned with, and approaches, one
of the ports. The error is highlighted in Fig. 6, where the
various approximations for the port difference current, I1
using (13), are compared against the simulated port current,
with a worst-case discrepancy of up to 14 dB. This discrep-
ancy stems from the loop current being poorly modelled
by the low-order Fourier coefficients for those conditions,

FIGURE 3. The port currents of a dual-loaded loop centered in xy-plane
obtained from theory and simulation of a y-directed electric dipole as a
function of dipole offsets along the: (a) x-axis, (b) y-axis, and (c) z-axis.
The theoretical currents were obtained using (12) and (14), respectively,
with (5) and (39). The results in (b) and (c) exclude I6 as it is insignificant
(at least 80 dB below the shown data). Plots are normalized to the
response when the dipole is at the center of the loop. The port
impedances were ZL = 315 �.

as shown in Fig. 4. For this special-case configuration, more
Fourier coefficient terms must be included to accurately
model the port currents.
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FIGURE 4. Example of the loop tangential electric field Eφ when an
electric dipole is offset 0.9b from the center of the loop along the x-axis.
(a) Eφ along the loop of radius kb = 0.1 rad, and (b) the corresponding
Fourier series coefficients.

B. MAGNETIC DIPOLE SOURCE
Fig. 7 shows the simulation model for a small magnetic
dipole source, using a similar dual-loaded loop configuration
as described in Section IV-A. The magnetic dipole, with
an electrical area 2 × 10−7 rad·m, was oriented with its
moment vector (normal vector to the dual-loaded loop) in
the z-direction and was shifted along the Cartesian coordinate
axes.

1) VERIFICATION OF THE THEORETICAL PORT CURRENTS
FROM A MAGNETIC DIPOLE
Fig. 8 shows the matching between the theoretical and simu-
lated I1 and I6 port currents as the magnetic dipole is shifted
along the Cartesian axes. The theoretical I1 and I6 currents
were calculated using Python implementing (12) and (14),
respectively, with (5) and (51).

In contrast to the electric dipole case, very few loop current
Fourier series coefficients are required to accurately model
the port currents from a magnetic dipole. Fig. 8 shows that to
achieve accurate current estimates for I6 , only the first-order
Fourier coefficient I0 is required. The worst case convergence
was for the weaker I1 when the magnetic dipole was shifted
along the x-axis, requiring an additional Fourier coefficient
order, i.e., |n| = 3, to model the loop port current accurately.

2) EVALUATION OF FIRST-ORDER PORT CURRENT
ESTIMATES FROM A MAGNETIC DIPOLE
As the magnetic dipole was shifted in the simulation model,
the port currents and Eφ along the loop were collected.

FIGURE 5. Theory and simulation of a y-directed electric dipole coupling
to a dual-loaded loop centered xy-plane, as a function of dipole offsets
along the: (a) x-axis, (b) y-axis, and (c) z-axis. The expressions (83)
and (84) are accurate over all the offsets. The leading term
approximations, (40) and (45), match the response when the offset is
small and gradually degrades as the offset increases. The current
estimates (13) and (15) are seen to degrade when the dipole is near the
loop. The results are normalized to the value at the origin. The results in
(b) and (c) exclude f (e)

0 and I6 as they are insignificant (at least 80 dB
below the shown data). The port impedances were ZL = 315 �.

The Fourier series for Eφ was used to verify the
first-order Fourier coefficients predicted by the new
theory.
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FIGURE 6. Difference between the simulated I1 and its
approximation (13) using Fourier coefficients from either (83), (40), or Eφ

determined from the simulated field.

Fig. 9 compares the first-order Fourier series coefficients
of the port current obtained through simulation and theory for
themagnetic dipole source. Aswas seen for the electric dipole

FIGURE 7. Model to determine the simulated Fourier series coefficients
of Eφ along a dual-loaded loop with an electrical radius of kb = 0.1 rad.
A z-directed magnetic dipole, of electrical area of 2 × 10−7 rad·m,
is shifted by the vector r0.

case, excellent agreement is observed between the derived
Fourier coefficients and the full expressions for the loop-
mode (85) and dipole-mode (86) over the dipole offset range.
Small kR approximations (52) and (53) are accurate for small
dipole offsets, being within 1 dBwhen kR < 0.5, and degrade
as the offsets increase.

