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ABSTRACT Although the concepts of imprecision are captured by both rough sets and intuitionistic fuzzy
sets, investigations combining these two ideas and their applications in incompletely ordered information
systems are scarce. The semantics of many kinds of missing information still lacks consensus on a global
level. Rule extraction is also an important task in a sort of decision system in which condition attributes
are treated as intuitionistic fuzzy values and decision attributes are crisp ones. The main goal of this paper
is to address semantic issues related to incomplete information. This paper contributes to the following
aspects: First, four types of incomplete information are classified (i.e., ‘“‘do-not-care value”, “‘partially-
known value™, “class-specific value” and ‘“non-applicable value’’), and then a complete information system
is introduced using novel semantics, followed by a ranking approach to create each object’s neighborhood
using intuitionistic fuzzy values for condition attributes. Further, a dominance-based intuitionistic fuzzy
decision table is proposed. Second, the lower and upper approximation sets of an object and crisp classes
validated by decision attributes are determined by comparing their relationships. Third, the rule extraction
approach is developed using the discernibility matrix and discernibility function to collect knowledge
from existing dominance intuitionistic fuzzy decision tables. Finally, the provided approach is used for the
estimation of inflation rates in LDCs with inadequate data.

INDEX TERMS Incomplete ordered information, possible-world semantics, intuitionistic fuzzy set,
dominance-based rough set approach, dominance relation, discernibility matrix, rule extraction.

LIST OF ABBREVIATIONS DIFDT Dominance-based Intuitionistic Fuzzy-valued
Symbols Description Decision Table
RST Rough Set Theory DIFRSA  Dominance-based Intuitionistic Fuzzy Rough
DRSA Dominance-based Rough Set Approach Set Approach
IFIS Intuitionistic Fuzzy Information System LDCs Least Developed Countries
DIFIS Dominance-based Intuitionistic Fuzzy
Information System
OISs Ordered Information Systems I. INTRODUCTION
Rough set theory (RST) was first introduced by Pawlak [1]
The associate editor coordinating the review of this manuscript and as a formal mathematical tool for addressing vagueness and
approving it for publication was Francisco J. Garcia-Penalvo . discrepancy in information systems [2]. The main benefit of
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the rough set approach is that it does not require any prelimi-
nary or supplementary data, such as probability distributions
in probability theory or grades of membership in fuzzy set
theory. This theory is based on the observation that objects
with the same description cannot be distinguished based on
the information that is currently available about them [3],
[4]. The equivalence classes form a partition of the universe
of discourse and constitute the basic granules of knowledge.
Fundamental ideas of RST include the lower and upper
approximations of sets that are created by these equivalence
classes. The RST has been successfully used in a variety of
fields, including decision analysis, expert systems, machine
learning, pattern recognition, and knowledge discovery [5],
(61, [71, [81, [9], [10], [11].

However, the rough set theory is not able to discover
and process inconsistencies coming from consideration of
criteria, that is, attributes with preference-ordered domains
(scales), such as test scores, university rankings, and house
pricing.

To solve this issue, Greco et al. [12], [13] suggested the
dominance-based rough set approach (DRSA), an extension
of RST that takes into consideration the ordering patterns of
criteria. This invention is primarily based on the substitution
of the indiscernibility (or equivalence) connection by a dom-
inance relation, which allows for ordered set approximations
in multi-criteria decision-making and multi-criteria sorting
issues. The information to be approximated in DRSA is a col-
lection of upward and downward unions of decision classes,
and the dominance classes are sets of objects defined by
utilizing a dominance relation. Furthermore, the DRSA con-
siders monotonic connections between object descriptions
based on condition criteria and their class labels. DRSA has
been expanded since its beginnings to deal with knowledge
acquisition in many types of ordered information systems
(OISs) [14], [15], [16], [17], [18], [19], [20], [21], [22].

Rough set approximations have lately been integrated into
intuitionistic fuzzy sets [23], [24], [25], [26], [27], [28].
Based on the notion of fuzzy rough sets provided by Nanda
and Majumdar [29], Chakrabarty et al. [27], and Jena and
Ghosh [30], intuitionistic fuzzy rough sets were presented,
in which the lower and higher approximations are both intu-
itionistic fuzzy sets. Samanta and Mondal [31] also proposed
this concept, which they call a rough intuitionistic fuzzy set.
From the perspective of Nanda and Majumdar, this fuzzy
set with the membership and non-membership functions is
no longer a fuzzy set but a fuzzy rough set. Zhou and Wu
[32], [33] investigated fuzzy rough approximation operators.
Huang et al. [34], [35] explored and applied dominance-based
(interval-valued) intuitionistic fuzzy rough set models.

Pawlak’s rough set analysis assumes that an object has
only one value for each attribute and that we know what
that value is. However, in many cases, accessible information
about some objects is inadequate, and we may not know
their real values for some attributes. Moreover, two types
of values may be considered: “applicable value” and ‘““non-
applicable value.” The real values must exist for the category
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of applicable values, although we may not know the values or
just know a range of possibilities. For non-applicable values,
some attributes do not apply to certain objects; as a result,
their values cannot be specified. It might be considered a
subtype of missing value. Since we may not be aware of the
precise descriptions of certain objects in these situations of
incomplete information, the idea of equivalence relations is
no longer applicable. Many authors propose and investigate
different types of non-equivalence relations to model similar-
ity, including tolerance relations [36], similarity relations [4],
conditional tolerance relations [37], and characteristic rela-
tions [38], [39], [40], [41], [42], [43], [44]. Indiscernibility
is a special type of similarity. An indiscernibility relation is
required for deriving rules with complete information, but a
similarity relation is required for generating rules with lim-
ited knowledge. Various types of similarity relations models
are based on various semantics of incomplete information.
However, there is no conceptual framework for investigating
incomplete information from the perspective of semantics.

