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ABSTRACT In this article, first we deliberate the theory of the Gaussian field and extension field of
the Gaussian field. Secondly, we provide a comprehensive construction scheme for BCH codes over
the Gaussian field. The decoding of newly designed BCH codes is handled through a slightly amended
modified Berlekamp-Massey algorithm. The coding gain is obtained by BCH codes over the Gaussian field.
Accordingly, a better code rate and the number of code words are obtained as compared to the BCH codes
over finite fields. Thus, this makes them a promising candidate for use in communication systems.

INDEX TERMS Gaussian integers, Gaussian field, BCH codes, and Berlekamp-Massey algorithm.

I. INTRODUCTION
Regardless of the Field-linear coding theory, the Ring-linear
coding theory is a discipline of algebraic coding theory where
the primary alphabet transport the structure of a finite ring or,
more generally, of a module. Such a setup was much firmer
than usually assumed: Assmus andMattson [1] first reference
the elements of rings as possible alphabets for linear codes
in their contribution ‘Error-Correcting Codes: An Axiomatic
Approach’. It took substantial time for ring-linear coding
theory to cultivate from these origins to the contemporary.
For an introduction to linear and cyclic codes over fields,
see Augot et al. [2]. In the seventies of the 20th century,
Blake [3], [4] offered linear codes first over semi-simple,
and later over primary integer residue rings. Analogs of
Hamming, Reed–Solomon, and BCH Codes were also intro-
duced. Spiegel [5], [6] pursued a group-algebraic approach
to linear codes over Zn. Blake used the Chinese Remainder
Theorem to examine BCH Codes over these rings. In fact,
the notion of BCH codes over Galois fields was established
in 1958. Shah et al. constructed codes by the semigroup ring
B

[
X; 1/22Z0

]
and encoding in [7]. The authors [8], [9], [10]

presented cyclic codes over (F2[u])/(u4−1) with applications
to DNA codes. Kim et al. [11] constructed another infinite
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family of Griesmer quasi-cyclic self-orthogonal codes in this
continuation. Recently, Zullo [12] constructed multi-orbit
cyclic subspace codes and linear sets. The authors have con-
structed codes and used these in cryptography it vectorial
algebra [13], [14], [15]. Lei et al. [16] presented the results
on hulls of some primitive binary and ternary BCH codes.
Furthermore, Liu et al. [17] constructed binary BCH codes
with length n = 2m + 1.
Gaussian integers are a generalization of the usual con-

cept of rational integers to the complex plane. They are
defined as numbers of the form a + bi, where a and b
are integers and i is the imaginary unit, which satisfies the
equation i2 = −1. These numbers can be added, subtracted,
multiplied, and divided, like rational integers. The study of
Gaussian integers falls in algebraic number theory, a branch
of number theory. Error-correcting codes are essential in
modern communication systems that allow detecting and
correcting errors that occur during data transmission. One
class of error-correcting codes that has been widely stud-
ied and used in practice is BCH codes, a class of cyclic
codes. These BCH codes are randomly parameterized error-
correcting codes, making them suitable for use in noisy
communication channels [18]. Usually, BCH codes have been
studied and built over finite Galois fields [18]. Huber [19]
defined a two-dimensional modular distance and proposed
codes for it. Simple constructions of such codes are classified
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as consta-cyclic codes. Icyclic codes, as a special case,
include perfect Mannheim error-correcting codes. In fact,
Gaussian fields generalize the notion of finite Galois fields
and have a complex structure. The Gaussian fields have been
used in various bids such as coding theory, cryptography, and
wireless communications [20].

BCH codes are a wonderful tool to protect information.
The main concepts for decoding are the error location, error
evaluation polynomials, and the key equation. There are
many methods to solve the key equation. The most effective
algorithms are the Euclidean algorithm, Berlekamp-Massey
algorithm, and Sugiyama’s algorithm [16], [17]. Here we will
use the modified Berlekamp-Massey algorithm for the error
correction of BCH codes. The reason for the study of BCH
codes over Gaussian fields is their better performance.

The aim of this correspondence is twofold. Initially,
we present the notion of the Gaussian field and the extension
of the Gaussian field. Then, we provide a complete con-
struction method of BCH codes having symbols from the
Gaussian field. Furthermore, design the decoding of BCH
codes over the Gaussian field through a slightly amended
modified Berlekamp-Massey algorithm. Finally, compare the
results of the BCH codes over the Gaussian field with BCH
codes over the finite field.

II. GAUSSIAN FIELD
Let Z [i] = {a+ bi : a, b ∈ Z} be the Euclidean domain of
Gaussian integers. AccordinglyZp [i] =

{
a+ bi : a, b ∈ Zp

}
is a commutative ring with identity. The ring Zp [i] is the
Gaussian field if p ≡ 3 (mod 4).

A. ILLUSTRATION 1
Z3 [i] = {0, 1, 2, i, 1 + i, 1 + 2i, 2i, 2 + i, 2 + 2i} is a Gaus-
sian field. The cardinality of Z3 [i] is 32 = 9.

B. ILLUSTRATION 2
Z7 [i] = {0, 1, 2, 3, 4, 5, 6, i, 1 + i, 2 + i, 3 + i, 4 + i, 5 +

i, 6+ i, 2i, 1+2i, 2+2i, 3+2i, 4+2i, 5+2i, 6+2i, 3i, 1+

3i, 2+ 3i, 3+ 3i, 4+ 3i, 5+ 3i, 6+ 3i, 4i, 1+ 4i, 2+ 4i, 3+

4i, 4+ 4i, 5+ 4i, 6+ 4i, 5i, 1+ 5i, 2+ 5i, 3+ 5i, 4+ 5i, 5+

5i, 6 + 5i, 6i, 1 + 6i, 2 + 6i, 3 + 6i, 4 + 6i, 5 + 6i, 6 + 6i} is
a Gaussian field. The cardinality of Z7 [i] is 72 = 49.
Remark 1: The cardinality of Zp [i] if p ≡ 3 (mod 4) is p2.