Fig. 9 also shows the modelling of port currents using the
first-order Fourier series estimates (13) and (15). Unlike in
the electric dipole case, there is excellent agreement across all
of the offsets, even when the magnetic dipole approaches the
loop. This is shown in Fig. 10, where the first-order estimates
I0 are compared with the simulated port current I6 . The
estimates for I6 that use the full expression (85) are within
0.3 dB across the offset range.

V. DISCUSSION
The results show that care must be taken if I1 is approximated
when an electric dipole source is near the loop, a condi-
tion that requires a large number of current Fourier series
coefficients to model the port currents accurately. However,
for offsets either near the center or away from the loop,
e.g., kr0 > 0.3, the first-order estimates yield accurate
results – i.e., I1 estimated from (13) with (83), and I6 esti-
mated from (15) with (84).
Unlike the case for an electric dipole source, the first-order

current estimates provide accurate results for a magnetic
dipole source across all offsets – i.e., when I6 is estimated
from (15) with (85) and I1 is estimated from (13) with (86).
When the offset is small, kr0 < 0.3, the simpler estimates (52)
and (53) can be used.

Although the closed-form expressions for the loop current
Fourier coefficients may appear complicated, they comprise
a summation of Gaussian hypergeometric functions that are
extremely quick to calculate. Even the most complicated
expression (83) takes less than 5 ms on a low-end personal
computer (e.g., Intel® Core™ i5-3470), whereas a method
of moments simulation can take on the order of minutes for
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FIGURE 8. The port currents of a dual-loaded loop centered in xy-plane
obtained from theory and simulation of a z-directed magnetic dipole as a
function of dipole offsets along the: (a) x-axis, (b) y-axis, and (c) z-axis.
The theoretical currents were obtained using (12) and (14), respectively,
with (5) and (51). The results in (b) and (c) exclude I1 as it is insignificant
(at least 80 dB below the shown data). Plots are normalized to the
response when the dipole is at the center of the loop. The port
impedances were ZL = 315 �.

each configuration. It is noted that the Fourier coefficients
can also be determined by the evaluating the integrals of the
tangential electric field (39) and (51), however, these require

FIGURE 9. Theory and simulation of a z-directed magnetic dipole
coupling to a dual-loaded loop centered xy-plane, as a function of dipole
offsets along the: (a) x-axis, (b) y-axis, and (c) z-axis. The
expressions (85) and (86) are accurate across offsets. The leading term
approximations, (52) and (53), match the response when the offset is
small and gradually degrades as the offset increases. The current
estimates (13) and (15) are accurate for most dipole offsets, with small
degradation occurring when the dipole is near the dual-loaded loop. The
results are normalized to the value at the origin. The results in (b) and
(c) exclude f (m)

−1 + f (m)
−1 and I1 as they are insignificant (at least 80 dB

below the shown data). The port impedances were ZL = 315 �.

significantly more time to evaluate than the hypergeomet-
ric closed-form expressions. Additionally, these closed-form
expressions offer a benchmark for verifying such integral
evaluations.
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FIGURE 10. Difference between the simulated I6 and first-order Fourier
series coefficient approximation (15) using f (m)

0 determined from
(85), (52), or Eφ determined from the simulated field.

VI. CONCLUSION
The three-loop antenna system comprises three co-located,
orthogonally oriented, dual-loaded loops. Motivated by using
a three-loop antenna system for near-field detection of all
six field components, the existing theory of the single
dual-loaded loop is extended in this study. New expressions

are developed for the responses to electric and magnetic
dipole sources that are offset from the center of the loop,
and are verified for a radial range of up to eight times the
loop radius. The expressions are verified by simulation for
a specific loop configuration of loop: wire electrical radius
ka = 2 × 10−3 rad, loop radius kb = 0.1 rad, and electric
dipole length 1.2 × 10−3 rad and magnetic dipole from a
square loop of electrical area 2×10−7 rad·m. For both electric
and magnetic dipoles, closed-form approximations for the
first-order Fourier current expansion are determined and offer
a fast calculation benchmark for the loop port currents. For
the magnetic dipole case, the accuracy is excellent. For an
electric dipole, the accuracy degrades only when it is close to,
and aligned with, one of the feed ports owing to the truncation
of the higher Fourier terms.

