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ABSTRACT The traditional Strapdown Inertial Navigation System (SINS)/Global Navigation Satellite
System (GNSS) integrated system uses standard Kalman Filter (KF) to estimate the error states, which
weakens the correlation between the different error components to directly initialed the Error Covariance
Matrix (ECM) into diagonalization. This initialed method is also widely applied in State Transformation
Extended Kalman Filter (STEKF) and Invariant Extended Kalman Filter (IEKF), which results in state
estimation failing to achieve the optimal performance. To solve this problem, this paper first analyses the
transformed relationship from traditional linear error state to the nonlinear error state redefined in STEKF
and IEKF, and the strong correlation is found between the redefined error state components, namely the ECM
in STEKF or IEKF no longer appears as a diagonal matrix. Then, aiming at the nonlinear error states, the
transformed models of ECM in STEKF and IEKF are derived respectively, which establishes the theoretical
basis for ECM initialization based on the error states correlation. Finally, the accuracy, feasibility and general
applicability of the proposed method are verified by a boat-mounted field trial.

INDEX TERMS Correlation, error covariance matrix, IEKF, SINS/GNSS, STEKF.

I. INTRODUCTION
The SINS/GNSS integrated system can give full play to the
advantages of SINS and GNSS to make up for the disadvan-
tages of each other, which has been widely used in remote
sensingmeasurement and navigation of various platforms [1],
[2]. The traditional error state model of SINS/GNSS is
established with linear approximation, and KF is usually
adopted for states estimation, which could meet the applica-
tion requirements under general conditions [3], [4]. However,
in some special and complex situations, such as initial infor-
mation loss or unreliability, prior information interruption or
interference, the reliability of traditional SINS/GNSS will
decline significantly [5], [6], [7], [8]. In order to solve this
problem, STEKF and IEKF have been widely concerned by
scholars in recent years. STEKF takes into account the devia-
tion between the calculated navigation frame and the factual
navigation frame caused by attitude error (i.e. misalignment
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angle), and redefines the nonlinear velocity error state [9].
Compared with the traditional filtering algorithms, STEKF
has better estimation performance, especially in the case of
largemisalignment angle [10], [11]. IEKF defines a nonlinear
error state model based on Lie group, which has the character-
istic of autonomous estimation. This means that the error state
propagation obeys the linear differential equation, which is
independent of the nonlinear change of navigation state [12],
[13]. Currently IEKF has been used in a variety of integrated
navigation systems [7], [8], [14], [16]. The essence of the
above two filtering algorithms used in SINS/GNSS can be
understood as redefining the nonlinear error state which sat-
isfies the linear differential equation to solve the linearization
error problem in traditional SINS/GNSS based on KF [17],
[18]. However, the initialization of ECM corresponding to the
transformed error state has not attracted enough attention.

ECM is defined as the mathematical expectation of the
deviation between the state estimation and the true value.
The diagonal element of ECM is the variance of each state
component estimation, and its square root represents the
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uncertainty of the state estimation. The non-diagonal ele-
ment is the covariance reflecting the correlation between the
estimation errors of different state components [19]. Proper
ECM initialization method can directly improve the effect
of system states estimation. The error states of SINS/GNSS
based on KF is linear, which can be considered that there is
no correlation or weak correlation among the initial estimated
errors, so the ECM can usually be initialized into a diagonal
matrix. At present, there are two main ECM initialization
methods for STEKF and IEKF. One is directly to calculate
the initial variance of each state component according to
the traditional error states, and then to set ECM as a diag-
onal matrix. The other is first to convert traditional error
states to the new error states defined by STEKF or IEKF,
and then to calculate the initial variance of each new state
component, finally to set ECM as a diagonal matrix [9],
[20]. However, the former is only applicable to the case of
small initial misalignment angle and low velocity. Although
the latter has better applicability, the convergence speed and
accuracy of error state still have further optimization space.
In fact, both STEKF and IEKF redefined the nonlinear error
states, and there was a strong correlation between the error
state components. It was obviously unreasonable to roughly
initialize ECM into a diagonal matrix. According to the above
analysis, the ECM initialization method is proposed based on
the correlation of nonlinear error states. The main innovative
contributions of this paper are summarized as follows.

