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ABSTRACT In multi-hop wireless networks (MWNs), hierarchical structures are important to achieve
scalable routing control, as well as clustering algorithms for creating such structures and so have been
extensively studied. Due to the constraints of MWNs as distributed systems, these clustering algorithms
must be implemented in an autonomous and decentralized manner. In particular, ensuring transparency to
network topology and nodemobility is important. Spectral clustering is a technique for appropriately creating
clusters regardless of the network topology. However, since this technique requires information on the entire
network, it is difficult to implement it autonomously and in a decentralized manner. Therefore, autonomous
and decentralized spectral clustering has only succeeded in simple grid networks. This paper proposes a
spectral clustering algorithm that can be implemented in an autonomous and decentralized manner for any
network topology. In this method, a certain spatial structure is generated in an autonomous and decentralized
manner by using differential equation-based temporal evolution equations; clusters are then formed using the
spatial structure yielded by the temporal evolution equations. We demonstrate that this method can realize
spectral clustering in an autonomous and decentralized manner in a static network model and also can realize
a stable cluster structure that responds to node movement in a dynamic network model.

INDEX TERMS Autonomous decentralized clustering, spectral clustering, multi-hop wireless network,
hierarchical routing, spectral graph theory.

I. INTRODUCTION
A. BACKGROUND
In recent years, the IoT (Internet of Things) society is
emerging through the connection of various things, such as
sensors and devices, to the Internet and utilizing the resulting
information. In cellular communication, which is the current
mainstream mobile Internet access, communication between
mobile terminals is performed via backbone networks that
link access points in base stations. In contrast, multi-hop
wireless networks (MWNs) are a means of communication
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that does not depend on backbone networks. MWNs are
autonomous decentralized wireless networks that transfer
data between communication terminals within radio wave
range in a bucket relay method. Since MWNs are constructed
autonomously, they are simple and have a high degree of
freedom as regards network topology. Therefore, MWNs are
expected to be used in smart meters, sensor networks, and
temporary networks in the event of large-scale disasters [1],
[2], [3].

As a distributed system, MWN has the following
features [4]:

• The network topology changes dynamically as commu-
nication terminals (nodes) move freely.
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• It may become a large-scale networkwith the connection
of a massive number of nodes.

• Since no particular node manages the entire WMN, each
node uses only its own local information in controlling
the WMN.

To realize efficient routing in such a large-scale distributed
system, it is effective to introduce hierarchical routing with
its improved scalability [5]. The hierarchy of MWNs can be
introduced by dividing the entire network into sub-networks
called clusters. It is desirable that the cluster structure has an
appropriate size that depends on the state of the network [6].
Many clustering algorithms for creating hierarchical struc-
tures have been proposed and studied for a wide range of
MWNs [7], [8], [9]. In particular, because each MWN is a
decentralized system, clustering cannot be based on infor-
mation about the entire structure of the MWN [10]. Thus,
clustering for MWNs must be conducted autonomously by
using just the local information that each node can access
[11]. Such clustering is called autonomous decentralized
clustering.

The clustering methods for MWN can be roughly divided
into those targeting networks with static structures and those
targeting networks with dynamic structures. Typically, the
former corresponds to a sensor network consisting of sen-
sors placed at fixed positions, and the latter corresponds to
an ad-hoc network in which users with wireless terminals
move around. It is easy to acquire the global information of
networks with static structure for clustering algorithms, but
the same is not true for networks with dynamic structure.
Thus, the clustering algorithm for dynamic environments
constrained to using only local information. Given this back-
ground, Table 1 categorizes the existing clustering algorithms
from the viewpoints of dynamic/static and global/local infor-
mation usage.

Since it is easy to acquire non-local or global information
from sensor networks with their relatively fixed node posi-
tions, many higher-value-added clustering techniques have
been proposed that consider specific performance metrics.
For example, to improve the energy efficiency of each node
and the network lifetime, some clustering techniques use
fuzzy technology [12] or genetic algorithms [13]. However,
attempts have been made to based clustering on just local
information without relying on non-local information. Exam-
ples are the methods that uses the Turing patterns generated
by reaction-diffusion equations [15] and partial differential
equations to generate periodic structures for fixed regular
networks with lattice topology [16].

On the other hand, in dynamic network environments,
clustering using non-local information is complicated by
changes in the network structure created by the movement
of user nodes. Attempts have been made to apply a cluster-
ing algorithm based on the k-means method, which requires
global network information, to dynamic environments [17],
[18]. In addition, there is a method based on node information
in a range that is several hops away from each node [19].
These clustering algorithms based on non-local information

may be feasible only if the structural change of the dynamic
environment is relatively gradual. An ideal clustering method
is one that is applicable to dynamic environments and works
only with local information. A representative example is
one-hop clustering [20], but this effectively realizes cluster-
ing only within a one-hop range from a node, and clustering
over larger spatial ranges is difficult. In recent one-hop clus-
tering methods, a technique has been proposed for efficiently
collecting information within the cluster using parameters
such as node position, velocity, and the number of adjacent
nodes [21]. However, clustering over a larger spatial range is
difficult. The decentralized clustering based on the Fokker-
Planck equation on networks has also been proposed [22].
This method can quickly generate cluster structures at various
spatial scales, however, there are stability issues when the
network structure changes drastically.