APPENDIX. FOURIER COEFFICIENTS
To evaluate the integrals for the Fourier series coefficients
of the tangential electric field across a dual-loaded loop, the
integration argument is extended to a complex argument via
w = ejφ . The exponential term in (28) and (48) is expanded
using [19], [20], [31], [32], [33, (10.1.39-40)]

ej
√
R̂2−2k2b(x0 cosφ+y0 sinφ)

=

∞∑
ℓ=0

(k2b)ℓ

ℓ!

h(1)ℓ−1(R̂)

R̂ℓ−1
(x0 cosφ + y0 sinφ)ℓ, (54)

=

∞∑
ℓ=0

(k2bw∗

0)
ℓ

ℓ!

h(1)ℓ−1(R̂)

R̂ℓ−1

(w2
+ ej2θ0 )ℓ

2ℓwℓ
, (55)

where h(1)n is the spherical Hankel function of the first kind of
order n and

w0 = x0 + jy0 = |w0|ejθ0 . (56)

The spherical Hankel function can be expressed as a summa-
tion [33, (10.1.16)],

h(1)ℓ−1(R̂) = j−ℓR̂−1ejR̂
ℓ−1∑
k=0

(ℓ − 1 + k)!
k!(ℓ − 1 − k)!

(−2jR̂)−k , ℓ ≥ 1.

(57)

As R̂ approaches zero, (57) is well approximated by the
highest orders of R̂−1. For the dominant modes, using only
the highest order is sufficient,

h(1)ℓ−1(R̂) → −j
ejR̂

R̂ℓ

(2(ℓ − 1))!
(ℓ − 1)!2ℓ−1 , (58)

=

(
1/2
ℓ

)
(−1)ℓℓ!2ℓ je

jR̂

R̂ℓ
, as R̂ → 0, ℓ ≥ 1, (59)

where for any complex arguments x and y [33, (6.1.21)](
x
y

)
=

0(x + 1)
0(y+ 1)0(x + y+ 1)

, (60)

and 0(·) is the gamma function. The above approximation of
the spherical Hankel function is the only approximation in the
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derivations below.When investigating the accuracy of weaker
modes, specifically the loop-mode for an electric dipole, the
two highest reciprocal order terms are necessary in (57) to
well approximate the non-dominant mode [34],

h(1)ℓ−1(R̂) → −j
ejR̂

R̂ℓ

(2(ℓ − 1))!
(ℓ − 1)!2ℓ−1 (1 − jR̂) (61)

=

(
1/2
ℓ

)
(−1)ℓℓ!2ℓ je

jR̂

R̂ℓ
(1 − jR̂), as R̂ → 0, ℓ ≥ 2.

(62)

Using the Hankel function approximation of (59), the com-
plex exponential (55) is

ej
√
R̂2−2k2b(x0 cosφ+y0 sinφ)

≈

ejR̂
[
(1 − jR̂) + jR̂

∞∑
ℓ=0

(
1/2
ℓ

)
αℓ (w

2
+ ej2θ0 )ℓ

wℓ

]
, (63)

where

α = −bw∗

0/R
2. (64)

It can shown [34] that (63) is also accurate for large offsets,
i.e., r0 ≫ b, so the derived results based on (63) will be
accurate except near the loop.

The denominators in (28) and (48) can be expanded using
the binomial expansion [33, (3.7.22)] as[

R̂2− 2k2b(x0 cosφ + y0 sinφ)
]ξ

=

R̂2ξ
∞∑
m=0

(
ξ

m

)
αm

(w2
+ ej2θ0 )m

wm
, (65)

where ξ is a rational number.
The infinite summations are handled below.