III. THE EXTENSIONS OF THE GAUSSIAN FIELD
Let Z3 [i] be the Gaussian field. In fact, Z3 [i] [X ] is an
Euclidian domain.

A. THE GAUSSIAN FIELD EXTENSION Z3 [i]2

For the extension of Gaussian field Z3 [i]2, the quotient ring
Z3 [i] [X ] / < f (X ) >∼= GF(34), where the maximal ideal
< f (X ) > is generated by f (X ) an irreducible polynomial of
degree 2 in Z3[i][X ]. If we write α to denote the coset X +

(f (X )), then f (α) = 0 and

Z3 [i]2 = {a0 + a1α : ∀a0, a1 ∈ Z3 [i]} .

TABLE 1. Elements of the multiplicative cyclic group Z3 [i ]∗2.

The field Z3 [i]2 is a two-degree extension field of the Gaus-
sian fieldZ3 [i], andZ3 [i]∗2 = Z3 [i]2 \{0} is a multiplicative
cyclic group of order 34 − 1 = 80.

B. ILLUSTRATION 1
The ideal generated by the polynomial X2

+X + (2 + i) over
Z3[i] [X ] is

Z3 [i] [X ] / < X2
+ X + (2 + i) >

= {a0 + a1X : a0, a1 ∈ Z3 [i]} .

The polynomial f (X) = X2
+ X + (2 + i) is a primitive

irreducible polynomial over Z3 [i], and if α is the root of f (X )
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inZ3[i] [X ], then f (α) = 0 as α2
+α+2+i = 0. Thus , α2

=

2α + 1 + 2i and Z3 [i]∗2 = Z3 [i]2 \ {0} is a multiplicative
cyclic group of order 32(2) − 1 = 80 given in Table 1.

C. THE GAUSSIAN FIELD EXTENSION Z3 [i]3

For the extension of the Gaussian field Z3 [i]3, the quotient
ring Z3 [i] [X ] / < f (X ) >∼= GF(36), where the maximal
ideal < f (X ) > is generated by f (X ) an irreducible polyno-
mial of degree 3 in Z3[i][X ]. If we write α to denote the coset
X + (f (X )), then f (α) = 0 and

Z3 [i]3 =

{
a0 + a1α + a2α2

: ∀a0, a1, a2 ∈ Z3 [i]
}

.

The field Z3 [i]3 is a three-degree extension field of the
Gaussian field Z3 [i] , and Z3 [i]∗3 = Z3 [i]3 \ {0} is a mul-
tiplicative cyclic group of order 36 − 1 = 728.

D. THE GAUSSIAN FIELD EXTENSION Z3 [i]m

For the extension of Gaussian field Z3 [i]m, the quotient ring
Z3 [i] [X ] / < f (X ) >∼= GF(32m), where the maximal ideal
< f (X ) > is generated by f (X ) an irreducible polynomial
of degree m in Z3[i][X ]. If we write α to denote the coset
X + (f (X )), then f (α) = 0 and

Z3 [i]m =

{
a0 + a1α + a2α2

+ . . . + am−1α
m−1

:

∀ai, ∈ Z3 [i] , i = 0, 1, . . . ,m− 1
}

.

The fieldZ3 [i]m is am-degree extension field of the Gaussian
field Z3 [i], and Z3 [i]∗m = Z3 [i]m \ {0} is a multiplicative
cyclic group of order 32m − 1.

Let Z7 [i] be a Gaussian field. In fact, Z7 [i] [X ] is an
Euclidian Domain and the Gaussian field extension is given
below.

E. THE GAUSSIAN FIELD EXTENSION Z7 [i ]2

For the extension of Gaussian field Z7 [i]2, the quotient ring
Z7 [i] [X ] / < f (X ) >∼= GF(74), where the maximal ideal
< f (X ) > is generated by f (X ) an irreducible polynomial
of degree 2 in Z7 [i] [X ]. If we write α to denote the coset
X + (f (X )), then f (α) = 0 and

Z7 [i]2 = {a0 + a1α : ∀a0, a1 ∈ Z7 [i]} .

The field Z7 [i]2 is a two-degree extension field of the
Gaussian field Z7 [i] , and Z7 [i]∗2 = Z7 [i]2 \ {0} is a mul-
tiplicative cyclic group of order 74 − 1 = 2400.

F. THE GAUSSIAN FIELD EXTENSION Z7 [i ]3

For the extension of Gaussian field Z7 [i]3, the quotient ring
Z7 [i] [X ] / < f (X ) >∼= GF(76), where the maximal ideal
< f (X ) > is generated by f (X ) an irreducible polynomial
of degree 3 in Z7 [i] [X ]. If we write α to denote the coset
X + (f (X )), then f (α) = 0 and

Z7 [i]3 =

{
a0 + a1α + a2α2

: ∀a0, a1, a2 ∈ Z7 [i]
}

.

The field Z7 [i]3 is the 3−degree extension field of the
Gaussian field Z7 [i] , and Z7 [i]∗3 = Z7 [i]3 \ {0} is a mul-
tiplicative cyclic group of order 76 − 1 = 117648.