Kryszkiewicz [36] deals with incomplete information as
a ‘““do-not-care value” that may be changed with any rec-
ognized values of an attribute. Stefanowski and Tsoukias
[4] consider two types of incomplete information: “‘missing
value” and ‘““absent value”. The “missing value” seman-
tics allows comparison operations on a missing value.
The “absent value” semantics does not allow any com-
parison. Grzymala-Busse [39], [41] recognize two types
of incomplete information: ‘“‘do-not-care value” and “lost
value”. He further divides ‘“do-not-care value” into three
categories according to their comparison ranges: ‘‘do-not-
care value”, “‘restricted do-not-care value”, and ‘‘attribute-
concept value”. For a ‘“‘do-not-care value”, it can be
substituted by any known attribute value. For a “restricted
do-not-care value™, It can only be replaced by any known
attribute values, except ‘“lost values”. For an ‘attribute-
concept value,” any known values that are restricted to the
same concept may be used in their place. For a ““lost value,”
the original value already existed but is no longer there for a
variety of reasons.

Based on the existing studies of different semantics of
incomplete information, we generalized four types of seman-
tics for incomplete ordered information systems (IOISs):

> (D) “Do-not-care value” denoted by ““x”:

> (P) “Partially-known value” denoted by “{”:
> (C) “Class-specific value” denoted by “V”’:
> (N) “Non-applicable value denoted by “NA’:

Despite the previous research initiatives, intuitionistic
fuzzy and rough set hybrid models are rarely generated.
In both traditional and generalized rough set theory [45], [46],
[471, [48], [49], [50], [51], [52], knowledge reduction and
rule extraction are crucial tasks. However, in the domain
of intuitionistic fuzzy circumstances, these problems have
seldom ever been addressed. For this shortcoming, the current
work focuses on the development of intuitionistic fuzzy-
rough models based on dominance and the simplification
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FIGURE 1. Ten-steps flowchart for DIFRSA in an 10IS by using novel
semantics.

of decision rules in intuitionistic fuzzy information systems.
This approach combines the strengths of rough set theory,
incomplete dominance, and intuitionistic fuzzy sets to han-
dle uncertainty, enhance discrimination power, and generate
interpretable rules. This generalization gives better results
then other fuzzy generalizations. First, we use novel seman-
tics to turn an intuitionistic fuzzy-valued incomplete ordered
information system into an intuitionistic fuzzy-valued deci-
sion table, and then combine it with a dominance relation
to create a notion known as dominance intuitionistic fuzzy-
valued decision tables (DIFDT). Second, we develop a
dominance-based rough set model based principally on the
replacement of the indiscernibility relation in conventional
rough set theory with a dominance-based relation. Then, from
discernibility matrices, we suggest rule extraction method-
ologies. Third, the suggested intuitionistic rough models and
rule extraction procedures are used to estimate inflation rates
in low-income countries with inadequate data.

The rest of this paper is organized as follows: In Section II,
the basic concepts of IFSs, information systems, intuitionistic
fuzzy information systems, dominance-based intuitionistic
fuzzy rough set approach to ordered information systems are
briefly reviewed. Section III introduces four types of novel
semantics for intuitionistic fuzzy incomplete ordered infor-
mation systems. In Section IV, we discussed the application
of novel semantics in a Dominance-based Intuitionistic Fuzzy
Rough Set Approach (DIFRSA) for rule extraction from
incompletely ordered information systems. In Section V,
an approach is illustrated by a numerical example. Finally,
Section VI concludes this article and declaration of interests
with Section VI.

Il. PRELIMINARIES

This section sums up some basic ideas and properties related
to intuitionistic fuzzy values, recalling some notions related
with dominance-based intuitionistic fuzzy information sys-
tems that will be used in the next section.

A. IFSs

Definition 1 [53]: Let (u, v) be an ordered pair, where
0 < u,v<1land0 < pu+ v < 1. Then we call (u, v)
an intuitionistic fuzzy value.
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Definition 2 [54]: Let a; = (w4, vi), (1 < i < 2)be two
intuitionistic fuzzy values, then
Loy =02 & u1 = u2 Avp = y;
2. oy Ny = ((min{pr, po}, max{vy, v2});
3. ay Uay = (max{uy, po}, min{vy, v2}) ;
Obviously, if o1 and «; are two intuitionistic fuzzy values,
then so are @y N ay and oy U ap. From the intersection
and union of two intuitionistic fuzzy values, it is easy to
generalize those of n intuitionistic fuzzy values as follows.
Definition 3 [54]: Let o; = (ui,vi),(1 < i < n)be
n intuitionistic fuzzy values, on which we can define the
intersection () _;,,&; and union, |J, _;,; of e;(1 <i < n)
as follows: o

ﬂlgign“i = (min Wi, max v,-),

1<i<n 1<i<n
Ui<icni = | max i, min v; ).
- = 1<i<n 1<i<n

Definition 4 [54]: Let U be a universe of discourse.
An intuitionistic fuzzy set ‘A’ in U is an object having the
form A = {< x, ua(x), va (x) >: x € U}, where ua : U —
[0, 1]and v : U — [0, 1] satisfy 0 < pua(x)+va (x) < 1 for
all x € U, and g (x) and v4 (x) are, respectively, called the
degree of membership and the degree of non-membership of
the elementx € U to U.

Obviously, every fuzzy set A = {< x, ua(x) >: x € U}
can be identified with the intuitionistic fuzzy set of the form
{<x,ua(x),1 —ua(x) >: x € U} and is thus an intuition-
istic fuzzy set.

Definition 5 [55]: Let o1 = (1, v1) and op = (U2, 12)
be two intuitionistic fuzzy values, S (1) = wp1—v; and
S (o) = pna—v2 be the score of o1 and o, respectively; and
h(a1) = p1+vy and k (a2) = pup+v; be the precisions of o
and ay, respectively, then
1. If S (a1) < S (p) then a1 < aq;

2. If S (o) = S (a2)
a) and & (a1) = h (ap), then a1 = ao;

b) and & (1) < h (a2), then o < ag;

¢) and i (a1) > h(ap), then o > an;

B. INFORMATION SYSTEM

Definition 6: An information system is a quadruple S =
(U,AT,V.f), where U is a finite non-empty set of objects,
AT is a finite nonempty set of attributes, V = | J,c47 Vs and
V, is the domain of attribute @, and f : U x AT — Visa
total function such thatf (x, a) € V, foreverya € AT, x € U,
called an information function.

