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ABSTRACT We present a novel numerical analysis method called 1D full-vectorial finite element bidi-
rectional beam propagation method (BiBPM) for the efficient design of nonradiative dielectric (NRD)
waveguide components. The BiBPM is a field-based propagation operator method that does not require
computing eigenpairs or diagonalizing characteristic matrixes. The dimension of the problem can be reduced
in the case that the structure of the NRD guide does not vary in the perpendicular direction to its parallel
perfect conductor plates. Moreover, since propagation operator methods eliminate the need to discretize in
a homogeneous direction, a 3D problem can be converted into a 1D problem in specific situations. First,
we analyze NRD guides with an offset and an air gap to verify the applicability of the transfer-matrix-
based BiBPM to NRD guides. Given the instability of transfer matrix formulation, we also introduce the
scattering-matrix-based BiBPM. Its validity is confirmed using numerical examples of an electromagnetic
bandgap filter and a square resonator.

INDEX TERMS Bidirectional beam propagation method, finite element method, nonradiative dielectric
waveguide, scattering matrix, transfer matrix.

I. INTRODUCTION
As a platform of millimeter-wave integrated circuits for
5G and beyond 5G systems, nonradiative dielectric (NRD)
waveguides [1] are drawing attention. NRD guides are
promising platforms for millimeter waves because of their
nonradiation. The NRD guide shown in Fig. 1 consists of
a dielectric waveguide sandwiched by parallel metal plates.
Radiation into the air is prevented by keeping the dis-
tance of the metal plates shorter than half the wavelength
in the air region, so this waveguide supports nonradiative
longitudinal-section electric (LSE) and longitudinal-section
magnetic (LSM) modes. Therefore, this NRD guide can aid
in the miniaturization and integration of millimeter circuits.
Numerical simulation is conducted many times to optimize
the waveguide components of NRD integrated circuits. Thus,
an efficient numerical simulation approach is required. For
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instance, band-stop or band-pass filters can be built using
multiple resonators or stubs [2], [3], [4]. A high-dimensional
optimization problem should be solved to obtain a broadband,
flat-top filter response because multiple resonators or stubs
may be necessary to achieve such a filter response. The use
of efficient numerical methods is vital for high-dimensional
optimization problems.

To solve waveguide discontinuity problems, mode-
expansion-based techniques [5], [6], [7], the finite element
method (FEM) [8], [9], and the finite-difference time-domain
(FDTD) method [10] are well-established, widely used meth-
ods of solving waveguide discontinuity problems; these
approaches are versatile but time consuming, especially for
large-scale 3D full-vectorial problems. In previous works,
to analyze discontinuity problems in NRD guides efficiently,
two dimensional full vectorial (2DFV) approaches such as a
2DFV-FEM, have been introduced to analyze the discontinu-
ity problems of NRD guides efficiently [11], [12], [13], [14].
Although 3D full-vectorial analysis is generally necessary
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to estimate propagation and scattering in NRD guides, the
problem can be reduced to two dimensions in the case that
the waveguide structure does not vary in the perpendicu-
lar direction to the parallel plates (z direction), thanks to
the fields of LSE/LSM modes in the z direction can be
represented by sinusoidal functions everywhere in the xy
plane. For waveguide discontinuity problems, propagation
operator methods can be used. These methods are advan-
tageous, especially for waveguides composed of multiple
homogeneous regions, because the problem dimension can
be reduced, which eliminates the need to discretize in a
homogeneous direction. Themethods fall into two categories,
namely, modal-basedmethods [15], [16], [17] and field-based
methods, such as the bidirectional beam propagation method
(BiBPM) [18], [19], [20], [21]. The BiBPM avoids com-
puting eigenpairs or diagonalizing characteristic matrixes.
Since 3D problems can be reduced to 1D problem, the
BiBPM achieves efficient analysis by combining the idea
of dimension-reduced approaches and propagation operator
methods for specific situations.