G. THE GAUSSIAN FIELD EXTENSION Z7 [i ]m

For the extension of Gaussian field Z7 [i]m, the quotient ring
Z7 [i] [X ] / < f (X ) >∼= GF(72m), where the maximal ideal
< f (X ) > is generated by f (X ) an irreducible polynomial
of degree m in Z7 [i] [X ]. If we write α to denote the coset
X + (f (X )), then f (α) = 0 and

Z7 [i]m =

{
a0 + a1α + a2α2

+ . . . + am−1α
m−1

:

∀ai ∈ Z7 [i] , i = 0, 1, . . . ,m− 1
}

.

The fieldZ7 [i]m is am-degree extension field of the Gaussian
field Z7 [i] and Z7 [i]∗m = Z7 [i]m {0} is a multiplicative
cyclic group of order 72m − 1.

Let Zp [i] be a Gaussian field if p ≡ 3 (mod 4). In fact,
Zp [i] [X ] is an Euclidian Domain and the Gaussian field
extension is given below.

H. The GAUSSIAN FIELD EXTENSION
Zp [i ]2 IFp ≡ 3(mod 4)
For the extension of Gaussian field Zp [i]2, the quotient ring
Zp [i] [X ] / < f (X ) >∼= GF(q2), where the maximal ideal
< f (X ) > is generated by f (X ) an irreducible polynomial of
degree 2 in Zp[i][X ] and q = p2. If we write α to denote the
coset X + (f (X )), then f (α) = 0 and

Zp [i]2 =
{
a0 + a1α : ∀a0, a1 ∈ Zp [i]

}
.

The field Zp [i]2 is a two-degree extension field of the
Gaussian field Zp [i] , and Zp [i]∗2 = Zp [i]2 \ {0} is a mul-
tiplicative cyclic group of order q2 − 1.

I. The GAUSSIAN FIELD EXTENSION
Zp [i ]3 IFp ≡ 3(mod 4)
For the extension of Gaussian field Zp [i]3, the quotient ring
Zp [i] [X ] / < f (X ) >∼= GF(q3), where the maximal ideal
< f (X ) > is generated by f (X ) an irreducible polynomial of
degree 3 in Zp[i][X ] and q = p2. If we write α to denote the
coset X + (f (X )), then f (α) = 0 and

Zp [i]3 =

{
a0 + a1α + a2α2

: ∀a0, a1, a2 ∈ Zp [i]
}

.

The field Zp [i]3 is a three-degree extension field of the
Gaussian field Zp [i] , and Zp [i]∗3 = Zp [i]3 \ {0} is a mul-
tiplicative cyclic group of order q3 − 1.

J. The GAUSSIAN FIELD EXTENSION
Zp [i ]m IF p ≡ 3(mod 4)
For the extension of Gaussian field Zp [i]m, the quotient ring
Zp [i] [X ] / < f (X ) >∼= GF(qm), where the maximal ideal
< f (X ) > is generated by f (X ) an irreducible polynomial of
degree m in Zp[i][X ] and q = p2. If we write α to denote the
coset X + (f (X )), then f (α) = 0 and

Zp [i]m =

{
a0 + a1α + a2α2

+ . . . + am−1α
m−1

:
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∀ai ∈ Zp [i] , i = 0, 1, 2, . . . ,m− 1
}

.

The fieldZp [i]m is am-degree extension field of the Gaussian
field Zp [i].
Remark 2: The order of Zp [i]m is qm.
Remark 3:Zp [i]∗m = Zp [i]m \{0} is amultiplicative cyclic

group of order qm − 1.
The following theorem is just a restatement of

[15, Theorem 4.4.2].
Theorem 1: Let α ∈ Zp [i]m if p ≡ 3(mod 4) is an

extension field of Gaussian field Zp [i]. Then α, αq, αq2, . . . ,

have the same minimal polynomial over Zp [i].

IV. ENCODING OF BCH CODES OVER GAUSSIAN FIELD
A. CONSTRUCTION OF BCH CODES
Let c, d, q, n be positive integers such that 2 ≤ d ≤ n −

1, q is a prime power, and n is relatively prime to q. Let m
be the least positive integer such that qm ≡ 1(mod n) [By
Euler’s theorem, qϕ(n)

≡ 1 (mod n) , som divides ϕ(n)]. Thus
n divides qm − 1. Let α be a primitive nth root of unity in
Zp [i]m.

Assume mj(X ) ∈ Zp[i][X ] denote the minimal polynomial
of αj, and let g(X ) be the product of distinct minimal poly-
nomials among mj(X ), j = c, c + 1, . . . , c + d − 2; that is,
g (X) = lcm{mj(X )|j = c, c+ 1, . . . , c+ d − 2}.
Since mj(X ) divides Xn − 1 for each j, it follows that g(X )

divides Xn − 1. Let C be the cyclic code with generator
polynomial g(X ) in the ring Zp[i] [X ]n. Then C is called a
BCH code of length n over Zp[i] with designed distance d .
If n = qm − 1 in the foregoing definition, then the BCH code
C is called primitive. If c = 1, thenC is called a narrow sense
BCH code.
Remark 4: The number of code words in BCH-codeC over

the Gaussian field is qk .

B. BCH CODES OF LENGTH 80 WITH A DESIGNED
DISTANCE OF 3 OVER THE GAUSSIAN FIELD Z3[i ]
Let j = c, c + 1, c + 2, . . . , c + d − 2 = 1, 2. Apply the
above encoding procedure of BCH codes over the Gaussian
field Z3 [i].
Let m1(X ) be the first minimal polynomial for j = 1.

m1 (X) = (X − α)
(
X − α9

)
= X2

−

(
α + α9

)
X + α10

= X2
+ X + (2 + i) .

Similarly, another minimal polynomial m2(X ) for j = 2.

m2 (X) =

(
X − α2

) (
X − α18

)
= X2

−

(
α2

+α18
)
X+α20

= X2
+ 2iX + i.

