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ABSTRACT A general theory on noise matching performance of receivers with electrically small antennas
(ESAs) emphasizing HF (3MHz to 30MHz) andVHF (30MHz to 300MHz) applications is presented through
theoretical analyses, discussions, and circuit simulations with practical device models from a state-of-the art
semiconductor technology. The theory considers all the noise sources and their interplay. The impact on
the noise performance from both the physical constraint of the ESA in terms of its radiation quality factor
and the scaling of transistor technology and periphery such as gate resistance, gate cutoff frequency and
transition frequency has been discussed. Two receiver examples, one with electrically small dipole and the
other with electrically small loop are studied with full-wave simulations. The antenna equivalent models are
then connected to low noise amplifiers designed with the state-of-the-art Gallium Nitride (GaN) transistor
models to evaluate the noise performance of the systems and compared against the theory. It is demonstrated
that both the noise figure and its bandwidth can be significantly improved over traditional matching strategy
when optimized active direct matching is applied at the price of increased device periphery and power
consumption. In particular, the bandwidth of such low noise matching can be orders of magnitude wider
than the antenna’s conjugate impedance matching bandwidth that is defined by Harrington-Chu’s limit.

INDEX TERMS Broadband matching, electrically small antennas, GaN transistors, HF antennas, low noise
matching, receivers, VHF antennas.

I. INTRODUCTION
Wireless communications in high frequency (HF) band
(3MHz to 30MHz) and very high frequency (VHF) band
(30MHz to 300MHz) are of particular interest as electromag-
netic waves in these bands can propagate for a long distance
through ionosphere reflections or diffractions and penetrate
well through buildings and foliage. One challenge associated
with these systems is that the antenna sizes at resonant dimen-
sions may become impractically large. Electrically small
antennas with self-resonant or external matching networks
can be used for receivers at these frequencies [1], [2], [3], [4],
[5], [6], [7], [8], [9], [10] yet the sensitivities and operation
bandwidth are often limited.
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Traditionally antenna matching to a receiver is carried out
as two separate tasks. A common interface impedance, e.g.,
50Ohm, is often set at first so that the antenna output is
conjugately matched to this common impedance through a
matching network. On the other hand, the input of a low
noise amplifier (LNA) as the first stage of the receiver is
also designed to noise match to this common impedance.
Noise matching means a minimum noise figure of the LNA
is yielded at this source impedance while the value of the
impedance may often be far off from that in the conventional
conjugate match condition. This strategy guarantees the best
signal to noise ratio (SNR) of the receiver system for a
given low noise amplifier and for signal within the matched
bandwidth when the loss of the antenna matching network is
not considered.

However, several shortfalls may occur when this matching
strategy is applied to HF/VHF receivers with electrically

56574
This work is licensed under a Creative Commons Attribution-NonCommercial-NoDerivatives 4.0 License.

For more information, see https://creativecommons.org/licenses/by-nc-nd/4.0/ VOLUME 11, 2023

https://orcid.org/0000-0001-7549-0559
https://orcid.org/0000-0002-0517-1568


Y. E. Wang: Theory of Broadband Noise Matching for HF/VHF Receivers With ESAs

small antennas (ESAs). First, the radiation resistances of are
often very small with sub-Ohm values. Transforming thses
extremely low radiation resistances to 50Ohm will inevitably
incur great loss with any standard impedance matching net-
work. Same may be applied for the impedance transforma-
tion network between the LNA and the common impedance
interface, particularly when low quality factor inductors are
used as part of the matching networks. The loss in the match-
ing network may elevate the noise level in the receiver and
defeat any benefit harvested from the noise matching. Sec-
ond, even with a noiseless assumption, a matching network
often yields the desired impedance only over a small fraction
of the bandwidth which may cause the noise figure of the
receiver quickly rise up outside the matched bandwidth. The
high radiation quality factor of an ESA [11], [12], [13] also
implies an inherently narrow impedance matching bandwidth
as defined by the Bode-Fano limit. Third, state-of-the-art
transistors offer exceptionally high gain and low noise at
HF/VHF frequencies which may allow more design space for
a LNA to trade off its gain for noise matching performance.
This also means the connected antenna may operate further
away from the conventional conjugate matching condition for
noise benefits. Yet the selection of transistors and the design
of LNA are traditionally done separately without considering
the impact of the ESA thus the benefit of joint design is not
utilized toward the maximum noise matching performance of
the receiver.

On the other hand, active matching networks for antennas
with transistors or parametric amplifiers have been attempted
by many since 1960s [14], [15], [16], [17], [18], [19], [20].
The noise performance of directly connecting electrically
small antennas to an amplifier, whether it is a Bipolar tran-
sistor (BJT), Field effect transistor (FET) or a parametric
amplifier have been analyzed since 1965 [21]. Unfortunately,
neither those experiments or analyses led to insights on how
such receivers should be designed toward the best noise and
bandwidth performance that are comparable or even superior
to the traditional impedance matched designs. Non-foster
matching techniques based on negative impedance converters
(NIC) have also been proposed and studied [22], [23], [24],
yet it has been concluded in [24] that this technique does
not offer system advantages in terms of noise figure, largely
due to the added noise of the NIC circuit. Recently, several
experimental works [25], [26], [27], [28] demonstrated that
traditional matching strategies of ESAs did not result better
signal to noise performance or better noise bandwidth in
experiments comparing with direct connection of ESAs to a
buffer amplifier [25], an op-amp [26] or parametric ampli-
fiers [27], [28]. These findings call for a re-evaluation of the
noise matching strategy for receivers with electrically small
antennas, particularly given the fact that active electronics
has undoubtfully improved significantly over the past half a
century.

The objective of this paper is to develop a general the-
ory on noise matching performance of receivers with ESAs

through theoretical analyses and discussions, and circuit sim-
ulations with practical device models from a state-of-the art
semiconductor technology. Such a theory has been largely
missing from the existing literatures to the best knowledge
of the author. Some existing theoretical treatments of noise
contribution of amplifiers in the antenna system are based
on a constant LNA noise figure assumption which implies
a constant amount of noise power is added in the receiver
front-end [25], [27], [29] while in reality the amount of
the noise added by the front-end is significantly impacted
by the antenna’s own impedance. Other classical treatments
of transistor noises use an optimum noise impedance for-
mulation derived from equivalent voltage and current noise
sources observed through measurements [21]. However, the
formulation has neither linked to the known scalable physical
parameters of transistors such as gate periphery and transition
frequencies, nor considered the practical constraints of the
ESA impedance such as those imposed by Harrington-Chu’s
limit or Gustafsson’s limit [11], [12], [13]. In this paper, a uni-
fied theoretical framework considering all the noise sources
and their interplay is proposed. The impact on the noise
performance resulting from both the physical constraint of the
ESA in terms of its radiation quality factor and the scaling of
transistor technology and periphery such as gate resistance,
gate cutoff frequency and transistor transition frequency has
been discussed. It shows an optimized strategy of matching
low noise transistors to ESAs directly often lead to much
superior noise figure and over a much broader bandwidth
comparing to the traditional matching strategy. The theory
also provides guidance on how to optimize the periphery
of the transistors for a given ESA toward the best noise
performance of the receiver.

The paper is organized as follows. First, the noise perfor-
mance of the receiver is formulated by using a noise figure
defined from the wave port of the ESA to the output of the
detector. This metrics includes the impact of both the antenna
noise due to its finite radiation efficiency and the noise added
by the detector which is often an amplifier consisting of tran-
sistors or varactor diodes. For this purpose, equivalent circuit
models of ESAs are derived and coupled to that of the tran-
sistors so that the impact on the noise performance by both
parties can be clearly identified. Second, based on the under-
standing of the interplay between the noise and impedance
matching, several strategies of matching the antenna to the
detector as well as the optimization of the transistor detector
peripheries are proposed. These design options result in either
an optimum noise figure with a maximum bandwidth or low
power consumption. To validate the proposed noise matching
theory and to demonstrate the efficacy of the proposedmatch-
ing strategy, two receiver examples, one with an electrically
small dipole and the other with an electrically small loop,
are studied through full-wave and circuit simulations. Both
antennas are with the maximum electrical dimensions of
(ka = 1/4) at 100MHz and connected with LNAs designed
with state-of-the-art GaN transistors offered by Hughes
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Research Laboratory (HRL). The noise figures of receivers
are evaluated with the foundry provided device models under
different matching conditions and compared with the ana-
lytical predictions of the proposed theory. It will be shown
through the appropriate co-design of LNA and ESA, both the
noise figure and noise matching bandwidth can be signifi-
cantly improved over the conventional impedance matched
case. In particular, the bandwidth of such low noise matching
can be orders of magnitude higher than the antenna’s con-
jugate impedance matching bandwidth that are defined by
Harrington-Chu’s limit.