In this paper, we propose the 1D full-vectorial finite ele-
ment BiBPM for the discontinuity problems of NRD guides.
In our method, the transverse direction is discretized using
1D edge-node line elements, where the z dependence of the
field is expressed using a sinusoidal function. The procedure
of a transfer-matrix-based BiBPM consists of computing a
transfer operator [T ] that computes transmission and reflec-
tion at the waveguide discontinuity, and a propagator [P] in
a homogeneous layer. Transfer matrix formulation induces
numerical instability [18] especially when the number of
homogeneous layers is large, but scattering matrix formula-
tion can avoid this instability. First, we introduce the transfer-
matrix-based BiBPM to check the applicability of the BiBPM
to the discontinuity problems of NRD guides. For the numer-
ical validation of the transfer-matrix-based BiBPM, we show
numerical examples of NRD guides with an offset and an air
gap.We also develop the scattering-matrix-based BiBPM and
validate it using numerical examples of an electromagnetic
bandgap (EBG) filter and a square resonator. Since the results
of 2DFV-FEM are equivalent to those of the well-established
3DFEM [11] if the waveguide structure is homogeneous in
the z direction, we compare the results of the BiBPM with
those of 2DFV-FEM for numerical verification.

II. FORMULATIONS
A. WAVE EQUATION IN HOMOGENEOUS LAYER
First, we assume that the NRD guide is homogeneous in the
x direction and the electromagnetic wave propagates with a
phase constant βx as shown in Fig. 1. The functional of this
system is

F(8) =
1
2

∫∫
�

{
(∇̃ × 8∗) · ([p]∇̃ × 8) − k208

∗
· [q]8

}
dS

+
1
2

∫
0

8∗
· {n × ([p]∇̃ × 8)}d0 (1)

FIGURE 1. NRD guide that is homogeneous in x direction: (a) structure,
(b) cross-sectional view.

where ∇̃ =
{
−jβx , ∂/∂y, ∂/∂z

}T , and
[p] =

{
[µr ]−1

[εr ]−1 , [q] =

{
[εr ]
[µr ]

, 8 =

{ √
ε0E

√
µ0H

.

(2)

In (1), we assume that the top and bottom boundaries of the
computational window are perfect electric conductors (PECs)
and the left and right boundaries are Neumann boundaries,
i.e. perfect magnetic conductors (PMCs) for 8 =

√
ε0E or

PECs for 8 =
√

µ0H. [µr ] and [εr ] are the relative per-
meability and permittivity tensors, respectively. Hereinafter,
we consider the matrixes [p] and [q] to be diagonal matrixes.

[p] =

px 0 0
0 py 0
0 0 pz

 , [q] =

qx 0 0
0 qy 0
0 0 qz

 .

We discretize � using edge-node hybrid line elements,
as shown in Fig.1(b). We suppose that the electromagnetic
field in an element is approximated by

8(x, y, z) = [N ]T {φ} exp(−jβxx), (3)

[N] =

j{N }f (z) {0} {0}
{0} {V }f (z) {0}
{0} {0} {N }g(z)

 (4)

f (z) =

{
sin(κz) (8 =

√
ε0E)

cos(κz) (8 =
√

µ0H)

g(z) =

{
cos(κz) (8 =

√
ε0E)

sin(κz) (8 =
√

µ0H)
(5)
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where {N } and {V } are shape function vectors for the nodal
and edge elements, respectively; {φ} = {{φx}

T , {φy}T , {φz}T

}
T , and κ = π/a. By substituting (3) into (1), and using
the variational principle, we obtain the following generalized
eigenvalue equation:{

[Att ] − β2
x

(
[Btx][Axx]−1[Bxt ] − [Ctt ]

)}
{φt } = {0}, (6)

where {φt } = {{φy}
T , {φz}

T
}
T , and k0 is a wave number in

vacuum. [Axx], [Att ], [Btx] and [Ctt ] are defined as

[Att ] =

[
[Ayy] [Ayz]
[Azy] [Azz]

]
(7)

[Btx] =

[
[Byx]
[Bzx]

]
= [Bxt ]T (8)

[Ctt ] =

[
[Cyy] [0]
[0] [Czz]