a. The theoretical basis of traditional ECM initialization
was analyzed based on the models derivation.

b. The conversion model of ECM for SINS/GNSS based
on STEKF is deduced and verified by experiment.

c. The conversion model of ECM for SINS/GNSS based
on IEKF is deduced and verified by experiment.

d. The ECM initialization method proposed in this paper
is not only applicable to SINS/GNSS, but also has excellent
performance in SINS/DVL (Doppler Velocity Log) [21], [22],
SINS/CNS (Celestial Navigation System) [23], [24] and other
integrated system.

e. The ECM initialization based on error states correlation
is not only suitable for STEKF and IEKF, but also can be
used in other optimal estimation algorithms with transformed
states.

This paper is organized as follows. Sections II presented
the derivation process of the ECM for SINS/GNSS based on
KF. The conversion models of ECM for SINS/GNSS based
on STEKF and IEKFwere respectively deduced in section III
and section IV. A boat-mounted field trial was conducted to
verify the proposed method in section V. Section VI sum-
marizes the whole paper and puts forward the application
prospect.

II. ECM OF SINS/GNSS BASED ON KF
The attitude, velocity and position (AVP) error states of
SINS/GNSS based on KF could be defined as Xn =

[(φn)T (δvn)T (δpn)T ]T , which is represented in East-North-
Up (ENU) local navigation frame. The estimation of Xn is

described as X̂n. So the estimate error can be defined as
δXn = Xn − X̂n. At the beginning of filtering process,
the initial estimation X̂n(0) is usually set as a zero vector.
Therefore, the ECM can be expressed as

Pn = E(δXn(δXn)T ) = E(XnXT
n )

=
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where E(·) is mathematical expectation operator. X in(i =

1, 2 · · · , 9) is the component of Xn. The diagonal element
of Pn is the variance of AVP error state component, and its
square root represents the uncertainty of the error state esti-
mation. The non-diagonal element is the covariance reflecting
the correlation between the estimation errors of different state
components. When ECM is initialized, it can be roughly
considered that the initial estimates of different error state
components are not correlated, that is, the covariance is
satisfied

E[X inX
j
n] = 0(i ̸= j) (2)

Therefore, (1) can be converted to

Pn = diag(E[(X1
n )

2]E[(X2
n )

2] · · ·E[(X9
n )

2]) (3)

where diag(·) is the diagonal matrix operator. Let

Pn =

 Pφn 03×3 03×3
03×3 Pδvn 03×3
03×3 03×3 Pδpn

 (4)

where Pφn ,Pδvn and Pδpn are the ECMs corresponding to φn,
δvn and δpn respectively, and all three are diagonal matrices.

III. ECM OF SINS/GNSS BASED ON STEKF
The AVP error states of SINS/GNSS based on STEKF could
be defined as X s = [(φn)T (δvnφ)

T (δpn)T ]T , where δvnφ is the
transformed nonlinear velocity error, which can be described
as [9]

δvnφ = δvn − (ṽn×)φn (5)

where ṽn is the velocity calculated by SINS, (·×) represents
the skew symmetric matrix operator. It can be seen from (5)
that there is an extra term −(ṽn×)φn closely related to the
misalignment angle in the new velocity error state, which
results in strong correlation between the transformed error
states. Therefore, the new ECM should no longer be roughly
initialized to a diagonal matrix.
The new error state X s can be transformed from the tradi-

tional error state Xn as follows.