The clustering algorithms required for general WSNs
should satisfy the following conditions:

• they utilize only local information,
• they can generate clusters of arbitrary spatial size
beyond one-hop clustering, and

• they support the dynamic environment created by net-
work structure changes.

As studies to date have not introduced a suitable clus-
tering algorithm, this paper proposes a framework of
autonomous decentralized clustering that can satisfy the
above
requirements.

TABLE 1. Classification of typical clustering for MWNs.

B. RELATED WORK
The k-means method is the best-known method for partition-
ing nodes into clusters [23]. This method performs clustering
by sequentially finding the cluster center that minimizes
the distance between the cluster center and each node. The
k-means method has been widely adopted in various fields
because of its simplicity and ease of implementation. In par-
ticular, the k-means method is one of the critical techniques
used to solve the routing problem for multi-hop wireless
networks [17], [24]. It provides fast clustering in arbitrary
network topologies, but it requires prior information on the
location of all nodes. Therefore, it cannot be implemented
using only the local information of each node.

As an alternative, spectral clustering is known to yield
appropriate clusters if given the network structure [25], [26].
Spectral clustering requires knowing the matrix representing
the entire network structure in advance. In other words, this
method also cannot be implemented using only the local
information of each node as long as it is done in the usual
way. However, spectral clustering can stably generate cluster
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structures of various spatial scales. It would be highly desir-
able if this could be achieved autonomously based only on
each node’s local information.

In general, in order to achieve autonomous distributed con-
trol, it is necessary to associate the autonomous distributed
behavior of each node with the state of the entire network
generated by interactions of the nodes’ autonomous behav-
iors. In order to realize this relationship, one solution is to use
partial differential equations (PDE) [27], [28]. This approach
defines local behavior rules in advance for each node on the
network, and the solutions of the equation are associated with
the state of the entire network.

A method for autonomous distributed spectral clustering
has been proposed in which clusters are periodically con-
structed for sensor nodes arranged as static two-dimensional
grid networks [16]. This method is based on a PDE that
retains only trigonometric functions with the appropriate
frequency; other oscillationmodes are attenuated. The advan-
tage of this scheme is its ability to generate stable spatial
structures in an autonomous decentralized manner. However,
since it supports only regular grid networks, it cannot be
applied to networks with unspecified topologies. In addition,
there is little advantage in constructing cluster structures in
an autonomous decentralized manner because introducing a
periodic spatial structure to a static two-dimensional grid
network topology can be accomplished by centralized con-
trol, for example, by assigning periodic clusters in advance.
Therefore, it is necessary to derive autonomous decentralized
clusteringmethods that can be applied toMWNswith general
topologies.

C. OBJECTIVE
Spectral clustering is an attractive idea for creating an appro-
priate cluster structure for an arbitrary network topology,
but the conventional method cannot be realized with an
autonomous decentralized algorithm, so it cannot be applied
to the hierarchical routing of MWNs as is. We extend the
autonomous distributed spectral clustering of [16], which was
designed for two-dimensional grid networks, and propose
a principle that can realize distributed autonomous spec-
tral clustering in arbitrary network topologies. Our method
focuses on the spatial structure of specific eigenvectors of
the matrix representing the network structure and introduces
a time evolution equation whose solution is a vector-valued
function that converges on that eigenvector. The clustering
algorithm is a difference equation based on the designed
time evolution equation, which is described so as to utilize
only the local information of each node and immediately
adjacent nodes. This makes it possible to realize autonomous
distributed spectrum clustering for arbitrary network struc-
tures. Simulations show that our autonomous distributed
spectrum clustering proposal also works in static environ-
ments where nodes do not move. In addition, under the
dynamic condition that nodes do move, we show that the
cluster structure retains its stability even following node
movements.

This paper focuses on how constructing the cluster struc-
ture in an autonomous and decentralized way, which is the
basis of hierarchical routing. Note that it does not address
implementation problems including the energy hole problem
[29] and the optimization of various performance metrics
[30]. However, it is, of course, possible to introduce opti-
mization techniques for various performance metrics such
as energy efficiency, protocol overhead, and latency for the
cluster structure constructed by the autonomous decentral-
ized spectral clustering proposal. Optimization seems likely
by reflecting the characteristics of various performance met-
rics in the elements of the matrix representing the network
structure.

The most significant contribution of this paper is to design
a framework for generating specific eigenvectors of the
matrix representing a network even when its structure is not
fully known. Also, since the computational complexity of
the algorithm involves only the local information of each
node and its neighboring nodes, the data size handled by
each node does not depend on the scale of the network.
In addition, since the spatial structure of the eigenvectors
can be determined by the network designer in advance, it is
possible to give an appropriate cluster structure to dynamic
and complex network structures such as MWNs.