II. EQUIVALENT CIRCUIR MODELS FOR ESAS
Equivalent circuit models for ESAs have been well discussed
in several textbooks [30]. Here some of these discussions are
recaptured here for two purposes. The first objective is to
analytically express the inherent dispersive nature of the ESA
radiation over a broad bandwidth. The second objective is to
establish a feasible approach for analyses and simulations of
the receiver gain and noise figure that is defined from the
wave port of the antenna to the output of the LNA. This is
necessary as most commercial full-wave simulation software
for antennas can only simulate the radiation efficiency and
S-parameters of the antenna in transmitting mode and the
noise figure of the antenna is often derived by applying
reciprocity. Here it is not possible to derive the receiver gain
and noise figure without an explicitly definedwave port as the
nonreciprocity no longer holds when active electronics exists.
For this reason, we will first extract an explicit circuit model
from the S-parameters obtained from full-wave simulations
so that signal sources, noise sources and source resistances
can all be clearly defined for system performance analyses.

A series resistor-capacitor model for electrically small
dipole and a series resistor-inductor model for electrically
small loops are often quoted in textbooks [30]. Yet more
accurate circuit models that represent the broadband behavior
of ESAs were presented in Chu’s original paper [12] where
the famous Chu’s limit was derived. Chu’s circuit models for
the lowest order electric dipole (TM1) and magnetic dipole
mode (TE1) are shown in the middle row of Fig.1(a) and (b),
which were intended to represent the near field energy char-
acteristics of both modes outside a sphere of radius a that
encloses the antenna. The following values of the inductance
and capacitance relating to its radiation resistance Rr are
specified, 

L0 =
a
c
Rr

C0 =
a
c
1
Rr

(1)

where c is the free space speed of light. By using a different
set of L0 and C0 parameters, the circuit models presented
in Fig.1 have been found to be good representations of
broadband behaviors of electrically small dipoles or loops in
general [31] as the parameters L0, C0 and Rr remain almost
frequency independent from the DC to the antenna’s first

FIGURE 1. (a) Electrically small dipole (left) represented by an equivalent
circuit model (middle) that assumes TM1 mode in Chu’s paper [12] or a
simplified series resistor capacitor model (right) often quoted in the
textbooks. (b) Electrically small loop (left) represented by an equivalent
circuit model (middle) that assumes TE1 mode in Chu’s paper [12] or a
simplified series resistor inductor model (right) often quoted in textbooks.

resonance frequency. Under the high-Q assumptions, either
of Chu’s circuit models can be simplified to a series of only
two components as shown in the rightmost row of Fig.1(a)(b)
through the following relation,

Ra ≈
(ωL0)2

Rr
, Ca ≈

C0

1 − ω2L0C0
≈ C0

(electrically small dipole)

Ra ≈ ω4L20C
2
0Rr , La ≈

L0
1 − ω2L0C0

≈ L0

(electrically small loop)

(2)

It should be noted that the models in (2) give a capacitance
and an inductance that are approximately constant only when
the operating frequency is much below the first resonance of
the antenna, yet the radiation resistances are now proportional
to the second order and the fourth order of the frequency
respectively. The radiation quality factors are given by,

Qa =
1

ωCaRa
≈

Rr
ω3L20C0

(electrically small dipole)

Qa =
ωLa
Ra

=
ωL0

ω4L20C
2
0Rr

≈
1

ω3L0C2
0Rr

(electrically small loop)

(3)

Both radiation quality factors are inversely proportional to the
cubic order of the operating frequency, which is consistent
to what were stated in Chu’s limit [12]. For convenience of
discussions in the later sections, one may define the antenna’s
transition frequency as the frequency when the quality factors
in (3) reduce to 1, i.e.

ωat = 3

√
Rr
L20C0

, Qa =
ω3
at

ω3

(electrically small dipole)

ωat = 3

√
1

L0C2
0Rr

, Qa =
ω3
at

ω3

(electrically small loop)

(4)
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It is also evident from (2) that the radiation resistance of
electrically small loop is much smaller than that of electri-
cally small dipole for lower frequency, i.e., very small ka
values. A loop of multiple turns is often used to boost up the
radiation resistance, yet theOhmic resistance of the loop itself
cannot be ignored, which may add noise to the antenna and
set its sensitivity limit [25]. On the other hand, the radiation
of electrically small dipole is relatively more efficient and
impact of the Ohmic resistance is less as a larger conductor
cross-section and shorter current flow path is often available
in dipole structures.

III. NOISE THEORY OF ESA
A. SIGNAL TO NOISE (SNR) PERFORMANCE OF ESA WITH
NOISELESS DETECTORS
The primary noise sources for antennas in the HF/VHF bands
include the background or environment noise received by the
antenna, the thermal noise added by the antenna due to the
existence of the loss in the antenna and the thermal noise
added by the loss of the matching network if a matching
network is used. The background noise of the antenna orig-
inated from various sources of radiation in the environment
could be 20 to 40dB higher than thermal radiation [25] at
HF but gradually approach to the same level as the thermal
radiation for VHF. To simplify the noise discussion here,
thermal equilibrium is assumed, i.e., the environment and the
physical structure of the antenna and the matching network
are all in room temperature and only thermal radiation is con-
sidered as background noise. A higher background noise can
be included later once the noise performance of the receiver
is determined under this thermal equilibrium condition.

Formost ESAs such as electrically small dipoles and loops,
an equivalent circuit model representing the operation of the
receiving antenna and various noise sources are depicted in
Fig.2.

FIGURE 2. Equivalent circuit model of a receiving ESA and various noise
sources.

The background noise, unmatched antenna noise due to
loss and the noise due to the matching network loss are
respectively expressed by the mean square voltage sources,

Vnb =

√
4N0Ra (5)

Vna =

√
4N0RAl (6)

Vnm =

√
4N0RMl (7)

where N0 = kT01f is the thermal noise power at the
room temperature T0, k is Boltzmann’s constant and 1f is
the bandwidth. Ra is the radiation resistance of the antenna
in the series circuit model shown in rightmost column of
Fig.1(a)(b). RAl represents the loss of the antenna and RMl
represents the loss of the matching network. XA represents
the unmatched antenna reactance and XM1 and XM2 are the
reactance of the matching network which is often split into
two parts to serve both the purpose of resonating with the
antenna reactance and transforming the antenna impedance
to a standard interface impedance, say 50Ohm. This is also
a good model for self-resonance ESAs where the impedance
matching mechanisms are often built into the radiating ele-
ments (such as a meandered small dipole). The received
signal power can be described by its mean square voltage,

Vs =

√
4S0Ra (8)

where S0 is the maximum possible signal power the antenna
can receive when antenna loss and matching network loss are
absent. Note that Fig.1 assumes a series connection of these
various noise sources and the signal source, which assumes
that the radiated power, Ohmic loss of the antenna and Ohmic
loss of the matching network are proportional to the square
of a common current flowing on the antenna port. This is
true for ESAs simply consisting of conductor wires such as
dipoles and loops. The matching network is also simplified
to a single reactive element. The antenna loss and matching
network loss in these cases are Ohmic resistances of the wires
and the matching elements. For other type of ESAs, such as
those with dielectric material or more sophisticated matching
networks, a combined series and parallel circuit model may
be used instead. The resistances in the model will then be
transformed to composite versions of the originally defined
radiation resistance, Ohmic resistances and dielectric losses,
yet a similar noise analysis can be conducted.

The signal to noise ratio of the incident wave is defined
at the wave port, as the ratio between the power density of
the electromagnetic waves from the transmitter arriving the
input of the antenna comparing to that from the background
thermal emission. This is given by,

SNRi =
V 2
s

V 2
nb

=
S0
N0

(9)

Assuming the detectors are noiseless, the signal to noise ratio
at the output of the antenna is given by the mean square of
the signal voltage versus the noise voltage at the input of the
detector, all through a common voltage division,

SNRo =
d2V 2

s

d2
(
V 2
nb + V 2

na + V 2
nm
) =

Ra
Ra + RAl + RMl

S0
N0

=
ζS0
N0

= ζSNRi (10)

where d is the voltage division ratio between XM2 and the rest
of the impedances in the loop, i.e.

d =

∣∣∣∣ jXM2

Ra + RAl + RMl + jXM1 + jXM2

∣∣∣∣ (11)
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ζ is the radiation efficiency of the antenna including the
matching network loss, defined as,

ζ =
Ra

Ra + RAl + RMl
(12)

Noise figure of the antenna can thus be obtained as the
degradation of the SNR performance at the output of the
antenna from that in the waves arriving at the antenna,

NFA =
SNRi
SNRo

=
1
ζ

=
Ra + RAl + RMl

Ra
(13)

It should be noted from (13) that the noise figure of the
antenna is the inverse of the radiation efficiency not the total
radiation efficiency that includes impedance match. Both the
radiation efficiency and the noise figure of the antenna are
not impacted by the input impedance of the noiseless detector
as it will not alter the ratio of the signal voltage versus
the noise voltage at the detector input. The reactance of the
antenna does not impact the radiation efficiency and noise
figure either. The radiation efficiency in (12) and noise figure
expressed in (13) are both frequency dependent as both radi-
ation resistance of ESAs and Ohmic resistances are weakly
frequency dependent as given by (2). In general, assuming a
constant Ohmic resistance RAl , the radiation efficiencies of
electrically small dipoles decrease according to the second
order of the frequency and those of electrically small loops
decrease as the fourth order of the frequency. Yet the behavior
is generally broadband as it is not directly impacted by the
resonant behavior of the antenna or the matching network.