]
(9)

[Axx] =

Ne∑
i=1

∫
ei

(
pyκ2

{N }{N }
T

+ pz
∂{N }

∂y
∂{N }

T

∂y

− k20qx{N }{N }
T
)
dy (10)

[Ayy] =

Ne∑
i=1

∫
ei

(
pxκ2

{V }{V }
T

− k20qy{V }{V }
T
)
dy (11)

[Ayz] =

Ne∑
i=1

∫
ei

(
−pxuκ{V }

∂{N }
T

∂y

)
dy = [Azy]T (12)

[Azz] =

Ne∑
i=1

∫
ei

(
px

∂{N }

∂y
∂{N }

T

∂y
− k20qz{N }{N }

T
)
dy (13)

[Bxy] =

Ne∑
i=1

∫
ei
pz

∂{N }

∂y
{V }

T dy = [Byx]T (14)

[Bxz] =

Ne∑
i=1

∫
ei
pyuκ{N }{N }

T dy = [Bzx]T (15)

[Cyy] =

Ne∑
i=1

∫
ei
pz{V }{V }

T dy (16)

[Czz] =

Ne∑
i=1

∫
ei
py{N }{N }

T dy (17)

where

u =

{
1 (8 =

√
ε0E)

−1 (8 =
√

µ0H)
(18)

and Ne is the number of elements.
Next, we consider an NRD guide that has discontinuity in

the x direction as shown in Fig. 2. By replacing βx in (6) with
j∂/∂x, we obtain the following wave equation in a layer that
is homogeneous in the x direction:

∂2{φt }

∂x2
+ [Q]{φt } = {0} (19)

where [Q] is defined by

[Q] =

(
[Btx][Axx]−1[Bxt ] − [Ctt ]

)−1
[Att ]. (20)

The solution of (19) in the kth layer is

{φt (x)} = exp(−j
√
[Q]k (x − xk−1)){φt (x

+

k−1)}
F

+ exp(j
√
[Q]k (x − xk )){φt (x

−

k )}
B (21)

where x+/−
k indicate the right/left limit at the point of dis-

continuity between the kth and (k+1)th layers. The first term
on the right-hand side of the expression means a forward-
propagating wave, and the second term means a backward-
propagating wave. The method of computing

√
[Q]k is an

important issue in the BiBPM. We compute
√
[Q]k using

Schur decomposition [22] with branch-cut.

[Q]k exp(−jα) = [Q̂]k = [R]k [Û ]k [R]
†
k (22)√

[Q]k = [R]k

√
[Û ]k exp

(
j
α

2

)
[R]†k (23)

[Û ]k =


ûk,11 ûk,12 ûk,13 · · · ûk,1n
0 ûk,22 ûk,23 · · · ûk,2n
...

...
...

. . .
...

0 0 0 · · · ûk,nn

 (24)

√
[Û ]

k
=


√
ûk,11 υ̂k,12 υ̂k,13 · · · υ̂k,1n
0

√
ûk,22 υ̂k,23 · · · υ̂k,2n

...
...

...
. . .

...

0 0 0 · · ·
√
ûk,nn

 (25)

where [R]k is a unitary matrix obtained by the Schur decom-
position, [Û ]k indicates the Schur form,α is the rotation angle
of the branch cut and set to α = −π/4 in this paper. The
propagator in a layer is computed by reusing [R]k and [U ]k
as follows:

[P]Fk = exp(−j
√
[Q]k1xk )

= [R]k exp(−j
√
[U ]k1xk )[R]

†
k (26)

Then, we factorize the exponential term as follows:

exp(−j
√
[U ]k1xk )

= exp(jβ0k1xk ) exp(−j(
√
[U ]k + β0k [I ])1xk )

= exp(jβ0k1xk ) exp(−j[G]k1xk ) (27)

where 1xk is the layer thickness and β0k is the reference
phase constant. As the diagonal elements of

√
[U ] are phase

constants, we choose β0k as the average value of the prop-
agating modes. We apply Padé (p, q) approximation [23] to
exp(−j[G]k1xk ):

exp(−j[G]k1xk ) = [D]−1
k [N ]k

[N ]k =

p∑
i=0

ai(−j[G]k1xk )i, [D]k

=

q∑
i=0

bi(j[G]k1xk )i (28)
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FIGURE 2. NRD guide with waveguide discontinuity.

where ai and bi are

ai =
(p+ q− i)!p!

