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ABSTRACT This paper investigates the simultaneous design of a controller and Luenberger state observer
for systems with time-delays, external disturbances, uncertainties, modeling errors, and unknown nonlinear
perturbations. The state-feedback control approach and state-observer existence conditions are formu-
lated using the Linear Matrix Inequalities (LMIs). By defining the estimation error, the equations of the
closed-loop system are rewritten. External disturbances, uncertainties, unknown nonlinear perturbations,
and constant time-delays are considered in system modeling. By using LMI techniques, the estimation error
is converged to zero. Therefore, the time-delays, uncertainties, and external disturbance effects on the system
output, which have not been considered simultaneously before, are minimized, and the closed-loop system
is stabilized. The performance of the proposed approach is verified by simulation of two examples, Flexible-
Link Manipulator (FLM) dynamics, and Continuous Stirred Tank Reactor (CSTR) system. These examples
illustrate the reliability of the suggested method.

INDEX TERMS Linear matrix inequality, controller design, state-observer, external disturbance, time-delay,
flexible-link manipulator.

I. INTRODUCTION

A. BACKGROUND AND MOTIVATION

Disturbances can cause significant disruptions and unwanted
effects in the control process. In recent decades, researchers
have suggested various methods to reduce the effects of
external disturbances on the control system. It is generally
impossible to eliminate external disturbances completely;
however, many papers have been trying to reduce the effects
of disturbances by applying various methods [1], [2], [3],
[4], [5], [6]. Significant efforts have been made for the
robust stability of linear systems with input disturbances.
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Another problem in controller design is the lack of accurate
or complete information about the states of the system [7],
[8]. Therefore, the uncertainty has bad effects on control
performances, and it can reduce the accuracy of the designed
controller [9]. In many systems, the state-feedback control
cannot ensure system stability due to the unavailability of all
control system states. For this reason, in feedback control, it is
essential to design a state observer [10], [11]. In real industrial
processes, there is a time-delay in addition to external dis-
turbances and uncertainties [12], [13]. The time-delay makes
non-minimum phase behavior in the system [11], [12]. There-
fore, this term should be considered in system modeling.
Therefore, many methods have been designed to overcome
the time-delay effects [14], [15], [16]. Some research studies
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have been done to decrease the impacts of disturbance, uncer-
tainty, and nonlinear function, but their controller is designed
for special systems [14], [15], [17]. In [14], the perturba-
tion observer-based control is designed for voltage converter
systems. The impact of disturbance, uncertainty, nonlinear
function, and state estimation are considered. The output
feedback controller is designed to compensate for the impacts
of perturbations; however, time-delay is not considered in
[14]. In [18], the observer-based controller is designed for
nonlinear systems with unknown time-delay, but the effect
of uncertainty has not been considered. In [19], the combi-
nation of high gain state observer and LMI is investigated
for nonlinear systems. The estimation error stability has been
proved. However, time-delay, uncertainty, nonlinear pertur-
bation, output disturbances effects have not been considered.

The main task in controller design is to check the stabil-
ity of the system. One of the mathematical tools is linear
matrix inequalities (LMIs), which can prove system stability
[53], [54]. In recent research, the LMIs method is considered
an effective tool to help researchers control design and is
widely used in different applications [18], [20], [21], [22],
[23], [24]. This approach is used to convert the consid-
ered problem to an optimization problem. The techniques
of convex or quasi-convex optimization problems, involving
LMIs, are used to construct Lyapunov stability function,
Linear quadratic regulator, optimal system realization, obtain
state-feedback gain and Luenberger observer gain via Yalmip
and other solvers, numerically. These solvers use effective
algorithms to fulfill inequalities’ conditions and convex con-
straints [25], [26]. The fundamental theory in designing
controllers by LMIs is the Lyapunov stability theorem, which
is used to prove the asymptotical stability of the closed-loop
system. Using LMIs can reduce the constraints of system
conditions. In the last research, many algorithms have solved
LMIs; many papers apply LMIs techniques to various control
theories [27], [28]. The design of the controller for electrome-
chanical systems can be formulated as an LMIs problem.
Because the optimal values for controller and observer gains
are obtained from LMIs, therefore, they can improve sys-
tem’s behavior such as tracking performance, steady state
response, etc.