From (12) and (13), it is evident that a lossless matching
network changes neither the radiation efficiency nor the noise
figure of an unmatched antenna while a practical matching
network always adds loss and deteriorates the antenna’s radi-
ation efficiency and noise figure. A matching network may
thus be unnecessary if a detector that is close to noiseless
and with sufficient gain is used. This is in contrast to the
traditional practices where it is assumed that the detector is
noisy and with limited gain and a matching network is needed
so that the received signal power can overcome the added
noise by the detector and reach the latter stages of the receiver.

When the antenna structure or the matching element is of
limited quality factors, one has the following definitions for
antenna material quality factor and matching network quality
factor,

Qam =
|XA|
RAl

, Qmatch =
|XM1 + XM2|

RMl
(14)

Recall that the radiation quality factor of the antenna,

Qrad ≈
|XA|
Ra

(15)

the antenna noise figure according to (13) thus becomes,

NFA = 1 +
Qrad
Qam

+
Qrad
Qmatch

(16)

It is evident that from (16) that a high radiation quality factor
deteriorates the noise figure of an antenna when the quality

factors of the antenna material and matching networks are not
as high. However, as (13) indicates the noise figure of the
antenna is weakly frequency dependent, the radiation quality
factor is not fundamentally limiting the bandwidth of the
receiver SNR like how it does in limiting the efficiency band-
width product of a transmitter with the same antenna [12].

To represent the broadband behavior of antenna Ohmic
loss, one could also define the antenna’s cutoff frequency for
electrically small dipole antennas and loop antennas sepa-
rately as,

ωac =
1

CaRAl
, Qam =

1
ωCaRAl

=
ωac

ω

(electrically small dipole)

ωac =
RAl
La

, Qam =
ωLa
RAl

=
ω

ωac
(electrically small loop)

(17)

Ignore thematching network loss, the radiation efficiency and
noise figure of the antenna can thus be written as,

NFA =
1
ζ

= 1 +
Qrad
Qam

= 1 +
ω3
at

ω3

ω

ωac
= 1 +

ω3
at

ω2ωac
(electrically small dipole)

NFA =
1
ζ

= 1 +
Qrad
Qam

= 1 +
ω3
at

ω3

ωac

ω
= 1 +

ω3
atωac

ω4

(electrically small loop)

(18)

The composite antenna quality factor excluding matching
network loss is thus yielded as,

QA =
|XA|

Ra + RAl
=

1
1

Qrad
+

1
Qam

(19)

B. SENSITIVITY DEFINED AS THE LOWEST DETECTABLE
FIELD PER ROOT UNIT BANDWIDTH
For a lossless antenna, the thermal radiation received by
the antenna is the only noise source and it sets the lowest
detectable field per root unit bandwidth. Based on the equiva-
lent circuit model in Fig.2, the open circuit noise mean square
voltages are generated by the antenna radiation resistance at
the environment temperature and they equal to the electric
field of the noise multiplying the length of the dipole for
electrically small dipoles or the electromotive force excited
by the noise magnetic field for electrically small loops, which
are expressed as,

Vnb,dipole =
√
4N0Ra,dipole =

√
4kT01fRa,dipole = En · l

(20)

Vnb,loop =
√
4N0Ra,loop =

√
4kT01fRa,loop = ωBnS (21)

where En and Bn are respectively the electric field at an
electrically small dipole and the magnetic flux density at an
electrically small loop generated by thermal radiation. l is the
length of the dipole and S is the area enclosed by the loop and
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Ra are radiation resistances for electrically small dipoles and
loops respectively, given by the antenna theory [30],

Ra,dipole = 80π2
(
l
λ

)2

,Ra,loop = 320π4
(
S
λ2

)2

(22)

Substituting (22) into (20) and (21) yields the electric field
and the magnetic flux density per root unit bandwidth gener-
ated by the thermal noise incident on both ideal electrically
small dipole and electrically small loops,

En
√

1f
=

π f
c

√
320kT0 (23)

Bn
√

1f
=

π f
c2
√
320kT0 (24)

where c is the speed of light. Based on (23) and (24), the
thermal noise field at the antenna for room temperature T0 =

290K at 10MHz are calculated to be 1.18 × 10−10V/m and
3.95× 10−19T respectively for electrically small dipoles and
electrically small loops. The sensitivity of a lossy antenna
defined as the minimum detectable field per root hertz can
now be obtained by multiplying (23) and (24) with the square
root of the noise figure or divide them by the square root of
its radiation efficiency, which are,

E
√

1f
=

√
NFA · En =

π f
c

√
NFA · 320kT0

=
π f
c

√
320kT0/ζ (25)

B
√

1f
=

√
NFA · Bn =

π f
c2
√
NFA · 320kT0

=
π f
c2
√
320kT0/ζ (26)

For example, a planar dipole made of copper with the maxi-
mum dimension of 24cm has a radiation efficiency of 2.7% at
10MHz and a planar loop made of 20um copper printed cir-
cuit board with the same maximum dimension has a radiation
efficiency of 0.4% according to a full-wave simulator with the
same setup as described in Section VII. This translates to an
electric field sensitivity of 7.18 × 10−10V/m and magnetic
field sensitivity of 6.25 × 10−18T. Taking the latter number,
it means that a standard loop antenna made of copper can
have a field sensitivity several orders better at 10MHz than
a SQUID at DC. However, the radiation efficiency described
by (12) drops off quickly for lower frequency according to
the fourth order of the frequency and it is thus projected that
the sensitivity for these technologies become comparable at
around 1MHz.

IV. NOISE CONTRIBUTION FROM DETECTORS WITH
INFINITE GAIN
The role of detectors is to amplify the received signal so
that the SNR will no longer be affected by the noise added by
the latter stage. Many forms of detectors have been applied
to the detection of the electromagnetic field at different
frequency bands, including various magnetometers (such as
SQUID, Optical pumped magnetometers and RF Precession

FIGURE 3. Noise model of a detector that is a FET amplifier.

Modulation sensors) that are applied for detection of very
low frequency (VLF) or ultra low frequency (ULF) mag-
netic fields. In HF/VHF bands, the most often seen type of
detectors are low noise transistor amplifiers. The noise model
of an ideal field effect transistor (FET) low noise amplifier
(LNA) is illustrated in Fig.3 to represent the loss mechanisms
specifically related to the gate resistance of the transistor.
The same model could be applied to parametric amplifiers
where the source of the noise in the detectors is the Ohmic
resistance of the varactor diodes resulting limited quality
factor. In general, all the detectors add loss thus thermal noise
to the input signal and similar models can be established for
all.

One assumption often made in the literature is that the
detector adds the same amount of noise as the thermal noise
received by the antenna [29]. This is generally not true with
the modern technology as it implies a 3dB minimum noise
figure for a detector or a matched resistor inserted in front of
a lossless detector. Even commercially off the shelf (COTS)
LNAs can realize less than 0.5dB noise figure routinely at
HF/VHF. This assumption of fixed amount of added noise
also leads to an erroneous conclusion that the noise figure
matching bandwidth of ESAs is fundamentally limited to
the impedance matching bandwidth imposed by Harrington-
Chu’s limit [11], [12], [13] as it ignored the fact that the
antenna impedance may significantly alter the amount of the
noise added by the detector.