The rest of this paper is organized as follows: In Section II,
prior to introducing autonomous decentralized spectral clus-
tering, we describe the basic operations of creating clus-
ter structures and elementary knowledge of the spectral
graph theory required for spectral clustering. Section III
describes existing autonomous decentralized clustering tech-
niques for sensor networks, which is only applicable to
2-dimensional lattice networks. In Section IV, we propose a
new autonomous decentralized spectral clustering approach
applicable to arbitrary network topologies. In Section V,
we demonstrate the characteristics of the proposed method
by using numerical experiments. Finally, Section VI gives
conclusions.

II. PRELIMINARY
As a preliminary to the description of our autonomous decen-
tralized spectral clustering proposal, this section explains the
basic framework of autonomous decentralized clustering and
elementary knowledge of spectral graph theory, both of which
are necessary to fully understand the proposal.

A. FRAMEWORK OF AUTONOMOUS DECENTRALIZED
CLUSTERING
Each terminal (referred to hereafter as a ‘‘node’’) has a
state quantity as an indicator for clustering. To form a suit-
able cluster structure, each node exchanges its state quantity
among neighboring nodes based on predefined operation
rules. After an appropriate amount of time has elapsed, each
node compares its state quantity with those of its neighbors
to determine the cluster structure in the following procedure.

1) If the amount of the state quantity of a node is a local
maximum value, the node becomes the cluster head

62426 VOLUME 11, 2023



N. Matsuhashi et al.: Autonomous Decentralized Spectral Clustering for Hierarchical Routing of MWNs

(CH), which is responsible for collecting and forward-
ing data in the cluster.

2) If the state quantity of a node is not the local maximum
value, it belongs to the same cluster as the node having
the largest state quantities among its neighbors.

Figure 1 shows an example of constructing the clus-
ter structure for a one-dimensional network based on the
abovementioned framework. The horizontal axis represents
the configuration of nodes in the one-dimensional network,
the vertical axis represents the state quantity value of each
node, and the color coding represents each cluster. Nodes
with a bold frame are CHs. Since the cluster structure is
created based on the spatial distribution of state quantities,
in autonomous decentralized clustering, the operation rule
for exchanging the state quantity among nodes is crucially
significant.

FIGURE 1. Example of cluster structure for a one-dimensional network.

B. LAPLACIAN MATRIX
Network structures can be represented as graphs. In anMWN,
nodes correspond to communication terminals, and links cor-
respond to the connections between terminals. Let G(V ,E)
denote the undirected graph composed of V = {1, 2, . . . , n},
a set of n nodes, and E , a set of undirected links. The Lapla-
cian matrix L is a way to represent the structure of G(V ,E)
and is defined as

L := D− A. (1)

Here, A = [Aij]1≤i,j≤n is the adjacency matrix defined as

Aij :=

{
1 ( (i, j) ∈ E ),
0 ( (i, j) /∈ E ),

and D is the degree matrix defined as

D := diag(d1, . . . , dn),

where di is the nodal degree of node i.
Since L is a positive semi-definite matrix, we can sort n

eigenvalues λµ (0 ≤ µ ≤ n− 1) in the following ascending
order:

0 = λ0 < λ1 ≤ λ2 ≤ · · · ≤ λn−1. (2)

Here, themultiplicity of 0 eigenvalue corresponds to the num-
ber of connected components of G(V ,E). Since we assume
here that G(V ,E) is a connected graph, L has only one

0 eigenvalue λ0 = 0. In addition, the maximum eigenvalue
λn−1 satisfies

λn−1 ≤ 2 dmax, (3)

where dmax is the maximum nodal degree of G(V ,E).
Since L is a real symmetric matrix, the eigenvectors of

L can be chosen as mutually orthogonal. Let vµ (µ =

0, 1, . . . , n − 1) be the eigenvector associated with the
eigenvalue λµ. It follows that we can choose vµ (µ =

0, 1, . . . , n − 1) as the orthonormal basis of the eigenspace
as in

⟨vµ, vν⟩ =

{
1 (µ = ν)
0 (µ ̸= ν)

, (4)

where ⟨vµ, vν⟩ denotes the inner product of vectors.
With regard to the spatial patterns created by the eigen-

vector components of a Laplacian matrix, it is known that
the eigenvector associated with a larger eigenvalue creates a
finer spatial structure, and conversely, the eigenvector asso-
ciated with a smaller eigenvalue creates a coarse-grained
spatial structure. For example, the difference in eigenvectors
in a one-dimensional network with 12 nodes is shown in
Fig. 2. Figure 2 shows the components of several eigenvectors
with µ = 0, µ = 3, µ = 7, and µ = 11 from the top; the
horizontal axis denotes the node ID. Clustering based on the
eigenvector is called spectral clustering [25], [26].