A. ELECTRIC DIPOLE FOURIER COEFFICIENTS
The expression for the Fourier coefficients (39) for the tan-
gential electric field on a loop from an electric dipole source
is expanded using (63) and (65)

f (e)n ≈

ηk4

8π2

∮
C1

dwwn−1

(
R̂−3

∞∑
m=0

(
−3/2
m

)
αm

(w2
+ ej2θ0 )m

wm
×(

B′
w2

− 1
2jw

+ C ′
w2

+ 1
2w

+ D
w4

− 1
2jw2 + E

w4
+ 1

2w2 −
3F
5

)
+

(
R̂−5

∞∑
m=0

(
−5/2
m

)
αm

(w2
+ ej2θ0 )m

wm

−jR̂−4
∞∑
m=0

(
−2
m

)
αm

(w2
+ ej2θ0 )m

wm

)
×(

B
we2 − 1
2jw

+ C
w2

+ 1
2w

+ D
w4

− 1
2jw2 + E

w4
+ 1

2w2 + F
))

×

(
ejR̂(1 − jR̂) + jejR̂R̂

∞∑
ℓ=0

(
1/2
ℓ

)
αℓ (w

2
+ ej2θ0 )ℓ

wℓ

)
,

(66)

=
ηejR̂

8πkR5

[
B
[
Sn,0,0 − Sn,2,0 + jR̂(Sn,0,∞ − Sn,2,∞

− Sn,0,0 + Sn,2,0 − Qn,0,0 + Qn,2,0) + R̂2(Qn,0,∞
− Qn,2,∞ − Qn,0,0 + Qn,2,0 − Tn,0,0 + Tn,2,0)

− jR̂3(Tn,0,∞ − Tn,2,∞ − Tn,0,0 + Tn,2,0)
]

+ jC
[
Sn,0,0 + Sn,2,0 + jR̂(Sn,0,∞ + Sn,2,∞ − Sn,0,0

− Sn,2,0 − Qn,0,0 − Qn,2,0) + R̂2(Qn,0,∞ + Qn,2,∞
− Qn,0,0 − Qn,2,0 − Tn,0,0 − Tn,2,0)

− jR̂3(Tn,0,∞ + Tn,2,∞ − Tn,0,0 − Tn,2,0)
]

+ D
[
Sn,−1,0 − Sn,3,0 + jR̂(Sn,−1,∞ − Sn,3,∞ − Sn,−1,0

+ Sn,3,0 − Qn,−1,0 + Qn,3,0) + R̂2(Qn,−1,∞ − Qn,3,∞
− Qn,−1,0 + Qn,3,0 + Tn,−1,0 − Tn,3,0)

+ jR̂3(Tn,−1,∞ − Tn,3,∞ − Tn,−1,0 + Tn,3,0)
]

+ jE
[
Sn,−1,0 + Sn,3,0 + jR̂(Sn,−1,∞ + Sn,3,∞ − Sn,−1,0

− Sn,3,0 − Qn,−1,0 − Qn,3,0) + R̂2(Qn,−1,∞ + Qn,3,∞
− Qn,−1,0 − Qn,3,0 + Tn,−1,0 + Tn,3,0)

+ jR̂3(Tn,−1,∞ + Tn,3,∞ − Tn,−1,0 − Tn,3,0)
]

+ j2F
[
Sn,1,0 + jR̂(Sn,1,∞ − Sn,1,0 − Qn,1,0)

+ R̂2(Qn,1,∞ − Qn,1,0 −
3
5
Tn,1,0)

− j
3
5
R̂3(Tn,1,∞ − Tn,1,0)

]
− 2x0me · r0

[
R̂2(Tn,0,0 − Tn,2,0)

+ jR̂3(Tn,0,∞ − Tn,2,∞ − Tn,0,0 + Tn,2,0)
]

+ 2jy0me · r0
[
R̂2(Tn,0,0 + Tn,2,0)

+ jR̂3(Tn,0,∞ + Tn,2,∞ − Tn,0,0 − Tn,2,0)
]]

, (67)

where

Sn,p,q =

∞∑
m=0

q∑
ℓ=0

(
−5/2
m

)(
1/2
ℓ

)
αm+ℓg(ℓ,m, n, p), (68)

Qn,p,q =

∞∑
m=0

q∑
ℓ=0

(
−2
m

)(
1/2
ℓ

)
αm+ℓg(ℓ,m, n, p), (69)