In Fig.3, the antenna impedance is represented by a general
impedance parameter with its resistive component of R′

A and
reactive component X ′

A. It should be noted that these two
impedance components could be strongly frequency depen-
dent as they are transformed from the original impedances
of the antenna in Fig.2 including matching networks. In the
ideal transistor model shown Fig.3, it is assumed that the gain
of the transistor is sufficiently high so that the noise added by
the latter stage, including that generated by the drain to source
channel resistance can be ignored and the drain/source to
the gate coupling (such as those through Miller capacitance)
is absent. The gate resistance Rg is thus the sole source of
the noise added by the detector and it will be demonstrated
that the contribution of the detector to the overall SNR is
impacted by the matching between the gate and the antenna
impedance. Xg is the gate capacitance and the voltage across
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this capacitance is controlling the current source at the output
and it is thus concluded the overall SNR of the detector output
can be obtained by evaluating the signal voltage versus the
noise voltage across this capacitor. In Fig.3, the root mean
square (RMS) signal voltage, noise source voltage from the
antenna and noise source voltage of the gate resistance are
given respectively by,

V ′
s =

√
4ζS0R′

A (27)

V ′
na =

√
4N0R′

A (28)

Vng =
√
4N0Rg (29)

The RMS signal voltage and noise voltages across the gate
capacitor are then given by voltage division, which are,

vc,s = Qg
Rg

R′
A + jX ′

A + jXg + Rg

√
4ζS0R′

A (30)

vc,na = Qg
Rg

R′
A + jX ′

A + jXg + Rg

√
4N0R′

A (31)

vc,ng = Qg
Rg

R′
A + jX ′

A + jXg + Rg

√
4N0Rg (32)

where Qg is the quality factor of the gate defined by,

Qg =

∣∣Xg∣∣
Rg

=
1

ωCgRg
(33)

For convenience of discussions later, a gate cutoff frequency
ωgc can be defined when Qg defined in (33) reduces to one,
which is,

ωgc =
1

RgCg
, Qg =

ωgc

ω
(34)

The signal to noise ratio at the output of the detector is thus
yielded as the ratio between the mean square voltage of the
signal versus that of the noise, i.e.,

SNRt =
v2c,s

v2c,ng + v2c,n0
=

ζS0
N0

R′
A

R′
A + Rg

=
ζS0
N0

 1

1 +
Rg
R′
A


(35)

The noise figure of the receiver with ESA is thus obtained as,

NF =
SNRi
SNRt

=
1
ζ

(
1 +

Rg
R′
A

)
(36)

From (35) and (36), it is evident that to maximize the SNR
and minimize the noise figure one should maximize R′

A and
minimize Rg, until the detector gain falls off to a level that the
latter stage added noise becomes comparable. This is what
is behind the conventional noise matching principles in low
noise amplifiers [32].

On the other hand, it is not difficult to derive the detector
output SNR as a function of the reflection coefficient looking
out from the gate resistance of the detector, which is,

SNRt =

(
1 − |0|

2) S0(
1 − |0|

2)N0 + |1 − 0|
2 N0

(37)

FIGURE 4. Noise model of a FET detector with a source degenerating
inductor.

where the reflection coefficient is defined as,

0 =

R′
A + jX ′

A + jXg − Rg
R′
A + jX ′

A + jXg + Rg
(38)

It is evident from (37) that mismatch reduces both the input
signal power and the injected background noise power by
the same ratio, while it also affects the noise power added
to the system by the detector. Under the conjugate matching
condition 0 = 0, the gain of the detector is maximized, (37)
gives the SNR as,

SNRt =
ζ

2
S0
N0

(39)

The SNR drops by 3dB as the result of conjugate match.
In general, under a high impedance match where 0 is real
and positive, it is yielded,

SNRt = ζ
0 + 1
2

S0
N0

(40)

The SNR is maximized by setting 0 ≈ 1. Assuming that
the gain of the detector is still sufficient under this severely
mismatched condition, the yielded SNR is almost as good as
that of the SNR of the antenna output.

One confusion that exists among many is that the input
impedances of many COTS amplifiers behave like 50Ohm
which makes them appear to be conjugately matched to
50Ohm sources yet they offer a noise figure much less than
3dB. This seems to contradict with the conclusion in (39).
This is because the reflection coefficient looking into the
input of the amplifier could significantly differ from the
reflection coefficient looking out from the gate resistance
of the amplifier, particularly when a source degenerating
inductor is used in the detector. Such a detector is shown
in Fig.4, the source of the FET is connecting to the ground
through an inductor L.
A simple circuit analysis reveals that the input voltage and

current to the detector is related by the following equation,

Vin = Iin

(
1

jωCg
+ Rg

)
+jωL ·

gmIin
jωCg

= Iin

(
1

jωCg
+ Rg +

gmL
Cg

)
(41)
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where gm is the transconductance of the transistor. The input
impedance is thus given by,

Zin =
1

jωCg
+ Rg +

gmL
Cg

(42)

It is observed from the third term in the righthand side of (42)
that the source degenerating inductor increases the resistive
component of the input impedance by a factor gm and it
now can be easily matched to a 50Ohm standard impedance.
However, the reflection coefficient as defined by (38) can
remain high for noise match and the signal and RMS noise
voltages across the gate capacitor become,

vc,s = Qg
Rg

R′
A + jX ′

A + Zin

√
4ζS0R′

A (43)

vc,na = Qg
Rg

R′
A + jX ′

A + Zin

√
4N0R′

A (44)

vc,ng = Qg
Rg

R′
A + jX ′

A + Zin

√
4N0Rg (45)

The voltage division relations in (43)-(45) are modified with
the same constant. Therefore, even though Zin is now different
from the non-degenerating case, the signal to noise ratio
remains the same as what are described in (35) and (37) and
the noise figure of the receiver is not impacted by the source
degenerating inductor.

V. NOISE MATCHING OPTIONS BETWEEN AN ESA AND A
DETECTOR
With the above analyses, it is now clear that one must jointly
design the antenna with the detector to obtain the best SNR
and the maximum bandwidth of noise matching. Equalizing
both antenna circuit models from Fig.2 and Fig.3 as shown in
Fig.5 results in,

R′
A + jX ′

A =
jXM2 (Ra + RAl + RMl + jXA + jXM1)

Ra + RAl + RMl + jXA + jXM1 + jXM2
(46)

In particular, the real part of the antenna impedance takes the
form,

R′
A =

X2
M2 (Ra + RAl + RMl)

|Ra + RAl + RMl + jXA + jXM1 + jXM2|
2 (47)

Several noise matching options are discussed as below.

A. RESONANCE MATCH OF THE ANTENNA TO 50OHM
One often seen matching option is to create a resonance at a
center frequency by selecting XA + XM1 + XM2 = 0 at this
angular frequency ωr , and the real part of the impedance at
resonance thus becomes,

R′
A(ωr ) =

X2
M2

Ra + RAl + RMl
(48)

By selecting the appropriate value of XM2, R′
A can be scaled

up and down until a 50Ohm impedance is created. A low
noise figure at the resonance could be achieved as the gate
resistance Rg of a typical transistor is usually much lower
than 50Ohm or it could be transformed to a value much lower

than 50Ohm through an amplifier matching network. This
option is a good representation of many existing designs of
self-resonance ESAs that often have a pre-matched output
impedance of 50Ohm. The noise figure of the receiver includ-
ing the ESA in dB scale is obtained from (36) as,

NF [dB] ≈ 10log10
(
1
ζ

)
+ 10 log10

(
1 +

Rg
R′
A

)
= NFA [dB] + NFd [dB] (49)

where NFd is the noise figure contributed by the detector and
at resonance it is,

NFd (ωr ) = 10 log10

[
1 +

Rg
R′
A (ωr )

]
= 10 log10

(
1 +

Rg
50

)
(50)

This noise figure degrades to 3dB when

R′
A (ωr + 1ω) = Rg (51)

On the other hand, in the proximity of the resonance, the
antenna impedance can be approximated by [32],

Z ′
A (ωr + 1ω) ≈

R′
A (ωr )(

1 + 2jQA1ω
ωr

) (52)

where QA is the composite antenna quality factor given by,

QA =
|XA|

Ra + RAl + RMl
(53)

The antenna resistance is thus given by,

R′
A (ωr + 1ω) ≈

R′
A (ωr )

1 +

(
2QA1ω

ωr

)2 (54)

Joining (51) and (54) derives the 3dB noise figure degradation
bandwidth by,

21ω

ωr
≈

1
QA

√
R′
A (ωr )

Rg
− 1 ≈

1
QA

√
50
Rg

(55)

It is thus evident from (55) that the 3dB noise matching
bandwidth is greater than the 3dB impedance matching band-
width of the antenna (the one defined by the inverse of the
antenna quality factor) by a factor of

√
50/Rg even with such

a standard matching technique. The noise matching band-
width equals to the conjugate impedancematching bandwidth
only when the gate resistance of the detector is equal to the
antenna resistance which is rarely the case with the modern
semiconductor technology.

B. RESONANCE MATCH OF THE ANTENNA TO THE
HIGHEST OUTPUT IMPEDANCE
In this option, it is selected that XM1 = 0 and XM2 = −XA to
maximize the transformed antenna impedance. The antenna
resistance in (48) becomes,

R′
A (ωr ) =

X2
A

Ra + RAl + RMl
= Q2

A(Ra + RAl + RMl) (56)
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FIGURE 5. Noise matching options between the antenna and the detector.