If wewant to directly apply spectral clustering to anMWN,
we must know the whole structure of the MWN in advance.
That is, to know an eigenvalue of the MWN, we should
know the Laplacian matrix of the MSN first. However, since
MWN structure is not the local information available to each
node, spectral clustering seems difficult to be realized in an
autonomous decentralized manner. In this study, we realize
a spectral clustering method in an autonomous decentralized
manner based on the local actions of each node generated by
a predefined operation rule.

III. AUTONOMOUS DECENTRALIZED CLUSTERING FOR
GRID-ALIGNMENT SENSOR NETWORKS
To design autonomous decentralized control, it is essential
to associate the autonomous and decentralized action of each
node with the resulting state of the entire network caused by
the group effect of nodes. To realize this relationship, we can
adopt the idea of partial differential equations This method
expresses the predefined local action rule of each node in the
network with a PDE and makes the solution of the equation
correspond to the state of the entire network. This idea can
also be applied to autonomous decentralized clustering.

One instance of PDE-based spectral clustering is the
autonomous decentralized clustering for grid-arranged static
sensor networks [16]. This method can achieve autonomous
decentralized spectral clustering by taking advantage of the
frequency space properties of the trigonometric functions
in two-dimensional coordinates. The rule for autonomous
decentralized action of nodes is described by PDEs, and their
solutions give the spatial structure for clustering.
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FIGURE 2. Eigenvectors of a one-dimensional network.

According to [16], we briefly summarize how to derive the
PDEs describing rules for nodes’ autonomous and decentral-
ized action. The method assumes a static network composed
of a two-dimensional lattice network. The position of a node
is denoted by (x, y), the time by t , and the value of the state
of a node by q(x, y, t). Initial state quantity q(x, y, 0) takes a
random value for each node.

First, as a property of the solution q(x, y, t) of the partial
differential equation desired by the designer, we consider a
solution having a spatial structure consisting of sinusoidal
waves in a steady state as follows.

lim
t→∞

q(x, y, t) = lim
t→∞

qx(x, y, t) + lim
t→∞

qy(x, y, t) (5)

lim
t→∞

qx(x, y, t) ∝ sin kx (6)

lim
t→∞

qy(x, y, t) ∝ sin ky (7)

qx(x, y, t) and qy(x, y, t) are the decomposition of q(x, y, t)
in the orthogonal directions of the x and y axes, respectively,
where k is spatial angular frequency. The stationary states
of qx(x, y, t) and qy(x, y, t) generate sine waves of the same
frequency independently in each direction. Figure 3 shows an
example of the spatial structure of q(x, y, t) created by super-
positioning sinusoids of the same frequency. Each mountain
in this state distribution is a cluster.

Since the same procedure can apply to qx(x, y, t) and
qy(x, y, t), we focus on the derivation of a partial differential
equation whose solution qx(x, y, t) has the property of (6).

First, qx(x, y, t) is expressed as a superposition of
sinusoidal waves for some y by exploiting the inverse

FIGURE 3. An example of equation (5).

Fourier transform as

qx(x, y, t) =

∫
∞

−∞

Q(ω, y, t) sin(ωx) dω, (8)

under a certain appropriate boundary condition q(0, y, t) = 0,
where Q(ω, y, t) is the amplitude for angular frequency ω.
The desired solution (6) only needs a contribution from

the sinusoidal waves of angular frequency ±k . Therefore,
we design a PDE of amplitude Q(ω, y, t) such that the sine
waves other than the angular frequency k decay with time as
follows:

∂Q(ω, y, t)
∂t

= −B (ω − k)2 (ω + k)2Q(ω, y, t), (9)

where B is a positive constant. Thus the solution of PDE (9)
is obtained as

Q(ω, y, t) = Q(ω, y, 0) exp(−B (ω − k)2 (ω + k)2t). (10)

The exponent of exp(−B (ω − k)2 (ω + k)2 t) in (10) is
non-positive and is 0 only when ω = ±k (Fig. 4). Therefore,
the solution (10) decays most of the frequency components
over time, leaving only the contribution at frequencyω = ±k .
Figure 5 illustrates exp(−B (ω − k)2 (ω + k)2 t) in the initial
state at t = 0 (Fig. 5(a)) and in the almost steady state at
t = 3000 (Fig. 5(b)) with respect to ω on the horizontal axis.
As a result, the steady state of qx(x, y, t) coincides with a sine
wave of angular frequency ±k .

FIGURE 4. Behavior of −B (ω − k)2 (ω + k)2.

FromPDE (9) in the frequency space, the PDE of qx(x, y, t)
is obtained by

∂qx(x, y, t)
∂t

= − B
∂4qx(x, y, t)

∂x4
− 2B k2

∂2qx(x, y, t)
∂x2

− B k4 qx(x, y, t). (11)
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FIGURE 5. Behavior of exp(−B (ω − k)2 (ω + k)2t).