The LCMof bothminimal polynomials is known as generator
polynomial g (X) as :

g (X) =

(
X2

+ X + (2 + i)
) (

X2
+ 2iX + i

)
= X4

+ (1 + 2i)X3
+ (2 + i)X2

+ (1 + 2i)X

+ (2 + 2i) .

The degree of the generator polynomial g (X) is 4, and the
dimension k is 76. Hence, the (n, k, d) narrow sense BCH
code over the Gaussian field Z3 [i] is (80, 76, 3).

C. BCH CODES OF LENGTH 80 WITH A DESIGNED
DISTANCE OF 5 OVER THE GAUSSIAN FIELD Z3[i ]
Let j = c, c+ 1, c+ 2, . . . , c+ d − 2 = 1, 2, 3, 4. Apply the
above encoding procedure of BCH codes over the Gaussian
field Z3 [i].
Let m1(X ) be the first minimal polynomial for j = 1.

m1 (X) = (X − α)
(
X − α9

)
= X2

−

(
α + α9

)
X + α10

= X2
+ X + (2 + i) .

Similarly, the minimal polynomials for j = 2, 3, 4 are given
as

m2 (X) =

(
X − α2

) (
X − α18

)
= X2

−

(
α2

+α18
)
X + α20

= X2
+ 2iX + i.

m3 (X) =

(
X − α3

) (
X − α27

)
= X2

−

(
α3

+α27
)
X + α30

= X2
+ X + (2 + i).

m4 (X) =

(
X− α4

) (
X− α36

)
= X2

−

(
α4

+α36
)
X + α40

= X2
+ (1 + 2i)X + 2.

The LCM of all minimal polynomials is known as generator
polynomial g (X) will be

g (X) =

(
X2

+ X + (2 + i)
) (

X2
+ 2iX + i

)
×

(
X2

+ X + (2 + i)
) (

X2
+ (1 + 2i)X + 2

)
= X8

+ iX7
+ (2 + i)X6

+ (1 + 2i)X5

+ (1 + i)X3
+ 2X2

+ 1.

The degree of the generator polynomial g (X) is 8, and the
dimension k is 72. Hence, the (n, k, d) narrow sense BCH
code over the Gaussian field Z3 [i] is (80, 72, 5).

D. BCH CODES OF LENGTH 80 WITH A DESIGNED
DISTANCE OF 7 OVER THE GAUSSIAN FIELD Z3[i ]
Let j = c, c+ 1, c+ 2, . . . , c+ d − 2 = 1, 2, 3, 4, 5, 6 then
apply the encoding procedure of BCH codes over the Gaus-
sian field Z3 [i].
Let m1(X ) be the first minimal polynomial for j = 1.

m1 (X) = (X − α)
(
X − α9

)
= X2

−

(
α + α9

)
X + α10

= X2
+ X + (2 + i) .

Similarly, the minimal polynomials for j = 2, 3, 4, 5, 6 are
given as

m2 (X) =

(
X − α2

) (
X − α18

)
= X2

−

(
α2

+ α18
)
X+ α20

= X2
+ 2iX + i.

m3 (X) =

(
X − α3

) (
X − α27

)
= X2

−

(
α3

+α27
)
X +α30
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= X2
+ X + (2 + i).

m4 (X) =

(
X − α4

) (
X − α36

)
= X2

−

(
α4

+ α36
)
X +α40

= X2
+ (1 + 2i)X + 2.

m5 (X) =

(
X − α5

) (
X − α45

)
= X2

−

(
α5

+ α45
)
X+ α50

= X2
+ (1 + 2i).

m6 (X) =

(
X − α6

) (
X − α54

)
= X2

−

(
α54

+ α6
)
X+ α60

= X2
+ iX + 2i.

The LCM of all minimal polynomials is known as generator
polynomial g (X) will be

g (X) =

(
X2

+ X + (2 + i)
) (

X2
+ 2iX + i

)
×

(
X2

+ X + (2 + i)
) (

X2
+ (1 + 2i)X + 2

)
×

(
X2

+ 1 + 2i
) (

X2
+ iX + 2i

)
= X12

+ 2iX11
+ (2 + 2i)X10

+ iX8
+ 2X7

+ (2 + i)X6
+ (1 + i)X5

+ iX4
+ (2 + i)X3

+ (2 + 2i)X2
+ 1.

The degree of the generator polynomial g (X) is 12, and the
dimension k is 68. Hence, the (n, k, d) narrow sense BCH
code over the Gaussian field Z3 [i] is (80, 68, 7).

E. BCH CODES OF LENGTH 80 WITH A DESIGNED
DISTANCE OF 9 OVER THE GAUSSIAN FIELD Z3[i ]
Let j = c, c+1, c+2, . . . , c+d−2 = 1, 2, 3, 4, 5, 6, 7, 8 then
apply the encoding procedure of BCH codes over the
Gaussian field Z3 [i].
Let m1(X ) be the first minimal polynomial for j = 1.

m1(X ) = (X − α)
(
X − α9

)
= X2

−

(
α + α9

)
X + α10

= X2
+ X + (2 + i) .