This is the highest impedance that can be achieved for the
antenna output without incurring an additional matching net-
work. As indicated by (36), the noise figure is minimized
when the ratio of R′

A/Rg is maximized as long as a sufficient
detector gain can be retained. The state-of-the-art transistors
have cutoff frequencies of several hundreds of GHz, which
can help to achieve a positive gain at the HF/VHF band even
under this severely mismatched case. Therefore, this option
typically gives better signal to noise performance comparing
to option (a) without requiring a large transistor periphery or
an additional transistor matching network, which is,

NFd (ωr ) [dB] = 10 log10

[
1 +

Rg
R′
A (ωr )

]
= 10 log10

[
1 +

Rg
Q2
A (Ra + RAl + RMl)

]
(57)

It is evident from (57) that a smaller noise figure at the
center frequency can be achieved comparing to (50) as the
transformed antenna impedance is often much higher than
50Ohm. The 3dB bandwidth of the noise match follows the
same relation as indicated in (55), which is

21ω

ωr
≈

1
QA

√
R′
A (ωr )

Rg

=
1
QA

√
Q2
A (Ra + RAl + RMl)

Rg
=

√
RA
Rg

(58)

The 3dB noise figure bandwidth at this case could also be
much wider than option (a) yet the power consumption of
the transistor is expected to be minimum. Unfortunately, the
noise figure bandwidth predicted by (58) is often not achiev-
able in practice due to the limited gain of a practical detector
under this severe mismatch condition. The output noise (drain
current) noise soon becomes a limiting factor as it will be
shown in the next section.

C. DIRECT MATCH OF THE ANTENNA TO THE DETECTOR
An alternative way of matching the antenna to the detector is
to connect the antenna directly to a detector without going
through a matching network, which is called active direct

matching. This is the case when one sets XM1 = 0 and
XM2 = ∞ in Fig.5. The antenna resistance then becomes,

R′
A = RA = Ra + RAl (59)

In contrast to the transformed, narrow band antenna resis-
tance expression in (48) or (56), the antenna resistance
obtained in (59) is broadband as no resonance match or
associated impedance transformation is applied. Its frequency
dependence primarily rises from the dispersion of the radi-
ation resistance when a series equivalent circuit model is
derived for the ESA as shown by (2). The matching network
resistance RMl no longer exists in the antenna resistance due
to the absence of the matching network. For this reason, the
overall antenna noise figure often improves according to (36)
over the case when a resonance match is used. With active
direct matching, the noise figure of the detector could remain
low over a broad bandwidth as long asRg could bemademuch
smaller thanR′

A. As the radiation resistance of the ESA is hard
to modify in a broadband sense, the easiest way to yield a
good noise figure is to scale the periphery of the transistor so
that its gate resistance can be much lower than the antenna’s
radiation resistance. This option is expected to provide the
broadest noise matching bandwidth.

To gain a balance between the noise matching bandwidth
and the power consumption of the amplifiers, one could
choose XM1 = 0 and 1/XM2 + 1/Xg = −1/XA. This means,
the resonance is realized by canceling the antenna’s reactance
with a combination of a passive reactance and the reactance
of the detector. Selecting the ratio between these two admit-
tances can lead to either option (c) (1/XM2 = 0) or option
(b) (1/Xg ≈ 0) or a compromised matching characteristics
between options (b) and (c). This applies to the case of an
electrically small loop antenna which is to be matched either
with a passive capacitor or the capacitance of a detector or a
combination of both.

From the discussions above, it is concluded that the con-
ventional resonance noise match can yield a high R′

A which
can easily accommodate transistors with a small periphery
and a high Rg. This means transistors with low power con-
sumption can be used yet the noise figure can remain low.
The SNR bandwidth, however, is often limited. It has been
observed when electrical dimensions of antennas are much
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FIGURE 6. Noise matching of electrically small antennas.

smaller than ka = 1/4, the matching circuit loss increases
significantly in conventional resonant noise matching which
will dominate the noise figure if used. In this case, active
direct matching offers better noise figure as the matching
network and associated loss is absent. To yield a good noise
figure with active direct matching, devices with low Rg are
required which means transistors with large periphery are
required which would incur greater power consumption yet
the bandwidth is generally broader. For electrically small
loops, the matching circuits are typically high-Q capacitors,
therefore the hybrid matching could be explored for best
SNR and bandwidth as well as the power consumption trade-
off. For electrically small dipoles, the required matching
circuits are inductors which are often with low-Q. Therefore,
active direct matching is expected to offer superior system
noise figure comparing to the other options as no inductor is
needed.

VI. GAIN AND NOISE FIGURE OF ESA RECEIVER WITH
DETECTORS THAT HAVE FINITE GAIN
Now we consider several matching options including both
option (b) and (c) in section V for electrically small antennas
when transistors with finite gain are used. Fig.6 shows the
example of such matching with a FET. The transistor is now
assumed to have a finite transconductance gm and a drain
to source resistance Rds and capacitance Cds. The output of
the transistor is conjugately matched to a load with a load
resistance of Rl . It should be noted that the transistor model
shown in Fig.6 is still simplified from what is being used for
practical designs for simplicity of discussions, as it assumes a
uni-directional transfer characteristics and absence of Miller
capacitance.

The gate noise is similarly derived as it was done in
Section III, which includes two RMS noise voltages from the
antenna and from the gate respectively,

Vc,na =
1

ωCg

Vna∣∣R′
A + Rg + jX ′

A + jXg
∣∣

=
1

ωCg

√
4N0R′

A∣∣R′
A + Rg + jX ′

A + jXg
∣∣ (60)

Vc,ng =
1

ωCg

Vng∣∣R′
A + Rg + jX ′

A + jXg
∣∣

=
1

ωCg

√
4N0Rg∣∣R′

A + Rg + jX ′
A + jXg

∣∣ (61)

where R′
A is the transformed resistance of the unmatched

antenna resistance and the Ohmic resistance as given by (46),
X ′
A is the transformed reactance of the antenna, Xg = 1/ωCg

is the reactance of the gate. The total noise voltage across
the gate capacitance is the RMS summation of the two which
yields,

Vcn =

√
V 2
c,na + V 2

c,ng =
1

ωCg

√
4N0(R′

A + Rg)∣∣R′
A + Rg + jX ′

A + jXg
∣∣
(62)

The total noise power at the output of the amplifier is the
amplified version of the gate noise plus the noise power
generated by the channel resistance. The open circuit noise
voltage at the output of the transistor is thus given by,

V 2
dn = (gmVcnRds)

2
+

4N0

Rch
R2ds

= 4N0R2ds

[(
gm

ωCg

)2 R′
A + Rg∣∣R′

A + Rg + jX ′
A + jXg

∣∣2 +
1
Rch

]
(63)

where Rch is the channel resistance of the transistor. On the
other hand, the RMS signal voltage across the gate capaci-
tance of the transistor is given by,

Vcs =
1

ωCg

V ′
s∣∣R′

A + Rg + jX ′
A + jXg

∣∣
=

1
ωCg

√
4ζS0R′

A∣∣R′
A + Rg + jX ′

A + jXg
∣∣ (64)

At the output of the transistor, the open circuit signal voltage
at the drain is yielded as,

V 2
ds = (gmVcsRds)

2

= 4ζS0

(
gm

ωCg

)2 R′
AR

2
ds∣∣R′

A + Rg + jX ′
A + jXg

∣∣2 (65)

Under the conjugate output match condition (Rl =

Rds, ωLl =
1

ωCds
), the transducer gain of the receiver defined

from the wave port to the output of the transistor amplifier
becomes,

GT =
1
4

V 2
ds

Rl

1
S0

=

(
gm

ωCg

)2 ζR′
ARds∣∣R′

A + Rg + jX ′
A + jXg

∣∣2 (66)

The noise figure of the receiver defined from the wave port is
thus obtained as,

NF =
SNRi
SNRt

=
S0
N0

V 2
dn

V 2
ds

=
1
ζ

[
R′
A + Rg
R′
A

+

(
ωCgs
gm

)2
∣∣R′

A + Rg + jX ′
A + jXg

∣∣2
R′
ARch

]
(67)

VOLUME 11, 2023 56583



Y. E. Wang: Theory of Broadband Noise Matching for HF/VHF Receivers With ESAs

FIGURE 7. Noise matching of an electrically small loop antenna to a
transistor.

Substituting (66) into (67) yields,

NF =
1
ζ

(
1 +

Rg
R′
A

+
ζ

GT

Rds
Rch

)
(68)

Note that (68) reduces to (36) when the transducer gain tends
to infinity.

Next we will discuss the specific noise matching options
for electrically loop antennas and electrically small dipole
antennas separately.