X s = AsnXn =

 I3×3 03×3 03×3
−(ṽn×) I3×3 03×3
03×3 03×3 I3×3

  φn

δvn

δpn

 (6)

The matrix Asn represents the transformed relationship
between error states X s and Xn, so it can be called the state
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transformation matrix. The system ECM after state transfor-
mation can be expressed as

Ps = E(X sXT
s ) = AsnE(XnXT

n )A
T
sn = AsnPnATsn (7)

It can be seen from (7) that the matrix Asn also represents the
transformed relationship between ECM Ps and Pn. Substitut-
ing (4) and (6) into (7) as

Ps

=

 I3×3 03×3 03×3
−(ṽn×) I3×3 03×3
03×3 03×3 I3×3

  Pφn 03×3 03×3
03×3 Pδvn 03×3
03×3 03×3 Pδpn


· · ·

 I3×3 03×3 03×3
−(ṽn×) I3×3 03×3
03×3 03×3 I3×3

T

=

 Pφn (ṽn×)TPφn 03×3
Pφn (ṽn×) Pδvn + (ṽn×)Pφn (ṽn×)T 03×3
03×3 03×3 Pδpn

 (8)

As shown in (8), the ECM is obviously no longer a diagonal
matrix and the elements on the diagonal have also changed,
which verifies the analysis above.

IV. ECM OF SINS/GNSS BASED ON IEKF
IEKF can be divided into Right Invariant Kalman Filter
(RIEKF) and Left Invariant Kalman Filter (LIEKF) due to
different definition of error states [12]. In this section, the two
kinds of ECMconversionmodels will be derived respectively.

A. ECM OF SINS/GNSS BASED ON RIEKF
The traditional error state can be described as Xe =

[(φe)T (δve)T (δre)T ]T , where φe is the attitude error (mis-
alignment angle) of body frame with respect to Earth-
Centered Earth-Fixed frame (ECEF). δve is the velocity error
of body frame with respect to Earth Centered Inertial frame
(ECI) represented in ECEF. δre is the Cartesian position
error of body frame with respect to ECI represented in
ECEF. The error state of RIEKF can be described as X r

i =

[(φe)T (Jρrv)
T (Jρrr )

T ]T , Jρrv and Jρrr are velocity error state
and position error state redefined in Lie group, which can be
described as [16]

Jρrv = (ṽe×)φe − δve

Jρrr = (r̃e×)φe − δre (9)

where ṽe and r̃e are the estimated velocity and position
respectively. It can be seen from (9) that there are extra terms
(ṽe×)φe and (r̃e×)φe, both related to the misalignment angle,
which results in strong correlation between the transformed
error states. Therefore, the new ECM of RIEKF should also
not be roughly initialized to a diagonal matrix.

The RIEKF error state X r
i can be transformed from the

traditional error state Xe as follows.

X r
i = AirXe =

 I3×3 03×3 03×3
(ṽe×) −I3×3 03×3
(r̃e×) 03×3 −I3×3

  φe

δve

δre

 (10)

The matrix Air also represents the transformed relationship
between error states X r

i and Xe. The system ECM after state
transformation can be expressed as

Pri = E[X r
i (X

r
i )
T ] = AirE(XeXT

e )A
T
ir = AirPeATir (11)

where Pe is the ECM corresponding to the traditional error
state Xe, and its derivation process is the same as that of Pn.
Let

Pe = E(XeXT
e ) =

 Pφe 03×3 03×3
03×3 Pδve 03×3
03×3 03×3 Pδre

 (12)

where Pφe ,Pδve and Pδre are the ECMs corresponding to φe,
δve and δre respectively, and all three are diagonal matrices.

It can be seen from (11) that the matrix Air also represents
the transformed relationship between ECM Pri and Pe. Sub-
stituting (10) and (12) into (11) as (13), shown at the bottom
of the next page.

As shown in (13), the ECM is obviously also not a diagonal
matrix and the elements on the diagonal have changed, which
verifies the analysis above.

B. ECM OF SINS/GNSS BASED ON LIEKF
The error state of LIEKF can be described as X l

i =

[(φb)T (Jρlv)
T (Jρlr )

T ]T , Jρlv and Jρlr are velocity error state
and position error state redefined in Lie group, which can be
described as [16]

φb = C̃
b
eφ

e (14)

Jρlv = −C̃
b
eδv

e (15)

Jρlr = −C̃
b
eδr

e (16)

The LIEKF error state X l
i can be transformed from the

traditional error state Xe as follows.