Designing the rule for autonomous decentralized action of
each node for both x-axis and y-axis according to PDE (11)
yields a periodic spatial structure like that shown Fig. 3.
It is worth noting that the above autonomous decentralized

spectral clustering technique is applicable only when the
network topology is a grid-arraignment lattice network. This
is because the spatial structures are generated separately for
the x-axis and y-axis and sinusoidal waves are set along each
axis. On the other hand, if we introduce a cluster structure into
such a regular and static network, we do not need to execute
it in an autonomous decentralized manner, and we should
only arrange periodic clusters from the beginning. Therefore,
autonomous decentralized clustering is really needed when
the network structure is not regular and changes dynamically.

IV. AUTONOMOUS DECENTRALIZED SPECTRAL
CLUSTERING
In this section, we propose an autonomous decentralized
spectral clustering applicable to arbitrary network structures
by extending the previouswork [16] in terms of spectral graph
theory. Let qi(t) denote the state quantity of node i at time t ,
and q(t) := (q1(t), . . . , qn(t))⊤ denote the state vector that
arranges the state quantity of each node; the time step to
update the state quantity is set to 1. The initial state vector
q(0) is given a random value at each node.

A. OPERATING PRINCIPLE
In general, we cannot obtain the eigenvectors of a Lapla-
cian matrix without knowing the Laplacian matrix. Also,
knowing the Laplacian matrix is equivalent to understand-
ing the entire graph structure. In other words, it is difficult
to compute the eigenvectors directly from local informa-
tion. Autonomous decentralized spectral clustering aims to
achieve spectral clustering based on a certain eigenvector of
a network whose Laplacian matrix is unknown. The rule for
autonomous decentralized action of each node for this aim
is described by using difference equations based on the time
evolution equations. Given the above, we explain the time
evolution equation that serves as the operating principle of
our autonomous decentralized spectral clustering proposal.

To begin, as the desired solution of the time evolution equa-
tion that the state quantities of the nodes follow, we consider
a state vector whose steady state is a particular eigenvector of

the Laplacian matrix as

lim
t→∞

q(t) ∝ vµ. (12)

In order to derive a time evolution equation whose solution
is a vector-valued function q(t) with this property, q(t) is
expressed by the inverse graph Fourier transform using eigen-
vector vµ as

q(t) =

n−1∑
µ=0

aµ(t) vµ, (13)

where aµ(t) represents the expansion coefficient of eigen-
vector vµ in the vector-valued function. Figure 6 illustrates
an example of (13) in a one-dimensional network with three
nodes. Assume that each node has a certain state quantity as
shown in Fig. 6(a). (13) means that the state vector 6(a) can be
expressed by a linear combination of the eigenvectors shown
in Fig. 6(b).

FIGURE 6. The idea of the graph Fourier method.

The desired solution (12) needs the contribution of the
eigenvector vµ associated with just the eigenvalue λµ.
To achieve this, designing the contributions of eigenvectors
other than vµ are damped, we can give the time evolution
equation of the expansion coefficient aµ(t) as

d
dt
aµ(t) = −b (λµ − c)2 aµ(t)

= −b (λ2
µ − 2λµ c+ c2) aµ(t), (14)

where b is a positive constant, and c is a positive constant
that determines which eigenvector converges. The solution of
time evolution equation(14) is obtained as

aµ(t) = aµ(0) exp(−b (λµ − c)2 t). (15)

The exponent of exp(−b (λ − c)2t) in (15) is non-positive
and is 0 only when λ = c (Fig. 7). Therefore, the solution
(15) decays over time except when λ = c. Figure 8 illustrates
exp(−b (λ − c)2t) in the initial state at t = 0 (Fig. 8(a)) and
the almost steady state at t = 3000 (Fig. 8(b)), with respect
to λ on the horizontal axis. As a result, the steady state of q(t)
coincides with vµ for the given µ = c.

Here, when c is given with a specific eigenvalue,
the solution converges to the eigenvector associated
with the eigenvalue. Since larger/smaller eigenvalues give
finer/coarse-grained spatial structures of clustering, clus-
tering by eigenvectors associated with excessively large
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FIGURE 7. Behavior of −b (λ − c)2.

FIGURE 8. Behavior of exp(−b (λ − c)2 t).

eigenvalues results in excessive cluster segmentation of the
entire network structure, which loses the merit of clustering.

The time evolution equation of state vector q(t) that satis-
fies the time evolution equation of the expansion coefficients
(14) is obtained from the orthogonality of the eigenvectors as

d
dt
q(t) = −b (L2 − 2 cL+ c2 I) q(t), (16)

where I is the n× n unit matrix.

B. CLUSTERING ALGORITHM
In autonomous decentralized clustering, nodes should
exchange state quantities based only on local informa-
tion, which is obtained from themselves and their neighbor
nodes. Therefore, to implement the time evolution equa-
tion (16) derived in the previous subsection in nodes, it is
necessary to consider the local action of each node as
determined by (16).

TABLE 2. Differentiation of each term.