B. LITERATURE REVIEW

In [29], the simultaneous design of the observer and controller
is presented in the presence of a nonlinear term using LMIs.
In order to design the state-feedback control law, the observer
is introduced then the controller is designed. Nevertheless,
it does not guarantee system stability in the existence of
external disturbances [30]. In [31], the authors present a
solution for linear systems observer-based stabilization in the
presence of uncertainty. Less restrictive LMIs condition is
the result of proper use of the Young relation. In [16] and
[32], the sliding mode controller (SMC) and observer are
designed, and then the validity of the proposed SMC is proved
by using LMIs. The observer-based controllers are useful to
stabilize various classes of systems and improve the system’s
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performance [16]. The state observer is used because some
states of the system may not be available in real systems. In
most research studies, the state observer structure is usually
designed with Luenberger form. In [20], the state feedback
controller and the state observer combination are designed
for systems with stochastic noise and polytopic parameters.
Aniterative LMIs approach is suggested for solving nonlinear
matrix inequalities when the separation principle is not valid.
This approach has been able to reduce noise effects, but they
haven’t been eliminated. In [21], a robust nonlinear controller
is designed for uncertain nonlinear discrete time-invariant
systems. The fault-tolerant control law is designed by using
LMIs toolbox and iterative process. The amount of external
disturbances is not clearly expressed in this paper, and the
delay effects are not considered and tested by the suggested
approach. In [22], an observer-based Hoo output feedback
controller is designed for uncertain interconnected nonlinear
systems. The gain matrixes of observer and controller are
obtained by LMIs procedure. The proposed approach has the
output tracking well, but the system can’t consider the delay
effects. In [27], the observer-based controller is designed for
time-varying delay systems. The stabilization of the close
loop system is proved via LMIs method. In this paper, the
effects of uncertainty and disturbances aren’t considered. In
[28], the extended state-observer-based control is investigated
for systems with locally Lipschitz uncertainties and expo-
nential stability is proved. The effects of time-delay, output
disturbances, and uncertainties are not considered. In [29],
it has been attempted to prove asymptotical stability using
the Hoo -based observer using LMIs. The recommended
gains are calculated with the help of Hy; then, Hy is
transformed into LMIs. After solving LMIs, the presented
Hso controller and observer can guarantee the robustness
of systems with uncertainties and disturbances. The effects
of time-delay and output disturbances have not been con-
sidered in this research. In [4], an adaptive control strategy
with full error constraints is designed for nonlinear systems.
In this method, the adaptive back-stepping control scheme
is combined with the nonlinear filter. Like all of previ-
ous papers mentioned in this manuscript, the simultaneous
effects of time-delay, uncertainty, and nonlinear perturbation
have not been considered in the nonlinear system model of
[4]. In [33], a fixed-time fuzzy controller is designed for
nonlinear multi-agent systems with unmeasurable states and
unknown dynamics, and the linear state-observer and fuzzy
logic systems are utilized to identify the unknown internal
dynamics. It can control the unmanned vehicle well, but the
unknown nonlinear perturbations and time-delays are not
considered in the system equations. In [34], a finite-time
fuzzy adaptive prescribed performance control technique is
proposed for non-strict-feedback nonlinear MIMO systems,
and a dynamic surface controller is suggested by combin-
ing the adaptive back-stepping control algorithm and the
nonlinear filters. The proposed method can deal with the
computational complexity and improve the control perfor-
mance. The Luenberger observer is one of appropriate tools
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to estimate the information of the internal system variables,
noise and disturbances which are unknown, and they have
bad effects on performance of system such as lower tracking
accuracy. Therefore, the Luenberger observer gain should be
designed carefully. Using LMI approach can be useful to
improve accuracy of system performance. The Luenberger
observer is one of the most applicable observers in practice,
because of using continues function, clear structure, simple
implementation, and excellent steady-state performance; but
it can make the system unstable in high gains [35]. Consid-
ering the above-mentioned researches, to the best authors’
knowledge, the design of the LMI-based Luenberger observer
for uncertain nonlinear systems with external disturbances
and time-delays is still an open problem. No research study
has been done suggesting an LMI-based Luenberger observer
in the presence of interval time-delays, unknown nonlinear
perturbation, and minimizing effects of disturbances.

C. CONTRIBUTION

Motivated by the above discussion, our goal is to design an
observer-based controller to stabilize the linearizable systems
in the presence of disturbances, unknown nonlinear perturba-
tion, and time-delay. The main contributions of this paper are
as follows:

« An approach that enables the simultaneous design of the
observer and controller gains;

e A design that combines the estimation properties of
state observers with the optimization properties of linear
matrix inequalities for systems in the presence of uncer-
tainties, disturbances, unknown nonlinear perturbation,
and time-delay, the effects of these parameters have not
been solved by LMI approaches before.

« An approach is suggested for controlling and stabilizing
systems with interval time-delays, unknown nonlinear
perturbation, and minimizing effects of disturbances;

« The state observer is designed to estimate unmeasured
states and guarantee the stability of the closed-loop sys-
tem with and without parametric uncertainties.

« The exponential stability of a closed-loop system in the
presence of uncertainties, disturbances, unknown non-
linear perturbation, and time-delay is proved.

« New Lyapunov functions are considered for the stability
analysis of time-delay systems.

D. PAPER ORGANIZATION

The remainder of the paper is organized as follows.
Section I-A, the problem formulation, includes system
description, assumptions, and preliminaries. The proposed
controller/observer approaches are derived in section I-B,
main results, which include exponential stability analysis,
design of controller design for systems without uncertainty,
and in another subsection with uncertainty, unknown non-
linear perturbations, and disturbances. Their performance
is assessed by implementing them to two examples in
Section I-C. Some concluding remarks are finally drawn in
section I-D.
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Il. PROBLEM FORMULATION
Consider a class of nonlinear state space systems with uncer-
tainties, unknown nonlinear perturbations, time-delays, and
disturbances as

X =@A+A)xO)+As+2A; (1) x(t —d)

+ B+ ABO)u () +fi (x (1) +> (x (t = )
+ Byw (1)

¥ (1) = Cx (1)) + Do (1) (1)
where x (t) €R", u(t), y(t), and w (¢) are the states of the
system, the input signal, the output, and the input disturbance
of the system including noise, respectively. d is time-delay
value, f] (x (1)), and f> (x (t — d)) are unknown nonlinear
perturbations. The constants of A, A4, B,C,D, and B,
are matrices with proper dimensions. AA () ,AAy4 (¢), and
AB (t) are uncertainties assumed to be norm-bounded with
appropriate dimensions satisfying the following condition:

AA (t) = EF (t) Hy,
AAq (1) = EF (1) Hy,
AB(t) = EF (t) H; 2)

where £ and H;, i = 1, 2, 3 are the constant matrices with

appropriate dimensions and F (¢) is the unknown continuous
time-varying matrix function, satisfying