(p+ q)!i!(p− i)!
(29)

bi =
(p+ q− i)!q!

(p+ q)!i!(q− i)!
. (30)

B. TRANSFER MATRIX FORMULATION
In this subsection, we introduce the transfer-matrix-based
BiBPM. Through the continuity of {φt } and the power flow
at the waveguide discontinuity, the following equations are
obtained:{

φt
(
x−

k

)}F
+

{
φt

(
x−

k

)}B
=

{
φt

(
x+

k

)}F
+

{
φt

(
x+

k

)}B
(31)

[F]k
{
φt (x

−

k )
}F

− [F]k
{
φt (x

−

k )
}B

= [F]k+1
{
φt (x

+

k )
}F

− [F]k+1
{
φt (x

+

k )
}B

(32)

where [F]k is a matrix related to power and defined as

Pk =
c
4k0

{φt }
†[F]k{φt } (33)

[F]k ≡

(
[Ctt ]k − [Btx]k [Axx]

−1
k [Bxt ]k

) √
[Q]k (34)

where c is the speed of light in vacuum. From (26), (31), and
(32), assuming that {φ}

B
out = {0}, we obtain the following

relation:{
{φt (x

+

N )}
F

{0}

}
= [M ]

{
{φt (x

−

0 )}
F

{φt (x
−

0 )}
B

}
(35)

[M ] = [T ]N [P]N [T ]N−1[P]N−1 · · · [T ]1[P]1[T ]0
(36)

where {φt (x
−

0 )}
F indicates the input field. {φt (x

+

N )}
F and

{φt (x
−

0 )}
B are the transmission and reflection fields, respec-

tively. In (36), the propagation operator in the homogeneous

FIGURE 3. NRD guide with an offset: (a) bird’s-eye view, (b) top view.

layer [P]k is[
{φt (x

−

k )}
F

{φt (x
−

k )}
B

]
≡

[
[P]Fk [0]
[0] ([P]Fk )

−1

] [
{φt (x

+

k−1)}
F

{φt (x
+

k−1)}
B

]
(37)

and the operator at the discontinuity boundary [T ]k is

[T ]k ≡
1
2

[
[I ] + [F]−1

k+1[F]k [I ] − [F]−1
k+1[F]k

[I ] − [F]−1
k+1[F]k [I ] + [F]−1

k+1[F]k

]
. (38)

However, this formulation is unstable, especially when a
device consists of a large number of layers, because evanes-
cent modes with extremely large Im{βx} grow dramati-
cally due to ([P]Fk )

−1. A scattering-matrix-based formulation
enables stable computation, so we introduce the scattering-
matrix-based BiBPM in the next subsection.

C. SCATTERING MATRIX FORMULATION
A scattering matrix is defined as[

{φt (x
−

0 )}
B

{φt (x
+

N )}
F

]
=

[
[S11(x

−

0 )] [S12(x
+

N )]
[S21(x

−

0 )] [S22(x
+

N )]

] [
{φt (x

−

0 )}
F

{φt (x
+

N )}
B

]
(39)

where [S11/21(x ′)] indicates the S11/21 in x ′ < x < x+

N and
[S12/22(x ′)] indicates the S12/22 in x−

0 < x < x ′. From the
definition of the scattering matrix, we obtain

[S11(x
+

N )] = [0] (40)

[S21(x
+

N )] = [I ]. (41)

Using the continuity condition of {φt } and the power at the
waveguide discontinuity, we obtain the following relation:

[S11(x
−

N )] = ([I ] + [C]N )−1([I ] − [C]N ) (42)
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[S21(x
−

N )] = [S21(x
+

N )]([I ] + [S11(x
+

N )])
−1([I ] + [S11(x

−

N )])
(43)

where [C]k is

[C]k ≡ [F]−1
k [F]k+1([I ] − [S11(x

+

k )])([I ] + [S11(x
+

k )])
−1.