Similarly, the minimal polynomials for j = 2, 3, 4, 5, 6, 7, 8
will be

m2(X ) =

(
X − α2

) (
X − α18

)
= X2

−

(
α2

+ α18
)
X

+ α20
= X2

+ 2iX + i.

m3(X ) =

(
X − α3

) (
X − α27

)
= X2

−

(
α3

+ α27
)
X

+ α30
= X2

+ X + (2 + i).

m4(X ) =

(
X − α4

) (
X − α36

)
= X2

−

(
α4

+ α36
)
X

+ α40
= X2

+ (1 + 2i)X + 2.

m5(X ) =

(
X − α5

) (
X − α45

)
= X2

−

(
α5

+ α45
)
X

+ α50
= X2

+ (1 + 2i).

m6 (X) =

(
X − α6

) (
X − α54

)
= X2

−

(
α54

+ α6
)
X

+ α60
= X2

+ iX + 2i.

m7 (X) =

(
X − α7

) (
X − α63

)
= X2

−

(
α7

+ α63
)
X

+ α70
= X2

+ 2iX + (1 + i) .

m8(X ) =

(
X − α8

) (
X − α72

)
= X2

−

(
α8

+ α72
)
X

+ α80
= X2

+ (1 + 2i)X + 1.

The LCM of all minimal polynomials is known as generator
polynomial g (X) will be

g (X) =

(
X2

+ X + (2 + i)
) (

X2
+ 2iX + i

)
×

(
X2

+ X + (2 + i)
) (

X2
+ (1 + 2i)X + 2

)
×

(
X2

+ 1 + 2i
) (

X2
+ iX + 2i

)
×

(
X2

+ 2iX + (1 + i)
) (

X2
+ (1 + 2i)X + 1

)
= X16

+ X15
+ (1 + i)X14

+ (2 + 2i)X13

+ (2 + 2i)X12
+ (2 + 2i)X11

+ (1 + 2i)X10
+ 2X9

+ 2X8
+ 2iX7

+ (1 + i)X6
+ X4

+ 2X3
+ (1 + i)X2

+ (2 + 2i)X + 1 + i.

The degree of the generator polynomial g (X) is 16, and the
dimension k is 64. Hence, the (n, k, d) narrow sense BCH
code over the Gaussian field Z3 [i] is (80, 64, 9).

V. DECODING PROCEDURE OF GAUSSIAN FIELD-BASED
BCH CODES
The main purpose of this section is to decode the BCH
codes over the Gaussian field of length n by the modified
Berlekamp-Massey algorithm.
The following theorem is just a restatement of

[7, Theorem 4.4.3].
Theorem 2: Let C be a BCH code of length n over Gaus-

sian field Zp [i] if (p ≡ 3) (mod 4) with designed distance d .
Then BCH code over the Gaussian field is C = {c(x) ∈

Zp [i] [x]n : c(αi) = 0, ∀i = c, c + 1, . . . , c + d − 2}.
Equivalently, the code C is the null space of the matrix

H =

 1 α1 α2
· · · αn−1

...
. . .

...

1 αc+d−2 α2(c+d−2)
· · · α(c+d−2)(n−1)

 (1)

Proof: Let c(x) ∈ C . Then, c (x) = q (x) g(x) for
some q(x), where g(x) is the generator polynomial of C .
Hence c(αi) = 0 for all i = c, c + 1, . . . , c + d − 2.
Conversely, let c (x) ∈ Zp [i] [x]n such that c

(
S i

)
= 0 for

all i = c, c + 1, . . . , c + d − 2. Then m(x) divides c(x) for
all i = c, c + 1, . . . , c + d − 2. Hence g(x) divides c(x),
so c(x) ∈ C .

A. DECODING PROCEDURE
Let c = (c0 c1 c2 . . . cn−1) be a BCH code of length n,
received vector r , and designed distance d . There are the
following steps.
1. Find syndromes S with the help of parity check matrix

H and the transpose of the received vector r .

S = HrT (mod p) .
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If all syndromes are zeros then no error occurs in the received
vector r , hence r = c. The error will occur if at least one
syndrome is non-zero, then go to the next step.

2. Use the Modified Berlekamp-Massey algorithm to find
δn (z).

TABLE 2. Berlekamp Massey algorithm for the error locator polynomial.

Where dn is the discrepancy, ln is the degree of δn (z), and
t is the number of maximum error correction possibilities.

Suppose the following initial conditions: δ−1 (z) =

1; d−1 = 1; l−1 = 0; δ0 (z) = 1; l0 = 0 and d0 = first
non-zero syndrome.

If dn = 0, then δn+1 (z) = δn (z) and ln+1 = ln.
If dn ̸= 0, then for m ≤ n − 1 and n − lm have the largest

value in the last column. So, from dn − ydm = 0, we get y.
Thus, δn+1 (z) = δn (z) − yzn−mδm (z) , and

dn+1 = Sn+2 + δ
(n+1)
1 (z)Sn+1 + δ

(n+1)
2 (z)Sn

+ . . . + δ
(n+1)
ln+1

(z)Sn+2−ln+1 .

3. Use the reciprocal function of δn(z) = g(z) and find the
roots of g(z) in the form of zu.
4. Let Zu be the correct location of errors. Select those xus

such that (xu − Zu) are zeros, where 1 ≤ u ≤ n − 1 and
xu = ρu are error locations.

5. The main purpose of the elementary symmetric function
is how many possible errors occur in the received vector.
It depends on the value of v. (z− x1) (z− x2) . . . (z− xv) =

δ0zv + δ1zv−1
+ . . .+ δv, where x1, . . . , xv represent the error

locations.
6. By using Forney’s procedure in [9], calculate the

magnitude of errors as follows.

yj =

∑v−1
l=0 δj,uSv−l∑v−1
l=0 δj,ux

v−l
j

.

Start with δ0 = δj,0 = 1, where δj,u = δu + xj.δj,u−1; u =

1, 2, 3, . . . , v− 1 and j = 1, 2, . . . , v.
Error vector = e = (e0 e1 e2 . . . en−1).
7. The corrected code word of code C is c with the help of

the received vector r and error vector e will be

c = r − e.