FTHF@® <. 3)

Equation (3) is utilized to obtain the following results
(101, [30]:

AT A @) <TTMMTT, 4)
where

A@)y=F @) [(H| +H3K)x (t) + (Hy + H3K2) x (t — d)
— (H3K1)e (t) — (H3K2)e(t — d)]

and
x () (Hy + HsK)!
| xe-a) _ | a4+ H3Kp)”
"=l ey |'MT| k)’
e(t—d) — (H3K»)T

The model (1) can be an electromechanical system such as
a robot, which has low accuracy and delay in the modeling
of its state variables. It is also affected by environmental
disturbances such as damage to actuators and low accuracy
of sensors. For the Lyapunov functions and stability analy-
sis, it is important to carefully consider the limitations and
validity of the obtained results. This requires taking into
account the specific assumptions made in the analysis, as well
as the computational requirements of the chosen Lyapunov
function.

Assumption 1 ( [30]): The nonlinear functions fi (x (¢)),
and f> (x (t —d)) are unknown perturbations that satisfy
fi@,0=0,/£(¢,0)=0,and

A a@nfite@) < pix” ) x (@), )
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A a—d)f@—d)<px’ t—dxi—d), (6

where 1> 0, andf,> 0, are constants [30].

Assumption 2: The nonlinear functions fi(x) and f>(x(¢r —
d)) are called Lipschitz functions if the constants €1, 2, >
0 exist and satisfy

i) = AN < 11 =3I (D)
o x(t =) —fo (R (2 = ) || < N0 — d)
—x@t—-anll (®)
This assumption is used in many papers such as [36]
and [37].
Lemma 1: [10], [38]: Consider M; (x) and M>(x) two
quadratic matrix functions over R”, and Mj(x) < 0 for all

xeR"™ — {0}. Then, M; (x) < 0 holds for all xeR" — {0} if
and only if the constant ¢ > 0 exists such that

M (x) — eM; (x) < 0,Vx € R" — {0}. 9)

The state observer and the state feedback controller are
considered as

F(t) = AR () + Agk (t —d) + Bu (t)

L@ =30)+AEFO)+L(EC—D)

y@) =Cx(@)

u(t) =Kix(@t)+ Kyx(t —d) (10)
where X(¢) is the estimation of x(¢), L is the state observer
gain, y(¢) is the estimation of y(¢), and K| and K> are the gains
of the controller. The error of estimation is defined as e(t) =
x(t) — x(¢), where using (1) and (10), the following Equation
is attained:

e(t)=(A—-LC)e+Age(t —d) + Byw (1)

+ (i ) —fi (%))
+ L —ad) —f (@ —d)))
+AA(@)x (1) + AAgx (1 —d)

Ky (x (1) —e (1))
AR (+K2(x(t —d)—e( —d))) o

Substituting u (¢) from Equation (10) into Equation (1), and
considering equation (2), we will have:
X)) =@A+BK)x @)+ Az +BKy)x (t — d)
— BKe(t) — BKye (t — d)
+/i@x @)+ @—d))
+ Byw (1) + EA () (12)

where A (¢) is defined in equation (4). From Equations
(11) and (12), the closed-loop system is represented as:

x ()

e(t)
. A+ BK| —BK; x (1)
o 0 A—LC e(t)

Ag+BKy; —BK; || x(t = d) B,
il | P s B
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+ [ fi (x () +f2 (x (t =) ]
(h &) =f @)+ 6 = d)=fr (k¢ = d)))

E
+[E}A(t) (13)

It should be noted that Equations (7) and (8) can be rewrit-
ten as follows:

(i) — AN T(fi(x) —AR) < T ()R] Qie(r)
B —d)) — HGE — D) T(fa(x(t — d))
G —d)) < el (t — ) et —d)  (14)

Lemma 2 (Schur Complement [38], [39]): For a
Hermitian matrix M, the following inequalities are
established:

My My
M= <0
i
Mi1< 0,My — MszMl_llMlz< 0
My< O,M| — M12M2_21M1T2< 0 (15)

Ill. MAIN RESULTS

A. EXPONENTIAL STABILITY ANALYSIS

In this part, the sufficient conditions for exponential stability
of the following system with unknown nonlinear perturba-
tions, time-delay, and disturbances are considered.

X (1) =Ax (1) +Agx (1 —d) + Bu (1) + fi (x (1))
+/2(x(t —d)) + Byo (1)
y(t) = Cx (1) + Dy (1)
x()=¢@),Vt €[-d,0], (16)
where ¢ (¢) is a continuous function for the initial state of the
system.
Theorem 1: For the model of the system with unknown

nonlinear perturbations and disturbances in Equation (16),
if the following LMI is true

Al By
|:C1 Dl} <0 (17)
where
aP +ATP+PA+Q+ B2 PAy PB,,
A= * —e o+ 21 0 |,
* * —y’ll
pPCT PO O
Bi=|000 |[,c;=|PT0O O |,
| 00 DY C 0D,
-1 0 0
Di=| 0 —I 0 ,
| 0 0 —y~l

for ¢ > 0, the symmetric matrices P > 0 and Q > 0 exist,
then the system is exponentially stable, and the disturbance
effect on the system output is minimized as follows:
t
ly®llL2 |

u < (18)
w0 o) llz2
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Proof: From Equation (16), we have:
Iyl L2 <yl
w20 o) 2
= Iy®Oll, <y o) |,
= lyOlz, < v lo® 7,

=y Ihnlz,
<y Mo |,

/l‘—)OO
0

x (yy' (1) — y o (Do(T))dT < 0 (19)

The Lyapunov function is considered as

t
V()2 xT (1) Px (1) + / 60" sy oxTds  (20)
t—d

Now, we want to show that the following inequality is correct:

V@) +aV @) +yy" 0y
-y o' Mw(t) < 0. 1)
Therefore, by comparing with Equation (19), the inequality
(21) is true. By substituting Equation (16) into (21), the
following relation is obtained:
T

x(t) x(1)
x(t—d) x({t—d)
w(t) H w(t) <0 (22)
Ji(x (@) Si (x (@)
falx(@—d)) f2(x (@ —d))
where
Ay PA; PB,+yC'D,PP
x —e 2 0 00
H=| % x yD'D—y~ 100 |,
* * * 00
* * * * 0

Al =aP+ATP+PA+Q+yCTC.