Tn,p,q =

∞∑
m=0

q∑
ℓ=0

(
−3/2
m

)(
1/2
ℓ

)
αm+ℓg(ℓ,m, n, p), (70)

g(ℓ,m, n, p) =
1
2π j

∮
C1

(w2
+ ej2θ0 )m+ℓ

wm+ℓ−n+p dw, (71)

and the contour C1 in the complex plane is the unit circle.
The Residue theorem can be used to perform the complex

integrations (71). The integrand is analytic except at the poles
at the origin, and is solved using Cauchy’s integral formula,

1
2π j

∮
C1

g̃(w)
wq+1 dw =

g̃(q)(0)
q!

, q ≥ 0, (72)

where, from (71),

g̃(w) = (w2
+ ej2θ0 )m+ℓ, (73)
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and this can be expanded in a binomial series [33, (3.7.22)]
as

g̃(w) =

m+ℓ∑
i=0

(
m+ ℓ

i

)
w2(m+ℓ−i)ej2iθ0 . (74)

The qth derivative of g̃(w) is

g̃(q)(w) =

m+ℓ−⌈
q
2 ⌉∑

i=0

(
m+ ℓ

i

)
×q−1∏

r=0

2(m+ ℓ − i) − r

w2(m+ℓ−i)−qej2iθ0 , (75)

where ⌈·⌉ rounds up to the nearest integer. When evaluated at
w = 0,

g̃(q)(0)
q!

=

(
m+ ℓ

q/2

)
ej(m+ℓ−

q
2 )2θ0 , (76)

if q is even and 0 ≤ q ≤ 2(m+ ℓ), otherwise it is zero.
Using (72) and (76), the arithmetic function (71) reduces

to

g(ℓ,m, n, p) =

(
m+ ℓ

(m+ ℓ − n+ p− 1)/2

)
ej(m+ℓ+n−p+1)θ0 ,

(77)

ifm+ℓ−n+p is odd and 0 ≤ m+ℓ−n+p−1 ≤ 2(m+ℓ),
otherwise it is zero.

B. MAGNETIC DIPOLE FOURIER COEFFICIENTS
The expression for the Fourier coefficients (51) for the tan-
gential electric field on a loop from a magnetic dipole source
is expanded as a summation of terms using (63) and (65)

f (m)n ≈
k4η
8π2j

×∮
C1

dwwn−1
[
bmm,z + G

w2
− 1

2jw
+ H

w2
+ 1
2w

]
×R̂−2

∞∑
p=0

(
−1
p

)
αp

(w2
+ ej2θ0 )p

wp
(78)

+jR̂−3
∞∑
m=0

(
−3/2
m

)
αm

(w2
+ ej2θ0 )m

wm

)
×(

ejR̂(1 − jR̂) + jejR̂R̂
∞∑

ℓ=0

(
1/2
ℓ

)
αℓ (w

2
+ ej2θ0 )ℓ

wℓ

)
,

=
kηejR̂

j8πR3

(
jR̂2
[
j2bmm,zUn,1,∞ + (G+ jH )Un,0,∞

− (G− jH )Un,2,∞
]

− R̂
[
j2bmm,zTn,1,∞ (79)

+ (G+ jH )Tn,0,∞ − (G− jH )Tn,2,∞
]

+ R̂(1 − jR̂)
[
j2bmm,zUn,1,0 + (G+ jH )Un,0,0

− (G− jH )Un,2,0
]

+ j(1 − jR̂)
[
j2bmm,zTn,1,0

+ (G+ jH )Tn,0,0 − (G− jH )Tn,2,0
])

,

where

Un,p,q =

∞∑
m=0

q∑
ℓ=0

(
−1
m

)(
1/2
ℓ

)
αm+ℓg(ℓ,m, n, p). (80)

C. FIRST-ORDER FOURIER COEFFICIENTS
For centrally located dipole sources, the dominantmodes tend
to be the dipole-mode given by (13), i.e., f−1 + f1, and the
loop-mode given by (15), i.e., f0. These Fourier coefficients
were determined using (67) and (78). When n = ±1 and n =