For the right side of (16), the correspondence to the dif-
ference of each term is summarized in Table (2); where ∂i
denotes the set of nodes adjacent to node i. Terms I q and
L q can be calculated from just the information of self and
neighboring nodes. On the other hand, L2q corresponds to
a fourth-order difference and requires information from not
only self and neighboring nodes, but also from the nodes adja-
cent to its neighbors. Therefore, it cannot be calculated in an
autonomous decentralized manner in a single step. To avoid

this problem, the computation step of the state quantity is
divided into two steps, and a preliminary calculation step
is set prior to the main calculation. The initial time and the
main calculation steps are conducted at t = 0, 1, 2, . . . .
On the other hand, let the execution time of the preliminary
calculation step be t + 1/2 = 1/2, 3/2, /, 5/2, . . . . Then,
the autonomous decentralized operation rules based on the
time evolution equation (16) are expressed by the following
difference equations.

qi(t + 1/2) =

∑
j∈∂i

(qi(t) − qj(t)) (17)

qi(t + 1) = −b
∑
j∈∂i

(
qi(t + 1/2) − qj(t + 1/2)

)
+ 2b c qi(t + 1/2) + (1 − b c2) qi(t) (18)

At t + 1/2, (17) calculates L q(t) and its value is used
to calculate qi(t + 1) by (18) to update the state quantity.
With these two calculation steps, the calculation of L2 q(t)
is approximated by an operation rule based on just the infor-
mation of self and neighboring nodes. By implementing this
operation, we can produce a solution corresponding to a par-
ticular eigenvector of the Laplacian matrix in an autonomous
decentralized manner.

The autonomous decentralized operating rules shown in
equations (17) and (18) generate, of course, the spatial struc-
ture created by the component distribution of a particular
eigenvector on arbitrary network topology if the parameter
c is chosen to be equal to a certain eigenvalue of L. However,
since the structure of the entire MWN is assumed to be
unknown, it is impossible to know the eigenvalues in advance.
Therefore, parameter c cannot be given as c = λµ precisely.
However, eigenvectors belonging to eigenvalues close to c
have a small attenuation rate, so eigenvectors belonging to
eigenvalues close to c become dominant over time. For this
reason, even if c does not exactly equal the eigenvalues, it is
not expected to be a major problem. The validity of this
prediction is discussed later.

Concerning the computational complexity of the proposed
clustering method, since it is autonomous and decentralized,
the data size handled by each node is independent of the
size of the network. However, the speed of convergence to
a specific eigenvector that determines the cluster structure is
a problem. Fortunately, since the eigenvectors other than the
objective eigenvector decay exponentially, even starting from
random initial conditions, converging to the desired eigenvec-
tor in less than 100 iterations is possible. For example, when
starting in a random initial state, clustering can be completed
in about 10 seconds ifmessages are exchanged between nodes
about 10 times per second as the initial operation mode when
the power is turned on. Under normal operating conditions,
there are smaller changes in the network state, so we can
expect to follow the dynamic environment with fewer calcu-
lations. Therefore, in normal operation mode, it is possible
to reduce the load by reducing the frequency of message
exchanges between nodes to less than once per second.
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C. STABILITY CONDITION FOR AUTONOMOUS
DECENTRALIZED SPECTRAL ALGORITHM
In general, when differential equations are solved as differ-
ence equations, conditions on the step size of differentiation
are important in guaranteeing the stability of the solutions of
the difference equations. In difference equation (18), a pos-
itive constant b determines the amount of state quantity
exchanged between adjacent nodes at one discrete-time step,
which affects the stability of the solution of difference equa-
tion (18). Generally speaking, b must be less than a certain
value to obtain a stable solution for difference equation (18).
On the other hand, if b is too small, the amount of state
quantity exchanged becomes small, and convergence of the
solution slows dramatically. The clustering speed depends on
the convergence speed of the solution, and high clustering
speeds are desirable if the cluster structure is to follow the
movement of the nodes. Therefore, in addressing the cluster-
ing speed, we need a stability condition of b for difference
solution (18).

Since the vector-valued function q(t) is expanded as (13),
the stability condition of the solution of (18) can be con-
sidered as conditions that all aµ(t) (µ = 0, 1, . . . , n − 1)
converge with respect to time t . From difference equation
(18), the difference equation for the expansion coefficients
(14) is given as

aµ(t + 1) − aµ(t) = −b (λµ − c)2aµ(t). (19)

The solution of difference equation (19) is expressed as

aµ(t) = aµ(0)
(
1 − b (λµ − c)2

)t
. (20)

Therefore, the condition that ensures aµ(t) does not diverge
is obtained as ∣∣∣1 − b (λµ − c)2

∣∣∣ ≤ 1. (21)

Then, condition b for each µ is derived as

0 < b ≤ min
(
2
c2

,
2

(λµ − c)2

)
, (22)

where

min
(
2
c2

,
2

(λµ − c)2

)
=


2
c2

(2c ≥ λµ),
2

(λµ − c)2
(2c < λµ),

From (2),we have

2
(λn−1 − c)2

≤
2

(λµ − c)2

for any µ under 2c < λµ. Therefore, the sufficient condition
for b is derived as

0 < b ≤ min
(
2
c2

,
2

(λn−1 − c)2

)
. (23)

Due to the constraints of MWN as an autonomous
decentralized system, the maximum eigenvalue λn−1 of the
Laplacian matrix cannot be known, so we cannot use the

sufficient condition (23) as it is. However, we can use (3) to
replace λn−1 with 2dmax. Let us consider d∗, the maximum
number of terminals that can be connected simultaneously.
Since λn−1 ≤ 2dmax ≤ 2d∗, we have

2
(2d∗ − c)2

≤
2

(λn−1 − c)2
.