Due to the presence of zero on the main diagonal of the
matrix H, itis impossible to prove that H is a negative definite
matrix. From Assumptions | and 2, the equations (5) and (6)
can be rewritten as below:

Al it @) - pix" yx @) <0,
A a—anpha—d)—px" t—dx@—d) <0,
(23)

where fiandfB, are two positive constants. From Equa-
tions (22) and (23), we will have:

x(t) T x(f)
x(t—=d) x({t—d)
(1) H 20) <0 (24)
fi (x (1) fi (x (1)
for(x(t—d)) f(x(t—d))
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where
Ay PAg PB,+yC'D, P P
i x —e Q4+ B 0 0 0
H = * * yDTD — y_ll o 0 |,
* * * -1 0
* * * x =1
A =aP+ATP+PA+Q+yCTC + B3I (25)

If the matrix H is negative-definite, then Equation (24) is
satisfied. Using Schur complement lemmaon H < 0, it yields
Equation (17).

By defining y~! = ¢ in (25) and D; matrix of
Equation (17), the final LMI is obtained as

A
1B <0
Ci Dy

0>0

= LMI(9, Q) (26)

After solving the LMI (26), the optimal values of &%, P*
and Q* are obtained and y* is calculated as y* = 9* 1.
Therefore, the effect of external disturbance on the output of
the system is reduced.

B. ROBUST STABILIZATION BASED ON OBSERVER
FEEDBACK CONTROLLER

In this subsection, we will design an observer-based feedback
controller for the nonlinear system (1) under two conditions:
(A) regardless of uncertainty, (B) considering disturbance,
unknown nonlinear perturbations, and uncertainty.

C. WITHOUT UNCERTAINTY

The state-space model of a nonlinear system with unknown
nonlinear perturbations, time-delay, and disturbance is con-
sidered as

X(@)=Ax () +Agx (t —d) +Bu(t) +f1 (x (1))
+f2&x (@ —d)+Byw (1)

y () = Cx (1) + Do (1)

x@®)=¢(@),Vte[-d,0], 27

The following theorem supplies the stabilization of the sys-
tem (27) by the observer-based control.

Theorem 2: Consider the system model (16) and the state
observer (10). If there exist symmetric matrices P > 0,
Q > 0, and constants «, €1, &3, €3, &4, B1, B2 > 0 such that
fulfilled LMIs (29), then the system is stabled asymptotically
and disturbance effects on system output are minimized as
follows:

lyllL2 -1

< (28)
w20 o) |2
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The following LMIs should be fulfilled:

(=301 ilz <0,
% =22
P O
= ! >0, (29)
0 Py
0
0= 2 > 0,
0 O
where
[ &1 Ay + BK» —BK» —BK» N
x —e 0 0 0 0
Hi1 = * * $33 PrA; O
* * * LOYVIE (]
| * * * * —Nj
[ B, 110 0 Ni(CT+CHNCT Ny 0
0 000 0 cr cl 0 el
Bip2=| P»B, 00 P, Py 0 0 0 O
0 000 O 0 0 0 0
0 000 O 0 0 0 0

=y, —eil, —eal, —e3l, —e4l, —y VI,
mn —diog ( 7y TSP L)
@ =aN; + NJAT + AN, + XTBT + BX,
b3 =aPy +ATPy+ P A - CTYT —YC + 0 + 301 Q)
gy =—eQ) + e4QT

Proof: From equation (28), we have sup % <

(1)#£0
y 1, or equivalently [y(t)ll;, < ¥~ l@(®)L,. If both sides
of this expression are squared, then we obtain ||y(t)||i2 <
y 2 ||w(t)||%2. Then, multiplying both sides of the last term

by y yields y ()7, < ¥ " lo@)|7,. Finally, we can find

11— 00
/0 Iy (OO =y T Da@)dT <0 (30)

The estimation error is defined with the following
Equation:

e(t) = x(t) — x(). (3D
Using (30), (27), and (31), we will obtain:
x(@®) | |A+BKy —BK; x (1)
e(®) | 0 A—LC || e

(A + BK> —BKz] [x (t — d)i|

+ 0 A |let—a)

{[5]e0
AG@) +fH & —d)
. (PG —d)
I (fi @) —fi (%) + (_f2 (&t —a) )
(32)

71828

k]

The Lyapunov function is considered as

e(t)
t
a(s—t) x (s)
+/t_de t [xT(s) eT(s)]Q[e(S)]ds (33)

V(t) 2 [xT (1) (t)]P[x(t)}

f())l[(,)z >0, and Q0 = QOI Q02
positive definite matrix which should be found.