(44)

Using the definition of [P]Fk , we obtain the following relation:

[S11(x
+

N−1)] = [P]FN [S11(x
−

N )][P]
F
N (45)

[S21(x
+

N−1)] = [S21(x
−

N )][P]
F
N . (46)

By iterating the process described in (42)−(46) from k =

N to 0, we obtain the scattering matrix of the whole sys-
tem. [S12(x

+

N )] and [S22(x
+

N )] are obtained via the same way.
We call this process BiBPM-S, where only [S11/21(x ′)] is
computed. If the waveguide has the large number of periods,
then the use of the Redheffer star product can make the
BiBPM efficient. The scattering matrix of the whole system
is computed as

[S] = [S]out ⋆ [S]3 ⋆ · · · ⋆ [S]3 ⋆ [S]in (47)

where ⋆ is the Redheffer star product [24], [S]in/out is the
scattering matrix of the input/output system, and [S]3 is
the scattering matrix of one period system. Moreover, the
computation of the star product can be reduced. For example,
to calculate 20 times the star product [S]20,3, we compute
[S]2n,3(n = 1, 2, 3, 4) and then obtain [S]20,3 = [S]24,3 ⋆

[S]22,3. In this case, we multiply five times, not 20 times.
This process of using the Redheffer star product is hereinafter
called BiBPM-R.

III. NUMERICAL EXAMPLE
A. TRANSFER MATRIX BASED BiBPM
First, the analysis results for the NRD guide with an offset
are shown to demonstrate the validity of the transfer-matrix-
based BiBPM. In this example, we verify the operator at
the waveguide discontinuity [T ]. The structural parameters
shown in Fig. 3 are as follows: the distance between metal
plates is a = 2.25 mm; the width of the dielectric waveguide
is b = 2 mm; the relative permittivities of the dielectric
waveguide and air are εr1 = 2.2 and εr2 = 1, respectively;
and s is the waveguide offset. An LSM01 wave at a frequency
of 60 GHz is launched to the surface between layers 0 and
1. Here we investigate the dependence of the transmission
power on the offset s. Figure 4 shows the transmission power
of the LS modes as a function of the offset. Findings indicate
that as the offset s increases, the transmission power of
LSM01 decreases and slightly changes to LSE01 mode. For
comparison, 2DFV-FEM results are also shown in Fig. 4. The
two sets of results agree well, which indicates the validity
of [T ].
Next, we analyze a NRD guide with an air gap to show the

validity of one homogeneous layer’s matrix [P], which is also
used in the scattering-matrix-based BiBPM. The structural
parameters shown in Fig. 5, frequency, and input mode in this

FIGURE 4. Transmission of LSM01 and LSE01 modes as a function of
offset. The LSM01 wave at 60 GHz is launched from layer 0. The solid line
indicates the BiBPM results, and the dots denote the 2DFV-FEM results.

FIGURE 5. NRD guide with an airgap: (a) bird’s-eye view, (b) top view.

analysis are the same as those in the previous example except
the air gap g. In this example, we investigate the dependence
of the transmission and reflection power of the LSM01 mode
on air gap g.

Figure 6 shows the transmission and reflection power of
the LSM01 mode as a function of the air gap g. The effect of
the order of Padé approximation is also shown in this figure.
In Fig. 6(a), although the difference between the BiBPM and
2DFV-FEM is slight in the small-gap region, the BiBPM
results slightly deviate from the 2DFV-FEM results in the
large-gap region, as shown in the inset. This is because not all
the evanescent modes in the air gap can be estimated through
Padé approximation. Nevertheless, we achieve high accuracy
using high-order Padé approximation.

B. SCATTERING MATRIX BASED BiBPM
In this section, we analyze an EBG filter and a square
resonator to demonstrate the validity of the scattering-matrix-
based BiBPM.