A. NOISE MATCHING OF AN ELECTRICALLY SMALL LOOP
When an electrically small loop antenna is being matched to
a transistor, the equivalent circuit shown in Fig.7 can be used.
The receiving antenna has a source resistance of RA which is
a summation of the antenna’s radiation resistance and Ohmic
resistance, given by,

RA = Ra + RAl (69)

The inductance of the loop LA is matched with a combination
of an external capacitor of value Cm and the gate capacitance
Cg. Ignore the resistance of the gate, the total capacitance
looking out from the antenna is thus given by,

Ct ≈ Cm + Cg = βCg (70)

where β is the capacitance ratio between the total capacitance
and the gate capacitance which is a design parameter. A large
β leads to the high impedance resonance matching, i.e. option
(b) in Section IV and a smaller β or β = 1 gives active direct
matching, i.e. option (c) in Section IV.
The antenna inductance resonates with the total capaci-

tance at an angular frequency ωr . The signal voltage across
the gate capacitance is approximately equal to that acrossCm,
which is,

Vcs =
1

ωCt

Vs∣∣∣RA + jωLA +
1

jωCT

∣∣∣
=

1
ωCt

√
4ζS0RA∣∣∣RA + jωLA +

1
jωCT

∣∣∣ (71)

At the output of the transistor, the open circuit signal voltage
at the drain is yielded as,

V 2
ds = (gmVcsRds)

2

= 4ζS0

(
gm
ωCt

)2 RAR2ds∣∣∣RA + jωLA +
1

jωCT

∣∣∣2 (72)

Under the conjugate output match condition, e.g., Rl = Rds,
the transducer gain of the receiver defined from the wave port
to the output of the transistor amplifier becomes,

GT =
1
4

V 2
ds

Rl

1
S0

= ζ

(
gm
ωCt

)2 RARds∣∣∣RA + jωLA +
1

jωCT

∣∣∣2 (73)

The noise figure is thus derived by substituting (73) into (68).
When β ≫ 1 or Cg < Cm, the impact of transis-

tor gate capacitance loading on resonant frequency can be
ignored. Therefore, at this resonance frequency, the trans-
formed antenna resistance is given by (56) which is,

R′
A (ωr ) = Q2

ARA (74)

The transducer gain at the same condition is derived to be,

GT (ωr ) = ζ

(
gm
ωCt

)2 Rds
RA

(75)

The noise figure at the resonance is thus derived to be,

NF(ωr ) =
1
ζ

[
1 +

1

Q2
A

Rg
RA

+

(
ωCt
gm

)2 RA
Rch

]
(76)

Considering ωT is the transition frequency of a transistor is
given by,

ωT =
gm
Cg

(77)

The transducer gain from (75) thus becomes,

GT (ωr ) =
ζ

QA

ωT

ω

gmRds
β

(78)

Note that the transducer gain decreases with the increase of
β. It is also known from the device theory that, the channel
resistance of a FET is related to its transconductance by,

Rch =
1

γ gm
(79)

where γ is a constant derived numerically or from measure-
ments [33]. Substituting (79) into (76) becomes,

NF (ωr ) =
1
ζ

[
1 +

β

QAQg
+ γ

β

QA

ωr

ωT

]
(80)

which indicates that a smaller capacitance coefficient β leads
a better noise figure at the resonant frequency.

The transducer gain off the resonance can be characterized
from (73) by [32],

GT (ωr + 1ω) ≈ ζ

(
gm
ωCt

)2 RARds∣∣∣RA (1 + 2jQA1ω
ωr

)∣∣∣2
= ζ

(
gm
ωCt

)2 Rds
RA

1

1 +

(
2QA1ω

ωr

)2 (81)
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Recall (54), a similar characterization applies,

R′
A (ωr + 1ω) ≈

R′
A (ωr )

1 +

(
2QA1ω

ωr

)2 =
Q2
ARA

1 +

(
2QA1ω

ωr

)2
(82)

Substituting (81) and (82) in (68) yields the noise figure off
the resonance,

NF (ωr + 1ω)

≈
1
ζ

{
1+

[
1

Q2
A

Rg
RA

+

(
ωCt
gm

)2 RA
Rch

][
1 +

(
2QA

1ω

ωr

)2
]}
(83)

Or alternatively, it can be expressed as,

NF (ωr + 1ω)

≈
1
ζ

{
1 +

βω

QA

[
1

ωgc
+

γ

ωT

][
1 +

(
2QA

1ω

ωr

)2
]}

(84)

Off the resonance, the 3dB detector noise figure bandwidth is
derived by setting the second term of (84) to 1, i.e.,

βω

QA

[
1

ωgc
+

γ

ωT

][
1 +

(
2QA

1ω

ωr

)2
]

= 1 (85)

which yields the 3dB noise match fractional bandwidth as,

21ω

ωr
≈

1
QA

√
βω

QA

[
1

ωgc
+

γ

ωT

]

= 1/

√
βωQA

[
1

ωgc
+

γ

ωT

]
(86)

For high efficiency antennas, QA ≈ Qa = ω3
at/ω

3 where ωat
is the antenna transition frequency defined by (4). One yields
the fractional bandwidth as,

21ω

ωr
≈

√
ω2

βω3
at

(
ωTωgc

ωT + γωgc

)
(87)

It is thus concluded that a smaller β also helps to achieve a
wider 3dB noise bandwidth at the price of a larger transistor
periphery and greater power consumption.

Now in the active direct matching case, β = 1, the electri-
cally small loop antenna with an inductance La is resonating
with the capacitance of the transistor with a periphery so that
ωrLa =

1
ωrCg

at an angular frequency ωr . Note that R′
A = RA,

the transducer gain from (68) at the resonance becomes,

GT (ωr ) = ζ

(
gm

ωCg

)2 RARds(
RA + Rg

)2 (88)

A high transducer gain can be achieved at the resonance,
which will result in a noise figure very close to what is given
in (36). Recall QA and Qg are quality factors of the antenna
and the gate of the transistor respectively given by (53) and

(33), the antenna quality factor of electrically small loop can
also be expressed as a function to the gate capacitance by,

QA =
ωLa
RA

=

(
ω

ωr

)2 1
ωRACg

(89)

The noise figure around the resonance is dominated by the
gate noise. With (89) substituted into (68), it becomes,

NF (ω ≈ ωr ) ≈
1
ζ

(
1 +

Rg
RA

)
=

1
ζ

[
1 +

(ωr

ω

)2 QA
Qg

]
=

1
ζ

[
1 +

ω2
rω

3
at

ωgcω4

]
(90)

andωgc is the cutoff frequency of the gate given by (34). From
(84), it is concluded that the noise figure at a frequency higher
than the resonant frequency is lower. It is thus preferred to
use a resonant frequency lower than the desired operating
frequency. One convenient choice is to set the resonant fre-
quency as the 3dB noise figure lower bound of the operating
frequency as the noise figure would rise up sharply below
that frequency according to the 4th order of the frequency as
evidenced in (90). The gate noise contribution, i.e., the second
term in (90) becomes 1 when ω = ωr , e.g.,(ωr

ω

)2 QA
Qg

=
ω3
at

ωgcω2 = 1 (91)

This lower bound is thus found to be,

ωL = ωr = ωat

√
ωat

ωgc
(92)

The trend described by (90), i.e., the reduction of noise figure
with the increase of the frequency continues until the trans-
ducer gain falls off, which is often at a frequency much higher
than the resonance frequency given by,

GT (ω ≫ ωr ) ≈ ζ

(
gm

ωCg

)2 RARds
(ωLA)2

= ζ
ω2
r

ω3

gmωT

QA
Rds = ζ

ω2
rωT

ω3
at

gmRds (93)

which is a frequency independent constant once the resonance
frequency is set. Note that the gate noise expression by (90)
is broadband, substituting the transducer gain expression (93)
into (68) and combining the gate noise expression (90) yields
the total noise figure as,

NF (ω ≫ ωr ) ≈
1
ζ

[
1 +

ω2
rω

3
at

ωgcω4 + γ
ω3
at

ω2
rωT

]
(94)

Assuming the gate noise, i.e., the second term in (94) can be
minimized by choosing a resonant frequency sufficiently low,
the upper bound of the 3dB noise figure bandwidth excluding
antenna efficiency loss can thus be estimated when the drain
noise contribution, i.e. the third term in (94) becomes unity,

γ
ω3
at

ω2
rωT

= 1 (95)
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Note that lefthand side of (95) is determined by the technol-
ogy and the design and not by the operating frequency. This
implies a flat noise figure when the operating frequency is
much higher than the resonant frequency and thus the upper
bound of 3dB noise figure operation may not exist. However,
the noise figure in the higher end of the frequency is impacted
by the selection of the resonant frequency. In contrast to
some traditional assertions that the 3dB noise bandwidth is
determined by the impedance matching bandwidth, e.g., the
inverse of the antenna quality factor, (95) shows the low
noise bandwidth of a receiver with an electrically small loop
antenna is unlimited in its higher end and in the lower end
it is determined by the ratio between the antenna transition
frequency versus the gate cutoff frequency in the form of
(90). Circuit simulation results will be presented in the next
section to show that a very wide low noise bandwidth can
be achieved at VHF with state of art transistors. However,
it should also be noted that setting a low resonant frequency
at the gate may require transistors with exceptionally large
periphery and incur great power consumption.