Definition 7 [56]: An information system is called an
ordered information system if all attributes are criteria.

Definition 8: An information system with incomplete
information is called an incomplete information system.
There are different types of semantics for incomplete infor-
mation system in the literature [36], [41], [57], some of them
are:

TR

(D) “Do-not-care value” denoted by “x”:
(P) “Partially-known value” denoted by “{”:
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(C) “Class-specific value” denoted by “V’*:
(N) “Non-applicable value” denoted by “NA”:

“Do-not-care value” denoted by ““x”. It does not affect
the final result of an incomplete information system. For
example, most covid 19 diseases do not act by age. This
disease can be found at any age period. So this missing value
can be replaced by any value of same attribute domain for
given information.

“Partially-known value”” denoted by ““1”’. This value lies in
some given range of missing value. For example if someone
asks about a university student who does not know his disci-
pline or department, this is partial information. This missing
value can be replaced with one of the value from subset of
same attribute domain.

“Class-specific value” denoted by “V”. It depends on
another special attribute of the same object. For example, the
government job salary employees depends on their pay scale.
This missing value can be replaced with one of the value of
the objects with the same value on this special attribute.

“Non-applicable value” denoted by “NA”. This attribute
value is not applicable for that object. For example, some
birds can’t fly. Thus, the attribute fly in same birds is non-
applicable for that type of bird. So, that type of missing value
will not replace with any other value, this treated as NA.

Definition 9: An incomplete information system is a tuple
IIS = (U,AT, V', F), where U is a finite non-empty set of
objects called the universe, AT is a finite nonempty set of
attributes, V' = V U {*} U {{} U {V} U {NA}, where V =
U aeat Va> Va is the domain of attribute a. *, t, V, and NA are
special symbols for do-not-care value, partially-known value,
class-specific value, and non-applicable value, respectively.
F ={f,la € AT}, f, : U — V/ is an information function
such thatf, (x) € V), xe U, V) = V,U{x}U{{}U{V}U{NA}.

Two objects are similar with respect to an attribute if they
have at least one same value for their possible attribute values
on the attribute. If we denote P, (x) as the set of all possible
attribute values of object x with respect to an attribute a,
where:

(K) “Known value: If f;, (x) € Vg, then P, (x) = {f, (x)};

(D) “Do-not-care value”: If f, (x) = %, then P, (x) = Vg ;

(P) “Partially known value”: If f, (x) = {7, then P, (x) =
Ja (x);

(C) ““Class-specific value”: If f, (x) = V(Xa,b)’ then

Py (x) = V" ()
={a W o ) =1 O) Afa (y) € Va}, b € AT;
(N) “Non-applicable value”: If f, (x) = NA, then P, (x) =
{NA};
Based on these different semantics of incomplete information

system, we can define the complete information system that
replaces the incomplete information with its possible values.

C. INTUITIONISTIC FUZZY INFORMATION SYSTEM
Definition 10 [34]: An intuitionistic fuzzy information
system (IFIS) is a quadruple S = (U, C U D, V, f), where

VOLUME 11, 2023

U is a finite non-empty set of objects called the universe, C
is a finite non-empty set of conditional attributes, D = {d}
is a singleton of decision attribute d, and C N D = . V is
the set of all intuitionistic fuzzy values, and V = V| U V3,
where V| and V, are domains of condition and decision
attributes, respectively. The information function f is a map
from U x C UD onto V, such that f(x, c) € V. forallc € C,
V. € Vi, and f(x,d) € V, for D = {d}, where f(x, ¢) and
f(x, d) are intuitionistic fuzzy values, denoted by f(x, c) =
(e (x), ve (0) and f(x, d) = (pd (), vq (x)).

We call f(x, c¢) the intuitionistic fuzzy value of object x,
under the condition attribute c, f (x, d) the intuitionistic fuzzy
value of x under the decision attribute d. In particular, f(x, c)
and f(x, d) would degenerate into fuzzy value if p (x) =
1 — ve(x) and pg (x) = 1 — vg(x) for every x € U. Under
this consideration, we regard a fuzzy information system as a
special form of intuitionistic fuzzy information systems.

When doing a practical examination of a decision-making
process, we always take into account a binary dominance
connection between objects that might be dominant in terms
of the values of a set of characteristics in an intuition-
istic fuzzy information system. A decision-maker often
takes into account both growing and decreasing preferences.
An attribute is a criterion if the domain of the attribute is
arranged in descending or ascending order of preference.
We restrict our analysis to dominant intuitionistic fuzzy infor-
mation systems without losing any generality.

Comparing and ranking objects using condition attributes
with intuitionistic fuzzy values is a crucial task in dominant
intuitionistic fuzzy information systems. For this, we use the
score function and accuracy function for the ranking mecha-
nism of two intuitionistic fuzzy values.

Definition 11 [34]: Let DIFIS = (U,C U D, V,f), and
B C C,forx,y € Udenotedbyx <py < f(x,b) <
FOb) & f o) <f b Vb =f(.b),YbeB.

Obviously, <p is a binary relation in U, that is

—\<B= {(X»Y) eUxU |f(y’b) #f()’,b),Vb GB}

We call the binary relation defined above a dominance rela-
tion in DIFIS.

If we adopt definition 11 to compare two intuitionistic
fuzzy values, it is possible that the two intuitionistic fuzzy
values may not be comparable. For example, o; = (0.2, 0.3)
and oy = (0.3, 0.4) are intuitionistic fuzzy values, there are
a1 £ ap and an £ «; but @y < ap. Despite this definition’s
rigor, another simple and useful ranking method for objects
in U should be introduced.

Definition 12: Let DIFIS = (U,CUD, V,f)and B C C,
forx,y e Uyx Spy & f(x,b) < f(y,b)V[fx D) =
f,b)Vb € B.