8. For the verification of the code word c of the BCH code by
using Theorem 2.

HcT = [O] .

B. ILLUSTRATION 1
Let (80, 76, 3) be the narrow sense BCH code over the
Gaussian field Z3 [i] from Section IV, and the vector r =

(0, i, 0, 0, . . . , 0)1×80 is the received vector. Find the error
vector and correct code word of the BCH code.

S = HrT =

(
1 α α2

· · · α11

1 α2 α4
· · · α22

)
(0 i 0 . . . 0)T

=

(
iα
iα2

)
=

(
α21

α22

)
.

where syndromes are S1 = α21
;S2 = α22. Find δn(x) by

using the modified Berlekamp massay algorithm, which is
given in Table 3.

TABLE 3. Results of the modified Berlekamp Massey algorithm for
locator polynomial.

Thus, it follows that δ2 (z) = 1 + α41z, and its reciprocal
function is g (z) = α41

+ z. Hence α is the root of g (z).
Now select those of xu’s such that (xu − zu) are zeros in
Z3 [i]∗2 , 1 ≤ u ≤ 80. Hence z1 = α. So the error appeared
at position 2 in the received vector r . δ0zv + δ1 = z − α is
a symmetric function. The error magnitude is y1 =

δ1,0S1
δ1,0x1

=

S1
x1

=
α21

α
= α20

= i, where δ0 = 1, δ1 = −α = 2α, v = 1.
Error vector e = (0 i 0 . . . 0)1×80.
Corrected code word c = r − e = (0, 0, 0, . . . , 0)1×80.
For verification HcT = [O].
Hence c is the corrected code word of BCH code C .

C. ILLUSTRATION 2
Let (80, 76, 3) be the narrow sense BCH code over the
Gaussian field Z3 [i] from Section IV, and the vector r =

(2 + i, 1 + 2i, 2 + i, 0, 1, . . . , 0)1×80 is the received vector.
Find the error vector and correct codeword.

Let

S = HrT =

(
1 α α2

· · · α79

1 α2 α4
· · · α78

)
× (2 + i1 + 2i 2 + i 0 0 . . . 0)T

=

(
2α

1 + i+ α

)
=

(
α41

α37

)
.

where syndromes are S1 = α41
;S2 = α37. Find δn(x) by

using the modified Berlekamp massay algorithm, which is
given in Table 4.

Thus, it follows that δ2 (z) = 1 + α36z and its reciprocal
function is g (z) = α36

+ z. Hence 2 + 2i + 2iα = α76 is
the root of g (z). Now select those of xu’s such that (xu − zu)
are zeros in Z3 [i]∗2 , 1 ≤ u ≤ 80. Hence z1 = α76. So the
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TABLE 4. Results of the Modified Berlekamp Massey algorithm for one
degree polynomial.

error appeared at position 77 in the received vector r . δ0zv +

δ1 = z − α76 is a symmetric function. The error magnitude
is y1 =

δ1,0S1
δ1,0x1

=
S1
x1

=
α41

α76 = α45
= 1 + i+ 2α + 2iα, where

δ0 = 1, δ1 = −α76, v = 1.

e = (0, 0, 0, . . . , 0, 2 + 2α + 2iα, 0 . . . 0)1×80

c = r − e = (2 + i, 1 + 2i, 2 + i, 0, 1, . . . , 0, 2 + 2i+ α

+ iα, . . . , 0)1×80

For verification HcT = [O].
Hence c is the corrected code word of BCH code C .

D. ILLUSTRATION 3
Let (80, 76, 5) be the narrow sense BCH code over
the Gaussian field Z3 [i] from Section IV, and the vector
r = (1, 0, 0, 1 + i, 0, 1 + 2i, 2 + i, 0, 1, 0, 0, . . . , 0)1×80 is
the received vector. Find the error vector and correct code
word. Also, verify the corrected code word c.

Let

S = HrT =


1 α α2

· · · α79

1 α2 α4
· · · α78

1 α3 α6
· · · α77

1 α4 α8
· · · α76


× (1, 0, 0, 1 + i, 0, 1 + 2i, 2 + i, 0, 1, 0, 0, . . . , 0)T

=


1 + α + 2iα

2 + i+ α + iα
1 + i+ 2iα

2α + 2i+ 2iα



=


α68

α14

α22

α48

 =


S1
S2
S3
S4

 .

where syndromes are S1 = α68, S2 = α14, S3 = α22, S4 =

α48. Find δn(x) by using the modified Berlekamp Massay
algorithm given in Table 5.
Consider, δ4(z) = 1+ α74z2 and the reciprocal function of

δ4 (z) is g(z) = z2 + α74. Hence α17 and α57 are the roots of
g (z). Now select those of xu’s such that (xu − zu) are zeros
in Z3 [i]∗2 , 1 ≤ u ≤ 80. Hence z1 = α17 and z2 = α57.
So the error appeared at positions 18 and 58 in the received
vector r . Therefore the symmetric function δ0zv + δ1zv−1

+

δ2 =
(
z−α17

) (
z−α57

)
= z2 + 0z + α74 implies δ0 = 1,

TABLE 5. Results of the modified Berlekamp Massey algorithm for two
degree error locator polynomial polynomial.

δ1 = 0, δ2 = α74 and v = 2. Hence two errors appeared in
the received vector r . As δ1,1 = δ1 + δ1,0.x1 = α17, therefore

y1 =
δ1,0.S2 + δ1,1.S1
δ1,0.x21 + δ1,1.x1

= α7.

δ2,1 = δ1 + δ2,0.x2 = α57.

y2 =
δ2,0.S2 + δ2,1.S1
δ2,0.x22 + δ2,1.x2

= α66.