B. ACTIVE DIRECT MATCHING OF ELECTRICALLY
SMALL DIPOLES
An electrically small dipole with capacitance of Ca can be
resonantly matched with a lumped inductor yet the limited
Q of lumped inductors at HF/VHF (<60@100MHz) means
a great amount of resistive noise will be added at the input.
Alternatively, it can be directly matched to a transistor with a
gate capacitance of Cg. Due to the fact both the antenna and
the gate are being high-Q, the transducer gain from (66) now
becomes,

GT = ζ

(
gm

ωCg

)2 RARds(
XA + Xg

)2
= ζ

(
gm
Cg

)2 ( CaCg
Cg + Ca

)2

RARds (96)

Substituting the definitions of the transition frequency and
antenna quality factor into (66) yields,

GT = ζ
CaCg(

Cg + Ca
)2 ωT

ω

1
QA

gmRds (97)

Note that transition frequency, antenna quality factor and
gmRds are all constants for a given technology and a given
antenna design, one may select,

Ca = βCg (98)

The transducer gain then becomes,

GT =
ζβ

(β + 1)2
ωT

ω

1
QA

gmRds (99)

Substituting (99) into (68) yields the noise figure as,

NF =
1
ζ

(
1 +

Rg
RA

+
(β + 1)2

β

1
g2m

1
RARch

)

=
1
ζ

(
1 + β

QA
Qg

+
(β + 1)2

β

γQAω
ωT

)

=
1
ζ

[
1 +

ω3
at

ω2

(
β

ωgc
+

(β + 1)2

β

γ

ωT

)]
(100)

To maximize the transducer gain, the gate capacitance of
the transistor should then be set to an optimum matching
condition,

Ca = Cg or β = 1 (101)

The resulted maximum gain is,

GT =
ζ

4
g2mRARds =

ζ

4
ωT

ω

1
QA

gmRds (102)

The noise figure at this condition is thus given by,

NF =
1
ζ

(
1 +

QA
Qg

+
4γQAω

ωT

)
=

1
ζ

[
1 +

ω3
at

ω2

(
1

ωgc
+

4γ
ωT

)]
(103)

The lower bound of the 3dB noise figure operating frequency
is derived by assuming the summation of the second and the
third term in (103) equals to 1, which gives the condition of,

QA
Qg

+
4γQAω

ωT
=

ω3
at

ω2

(
1

ωgc
+

4γ
ωT

)
= 1 (104)

The frequency lower bound is thus given by,

ωL = ω1.5
at

√
1

ωgc
+

4γ
ωT

(105)

The upper bound frequency does not exist either as the noise
figure monotonically reduces with increase of frequency
according to (100).

Comparing (103) to (94), it is noted that the achievable
noise figure for an electrically small dipole antenna is typ-
ically higher than that of an electrically small loops due to
the fact high-Q resonant matching components, i.e. inductors
are missing. Yet a low noise figure can still be achieved
over a broadband through the active direct matching if the
transistor gate cutoff frequency and the transistor transition
frequency are both higher than the transition frequency of
the antenna. One advantage of using electrically small dipole
antennas versus that of electrically small loops is that the
noise figure worsens at the lower frequency at a slower speed
(f2 vs. f4), because the antenna resistance in dipole antennas
decreases according to the square of the frequency instead
of the 4th power in loop antennas, as evidenced by (2). The
antenna efficiency for an unmatched electrically small dipole
is generally higher than that of an electrically small loop at
the same dimension which may contribute to an overall lower
noise figure for dipole based receivers.
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FIGURE 8. Active direct matching of an electrically small dipole antenna
to a transistor.

FIGURE 9. Schematic of gate parameter extraction from a FET. (a) Directly
observing the input impedance (b) Extracting the gate resistance from the
contributed noise figure to a cold resistor.

VII. RECEIVER DESIGN EXAMPLES
In this section, we will study the noise matching options of
two electrically small antennas with HRL T3 GaN transistor
models. The T3GaN is an enhancedmodeHEMT technology
with a 40nm gate length and it has a transition frequency
greater than 200GHz, i.e., ft > 200GHz. The antennas are an
electrically small loop and an electrically small dipole, both
are with a maximum dimension of 24cm corresponding to
ka = 1/4 at 100MHz.

A. CHARACTERIZING THE NOISE PARAMETERS OF THE
TRANSISTOR
From the above analyses, it is concluded that the noise
figure of the receiver is predominately determined by the
ratio between the quality factor of the gate and the antenna’s
radiation quality factor. Therefore, to gain a better insight of

FIGURE 10. Extracted gate resistance and capacitance from the
S-parameter simulation.

the transistor noise performance analytically, one may derive
parameters such as Rg and Cg of the transistor from the
foundry provided transistor model. Ideally the gate capac-
itance and resistance of a transistor can be derived as the
real and imaginary part of the measured input impedance
at the intended operating biasing conditions if the transistor
behaves as a unidirectional device, as shown in Fig.9(a).
In practice, however, the feedback of the transistor introduced
by the Miller capacitance coupled with the high gain of
transistor can alter the resistance reading significantly. One
could exclude the active feedback effects by measuring the
gate resistance at the condition of Vds = 0 yet the gate resis-
tance may not correspond to the gate resistance at the biased
condition exactly. In this work, we measure the capacitance
through the impedance measurement as shown in Fig.9(a)
with Vds = 0 while measuring the gate resistance by adding
a second port of cold resistor in series with the input port
and the gate and observing the noise figure from the input
port (port 1) to port 2 as shown in Fig.9(b). The following
equations are then used to extract the gate capacitance and
resistance respectively,

Cg =
1

[ω · imag (Zin)]
(106)

Rg = (NF − 1) ·Rs (107)

S-parameter simulations are carried out for a 12 × 100um
FET device from the HRL T3 GaN model library. The device
is source grounded and biased with a gate voltage of 0V and
drain voltage of 6V. The output load is 15Ohm. The extracted
gate resistance and capacitance from 50MHz to 200MHz are
shown in Fig.10, which shows a gate resistance of 1.47� and
capacitance of 0.73pF approximately.

The quality factor of the gate is obtained using (33), which
is plotted in Fig.11. The gate quality factor is 627 at 100MHz,
which corresponds to a gate cutoff frequency of ωgc = 2 π ×

148GHz. The simulated transconductance under the biasing
condition (Vgs = 0, Vds = 6V) is gm = 0.67, which gives the
transition frequencyωT = gm/Cg = 2π ×146GHz. One may
also measure the channel resistance Rch through simulating
the drain current noise. By putting the gate in open circuit and
measure the output noise power to a cold resistor, the channel
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FIGURE 11. Extracted quality factor of the gate from the S-parameter
simulation.

resistance under the same biasing condition is derived to be
Rch = 2.7 �. The device form factor γ is then obtained as,

r =
1

Rchgm
= 0.55 (108)

B. EXAMPLE OF A RECEIVER WITH AN ELECTRICALLY
SMALL LOOP ANTENNA
A planar electrically small loop is designed with 20um thick
copper traces on Rogers 5870 substrate that has a dielec-
tric constant of 2.33 and dielectric thickness of 1mm. The
dimension of the antenna is shown in Fig.12(a), with a
radius of 12cm (ka = 1/4 @100MHz) and the width of the
trace is 2.4cm. The S-parameter of the loop is simulated
in ADS Momentum which is based on method of moments
(MoM). Chu’s circuit model as shown in the middle column
of Fig.1(b) is extracted with the following parameters,

Rr = 10.5�, L0 = 400nH , C0 = 1.6pF (109)

The simulated antenna radiation efficiency is 90% at 100MHz
and an additional Ohmic resistance of 0.056� is added in
series to the antenna port. Fig.12(b) and (c) show the com-
parison between the amplitudes and phases of S-parameters
obtained from MoM simulation and from the circuit model
and very good agreements are observed from 20MHz to
120MHz. Parameters in (109) gives a transformed antenna
resistance Ra = 0.85� and La = 535nH (assuming 100MHz
center frequency), obtained from (2). Antenna quality factor
is yielded to be 375 at 100MHz including the Ohmic resis-
tance from (3). The transition frequency of the antenna is thus
721MHz from (4).

The equivalent circuit of the loop antenna is now connected
to a differential LNA designed with the HRL T3 GaN tran-
sistors for simulation of noise figure that is defined from the
wave port to the output of the LNA, as shown in Fig.13.

Note that in the design a source degenerating inductor of
Ld = 4nH per 12×100um transistor is used for stabilization.
A series LR circuit is also added at the output for impedance
matching and additional stabilization purposes so that the
stability factor is yielded to be greater than 1 through all the
frequencies.