Obviously, <p is also a dominance binary relation in U,
that is

<p={(x,y) e UxU|f (b <f(y,b)Vf(x,b)
= f(y, b), Vb € B}.
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We call xp a rigorous dominance relation in terms of B in
DIFIS.

Proposition 1: Let DIFIS = (U, CUD, V,f)andE C B C
C, then

1. <xp and <p are reflexive, transitive and anti-symmetric.
2. =N <pep=<p) and =<p= Npep <(p}-

3. S <pand <g C <p.

4. <pC<p.

The dominance class induced by the dominance relation,
<p, in terms of B € C, is the set of objects dominating
X, ie [x]]}< ={ye U] (x,y) exp} where [x]];,?< describes the
set of objects that may dominate x in terms of B € C
and is called the B-dominating set with respect to x € U.
Meanwhile, the B-dominated set with respect to x € U can be
defined as [x]; = {y € U | (v, x) €<p}. Similarly, [x] =
yeU|@&y e=<gland[x]z ={ye U | x) € <ph

D. DOMINANCE-BASED INTUITIONISTIC FUZZY ROUGH
SET APPROACH TO ORDERED INFORMATION SYSTEM

In this section, we examine at the set approximation chal-
lenges in connection to the dominance intuitionistic fuzzy
relation in the dominance intuitionistic fuzzy information
system (DIFIS).

Definition 13: Let DIFIS = (U,C U {d},V,f), and
BCC.the universe, U, is partioned into m equivalence
classes by the decision attribute d that is, U/{d} =
{U,U,, ..., Uy}, where Uy < Uy < ...< U, and U;
U; denotes that Vx € U;,y € U; implies f (x,d)
fG.d). Denote Uy = U5 Ul <k <m)., U] =
Uk<j<mUi(1 < k < m) and let:

<
<

Appy (U7) =[xl c 7} a sk = m:

= Ueprlals A <k <m);
BNDp (U,?) = Appp U;?) — Appp (U;?) ;
appy (UF) = iy c o a s k=
Apps (U,f) - {x| 1F NUS # VJ}
U, cp=lxl5 (1 <k <m):
BNDg (U,f) = Appp (Ulj) — Appp (U;j) ;

’ﬂg ) = ﬂ[x];”_ﬁU;;élpUk :
WE (x) = ﬂ[x]gngUﬁ;

BNDE (x) = z@; ) —zﬂg (x);
Iﬂj x) = ﬁ[x]jmu,f;e,pUl?;
Appp (x) = ﬂ[x]ng;Uf;

e
BNDj; (x) = Appy (x) — Appyy (x);
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Then, Appg (U,:;),@B (U,:;) and BNDp (U,?) are called
the IOVM)proximation, upper approximation and boundary
of the dominated class, U ,? with respect to condition attribute
subset B; Appp (U,j) ,AWB (U,f) and BNDgp (U,f) are
the lower aFroximation, upper approximation and boundary
of the dominating class, U,> with respect to B; In terms
of B, App’T (x) . Appj; (x) and BNDJ; (x) are the 3 lower
approximation, upper approximation and boundary of x.
@j () 1%; (x) and BND; (x) are the < lower approx-
imation, upper approximation, and boundary of x.

Susmaga et al. [45] introduced a discernibility matrix to
dominance-based decision tables and addressed the com-
putation of dominance-based reducts using the dominance
information table in DRSA. And investigate an attribute
reduction approach for the < and = lower approximations in
DIFDT. Moreover, it can be easily generalized to the < and
= upper approximations in DIFDT.

Definition 14: Let DIFIS = (U,C U {d},V,f), and
U = {x1,x2, ..., x,}. Define < and > lower approximations
discernibility matrices of DIFIS as M S = {d 5) and

—I,
4 nxn

M7 = (gj) where
nxn

4

d

_ [{eecrreg. o = feu 0} of (5 d) = [appT o)
C otherwise |

47

_HeeClfy, o <fi, o). f (x.d) < ‘zﬂf S
C otherwise

Definition 15: Let DIFIS = (U,C U {d},V,f), and
U = {x1,x2, ..., x,}. Wedefine < and = lower discernibility
functions of x; as

¥ @) = AV and 7 () = \(Va)).

Ill. THE NOVEL SEMANTICS FOR INTUITIONISTIC FUZZY
INCOMPLETE ORDERED INFORMATION SYSTEM

Now we generalize different semantics. Do-not-care value
“x”, Partially-known value “1” Class-specific value “V”
and Non-applicable value “NA” for the intuitionistic fuzzy
incomplete ordered information system.

In an intuitionistic fuzzy incomplete ordered information
system IFIOIS = (U, CUD, V U {x} U {{} U {V}, f). If we
denote p (x, ¢) as the set of all possible attribute values of
object x with respect to attribute c. Then:

The semantics of the applicable values are as follows.

o Do-not-care value
“Do-not-care value” denoted by “x’’: For f (x,c) = =,
although the value of an object x € U on an attribute ¢ € C
is missing, we do not care what is its actual value. In other
words, if we replace * by any value in V, or take average of
values from same attribute domain, we will obtain the same
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result independent of the choice of ¢ value in V.. Then,

&0 =x=(uix),vix),px c)

= (i (x),vi(x)) VxeU,ceC,uix) €[0,1],
v (x) € [0, 1] with0 < p; (x) + v (x) > 1.

« Partially-known value

“Partially-known value” denoted by “{”: For f (x, ¢) = 17,
the value of an objectx € U on an attribute ¢ € C is missing,
we know that the actual value is in a subset p (x, ¢) of V. such
that

J o) =Ta = (i (), Vi (x))
px,¢) = (ui(x),vi(x)Vx e U,ceC, i (x)
€ [min p; (x) , max p; ()] A D; (x)
€ [minv; (x), maxv; (x)], ni (x) € [0, 1],
vi(x) € [0, 1] with0 < u; (x) +v; (x) > 1.

o Class-specific value

“Class-specific value” denoted by “V”: For f (x,c) =
V(c &y the value of an object x € U on an attribute ¢ € C
is missing, we know that the value depends on the attribute
value of a special attribute ¢’ € C. The class specific value
may be the average of the values of the objects with the same
value on this special attribute. In other word, Vz‘w,) will be
any value in

fo, o) =V o= vi®),
P = i@, (x¢)
=f (0. ) Af (3. €)
=p@y,0)eV, Ve, eCandx,yeU,
i (x) € [0, 17, v; (x) € [0, 1] with
0=<ui(x)+vilx)=1.