X l
i = AilXe =

 C̃
b
e 03×3 03×3

03×3 −C̃
b
e 03×3

03×3 03×3 −C̃
b
e


 φe

δve

δre

 (17)

The matrix Ail represents the transformed relationship
between error states X l

i and Xe. The system ECM after state
transformation can be expressed as

P li = E[X l
i(X

l
i)
T ] = AilE(XeXT

e )A
T
il = AilPeATil (18)

It can be seen from (18) that the matrix Ail also represents the
transformed relationship between ECM P li and Pe. Substitut-
ing (12) and (17) into (18) as

P li =

 C̃
b
e 03×3 03×3

03×3 −C̃
b
e 03×3

03×3 03×3 −C̃
b
e


 Pφe 03×3 03×3
03×3 Pδve 03×3
03×3 03×3 Pδre



· · ·

 C̃
b
e 03×3 03×3

03×3 −C̃
b
e 03×3

03×3 03×3 −C̃
b
e


T
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=

 C̃
b
ePφe (C̃

b
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T 03×3 03×3

03×3 C̃
b
ePδve (C̃

b
e)
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As shown in (19), C̃
b
ePφe (C̃

b
e)
T , C̃

b
ePδve (C̃

b
e)
T and

C̃
b
ePδre (C̃

b
e)
T are usually no longer diagonal matrices,

although Pφe , Pδve and Pδre are all diagonal matrices. In fact,
the attitude, velocity and position error stats of LIEKF are
still not correlated, but after the transformation as shown in
(14)-(16), the three-dimensional components of each error
state may be correlated. Therefore, it is not accurate to
initialize the ECM with a diagonal matrix.

V. EXPERIMENT RESULTS AND DISCUSSION
A set of shipborne SINS/GPS measurements was adopt to
verify the effectiveness of the ECM initialization method pro-
posed in this paper. The experimental platform and equipment
are shown in Fig. 1.
The experimental equipment related to this paper includes

one SINS and two GPS systems. One GPS worked in
real-time kinematic (RTK) mode with SINS to constitute
an integrated navigation system to provide high-precision
navigation reference information, the other worked in precise
point positioning (PPP) mode to provide position measure-
ments. The main parameters of experimental sensors are
shown in Table 1.

TABLE 1. Main parameters of experimental sensors.

The total duration of the experiment was 12600 s,
the experimental ship was in a static state in the first
1000 s, mainly for the initial alignment and calibration

FIGURE 1. Equipment of boat-mounted field experiment.

TABLE 2. RMSEs of yaw error and hori-error based on STEKF for
Pibc and Pibd .

of experimental equipment. After that, a series of smooth
maneuvers and variable velocity maneuvers were carried out
to meet a variety of experimental requirements. In this paper,
the field test for SINS/GPS integrated navigation lasts 1000 s.
The movement trajectory of experimental ship was shown in
Fig. 2.
Remark 1. SINS/GNSS integrated navigation models

based on STEKF and IEKF have been introduced in detail
in [9] and [16], which are not discussed in this paper.
Remark 2. Yaw error and horizontal-position error

(Hori-Error) are the key technical indexes of SINS/GPS
integrated system, which can reflect the performance of dif-
ferent algorithms directly. Therefore, these two parameters
are selected to verify the effect of ECM initialization based
on error states correlation.

Pri =

 I3×3 03×3 03×3
(ṽe×) −I3×3 03×3
(r̃e×) 03×3 −I3×3

  Pφe 03×3 03×3
03×3 Pδve 03×3
03×3 03×3 Pδre


· · ·

 I3×3 03×3 03×3
(ṽe×) −I3×3 03×3
(r̃e×) 03×3 −I3×3

T

=

 Pφe Pφe (ṽe×)T Pφe (r̃e×)T

(ṽe×)Pφe Pδve + (ṽe×)Pφe (ṽe×)T (ṽe×)Pφe (r̃e×)T

(r̃e×)Pφe (r̃e×)Pφ(ṽe×)T Pδre + (r̃e×)Pφe (r̃e×)T

 (13)
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FIGURE 2. Trajectory of experimental ship.

FIGURE 3. Yaw errors based on STEKF for Pibc and Pibd .

FIGURE 4. Hori-Errors based on STEKF for Pibc and Pibd .