Hence y1, and y2 are error magnitudes. So

e = (0, 0, 0, . . . , 0, 2 + α + 2iα, 0 . . . , 0, i + α

+ 2iα, 0, . . . , 0)1×80 .

c = r − e = (1, 0, 0, 1 + i, 0, 1 + 2i, 2 + i, 0, 1, 0, 0, . . . ,

× 0, 1 + α + iα, 0, . . . , 0, 2i+ 2α + iα, 0, . . . , 0)1×80 .

Hence c is the corrected code word.

VI. COMPARISON OF THE RESULTS OF FINITE FIELD AND
GAUSSIAN FIELD
Here we give a comparison between the narrow sense BCH
code and their decoding algorithm over a finite field and
Gaussian field. Length of code is n = pm − 1, designed
distance d , dimension k1, code rates R1 =

k1
n =

k1
pm−1 , and

the number of pk1 code words of the narrow sense BCH-codes
over the finite fieldGF (pm) and their decoding algorithm are
given in [7, Section 4.4].

But in this article, the authors constructed BCH codes
of length n = qm − 1 = p2m − 1, designed distance d ,
dimension k2, code rates R2 =

k2
n =

k2
p2m−1

, and the number

of qk2 = p2k2 code words over the Gaussian field Zp [i] plus
their decoding algorithm.

Comparisons between the narrow sense BCH code over a
finite field and the Gaussian field are given in Table 6 and
Table 7. From [7, Excerises 4.4 (10)], length n = pm − 1 =

34 − 1 = 80, designed distance d , dimension k1, code
rate R1, and the number of pk1 code words of the narrow sense
BCH-codes over the finite fieldGF (pm) = GF(32) are given
in Table 6.
Similarly, length n = qm − 1 =

(
32

)2
− 1 = 80, designed

distance d , dimension k2, code rate R2, and the number of qk2
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TABLE 6. Length, designed distance, dimension, code rate, and code
words of the BCH codes over finite field GF(32).

codewords of the narrow sense BCH-codes over theGaussian
field Zp [i] = Z3[i] are given in Table 7.

TABLE 7. Length, designed distance, dimension, code rate, and code
words of the BCH codes over Gaussian field Z3[i ].

From Table 6 and Table 7, the code rate R1 of the BCH
code over a finite field, and the code rate R2 of the BCH code
over a Gaussian field with designed distance d are given in
Figure 1. Similarly, the dimension k1 of the BCH code over
a finite field, and the dimension k2 of the BCH code over a
Gaussian field with designed distance d are given in Figure 2.
The following observations are obtained after compar-

ing the BCH codes over the finite field and their decoding
algorithm with the BCH codes over the Gaussian field and
their decoding algorithm for the same length and the same
designed distance.

The dimension and code rate of the BCH code over the
Gaussian field increased as compared to the dimension and
code rate of the BCH code over the finite field.

The numbers of code words of the BCH code over the
Gaussian field are much higher than the number of code
words of the BCH code over the finite field.

The decoding algorithm of the BCH code over the finite
field is a particular algorithm for the correction of errors,
but the decoding of the BCH code by modified Berlekamp
Massey algorithm over the Gaussian field is a generalized
algorithm for the correction of errors.

VII. CONCLUSION
In this article, the Gaussian field and its extension have been
presented. Further, the construction method for the BCH
codes using the Gaussian field Zp[i] has been provided. Also,
the decoding of BCH codes over the Gaussian field through
a slightly amended modified Berlekamp-Massey algorithm.
It has been shown that the BCH codes over the Gaussian field

FIGURE 1. Designed distance VS code rate of codes over finite field
GF (32) and Gaussian field Z3[i ].

FIGURE 2. Designed distance VS dimension of BCH codes over finite field
GF (32) and Gaussian field Z3[i ].

Zp[i] and their decoding algorithm have better performance
than the BCH codes over the finite field GF (pm) and their
decoding algorithm. The construction methods of BCH codes
over Gaussian field Zp [i] and their decoding algorithm may
extend over the Gaussian rings Zpk [i], where p ≡ 3 (mod 4),
which might give better performance than BCH codes having
symbols from the Gaussian field Zp[i].

REFERENCES
[1] J. E. F. Assmus. and H. F. Mattson, ‘‘Error-correcting codes: An axiomatic

approach,’’ Inf. Control, vol. 6, no. 4, pp. 315–330, Dec. 1963.
[2] D. Augot, E. Betti, and E. Orsini, An Introduction to Linear and Cyclic

Codes, Gröbner Bases, Coding, and Cryptography. Cham, Switzerland:
Springer, 2009, pp. 47–68.

[3] I. F. Blake, ‘‘Codes over certain rings,’’ Inf. Control, vol. 20, no. 4,
pp. 396–404, May 1972.

[4] I. F. Blake, ‘‘Codes over integer residue rings,’’ Inf. Control, vol. 29, no. 4,
pp. 295–300, Dec. 1975.

VOLUME 11, 2023 71979



M. Sajjad et al.: Construction and Decoding of BCH-Codes Over the Gaussian Field

[5] E. Spiegel, ‘‘Codes over Zm,’’ Inf. Control, vol. 35, no. 1, pp. 48–51,
Sep. 1977.

[6] E. Spiegel, ‘‘Codes over Zm, revisited,’’ Inf. Control, vol. 37, no. 1,
pp. 100–104, Apr. 1978.

[7] T. Shah, A. Khan, and A. A. Andrade, ‘‘Constructions of codes through
the semigroup ring B[X;

1
22

Z0] and encoding,’’ Comput. Math. With Appl.,
vol. 62, pp. 1645–1654, 2011.