In general, d∗ is available because it is determined as a
specification of the system. Taking into account the clustering
speed, the value of b must be chosen as the maximum value
that can meet the stability condition, and can be designed as

b = min
(

2
(2d∗ − c)2

,
2
c2

)
. (24)

V. EXPERIMENTAL EVALUATION
In this section, we evaluate the performance of our
autonomous decentralized spectral clustering proposed in the
previous section by using a network model to evaluate its
characteristics.

The environment examined is a two-dimensional space
of [0, 1] × [0, 1], in which 50 nodes are randomly placed
(Fig. 9). The square frame in the figure represents the entire
two-dimensional space. As a model for MWNs, we construct
a network model in the form of a unit disk graph, which
generates links when nodes are within radio range of each
other (Fig. 10). In this experiment, the radio range is set to
l = 0.25. Furthermore, as the terminal specification, the
maximum number of simultaneous connections to adjacent
nodes d∗ is restricted to 10. That is, each node cannot link
to more than the maximum number of simultaneous connec-
tions. Initial state vector q(0) is given as a random number.

FIGURE 9. Entire two-dimensional space.

A. EVALUATION IN A STATIC ENVIRONMENT
First, for a static environment in which no node moves,
we check that the stationary state generated from the dif-
ference equations (17) and (18) converge to the specified
eigenvectors. Setting eigenvalue λµ to the value of parameter
c determines which eigenvectors converge. However, since
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FIGURE 10. Unit disk graph.

the eigenvalue is unknown due to the MWN network struc-
ture is unknown, we cannot set c = λµ exactly. Even in
such a case, the eigenvectors associated with the eigenvalues
away from c decay quickly over time, so the eigenvectors
associated with eigenvalues λµ close to c become dominant.
Therefore, even if we do not give c = λµ exactly, we can
expect to get the same cluster structure as if we give c = λµ

exactly. To confirm this, we compare each clustering result
using the components of eigenvectors v4, v6 and v8, with
the cluster structure obtained from the proposed method with
c = 1, c = 2 and c = 3, which are values close to λ4 = 0.96,
λ6 = 1.75 and λ6 = 3.06, respectively.

FIGURE 11. Comparison of cluster structure based on eigenvectors and
clustering results using the proposed method.

Figure 11 compares the cluster structure based on eigen-
vectors and the clustering results yielded by the proposed
method. The left side of Figure 11 shows the results of
clustering with the components of eigenvector v4, v6 and v8.
The right side of figure 11 shows the result of clustering
after a sufficient time as determined by the proposed method

FIGURE 12. Spectral intensity for the case of c = 2.

with c = 1, 2, and 3. Cluster heads are marked with stars,
and other nodes are marked with circles. In addition, each
cluster is given a different color. Since clustering results for
each c and for the corresponding eigenvector exhibit the same
clustering structure, we can recognize that clustering based on
the specified eigenvectors is achieved even if we cannot set c
to the exact eigenvalue.

Concerning the above experiment with c = 2, Figure 12
shows the spectral intensity aµ(t) with respect to µ on the
horizontal axis. The initial state and the almost steady state
are shown in Figs 12(a) and (b), respectively. Initially, all
eigenvectors contribute to the state quantity randomly. In con-
trast, after a sufficient time, the contributions of eigenvectors
other than µ = 6 are attenuated to the point of becoming
insignificant. That is, this indicates that the desired property
(12) for the decay characteristics of the expansion coefficient
is realized.

These results reveal that even when the value of c is not
equal to the eigenvalue, clustering is realized based on the
component distribution of eigenvectors belonging to eigen-
values close to c if enough time passes.

Next, we evaluate the stability of the clustering proposal.
The evaluation results shown below are the average of
30 independent simulation results. The differences in the net-
works are due to differences in the initial random placement
of nodes. Initial state vector q(0) is also given by a random
number.

FIGURE 13. Time transition in the number of clusters in static
environment.

Figure 13 shows the time transition of the number of
clusters under c = 1, 2, 3. Figure 13 reveals that clustering
is stable regardless of the value of c. Furthermore, this result
shows that the larger the value of c is, the larger the number
of clusters is. This is due to a property of the eigenvectors
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of the Laplacian matrix used for clustering. The results also
indicate that the number of clusters can be roughly adjusted
by parameter c which determines which eigenvectors are to
be converged.