Remark 3. Since STEKF and IEKF have more signif-
icant advantages in the case of large misalignment angle,
the variances of initial misalignment angle, velocity error
and position error are respectively set as [5◦, 5◦, 50◦]2,
[0.1 m/s, 0.1m/s, 0.1m/s]2, [1m, 1 m, 1 m]2, which are all
represented in ENU navigation frame.

A. SINS/GNSS EXPERIMENT BASED ON STEKF
As shown in Fig. 3, in the case of ECM P initialized based on
error state correlation (hereinafter referred to as P ibc, which
is described as ‘‘P initialized by correlation’’ in figures),

FIGURE 5. Yaw errors based on RIEKF for Pibc and Pibd .

FIGURE 6. Hori-Errors based on RIEKF for Pibc and Pibd .

FIGURE 7. Yaw errors based on LIEKF for Pibc and Pibd .

the yaw error of STEKF has rapidly converged to within 1◦

before 120 s, which is significantly better than that of ECMP
initialized based on diagonal matrix (hereinafter referred to as
P ibd , which is described as ‘‘P initialized by diagonalization’’
in figures). As can be seen from Fig. 4, after STEKF is started,
the hori-error of P ibc immediately converges to less than
0.5 m, while that of P ibd gradually converges to less than 1m
after 200 s, and there are relatively large oscillations.

In order to visually compare the influence of the two meth-
ods on the accuracy of error state estimation, the Root Mean
Square Error (RMSE) was calculated since the error curves
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FIGURE 8. Hori-Errors based on LIEKF for Pibc and Pibd .

TABLE 3. RMSEs of yaw error and hori-error based on RIEKF
for Pibc and Pibd .

TABLE 4. RMSEs of yaw error and hori-error based on LIEKF
for Pibc and Pibd .

were basically stable at 200 s (followings are the same). It can
be seen from Table 2 that the convergence accuracy of yaw
error and hori-error based on P ibc also obviously performed
better than that based on P ibd .

B. SINS/GNSS EXPERIMENT BASED ON RIEKF
As shown in Fig. 5, the yaw error of P ibc based on RIEKF has
rapidly converged to within 2◦ around 120 s, which is signif-
icantly faster than the convergence speed of P ibd . As can be
seen from Fig. 6, after RIEKF is started, the hori-error of P ibc
immediately converges to within 2 m, while that of P ibd only
converges to around 5 m after 200 s, and there are relatively
large oscillations.

It can be seen from Table 2 that the convergence accuracy
of yaw error and hori-error based on P ibc also obviously
performed better than that based on P ibd .

C. SINS/GNSS EXPERIMENT BASED ON LIEKF
As shown in Fig. 7, the yaw error of P ibc based on LIEKF has
rapidly converged to within 1◦ around 90 s, which is signif-
icantly faster than the convergence speed of P ibd . As can be
seen from Fig. 8, after RIEKF is started, the hori-error of P ibc

immediately converges to within 0.6 m, while that of P ibd
only converges to within 0.6 m after 100 s.

As shown in Table 4, the convergence accuracy of yaw
error based on P ibc is about 0.008◦ better than that based on
P ibd , the convergence accuracy of hori-error based on P ibc
is about 0.01 m better than that based on P ibd . It can be
found that the performance advantage of P ibc over P ibd in
LIEKF is less significant than that in STEKF and RIEKF.
According to the analysis in chapter 4.2, this is because
the attitude, velocity and position error of LIEKF are not
correlated with each other, and the correlation only exists
between the three-dimensional components of each error
state, however, P ibc still showed better performance.

VI. CONCLUSION
The ECM initialization method based on the correlation of
nonlinear error states is proposed in this paper. The theoretical
basis for the ECM initialization of STEKF and IEKF is first
established through the derivation and analysis of the trans-
formed models for ECM. Then the shipborne SINS/GNSS
experiment is carried out, and the results show that the pro-
posed method has better performance in SINS/GNSS states
estimation than traditional method. In addition, the ECM
initialization based on error states correlation can also be
applied to SINS/DVL, SINS/CNS and other integrated sys-
tems, as well as other optimal estimation algorithms involving
transformed states.
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