The semantics of the non-applicable values is as follows.

« Non-applicable value
“Non-applicable value” denoted by “NA”: For f (x,c) =
NA, we know that the value of an object x € U on an attribute
¢ € C does not exist. Although the “Non-applicable value”
is a type of incomplete information, we regard it as a special
known value.

Example 1: Table 1 represents an incomplete ordered infor-
mation system of heart patients of age 60 plus, whose values
are intuitionistic fuzzy values. There are four different types
of missing attribute values. The attributes are:

a = Age, b = Residential space (above 2000 square feet),
¢ = Salary (above 500 $) and d = Socially active scale (0-5).

In Table 1, there are 6 objects and 4 attributes. Some
attribute domain values are missing. The age of Michael is
missing. We replace this by ‘“‘do-not-care value” sign because
we know that, all heart patients are of age 60 plus. So its
value is any value in V, or take average of values from same
attribute domain. The salary domain value of Richard is also
missing. We replace this by the ‘“non-applicable” value sign
because Richard is not doing a job. So, the attribute “‘salary”
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is non-applicable for him. The salary attribute value for
Katherine is also missing. We replace this by the sign of class-
specific value because generally salary depends on residential
space of the people. So, the attribute “‘salary” depends on
the attribute “‘residential place”. Lastly, the attribute value of
the attribute ““socially active scale” for Victoria is missing.
We replace this by partially-known value because Victoria is
a female and in our information system Elizabeth and Kather-
ine are also females. Their social active scale is batter then
males socially active scale. So, we have some information
about that missing attribute of Victoria.

IV. APPLICATION OF NOVEL SEMANTICS IN DOMINANCE
BASED INTUITIONISTIC FUZZY ROUGH SET APPROACH
FOR RULES EXTRACTION TO INCOMPLETE ORDERED
INFORMATION SYSTEM

In this section, we use novel semantics in Dominance-
based Intuitionistic Fuzzy Rough Set Approach to Incomplete
Ordered Information System. Let U = {x1,x2,...,x,}
be the universe set of “n” objects. Each is described by
“m” attributes. The condltlon attributes set “C” is C =
{c1,c2, ..., cm} with incomplete information. The decision
attributes D = {d} is singleton set of d. For intuitionistic
fuzzy incomplete information system IFIIS = (U, CUD, VU
{x}U{t}U{V},f). Where f (x, c) is intuitionistic fuzzy value,
denoted by f(x, ¢c) = (e (x), ve (x)) and f(x, d) is a crisp
value.

Step 1. Find the complete ordered information system.
(U, C UD,V,f) through semantics do-not-care value ““x”
partially known value “{7.”” and Class-specific value VE‘C’C):

The complete ordered information system is

(U,CUD,V,f)={f(xi,cj),f(xi,d)
for (i=1,2,....,n)and j—1,2,...,m))

Step 2. Determine dominance classes induced by the dom-
inance relation, <¢ and >=¢:

XIS =y eU|(xy e=<c),
XIZ = {y e U | (v,x) e<c)

Step 3. Partition universe U in to m equivalence classes by
decision attribute d:

UNdYy={Uy, Uy ..., Up}, Uy <Us < ...< Up

Denote U,f = Ulsika./(l <k <m), U,f = kajfm
Ui(1 <k <m).

Step 4. Determine < and =
with respect to C:

<
Appp (Uk )

T (S
Appp (Uk )

= low/upper approximations

{x|[x];,?< cuffask=m:

x| [xlg ﬂUk #VJ}
Ux (1<k<m)

Appy (U7) = {x|[x]B < U;} (1 <k<m):
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TABLE 1. Incomplete ordered information system for heart patients of age 60 plus.

Objects /Attributes a c d
Charles (0.7,0.2) (0.6, 0.4) (0.6, 0.2) (0.4,0.3)
Michael * (0.6, 0.3) (0.5,0.3) (0.5,0.2)
Richard (0.8,0.1) (0.9,0.1) NA (0.5,0.1)

Elizabeth (0.9,0.1) (0.7,0.3) (0.7,0.2) (0.8,0.1)
Katherine (0.7,0.3) (0.7,0.2) er.b) (0.9,0.1)
Victoria (0.6, 0.2) (0.8, 0.1) (0.8, 0.1) T

Apps (UF) = {1l n Uy 20}
= U, il (0 <k <m);

Step 5. Determine the and <
discernibility matrices:

@M= = (d5)

lower = approximations

Where,

nxn

=ij

_ {c € Clf (xj, ©) > f(xi, c)} f (xj, d)> ‘@ x|,
C otherwise |

byM7” = (4;) Where,
nxn

=
a;
_ {c € Clf(xj,c) <f(xi,c)} . (xj,d < ‘M (x,')‘ .
C otherwise

Step 6. Determine the < and
tions for x;:

F5 00 = NV, 7 ) = NVdp).

Step 7. Interpretation of these rules.

= lower discernibility func-

V. APPLICATION EXAMPLE

The intuitionistic fuzzy approach has been successfully used
to execute multi-criteria decision-making, group decision-
making, and grey relational analysis as a beneficial tool that
manages incomplete imperfect data and information, as well
as incomplete imprecise knowledge. [26], [58], [59]. The
suggested DIFRSA can likewise be similarly used in these
fields. We provide its application to illustrate its potential.
We apply our method to extract the lower and upper bound
intuitionistic fuzzy rules in their simplest form.

Example 2: Inflation rate assessment in the least developed
countries with incomplete information.