FIGURE 12. Layout of the planar loop antenna with a radius of 12cm
(ka = 1/4@100MHz) (b) magnitude of S-parameters obtained from ADS
Momentum and the circuit model extracted (c) phase of S-parameters
obtained from ADS Momentum and the circuit model extracted.

The first noise matching option is assuming the use of a
matching capacitor Cm to resonate with the inductance of
the antenna La at 100MHz. The value of Cm is adjusted for
different device peripheries. Two types of transistors are used
for simulation study, one is with a periphery of 6 × 50um
and the second one is 12 × 100um. The total capacitance
required to resonate with the antenna is approximately 4.85pF
which gives two capacitance ratios for these two cases at
53 and 13.3 respectively. The simulated transducer gains
and stability factors are plotted in Fig.14(a) and (b). The
stabilization circuits as shown in Fig.13 must be used to
obtain a stability factor greater than 1 through the entire
frequency of consideration. The transducer gains shown in
Fig.14(a), therefore, are not corresponding to the theoretical
transducer gain presented in the previous discussions. The
yielded maximum transducer gains are similar for both cases
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FIGURE 13. Circuit simulation setup for the receiver with an electrically
small loop antenna.

FIGURE 14. Simulated results for electrically small loop receivers under
resonant match with transistors in two different peripheries
(a) transducer gain (b) stability factor.

while the transistor with the larger periphery offers a slightly
wider transducer gain bandwidth.

The noise figure behaviors, however, are found not altered
by those stabilization circuits as shown in Fig.15. The simu-
lated noise figure with the 6 × 50um FET device is of much
narrower band and its 3dB noise figure bandwidth is 20MHz
vs. 40MHz when a 12 × 100um FET device is used. The

FIGURE 15. Simulated noise figures for electrically small loop receivers
under resonant match with transistors in two different peripheries.

theoretical prediction based on (84) is also plotted against the
simulation results which shows very good agreement. The
DC power consumption for this case is 0.94W and 3.77w
respectively.

The second noise matching option is active direct match,
which is to eliminate the matching capacitor completely and
rely solely on the parasitic capacitance of the transistors
for resonance match. The required transistor peripheries are
therefore significantly greater than before. One can shunt a
number of largest single transistors (12×100um) in themodel
library to create such a ‘‘super’’ transistor. The simulated
gains and stability factors of the amplifiers with 20, 10 and
5 transistors are shown in Fig.16. It is noted that a broadband
gain is obtained with this setting and the stability factors in
all cases are above 1, thanks to the stabilization circuits. The
peak gain frequency is shifted to lower when a larger number
of transistors are used due to the higher parasitic capacitance.

Simulated noise figure results show a low pass type of
noise figure characteristics as shown in Fig.17 and the noise
figures beyond certain cutoff frequency remain flat as dis-
cussed in the theory. In particular, the agreement with the
theoretical prediction of noise figures in (90) is very good,
as shown in Fig.17. It is also evident that a lower cutoff
frequency and a wider bandwidth can be realized with a
large number of transistors in parallel. 20 transistors have
brought down the 3dB noise figure cutoff to 68MHz. Since
each transistor has a DC biasing current of 314mA. The total
DC power consumption for this case is thus 0.314 × 2 ×

20 × 6 = 75Watt. The power consumption, however, can be
significantly reduced when low voltage transistors such as
InP or CMOS transistors are used.

C. EXAMPLE OF A RECEIVER WITH AN ELECTRICALLY
SMALL DIPOLE ANTENNA
Aplanar electrically small dipole is designedwith 20um thick
copper traces on Rogers 5870 substrate that has a dielec-
tric constant of 2.33 and dielectric thickness of 1mm. The
dimension of the antenna is a bowtie shown in Fig.18(a),
with a radius of 12cm (ka = 1/4 @100MHz) and the opening
angle of 90 degrees. The S-parameter of the loop is simulated
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FIGURE 16. Simulated results for electrically small loop receivers under
active direct match with transistors in three different peripheries
(a) transducer gain (b) stability factor.

FIGURE 17. Simulated noise figures for electrically small loop receivers
under active direct match with transistors in three different peripheries.

in ADS Momentum which is based on method of moments
(MoM). Chu’s circuit model as shown in the middle column
of Fig.1(a) is extracted with the following parameters,

Rr = 495�, L0 = 35nH , C0 = 3pF (110)

The simulated antenna radiation efficiency is almost 100%
over the interested frequency and Ohmic resistance is thus
ignored in this case. Fig.18(b) and (c) show the comparison
between the amplitudes and phases of S-parameters obtained
from MoM simulation and from the circuit model and very
good agreements are observed from 20MHz to 120MHz.

FIGURE 18. (a) Layout of the planar dipole antenna with a radius of 12cm
(ka = 1/4 @100MHz) (b) magnitude of S-parameters obtained from ADS
Momentum and the circuit model extracted (c) phase of S-parameters
obtained from ADS Momentum and the circuit model extracted.

Parameters in (110) gives a transformed antenna resistance
Ra = 0.98� andCa = 3.13pF(assuming 100MHz center fre-
quency), obtained from (2). Antenna quality factor is yielded
to be 543 at 100MHz. The transition frequency of the antenna
is thus 816MHz from (4). The equivalent circuit of the dipole
antenna is now connected to a differential LNA designed with
the HRL T3 GaN transistors for simulation of noise figure
that is defined from the wave port to the output of the LNA,
as shown in Fig.19. A shunt inductor Lm is used for resonance
with the dipole in a conventional setup and it is removed
for direct active matching. Similar to the loop antenna case,
a source degenerating inductor of Ld = 4nH per 12×100um
transistor is used for stabilization. A series LR circuit is also
added at the output for impedance matching and additional
stabilization purposes so that the stability factor is yielded to
be greater than 1 through all the frequencies.
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FIGURE 19. Circuit simulation setup for the receiver with an electrically
small dipole antenna.

FIGURE 20. Simulated results for electrically small dipole receivers under
resonance matching and active direct match with transistors in two
different peripheries (a) transducer gain (b) stability factor.

Three matching cases are studied. The first case is to use
the shunt inductor Lm to resonate with both the dipole and the
gate capacitance of the transistor. With a 12 × 100um FET
in each amplifier, the inductance is 700nH and the quality
factor of 60 is assumed, which is consistent to those lumped

FIGURE 21. Simulated noise figures for electrically small dipole receivers
under resonance matching and active direct match with transistors in two
different peripheries.

inductors from Murata at this frequency range. When the
antenna is directly connected to transistors, different periph-
eries can also be used.Wewill use 1 or 9 largest single transis-
tors (12× 100um) in the model library in shunt for the study.
The 9-transistor case offers a total gate capacitance close to
that of the antenna capacitance (β ≈ 1) and 1 transistor
case gives β = 8.6. The simulated gains and stability factors
amplifiers for all three cases are shown in Fig.20. It is noted
that the resonancematch case results in a high transducer gain
of about 20dB at around 100MHz as expected and both active
direct matching cases are very similar, with mild, broadband
gains obtained with this setting. The stability factors in all
cases are above 1 due to the use of stabilization circuits.

Fig.21 show the simulated noise figures for all three cases.
The resonance match case shows the worst noise figure at
100MHz in spite of its high transducer gain because of
the noise added by the matching inductor. For active direct
matching, the 9-transistor case shows a much superior noise
performance than the 1-transistor case as it is close to the
optimum match condition defined in (101). A larger than
9 number of transistors could also be used but with very little
or no improvement in noise figure due to a poorer transducer
gain. The simulated noise figures for both cases, however, are
in very good agreements with the theory described in (100)
as shown in Fig.21.

VIII. CONCLUSION
A general theory regarding the noise matching performance
of receivers with electrically small antennas (ESAs) has been
proposed based on theoretical analyses and discussions, and
circuit simulations with practical device models from a state-
of-the art semiconductor technology. The theory considers
all the noise sources and their interplay. The noise per-
formance of the receiver is formulated as functions of the
antenna’s radiation quality factor and the key parameters of
the transistor technology such as gate resistance, gate cutoff
frequency and transistor transition frequency. Two receiver
examples, one with electrically small dipole and the other
with electrically small loop have been studied jointly with
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state-of-the art GaN transistor models. It is concluded that
conventional resonance impedance match strategy of electri-
cally small antennas does neither offer the best noise figure
nor a broad bandwidth. An optimized joint antenna and LNA
design or active direct matching method achieves better noise
figure and broader noise matching bandwidth, at the price of
increased transistor periphery. In particular, the bandwidth of
such low noise matching can be orders of magnitude wider
than the antenna’s conjugate impedance matching bandwidth
that is defined by Harrington-Chu’s limit.
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