The structural parameters shown in Fig. 7 except b′, r , 3

and the input mode are the same as in the previous example.
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FIGURE 6. Normalized power of LSM01 mode as function of air gap. The
LSM01 wave at 60 GHz is launched from layer 0. The solid line indicates
the BiBPM results, and the dots denote the 2DFV-FEM results. The orders
of Padé approximation are (a) (2,2), (b) (4,4), and (c) (6,6).

Here, the duty ratio is r = 0.5, the thick core width is b′
=

3 mm, and we set 3 = 8.12 mm so that the center of the stop
band is 60 GHz. In this example, we investigate the frequency
characteristics of the transmission power, reflection power,
and computational time between the scattering-matrix-based
BiBPM and 2DFV-FEM.

The frequency characteristics of the EBG filter are shown
in Fig. 8. The stop band is in the vicinity of 60 GHz. The
results of the scattering-matrix-based BiBPM agree well with
those of 2DFV-FEM, which indicates the validity of the
proposed method. The dependence of the period number N
on computational time is shown in Fig. 9. In this comparison,

FIGURE 7. NRD guide with EBG filter: (a) bird’s-eye view, (b) top view.

FIGURE 8. Transmission and reflection power spectra of LSM01 mode in
EBG filter. The EBG period numbers are (a) N=6 and (b) N=30.

we use a computer with an Intel Core i7-13700KF (3.4 GHz)
processor. The BiBPM is faster than 2DFV-FEM when the
period number is more than 1 or 2. Moreover, as the period
number increases, BiBPM-R becomes more efficient than
BiBPM-S, as expected.
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FIGURE 9. Dependence of computational time on EBG period.

FIGURE 10. The bird’s eye view of square resonator, and (b) its top view.

FIGURE 11. Normalized power spectra of LS modes in square resonator.

Finally, we analyze a square resonator. The structure of
the resonator is shown in Fig. 10. The structural parameters
shown in Fig. 10 are the same as in the previous example
except c = 5.88 mm, l = 10 mm, and d = 2.5 mm, and
the input mode. The resonator size c is determined so that the
resonance frequency is approximately 60 GHz.

The transmission and reflection power spectra of the LS
modes are shown in Fig. 11. Because of the asymmetric

TABLE 1. Comparison of the 3DFEM, the 2DFV-FEM, and the 1DFV-BiBPM.

structure, a slight mode transformation to the LSE01 mode
occurs around the resonance frequency. Moreover, in this
example, both results agree well, which indicates that the
BiBPM can consider various modes propagating in the square
resonator at various angles.

IV. CONCLUSION
We develop the novel 1D full-vectorial BiBPM for NRD
guides. First, we introduce the transfer-matrix-based BiBPM
and examine its validity using analysis results for NRDguides
with an offset and an air gap. The findings for the air gap
show that accuracy can be controlled using the order of Padé
approximation. Next, we develop the scattering-matrix-based
BiBPM, which resolves the numerical instability of transfer
matrix formulation, and validate it using analysis results for
an EBG filter and a square resonator. According to the EBG
filter results, the BiBPM can be more efficient than 2DFV-
FEM when the number of periods is large. The results for
the resonator suggests that the BiBPM can consider various
modes propagating in the square resonator at various angles.

We summarized the characteristics of the 3DFEM, the
2DFV-FEM [11], and the 1DFV-BiBPM in Table 1. The pro-
posed method and the 2DFV-FEM have a limitation that the
waveguide should be uniform in perpendicular direction to
the parallel plates. In addition, the waveguide profile should
be a staircase or is interpreted as a staircase profile in the
1DFV-BiBPM. Although the propagator [P] is approximated
in the 1DFV-BiBPM, as shown in Section III-A the accuracy
can be controlled by using the high-order Padé approxima-
tion. The proposed BiBPM is based on a strategy of reducing
the problem dimension using the characteristics of the waves
propagating in the NRD guide and a propagation operator
method. The BiBPM offers advantages for the optimal design
of NRD guide components that have long, uniform structures
in the transmission axis or are constructed using multiple
resonators or stubs.
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