A multi-criteria decision-making problem concerns NGOs,
which want to assess the inflation rates in the least
developed countries. The ten least developed countries in
the world are considered. They are denoted by U =
{x1, x2, x3, x4, X5, X6, X7, X8, X9, X190} , as object set. Each
is described by six inflation attributes: (cq)‘‘Demand-
pull inflation”, (c2)“Cost-push inflation”, (c3)‘““Increased
money supply”, (c4)‘‘Devaluation”, (c5)“Rising wages”,
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and (cg)““‘Policies and regulations” with incomplete infor-
mation. So the condition attributes set “C” is C =
{c1, c2, c3, ¢4, ¢5, c6}. Every value to which a condition
attribute applies has a unique actual meaning. For exam-
ple, f (x1,c6) = (0.7,0.2) means that the membership
degree of policies and regulations is 0.7, and the non-
membership degree of policies and regulations is 0.2. The
decision attribute set, ““d’’ is the inflation level. The domain
of d = {1,2,3,4,5}, where 1 means ‘“Inflation level is
(2.5t07.9)%”, 2 means “Inflation level is (8.0 to 10.5)%",
3 means “‘Inflation level is (10.6 to 12.5)%"”’, 4 means ‘‘Infla-
tion level is (12.6 to 14.5)%’’, and 5 means “‘Inflation level
is (14.6 t0 20.0)%”.
For “do-not-care value” f (x, c¢) = *:

Je (1) = (0.38,0.50),  f¢, (x9) = (0.38, 0.50),
Je,(x3) = (0.42,0.47),  fes(x5) = (0.73, 0.20),
Jes(x10) = (0.73,0.20),  fe,(x6) = (0.50, 0.43),
Jes(x2) = (0.59,0.36),  fes(x4) = (0.59, 0.36),

Jeg(xg) = (0.67,0.21).
For “partially known value” f (x, ¢) = {7:

el = (0.47,0.45), 12 =1(0.39,0.32), 5 =(0.41,0.32),
2 =(0.62,0.34), {7 =(0.51,0.35), f;? =(0.65,0.29),
110 = (0.66, 0.28).

6

For “Class-specific value” f (x, c) = V’(‘c’é):
Vi e = (041,048), Vi (0.50, 0.47),

(0256'5) =
X X
Vil oy =(049,030), V@ =(0.60,0.34).

For U/{d} = {Uy, Uy, Us, Uy, Us}, where Uy =
{x3,xa}, U2 = {x1,x2,x5},Us = {x¢},Us = {x7,x3},
Us = {x9,x10}, then Uﬁ = U = {x3,1}, Uy =
Uy U Uy = {x1,x2,x3, x4, x5}, U3-\< = U UU U
Uy UU,UU3U U4 =
{xl,xz,X3,)C4,)C5,x6,X7,xg},U$ = U,ul,UU3UU4UU5 =

=ix1,xz,x3,X4,X5,x6,X7,X8,X9,x1o}.

vy = UL UU, UUzUU UUs = U =
{x1, x2, x3, x4, X5, X6, X7, X8, X9, X10}, U;F =U,UUzUU4U
Us = {x1,x2, x5, X6, X7, X8, X9, X10}, U;; = Uz UUs U
= {x7, x3, X9, X10},

<
Us = {x1, x2, x3, x4, x5, %6}, Uy =

=

Us = {x¢, x7, x8, X9, x10}, Uy = Us UUs
%

Us = Us = {x9, x10}.
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TABLE 2. An incomplete ordered information system inflation rate assessment decision table.

u/C c1 Cy C3 Cy Cs Co d
x, o (0.3,0.4) (0.8,0.2) apERN (0.7,0.2) (0.7,0.2) 2
Xy (0.3,0.5) (0.4,0.5) Tf; (0.4,0.5) * (0.6,0.3) 2
X3 (0.3,0.5) * (0.8,0.1) (0.4,0.5) (0.7,0.3) 1-2‘63 1
X4 -l-ff (0.1, 0.8) (0.4,0.5) (0.6, 0.4) * (0.8,0.2) 1
X5 (0.4, 0.5) 2‘652 ) * (0.4,0.5) (0.7,0.3) (0.6, 0.1) 2
X (0.5,0.4) E‘;z' ) (0.7,0.2) * (0.4,0.5) (0.6,0.3) 3
X7 * (0.4,0.5) (0.6, 0.2) -[-2‘47 (0.4,0.5) (0.7,0.2) 4
Xg (0.4, 0.6) ff_j (0.9,0.1) (0.7,0.3) (0.8,0.2) * 4
Xo * (0.7,0.3) (0.9,0.1) (0.5,0.4) ?35. ) (0.7,0.2) 5
X10 (0.4, 0.5) (0.6, 0.3) * (0.5,0.4) (0.4,0.5) 1-2‘610 5

TABLE 3. A complete ordered information system inflation rate assessment decision table.

u/C c Cy C3 Cy Cs Co d
X, (0.47, 0.45) (0.3,0.4) (0.8,0.2) (0.49, 0.30) (0.7,0.2) (0.7,0.2) 2
X, (0.3,0.5) (0.4,0.5) (0.62, 0.34) (0.4,0.5) (0.59, 0.36) (0.6,0.3) 2
X3 (0.3,0.5) (0.42,0.47) (0.8,0.1) (0.4,0.5) (0.7,0.3) (0.65,0.29) 1
Xy (0.39, 0.32) (0.1,0.8) 0.4,0.5) (0.6, 0.4) (0.59, 0.36) (0.8,0.2) 1
Xs (0.4,0.5) (0.41, 0.48) (0.73, 0.20) (0.4,0.5) (0.7,0.3) (0.6,0.1) 2
Xg (0.5,0.4) (0.50, 0.47) (0.7,0.2) (0.50, 0.43) (0.4,0.5) (0.6, 0.3) 3
X (0.38, 0.50) (0.4,0.5) (0.6, 0.2) (0.51, 0.35) (0.4,0.5) (0.7,0.2) 4
Xg (0.4, 0.6) (0.41,0.32) (0.9,0.1) (0.7,0.3) (0.8,0.2) (0.67,0.21) 4
Xq (0.38, 0.50) (0.7,0.3) (0.9,0.1) (0.5,0.4) (0.60, 0.34) (0.7,0.2) 5
X10 (0.4,0.5) (0.6,0.3) (0.73, 0.20) (0.5,0.4) (0.4,0.5) (0.66, 0.28) 5
TABLE 4. Dominating and dominated classes induced by <¢ and >¢.
u [x]2 () [x]Z (%)
X1 {x1, %2, %7} {x,}
X2 {x2} {x1, %2, X3, Xg, Xo}
X3 {x2, %3} {x3, x5}
X4 {x4} {x4}
X5 {x2, x5} {xs}
X6 {x6} {x6}
X7 {x7} {1, %7}
Xg {x2, %3, %8} {xs}
X9 {x2, xo} {xo }
X10 {x10} {x10}
The < lower approximations discernibility matrix, as The < lower discernibility functions of x;(6 < i > 10)
shown in the equation at the bottom of the next page. are:
The > lower approximations discernibility matrix, f% (x¢) = c4
as shown in the equation at the bottom of the next ) '
page. [ @) = (2VesVes) A (erVexVes)
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TABLE 5. < and > low/upper approximations with respect to C.