[8] B. Yildiz and I. Siap, ‘‘Cyclic codes over F2 [u]/(u4–1) and applications
to DNA codes,’’ Comput. Math. With Appl., vol. 63, pp. 1169–1176,
Apr. 2012.

[9] G. Weil, K. Heus, T. Faraut, and J. Demongeot, ‘‘The cyclic genetic code
as a constraint satisfaction problem,’’ Theor. Comput. Sci., vol. 322, no. 2,
pp. 313–334, Aug. 2004.

[10] H. Q. Dinh, A. K. Singh, S. Pattanayak, and S. Sriboonchitta, ‘‘Construc-
tion of cyclic DNA codes over the ringZ4 [u]/<u2-1> based on the deletion
distance,’’ Theor. Comput. Sci., vol. 773, pp. 27–42, Jun. 2019.

[11] B. Kim, Y. Lee, and J. Yoo, ‘‘An infinite family of Griesmer quasi-cyclic
self-orthogonal codes,’’ Finite Fields Their Appl., vol. 76, pp. 1019–1023,
Dec. 2021.

[12] F. Zullo, ‘‘Multi-orbit cyclic subspace codes and linear sets,’’ Finite Fields
Their Appl., vol. 87, pp. 1021–1053, Mar. 2023.

[13] M. Sajjad, T. Shah, and R. J. Serna, ‘‘Designing pair of nonlinear compo-
nents of a block cipher over Gaussian integers,’’Comput., Mater. Continua,
vol. 75, no. 3, pp. 5287–5305, 2023.

[14] M. Sajjad, T. Shah, R. J. Serna, A. Z. E. Suarez, and O. S. Delgado,
‘‘Fundamental results of cyclic codes over octonion integers and their
decoding algorithm,’’ Computation, vol. 10, no. 12, p. 219, 2022.

[15] M. Sajjad, T. Shah, M. M. Hazzazi, A. R. Alharbi, and I. Hussain,
‘‘Quaternion integers based higher length cyclic codes and their decoding
algorithm,’’ Comput., Mater. Continua, vol. 73, no. 1, pp. 1177–1194,
2022.

[16] Y. Lei, C. Li, Y. Wu, and P. Zeng, ‘‘More results on hulls of some prim-
itive binary and ternary BCH codes,’’ Finite Fields Their Appl., vol. 82,
pp. 1020–1066, Sep. 2022.

[17] Y. Liu, R. Li, Q. Fu, L. Lu, and Y. Rao, ‘‘Some binary BCH codes with
length n = 2m + 1,’’ Finite Fields Their Appl., vol. 55, pp. 109–133,
Jan. 2019.

[18] S. R. Nagpaul, Topics in Applied Abstract Algebra, vol. 15. Providence,
RI, USA: American Mathematical Society, 2005, pp. 183–207.

[19] K. Huber, ‘‘Codes over Gaussian integers,’’ IEEE Trans. Inf. Theory,
vol. 40, no. 1, pp. 207–216, Jan. 1994.

[20] J. Stillwell, ‘‘The Gaussian integers,’’ in Elements Number Theory.
New York, NY, USA: Springer, 2003, pp. 101–116.

MUHAMMAD SAJJAD has been a Ph.D.
Research Scholar with Quaid-i-Azam Univer-
sity, Islamabad, Pakistan, since 2020. Currently,
he is a Visiting Lecturer with the Department
of Mathematics, National University of Mod-
ern Languages (NUML), Islamabad, and Bahria
University, Islamabad. Since 2018, he has been
actively researched coding theory, cryptography,
vectorial algebra, number theory, non-associative
algebra, and elliptic curves. His work focuses on

designing efficient error-correcting codes, enhancing data security through
cryptographic techniques, exploring applications of vectorial algebra, study-
ing properties of numbers, investigating non-associative algebra, and a
Universind analyzing elliptic curves. His research contributions contribute
to advancements in these diverse areas of mathematics.

TARIQ SHAH received the Ph.D. degree in mathe-
matics from the University of Bucharest, Romania,
in 2000. Currently, he is a Professor with the
Department of Mathematics, Quaid-i-Azam Uni-
versity, Islamabad, Pakistan. His research interests
include commutative algebra, non-associative
algebra, error-correcting codes, cryptography,
number theory, and vectorial algebra. Within com-
mutative algebra, he may explore properties of
rings with commutative multiplication. In non-

associative algebra, he may investigate algebras with non-associative
multiplication structures. His research in error-correcting codes and cryp-
tography involves designing robust codes and encryption techniques.
Furthermore, his interest in number theory and vectorial algebra showcases
his exploration of number properties and applications of vectors in various
mathematical contexts.

MAHA ALAMMARI is currently an Assistant Professor in applied mathe-
matics with King SaudUniversity, Riyadh, Saudi Arabia. Since 2011, she has
been researching matrix polynomials with a numerical computing aspect, the
flow of bio-fluids and nano-material liquids with comprehensive graphical
representation. Recently, she joined a research group on cryptography focus-
ing on data security based on applications of number theory. Her research
contributes to developments in such topics connecting physical, engineering,
and computing problems to mathematical analysis.

HUDA ALSAUD is currently an Assistant Professor in applied mathemat-
ics with King Saud University, Riyadh, Saudi Arabia. She has research
in applied mathematics, such as variational problems, Hankel determi-
nants, nanotechnology, and fractional derivatives with numerical computing
aspects. Recently, she considered another area of application, coding theory,
and cryptography. Her work concentrates on data security as an application
of algebra and number theory. Her participation in these areas of research
contributes to the study and develop several fields through concepts of
mathematics.

71980 VOLUME 11, 2023