Now, we want to show that the following inequality is
correct:

where P = i| > (0 are

V (x(0)+aV (@) +yy (Oye) — y ol () < 0.
(34)

Therefore, by comparing with Equation (30), the inequality
(34) is true. By substituting Equation (27) into (34), the
following relation is obtained:

i x (1) 1"
x(t—d)
e(r)
e(t—d)
o (1)
Ji(x (@)
f2x(@—d))
Hx@®) = fi (@)
L@ —d)—f (k@ —d)
i x (1)
x(t—d)
e (1)
e(t—d)
w (1)
i (x (@)
frx(—d))
fix @) —fi (k@)
L@@ —d) —f (k@ —d)

x T1

<0 (35)

where as in (36), shown at the bottom of the next page.

Due to the presence of zero on the main diagonal of the
matrix IT, it is impossible to prove that I is a negative definite
matrix. Equations (5)-(8) can be rewritten as below:

Al o)fice @) — ixT ()yx () <0, (37)
Haa—anpe@—d)—px" (t—dx@—d) <0,

(38)
(i ) —A GENTT (A ) —A (&) — " O Qrer) <0
39)
B —d)—fHEE—a)'
x1(fHx(t—d)—f(FE—ad))
—el(t =) et —d) <0 (40)
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From (35), and (37)-(40), Lemma 1 , and Assumptions 1| By pre-and-post multiplying both sides of Equation (43)
and 2, we will have: bydiag(Pl_],I,I,I,I,I,I,I,I,I,I,I,I), we have
i x (1) 1" INTHS
oo e @
e(t)
et —d) where
(1) 611 Ay + BK; —BK> —BK>
S (x ()  —ad 0 0
£t - dy) rp=| X e
Ai@) =1 (z 1) G
LA —d) = ({0 —d) | -t
B X () . B, 110 0P 'cTP'Cc” eP;' 0
x(t —d) Iy = 0 0000 O 0 0 &l ’
e (1) P>B, 00 Py Py 0 0 0 0
et —d) | 0 000 O O 0 0 o0
n w (1) <0 @@ =y, —el, —erd, —e30, —eal, —y I,
fitx (r)zl Pz = diag (—y‘ll, —e1B 7, —e2p5 ) ’
X (r — — _ — _ _ _
A (){2(5))(—1‘1 (i)(t)) 01 = P! + P IIAT +APT + PO Py + PR BT
| Lt —d)—f (@ —d) + BKWPy ) .
where as in (42), shown at the bottom of the next page. O3 = aPr+ (A —LC)" Pr+Pr (A —LO)+0r 4630,
If the matrix IT is negative-definite, then Equation (34) is O4s = —e "0y + £4Q5
satisfied. Using Schur complement lemma on IT < 0, it yields
as in (43), shown at the bottom of page 9, where Using Schur complement lemma and defining P 1_1 = Ni,
_ Ql_1 = N>, X = K1 P!, and P,L = Y for linearization pur-
T, =aPi +ATP +PIA+ 01 + KITBTP1 + P1BK; pose, the LMI condition (29) is obtained. Therefore, the effect

1= A232i|<0,

| C2 D
B I PA; + P1BK, —P|BK, —P1BK»
4, — | PrAa+PIBK) —emiQ 0 0
:= (—P1BKy)" 0 I3 PyAy
| (—PiBKy)' 0 (P2AN)" —e Qs
B X PrPpL OO
0 0000
By = P)B, 0 0 PP |,
0 00 02O
| -y Y +yDID, 0 0 0 0

x = P1B, +yC'D,

(%7 0 (P:B,)! 0 (—y~'1+yDID,)"
PPo 0 0
G=|Pl0o 0 o0
oo P o0
oo P o
[0000
0000
b=\ 0000
10000

M, =aP) +ATP +P\A+ Qi + K[ B"P, + P\BK, + yCTC
M3=aPr+A—LCO) P+ P, (A—LC)+ 0> (36)

(=l NeNel
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of external disturbances, time-delay, and unknown nonlinear where
perturbations on the system’s output is reduced. U _
Fi1 Aq + BK; —BK; —BK> Nj
D. WITH UNCERTAINTY, UNKNOWN NONLINEAR % —elQ, 0 0 0
PERTURBATIONS, AND DISTURBANCES
. . .. O = * * Fz3 PA; O
The following theorem considers designing an observer- N N N P 0
based feedback controller regarding the set of LMIs with “
. . . . * * * * —N»
uncertainty, unknown nonlinear perturbations, time-delay, L
and disturbances. B, 110 0 NCT N, CT
Theorem 3: Consider the state-space model of systems 0 000 O CdT CdT
(1) with uncertainties, unknown nonlinear perturbations, Op=|PB,00P, P, 0 0
time-delay, and disturbances. Suppose P > 0, Q > 0 000 0 O 0
0 and ¥ > O are matrices with proper dimensions and 0 000 0 O 0

o, €1, €2, €3, &4, B1, B2 > 0. If the following LMISs exist: L
eiNi 0 NiCT +XTH3T

On On | _ 0, 0 el (Hy+H3Kp)"
* O 0 0 —(H:K)T
P 0 0 O — (H3K2)T
P= 0P2:|>0’ “45) 0 0 0
Q1 0 v —el, el —e3l, —e4l, —y 7,
= > 0, ®y = dia _ _ _
Q |: 0 O 2 & —y 7, —&1B; 2, —&2f8, 21,1
_ Az Bj3
M= |:C3 D3:| <0,
i M P1Aq + P1BK, —P\BK, —P\BK>»
A (P1Aq + P1BK>)T I, 0 0
T (—PiBK)T 0 M3 PAg |’
(—P1BK»)" 0 (P2A)T T4
B X PP 0O O
0 0000
B3 = P,B, 0 0 P, Py
0 0000
| -y~ 1+yDID, 0 0 0 0
_ ; ) .
)" (vCIDw)" (P2B,)" 0 (—y~'I +yDID,)
pr 0 0 0 0
Ci=| Pl 0 0 0 0
0 0 Pl 0 0
0 0 Pl 0 0
[—eil O 0 0
b 0 —el 0 0
371 0 0 —e1 0
0 0 0 —el