U App 3 (x) App, (x) App () App, ()
X1 Uy Uz Uy Uy
X, U; U; U Us
X3 Uy U Uy Uy
*a ur uy Uy Uy
Xs u; u; Uy Uy
Xe Uy s U3 U3
x, Uy Uy Uy Uy
Xg Uy u; Uy Uy
Xg Uz U; Us Us
X10 U 5> U 5> U; U;

= co\Ve3V (ciAes) .

S @) = (c1VeaVeg) A (c1Ve2) = e1Vea,
5 (o) = (c1Vea) A (ea) A (eaVes) A (e1) = (c1 Aea)
= @10) = () A\ (caVeo) A (e3VesVesVes)
A (cz\/C3\/cs\/c6)
= (c1/\cs) Vet Aea Aea)V (c1 ez Aea)
V(e1 AeaNes).

The simplified < upper bound rules for information

system inflation rate assessment are:

f(x,cq) <(0.2,0.6) = f (x,d) <3 (supported by xg) ,
fx,2) <(04,0.5) = f (x,d) <4 (supported by x7) ,
fx,c3) <(0.6,02) = f (x,d) <4 (supported by x7),

f(x,c1) <(0.38,0.50) A f (x,¢5) < (0.4,0.5)

= f (x,d) <4 (supported by x7) ,

fx,c1) <(04,0.6) = f (x,d) <4 (supported by x3) ,
f(x,c2) <(0.41,0.32) = f (x,d) <4 (supported by x3),
f(x,c1) <(0.38,0.50) A f (x,ca) < (0.5,0.4)

= f (x,d) <5 (supported by xy) ,

f(x,c1) < (04,05 A f (x, c6) < (0.66,0.28)

= f (x,d) <5 (supported by x19) ,

Fx,c1) (04,05 A f (xc2) <(0.6,0.3)

NS (. ca) <(0.5,0.4)

= f (x,d) <5 (supported by x19) ,
f(x,c1) < (04,05 A f (x,c3) < (0.73,0.20)

NS (x, ca) <(0.5,04)

c ¢ Cc C cC C C C C C
¢c ¢ Cc C ¢ C C C C C
c ¢ Cc Cc c¢C C C C C C
c ¢ Cc Cc c¢C C C C C C
S = c ¢ Cc C ¢ C C C C C
- cC C C C «a C C C C C
c Cc Cc C cC C C C C2C3C5 c1cac3
c ¢ Cc C C C C C c1caC6 (ST
cC C C C C cieq c4 c4C5 C C1
C C C C C Cl C4Cq C3C4C5C6 C2C3C5C6 C
C C C C C C C C C C
C C C C C C C C C C
3 €2C3C5C6 C c2C3C5 caC3 Cc3C5C6 C2C3C5 C cs c3cs
C1C4C6 C1C4C6 C1C4C6 C Cc1C4Ce C4C5C6  C1C4C5C6 C1C6 C1C4C6 C1C4C5CH
M7 — [e) C1C2C3C5C C1C6 Cc2C3C5 C Cc3C5C6  C1CpC3C5 Cl1Cq  C1C5 c5C6
- c1cp Cc1C2C3C4 c1cac4 cicacs c1cacy C cicc3 cq cq cic3
C C1C3C4C6 C1C4Cq c2C3 C4 C4C6 C C1Co C4 C3C4C6
C2C3C4C5 C2C3C4C5CH CRC3C4C5CH CRC3C4C5 CRC3C4C5 C2C3C4C5CH C2C3C4C5 C C4C5 C3C4C5Ch
C)C3  C1C2C3C4C5C6 C1C2C3C5C6 C2C3C5  CpC3C4  C2C3C5C6  CaC3C5  C1CaC6 C CC3C5C6
(o) C1C2C3C4C6  C1C2C4C6 3 (Y CcC3C4 ci1cac3 cicr c1 C
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= f (x,d) <5 (supported by x19) ,
fx,c1) < (0.4,05) A f(x,ca) < (0.5,0.4)
NS (x,cs5) < (0.4,0.5)
= [ (x,d) <5 (supported by x19) .
The first rule can be interpreted as:
If “Devaluation” is less than (0.2, 0.6), then the Infla-
tion level is at most (10.6 r0 12.5)%.