0, each summation (68)-(70) and (80) can be expressed [34]
in terms of the Gaussian hypergeometric function using (77)
and the Chu-Vandermonde identity [33, (24.1.1.II.B)]

n∑
k=0

(
s
k

)(
t

n− k

)
=

(
s+ t
n

)
. (81)

Each summation term of (68)-(70) and (80), using (81),
is of the form (for different values of the parameter p and be
such that either m = n or m = 0),

∞∑
t=0

(
−p

2t + n

)(
2t + n
t + m

)
x t

=

∞∑
t=0

(−p)2t+n

(2t + n)!
(2t + n)!
(t + n)!

x t

t!
,

= (−1)n
∞∑
t=0

pn(p+ n)2t

(t + n)!
x t

t!
,

= (−1)npn
∞∑
t=0

(2( n2 +
p
2 ))

2t

1t+n
x t

t!
,

= (−1)n
pn

n!

∞∑
t=0

( p2 +
n
2 )
t ( p+1

2 +
n
2 )
t

(1 + n)t
(4x)t

t!
,

= (−1)n
pn

n! 2F1

(
p+ n
2

,
p+ n+ 1

2
; n+ 1; 4x

)
, (82)

where (x)n =

n−1∏
k=0

(x + k) and (x)n =

n−1∏
k=0

(x − k).

Using (67) and (82), the full expression of the dipole-mode
from an electric dipole source is [34]

f (e)
−1 + f (e)1 ≈

jηb2ejR̂

4πkR7

{
(c− ϵ)

[
(1 − jR̂) 2F1

(
5
4
,
7
4
; 1; ζ

)
−R̂2

1
(1 − ζ )3/2

+ jR̂3
(

2F1

(
3
4
,
5
4
; 1; ζ

)
−

1
√
1 − ζ

)]
−

(
d +

ζc
4

)[
(1 − jR̂)

35
8 2F1

(
9
4
,
11
4

; 3; ζ

)
− 3R̂2 2F1

(
2,

5
2
; 3; ζ

)
+ jR̂3

(
15
8 2F1

(
7
4
,
9
4
; 3; ζ

)
− 2F1

(
3
2
, 2; 3; ζ

))]
−

ζϵ

8

[
(1 − jR̂)

5
2 2F1

(
7
4
,
9
4
; 2; ζ

)
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+ R̂2
(
3 2F1

(
5
4
,
7
4
; 2; ζ

)
−

2
(1 − ζ )3/2

)
−jR̂3

(
3
2 2F1

(
5
4
,
7
4
; 2; ζ

)
− 2F1

(
1,

3
2
; 2; ζ

))]
−

ζd
8

[
(1 − jR̂)

105
16 2F1

(
11
4

,
13
4

; 4; ζ

)
+ R̂2

(
35
8 2F1

(
9
4
,
11
4

; 4; ζ

)
− 4 2F1

(
5
2
, 3; 4; ζ

))
+jR̂3

(
2F1

(
2,

5
2
; 4; ζ

)
−

35
16 2F1

(
9
4
,
11
4

; 4; ζ

))]
− 5 x0(me × r0)z

[
(1 − jR̂)

5
2 2F1

(
7
4
,
9
4
; 2; ζ

)
+ R̂2

(
3
5 2F1

(
5
4
,
7
4
; 2; ζ

)
−

2
(1 − ζ )3/2

)
+j

3
5
R̂3
(
3
2 2F1

(
5
4
,
7
4
; 2; ζ

)
− 2F1

(
1,

3
2
; 2; ζ

))]
+ R̂2

2c
3
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The full expression of the loop-mode from an electric
dipole source, when using the two highest reciprocal order
terms for the Hankel function expansion (62) [34], is
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(84) is a simplified results through applying Gauss’ relations
for contiguous hypergeometric functions [33, (15.2)] to (67).
This simplified form is undefined at ζ = 0 but its value can
be determined through taking the limit as ζ approaches 0.
Using (78) and (82), the full expression of the loop-mode

from a magnetic dipole source is [34]
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(85)

Finally, the full expression of the dipole-mode from a
magnetic dipole source is [34]

f (m)
−1 + f (m)1 ≈
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