M =aP; +ATP; + PIA+ Q1 + K] B"Py + P\BK, + yCTC + &1 831

My =—e" Q| + &2851 + yCj Ca

M3 =aPy+ (A —-LOT Py + Py (A—LC) + Qs + 30T

My =—e" 0+ Q) (42)
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Fi; = aN; + NyAT + ANy + XTBT + BX,
Fys =aPy +ATPy + P,A - CTYT —YC + Q) 4+ 307 @
Fu=—e "0 + a4l

then, the system (1) is exponentially stable.

Proof: The proof is similar to Theorem 2; the following
relation can be written as in (46), shown at the bottom of
page 10, where as in (47), shown at the bottom of page 10.
Due to the presence of zero on the main diagonal of the
matrix X, itis impossible to prove that X is a negative definite
matrix. From Equations (37)-(40), and following inequality

AToA@ -TTMMIT <o,

we will have

x (1)
x(t—=d)
e(t)
e(t—d)
w (1)
S (x (1)
fax(@—d))
fi k@) —fi (k@)
La@—d)—fHEC—ad)
L A1)
where, as shown in the equation at the bottom of the next
page,

Yy =aP; + AP + PIA+ Q1 + K BT P,
+PiBK; + yCTC + B}

<0 (48)

i x (1) 1" 5 = PiAg + P1BK>
x(t—d) %5 =PiB, +yC'D,
e () S3=aPr+(A—LCO) Py + P (A—LC) + 02 — ¢ 70,
e(t —d) + o )
w (1) Using Schur complement lemma on ¥ < 0, it yields as in
S (x (1)) (49), shown at the bottom of page 11, where
fi (){z(g)(t—ff%)U)) Ti=ePiHATP F PIAS O KTBTP) + PIBK)
L@ —ad)—fHE@—d) T3 =aPy+(A—LC) P+ Py (A —LC) + 0r + 6320
- AM - Tu= -0 + el
= Ay By
= |:C4 D4] < 0,
I, P1A; + P1BK>, —P1BK, —P1BK, P1B, P
(P1Ag + P1BK))T —e™2dQ, 0 0 0 0
Ay — (—P1BKy)" 0 M3  PAq PB, O
4= (—P1BK»)T 0 (P,A)T T4 0 0
(P1B.,)" 0 (PB,)Y 0 —y7 1 0
pT 0 0 0 0 —ell
[PL 0 0 CTCT g1 O
0000 0 0 el
By — OP,P, OO 0 O
0000 0 0 O
000D, 0 0 0
(0000 0 0 0
P 0 000 07
0 o Pfoo0oO
0 0 PI0OO0O
Ci=| C 0 oobDlo
c 0 0000
eHf 0 0000
0 (20" 000 0]
T—el 0 0 0 0 0 (O
0 —el 0 0 0 0 0
0 0 —e4 O 0 0 0
Di=| 0 0 0 —y7l1r o 0 0 (43)
0 0 O o —y 1 o0 0
0o 0 0 0 0 —eif?l 0
L 0 0 o0 0 0 0 —e2py?l ]
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By pre-and-post multiplying both sides of Equation (49) by
diag(Pl_],I,I,I,I,I,I,I,I,I,I,I,I,I), we have

|

where, as shown in the equation at the bottom of the next
page. Using Schur complement lemma and defining Pl_1 =
Ny, Ql_1 =Nz, X = K; p! ,and P,L = Yz for linearization
purpose, the LMI condition (45) is obtained. Therefore, the
effect of uncertainties, external disturbances, time-delay, and
unknown nonlinear perturbations on the system’s output is
reduced.

Remark 1: By proving the inequalities (35), (41),
(46) and (48) in the mentioned systems, in addition to the

A Ay

* A3z (50

stability proof of systems, the observer estimation error will
also be converged to zero.

IV. SIMULATION RESULTS

Over the past few decades, there has been tremendous growth
in flexible-link manipulator usage in various industrial and
medical applications [40], [41]. Conventional robotic arms
are designed to achieve a minimum vibration [42]. As a
result, these robotic arms require heavy materials, high power
drives, and huge parts [43], [44]. However, FLMs have
more advantages than rigid arms: low power consumption,
faster-operating speed, more excellent mass loading capa-
bility, lower arm motion, easier transportation, lower cost,
and greater safety for operators. In addition, it is easier to
maintain and repair these arms. The most common challenges