The lower discernibility functions of x;(3 < i > 10)
are:

f7 (3) = (c2Ves) A (e2VezVesVes) A (c2VesVes)
A (e3VesVes) A (es) A (e3Ves)
= (c2A\cs) V (e3/\cs)
f7 (xg) = (c1VeaVes) A (caVes\Ves)
A (c1VeaVesVes) N (e1Ves)
=6\ (c1\cs) V (c1/\cs)
f7 @s) = () A (c1VeaVesVesVes) A (c1Vee)
A (c2VesVes) A (e3VesVeo)
A (c1Ve2VesVes)
A (e1Ves) A (esVee)
= (Cl/\Cz/\C5) \/ (C1/\CQ/\C())
V (c2AesAcs) V (er AczAes Ace)
(ciVe2) A (c1VeaVesVea) A (e1VeaVes)
A (c1VeaVes) A e A (e1Ves) = e,
Jik (x7) = (e1VesVeaVes) A (c1VeaVes) A (e2Ve3)
A () A\ (caVes) A (c1Ves) A (c3Vea\ es)
= (Cl/\Cz/\C4) \/ (C1/\C3/\C4)
V (c2Acaee) V (3 Aeaes) .
f7 ) = (c2VesVeaVes) A (e2VesVeaVesVes)
A (caVes) A (caVeaVesVes) = eaVes,
(c2Ve3) A (c1Ve2VesVeaVes\es)
A (c1VeyVesVesVes) A (e2VesVes)
/\ (CQVC3\/C4) /\ (Cz\/C3\/C5\/66)
A (c1Ve2Ves)
=2\ (c1Ae3) V (e3\ce)
f7 @0) = (@) A (c1Ve2VesVeaVee)
A (c1VeaVesVes) A (e2Ves) A (c2Ves)
A (e2Ve3Ves)
A (Cl\/C2\/C3) A (cl\/cz) INEE (cl/\cz) .

The simplified > lower bound rules for information
system inflation rate assessment are:

f7 () =

f7 (o) =

f(x,c2) =(0.42,047) A\ f (x,¢5) = (0.7,0.3)
= f (x,d) > 1 (supported by x3) ,
f(x,e3) = (0.8,0.1) A f (x,c5) = (0.7,0.3)

= f (x,d) > 1 (supported by x3),
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f(x.c) = (0.8,0.2)\/ f (x, c1) = (0.39,0.32) A\ f (x. ca)
= (0.6,04) = f (x,d) > 1 (supported by x4) ,
f(x,c1) = (0.39,0.32) A f (x, ¢5) = (0.59,0.36)

= f (x,d) > 1 (supported by x4) ,
(0.4,0.5 A f (x,¢2) = (0.41,0.48) A\ f (x, c5)
(0.7,0.3) = f (x,d) = 2 (supported by xs),
(0.4,0.5) \ f (x,c2) = (0.41,0.48) A\ £ (x, c6)
0.6,0.1) = f (x,d) = 2 (supported by xs) ,
(0.41,048) A\ f (x, ¢5) = (0.7,0.3) A f (x, c6)
0.6,0.1) = f (x,d) = 2 (supported by xs) ,
(0.4,0.5) \ f (x,c2) = (0.41,0.48) A\ f (x, c5)

%= (0.7,0.3) A\ f (x, ¢c6) (0.6,0.1)

= f (x,d) > 2 (supported by xs) ,
fx,c1) = (0.5,04) = f (x,d) = 3 (supported by xg) ,
f(x,c1) = (0.38,0.50) A\ f (x, c2) = (0.4,0.5) A\ f (x, ca)
(0.51,0.35) = f (x,d) =>4 (supported by x7) ,
f (e = (0.38,0.50) A £ (x,c3) = (0.6,02) A f (x. ca)
(0.51,0.35) = f (x,d) =4 (supported by x7) ,
£ e2) = (0.4,0.5 A\ f (x, ea) = (051,0.35) A\ £ (x, c6)
0.7,0.2) = f (x,d) = 4 (supported by x7) ,
(0.6,02) A\ f (x, ca) = (0.51,035) A\ f (x, c6)
0.7,0.2) = f (x,d) > 4 (supported by x7),
[ ea) 7 (0.7,03) V f (x, ¢5) = (0.8,0.2)
= f (x,d) > 4 (supported by xg) ,

(0.7,03) VV £ (x, e1) = (0.38,0.50) A f (x, ¢3)
= (0.9,0.1) = f (x,d) =5 (supported by x9) ,
[, e3) = (0.9,0.) A\ f (x, c6) = (0.7,0.2)
= f (x,d) =5 (supported by xy) ,
(0.4,0.5) A\ f (x,c2) = (0.6,0.3)

= f (x,d) =5 (supported by x19) .

f e

NS

fx,c) =

Y

fx,c)

NS

fx,c) =

¥

S\

NS

fx,c3)

Y

f&x, )=

fx,c) =

The first rule can be interpreted as:

If “Cost-push inflation” is greater than (0.42, 0.47) and
“Rising wages” is greater than (0.7, 0.3), then the Inflation
level is at least (2.5 t0 7.9)%.

VI. CONCLUSION AND FUTURE WORK
The dominance-based rough set approach generalizes rough
set theory by using dominance relations rather than equiv-
alence relations. Due to several factors, incompleteness is
a typical feature of information systems. This paper’s main
goal is to present several interpretations of missing informa-
tion based on various semantics. We review four forms of
incomplete information semantics (i.e., ‘‘do-not-care value”,
“partially-known value™, “‘class-specific value” and “‘non-
applicable value”) and provide a generic description of
an incomplete information table. However, when we con-
sider ranking fuzzy-valued objects rather than classifying
them, conventional rough set theory is unable to solve these
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problems. One of the extensions of the classic rough set
approach is the dominance fuzzy-valued rough set approach.
The intuitionistic fuzzy decision table is an extended version
of fuzzy-valued information systems and a fundamental type
of data. We concentrate on developing a fuzzy-rough set
model and rule extraction in DIFDT that support decision-
making in intuitionistic fuzzy contexts based on dominance.
First, we introduce innovative semantics for incomplete data
to describe the concept of DIFDT. Second, we established a
fuzzy-rough set strategy in DIFDT based on the dominance-
based relation. Third, we employed the discernibility matrices
to derive the simplest dominant intuitionistic fuzzy lower and
upper bound rules. Finally, we applied these approaches to
incomplete information systems for the estimation of infla-
tion rates in LDCs with inadequate data. The application
example yielded valuable rules. Moreover, the resulting rules
can aid in knowledge acquisition. Our main contributions
of these novel semantics are also applicable to other vague
complete or incomplete ordered information systems. In our
future work, we will extend our developments to IHF, PF,
FF, q-ROP, SF, and TSF environments. That will be more
effective for DM issues.
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