B. EVALUATION IN A DYNAMIC ENVIRONMENT
In the previous subsection, we showed the characteris-
tics of our proposal in a static environment of stationary
nodes. However, since MWN generally assumes a dynamic
environment inwhich nodesmove, it is desirable that the clus-
tering proposal well supports dynamic environments. In this
subsection, we verify that the proposed method can achieve
stable clustering even in dynamic environments.

In dynamic environments, nodes move at random direc-
tions and speeds. We assign a random velocity to each node
at every discrete time unit of 1 s. Let ri(t) be the position
of node i at time t and ṙi denotes the velocity of node i.
The magnitude of velocity, ||ṙi||, of node i is determined
as a uniformly distributed random variable in the range of
[0.007, 0.050] per second. The direction of the movement
of node i is determined as a uniformly distributed random
variable in the range of [0, 2π ) per second. When a node
collides with a two-dimensional plane’s boundary, it moves
in a reflective manner (Fig. 14). The evaluation results are
the average of 30 independent simulation results.

FIGURE 14. Movement of nodes at a boundary.

Figure 15 shows the time transition of the number of
clusters with c = 1, 2, and 3 under the node velocities of
||ṙi(t)|| × 1, ||ṙi(t)|| × 1/2, and ||ṙi|| × 1/4. These results
reveal that stable clustering can be achieved even in dynamic
environments. Also, the change in the number of clusters is
within a certain range, and it can be confirmed that the cluster
size can be adjusted by the value of parameter c.
Figures 16 and 17 show typical examples of cluster struc-

ture at time intervals from t = 2950 to t = 3000, for velocity
||ṙi(t)||× 1 and ||ṙi||× 1/4, respectively. In any cluster struc-
ture, the number of clusters does not show extreme changes,
the cluster structure seems stable, and it follows the move-
ment of nodes. Also, we can recognize by comparison that the
change in cluster structure is smaller for ∥ṙi∥ × 1/4 than that
of Therefore, it can be seen that the variation in the number
of clusters seen in Fig. 15 depends on the movement speed of
the nodes.

Figure 18 illustrates the relationship between the magni-
tude of fluctuations and the magnitude of node velocities.

FIGURE 15. Time transition in the number of clusters in dynamic
environment.

This figure shows the mean of the variance at each 100 step
from t = 2000 to t = 3000 under c = 2. The horizontal
axis represents the magnification based on ||ṙi(t)||. Figure 18
reveals that the more slowly the nodes move, the smaller and
more stable the fluctuation in the number of clusters become.
Also, slowing down the speed of movement corresponds
to shortening the time step for updating the state quantity.
Therefore, when nodes move relatively rapidly, like vehicular
ad-hoc networks, increasing the number of updates of the
state quantity per second can suppress fluctuations in the
number of clusters. These results show that the proposed
autonomous decentralized spectral clustering works properly
even in dynamic environments.

Determining the evaluation measures that can yield
improvements in network performance is out of scope of
this paper, but the following enhancements can be considered
as future possibilities. Various performance metrics, includ-
ing remaining battery capacity, can be reflected as the link
weights set between adjacent nodes for each node. As a
result, it should be possible to change clusters to accommo-
date a dynamic environment by using autonomous distributed
spectral clustering, which is basically the same framework
proposed in this paper. In other words, it may be possible to
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FIGURE 16. Time transition of cluster structure at ∥ṙi (t)∥ × 1.

FIGURE 17. Time transition of cluster structure at ∥ṙi ∥ × 1/4.

rearrange the cluster structure and cluster head while reflect-
ing the situation so that power consumption is not biased to a
specific node.

FIGURE 18. Fluctuation in the number of clusters due to changes in node
velocity.

VI. CONCLUSION
In this paper, we proposed an autonomous decentralized
spectral clustering technique based on spectral graph theory
that can be applied to arbitrary network topologies. This is a
significant difference between the conventional technique of
autonomous decentralized spectral clustering, which supports
only grid-arraignment lattice networks Also, the proposed
method focuses on the spatial pattern of eigenvectors of the
Laplacian matrix and derives time evolution equations whose
solutions converge to specific eigenvectors of the Laplacian
matrix. The significant point of the proposed technique is that
it is unnecessary to know the Laplacianmatrix of the network,
that is, the structure of the entire network. In other words,
the most significant feature of the proposed method is that
it can generate specific eigenvectors of a matrix representing
the entire network structure for any network without knowing
its structure.

Numerical evaluations confirmed that the proposed clus-
tering technique can realize stable cluster structures based
on spatial patterns of eigenvectors in a randomly arranged
network topology, even without information about the entire
network. Furthermore, we have shown that stable clustering
can be achieved even in a dynamic environment where nodes
move.

To clarify whether the clustering proposal can be applied
even if user movement is intense, it is necessary to investigate
the relationship between the speed of node movement and the
convergence speed of clustering. In addition, extending the
proposed method so that various performance metrics can be
considered when forming cluster structures is left for later
studies.
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