x (1) x (1)
x(t—4d) x(t—d)
e(r) e(t)
e(t—d) e(t—d)
o (1) w (1)
fi (e (1) > fi (e () <0 46)
fx(@—d)) falx(@—d)
f@@) —fAEF®) @) —fF®)
L@ —d)—fH(EEC—ad) L@ —d)—f (k@ —d)
B A () L A1)
%y PiAy + P1BK, —P\BK; —P\BK> P\B,+yC'D, P Pi 0 0 PE]
x  —e % 0 0 0 0000 O
* * Y PrAq P>B, 0 0 P, P PE
* * x  —e 4, 0 0000 O
s | * * * * —y_ll—}—yDZ)Dw 0000 O
* * * * * 00 O0O0 O
* * * * * ¥ 00 0 O
* * * * * * x 0 0 O
* * * * * ¥ x % 0 O
| * * * * * * % x % 0 |
S =aP; +ATP; + PIA+ Q1 + K B'P + PBK; + yCTC
Y=aP, +(A—LC) P+ Py (A—LC)+ 0> (47)
T >, —PBK> —P1BK» s Pi Py 0 0 PE (H +HK)'T]
x* —e Qi+ 31 0 0 0 00 0 0 0 (Hy+HK)T
s s 3 PrAy P>B,, 0 0 Py Py PDE —(H3K»)T
* * x  —e 0, + QT 0 000 0 0 —(HK)"
_ * * s * —y~Y1+yDID, 0 0 0 0 O 0
Y= x * * * * -1 0 0 0 O 0
* * * * * *x =1 0 0 O 0
* * * * * *x x —[ 0 O 0
* * * * * ¥ x *x —] 0 0
* * * * * * ok ok ok —] 0
| * * * * * * ok ok ok ok -1 N
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and problems in the control of FLMs are vibration control in
the presence of external disturbances [45], [46]. The flexible
arm’s vibration can affect the end effector’s final position
and reduce its accuracy. The control of these systems is
always subject to various disturbances, including climatic
and environmental conditions, data errors, uncertainties, and
variations in some system parameters. Therefore, the system
dynamic of example 1 in the simulation part is FLM. The
second example is the continuous stirred tank reactor system
at the presence of time-delay, disturbance, uncertainty, and
nonlinear perturbations. This system is used in chemical pro-
cesses, and it is an irreversible and exothermic reaction. The
dynamic model is highly nonlinear with external disturbances

accurately [49], [50], [51]. In this part, the feasible solutions
of parameters of state feedback controller and Luenburger
observer K and L are obtained via MATLAB YALMIP tool-
box. These gains are found by calculating the values of P,
Q and Y in the mentioned theorems via YALMIP solver
satisfying LMI of Eq. (45). In Fig.1, the algorithm of this
approach is demonstrated.

Example 1 (Without Uncertainty): To assess the per-
formance of the proposed controller/ observer designs,
we implement them to the flexible-link manipulator system,
which is demonstrated in Fig., and described by the following
equations [52]:

and uncertain parameters; this process cannot be controlled Om =
robustly by traditional controllers [47], [48]. Therefore, lots W = 3(91 — 9,7,)—%6% 4 K u
of research studies have been done to control this system I Iy Iy
_2:1 P\Ay + P\BK, —P\BK, —P/\BK, Pi\B, P, P, 0O 0 (T cT e1l 0 (H, + H3K)T
x  —e % 0 0 0 0 0 0 0 0 0 0 el (Hy+ H2Ko)T
* * 3 PAy PB, 0 0 P, P 0 0 0 0 — (H3K)T
* * * >4 0 0O 0 0 0 0 0 0 0 — (H3K»)T
* * * «x —y 1 0 0 0 0 D, 0 0 0 0
* * * * * -l 0 0 0 0 0 0 0 0
* * * * * * —&l 0 0 0 0 0 0 0
* * * * * * * —e3l O 0 0 0 0 0
* * * * * * * x —eq4dl 0 0 0 0 0
* * * * * * * * « —y 0 0 0 0
* * * * * * * * * O | 0 0 0
* * * * * * * * * * * —81;31_21 0 0
* * * * * * * * * * * * —ezﬁgzl 0
| * * * * * * * * * * * * *
(49)
[ Ay; Ag + BK>» —BK>» —BK>»
x —e 0, 0 0
Al =
* * A3z PrA4
* * * Agq
[ B, 110 0P;'CTpPC’
Ay = 0 000 O 0 0
P>B, 00 Py Py 0 0
0 000 O 0 0
etP7! 0 Pyl (HY + H3k))T
0 el (Hy+ H3K)T
0 0 —H:K) ’
0 0 — (H3K»)T
-1 —1
. 4 I’ _8111 _8219 _8317 _8417 -y I!
A3 =d
1A (—yll, —e1 B2, —e25 0 1
_ _p—1 —1 4T —1 -1 -1 —1 T pT -1
An=aP +P A" +AP] + P O1P] + P K{B +BK\P|,
Az =aPy+(A—LO)T Py + Py (A—LC) + O + &32] @i,
A = -0y +24QT Q)
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0 = w;

. k mgh

w; = ——(0) — 0)———sin(6)). (51

I I
TABLE 1. Parameters values [52].
Parameter Value

Motor inertia, I,,(kgm?) 3.7x1072
Link inertia, I;(kgm?) 9.3x 1073
Constant of torsional spring k(Nm/rad) 1.8 x 107!
mass of pointer, m(kg) 21x107t
Coefficient of viscous friction C,;(Nm/V) 4.6 x 1072
Gain of amplifier K, (Nm/V) 8.0 x 1072

The parameters of the system are given in Table 1. The
sinusoidal disturbance is added to E, and its coefficient matrix
is B, = [0 1 0.05 0]”. Using the parameter values pro-
vided in Table 1, we can rewrite system (51) is the state-space
form (1), with:

o 1 0 0 0
_48.6 —1.26 48.6 0 21.6

A=l 09 0o o0 10| 8= 0 |’
195 0 —195 0 0
71000

C:_omol

The results of Theorem 2 are used to obtain the controller and
the observer gains so as to stabilize the flexible-link manip-
ulator system. The initial values of the system are chosen as:
x(0) = [1.5-12 -02]" and 2(0) = [1.5 1 —2 —0.2]".
The optimal values of controller and observer gains are
obtained using MATLAB solver as:

5390 —5580
43.4 43.4
5460 5510
58.1 58.1

k=[-02-0.6—02 —0.02]

L=

Figs. 3 and 4 depict the dynamics of the system states along
with their estimates in 2.5 seconds, it is clear that if the
states are inaccessible, the suggested method can estimate
states well. Fig. 5 shows the estimation errors converge to
zero before 2 seconds, and it shows the good performance
of Luenberger observer which its gain is obtained from LMI,
and Fig. 6 illustrates control input with appropriate overshoot,
respectively. In order to show the validation of this approach,
the results are compared with [5]. In [5], an observer-based
composite nonlinear feedback controller is designed for sys-
tems with uncertainty, nonlinear function, disturbance and
time-delay; but, as it is obvious in example 1, it cannot make
the system stable.

It is shown in the simulation results that the system states,
as well as system state estimates, converge to zero, and the
system is asymptotically stable. The method of paper [5]
cannot make the system stable and the response of system is
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Start

Uncertain nonlinear state space system (1)

State observer (10)

v

Find the value of P, Q and Y by
constructing LMI region using theorems

I

Calculate the state feedback
controller gain K and state
observer gain L

|

Applying gaines to LMI based
controller and observer

|

Does the responseis
satisfying?

Yks

End

—No—

FIGURE 1. LMI-based observer and controller algorithm.

m

Flezible Link

Bty

~—
Hub

FIGURE 2. Flexible link manipulator.

oscillating; but, the Luenberger observer estimates the states
of the system suitably. To evaluate the performance of sug-
gested method and method of paper [5], the following table
contains steady state error Eg, settling time 7, maximum
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FIGURE 3. Time responses of the system states.
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FIGURE 4. Time trajectories of the state’s estimates.

value of control input u,,,, minimum value of control
input uy,;,-

Example 2 (With Uncertainty, Unknown Nonlinear Per-
turbations and Disturbances): In this part, to demon-
strate the validity of the performance of the proposed

VOLUME 11, 2023
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FIGURE 5. Time histories of the estimation errors.
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FIGURE 6. Control input.

TABLE 2. Comparison of performance parameters of example 1.

Method Eg T Umax Unin
Proposed method 0.1 6 0.9 -0.4
Method in [5] 1 6 28 -46

controller/observer, we implement them to the continuous
stirred tank reactor system according to Fig.7, which is
described by the following state-space model coefficient [48]:

06 0
A:[ 0 —0.24]
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E =10, F =cos(0.2t) x Ix»,

Hl— [ —0.94441,1 —0.002.4
| —2.3331pup2 —0.916p1u2 |’

[0.16 0 0
Ae=1"9 0.16]3—[0.8368]

£0.02 10
BW—_0.4]C—[01]’

Cy =D, =0, w=sin(t + %), (52)

where @ 1anduy are uncertainty parameters, the time-delay is
d = 1 sec. It should be mentioned that we assume Hy, =
0.1 0 e — 0.1
[ 0 0.1} T [0.1]
The results of Theorem 3 are used to obtain the controller
and the observer gains so as to stabilize the continuous stirred
tank reactor system when the initial values of the system are

chosen as x(0) = 5] and x (0) = [0'5

2 5
values of controller and observer gains are obtained using
MATLAB solver as:

200 0
Lz[ 0 200]

K=[11-51]

i| .The optimal

By applying these gains to the system results of simula-
tion are shown in Figs. 8 to 11. Figs. 8 and 9 depict the
dynamics of the system states with uncertainty parameters
and their estimations, it is clear that the suggested method
can estimate states well if the states are inaccessible. Fig. 10
shows the estimation errors in uncertain modes converge
to zero in 5 seconds, and it shows the good performance
of Luenberger observer which its gain obtaining from LMI
and Fig. 11 illustrates control input of uncertain system,
respectively.

t :
Controller emprature

FIGURE 7. Schematic of continuous stirred tank reactor control.

As it is obvious from Figs. 8-11, in [6], the system states
converge to zero in 45 sec, the response of system is oscillat-
ing, the estimation error is not equal to zero, the steady-state
error is more than that of our suggested approach, and the
amplitude of control signal is more than that of our pro-
posed method. The comparison of performance parameters
of example 2 is shown in Table 3.
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TABLE 3. Comparison of performance parameters of example 2.

Method Eg T Upnax Upin
Proposed method 0.001 5 0 -250
Method in [6] 0.017 45 1.2 -660

According to the two examples mentioned above, when
the uncertainties are not considered, the simulation worked
well, and in the presence of uncertainty, the theory had a good
performance, and in special circumstances AA; = AB;= 0,
this theory is responsive.
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V. CONCLUSION

The simultaneous design of controller and observer for a class
of systems in the presence of uncertainties, unknown nonlin-
ear perturbations, constant time-delays, and disturbances is
considered in this paper. The observer-based state-feedback
controller is proposed. Using the Lyapunov theory and LMIs
techniques, the exponential stability of the close loop system
is proved. Both observer and controller gains are calculated.
The proposed controller is successfully implemented into two
examples. The obtained simulation results showed that the
estimation errors and the system states converge to the origin

VOLUME 11, 2023

and that system stability was guaranteed. In this study, the
effects of input saturation and time varying delay have not
been investigated. Thus, future studies could be focused on
how to stabilize the nonlinear systems in the presence of
uncertainties, unknown nonlinear perturbations, time-delays,
disturbances, sensor fault, cyber-attack, input saturation and
time varying delay using LMIs.
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